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1 The Incorrect Statements

The following statement, concerning a convex optimization problem (P) with

geometric and cone constraints and its Lagrange dual problem (D), given in

Adela Capătă’s paper [1] captured our attention:

“The next corollary is an improvement of Corollary 4.1 of [18], where the au-

thors considered a superfluous condition in order to prove the above mentioned

corollary.

Corollary 5.1 Let cl(K −K) = Z, and let x ∈ S such that g(x) ∈ − qriK. If

a ∈ A is a solution of (P) then there exists λ ∈ K∗ a weak solution of the dual

problem (D) and the value of (P) equals the value of (D).”

The paper [18], to which the author of [1] refers, is our manuscript [R.I. Boţ,

E.R. Csetnek, A. Moldovan: Revisiting some duality theorems via the quasirel-

ative interior in convex optimization, Journal of Optimization Theory and Ap-

plications 139(1), 67–84, 2008], quoted in this note as reference [2].

Corollary 5.1 in [1] is obtained by successively particularizing the main result

of this paper. In the following we show that [1, Corollary 5.1] is false, which

has as a consequence the fact that the main result of the paper in discussion,

as well as all its particular instances provide incorrect statements. For the

beginning let us recall the framework considered in [1, Corollary 5.1].

Let X be a real linear space, S ⊆ X a nonempty and convex set, F : S → R

a convex function on S, Z a separated locally convex space partially ordered by
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a nonempty convex cone K and g : S → Z a K-convex function on S, that is

g(αs1 + (1− α)s2)− αg(s1)− (1− α)g(s2) ∈ −K ∀α ∈]0, 1[ ∀s1, s2 ∈ S.

Corollary 5.1 in [1] concerns the primal optimization problem

(P ) inf
x∈A

F (x),

where A = {x ∈ S : g(x) ∈ −K}, and its Lagrange dual problem

(D) sup
λ∈K∗

inf
x∈S
{F (x) + λ(g(x))}.

Here K∗ := {λ ∈ Z∗ : λ(k) ≥ 0 ∀k ∈ K} denotes the dual cone of K, Z∗ being

the topological dual space of Z. Let us also mention that, by a “weak solution

of the dual problem (D)” the author simply means an optimal solution of the

Lagrange dual to (P).

Further, let us recall that the quasi-relative interior of a convex set M ⊆ Z

is (see [3])

qriM := {z ∈M : cl
(

cone(M − z)
)

is a linear subspace of Z},

where “cl” and “cone” denote the closure and the conic hull of a set, respectively.

For properties and characterizations of this generalized interiority notion we

invite the reader to consult [2-5] and the references therein.

Denoting by v(P ) the optimal objective value for (P), assumed to be finite,

the conic extension for (P) is the set

Ev(P ) := {(v(P )− F (x)− α,−g(x)− y) : x ∈ S, α ≥ 0, y ∈ K}

= (v(P ), 0)− (F, g)(S)− R+ ×K.
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The condition we gave in [2, Corollary 4.1], erroneously characterized by A.

Capătă as “superfluous”, reads 0 /∈ qri Ev(P ). The question, whenever one can

omit it, was already addressed in [2], where one can also find an example showing

that [2, Corollary 4.1] in the absence of this condition fails to be true. A careful

reading of our paper would have made the author of [1] clear that her Corollary

5.1 is an incorrect result.

We present below the example in question below, concomitantly providing

evidence for the fact that [1, Corollary 5.1] is false.

Example 1.1 (see also [2, Example 3.2]) Let be X = S = Z = `2, where

`2 is the real Hilbert space of real sequences (xn)n∈N such that
∑∞
n=1 |xn|2 <

+∞, equipped with the norm ‖ · ‖ : `2 → R, ‖x‖ =
(∑∞

n=1 |xn|2
)1/2

for all

x = (xn)n∈N ∈ `2. Take K := `2+ = {(xn)n∈N ∈ `2 : xn ≥ 0 ∀n ∈ N} and

define F : `2 → R, F (x) = 〈c, x〉`2×`2 , where c = (cn)n∈N, cn = (1/n) for

all n ∈ N and g : `2 → `2, g(x) = −Bx, where (Bx)n = (1/2n)xn for all

n ∈ N. Then A = {x ∈ `2 : Bx ∈ `2+} = `2+. It holds cl(`2+ − `2+) = `2 and

qri `2+ = {x = (xn)n∈N ∈ `2 : xn > 0 ∀n ∈ N} 6= ∅ (cf. [3]), while one can easily

find an x ∈ `2 with g(x) ∈ − qri `2+. We also have that

v(P ) = inf
x∈A
〈c, x〉 = 0

and x = 0 is an optimal solution of the primal problem. On the other hand, for

λ ∈ K∗ = `2+, it holds

inf
x∈S
{F (x) + λ(g(x))} = inf

x∈`2
{〈c, x〉+ 〈λ, g(x)〉}
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= inf
x=(xn)n∈N∈`2

( ∞∑
n=1

1

n
xn −

∞∑
n=1

λn
1

2n
xn

)
= inf

(xn)n∈N∈`2

∞∑
n=1

(
1

n
− λn

2n

)
xn

=


0, if λn = 2n

n ∀n ∈ N,

−∞, otherwise.

Since (2n/n)n∈N does not belong to `2, thus neither to `2+, it follows that the

optimal objective value of the dual problem is v(D) = −∞.

Hence, all the hypotheses of [1, Corollary 5.1] are fulfilled, however its con-

clusion is wrong.

The article [1] mainly deals with the extended Ky Fan inequality:

(EKF ) find a ∈ A such that f(a, b) /∈ − intC ∀b ∈ A,

where X is a real linear space, Y, Z and W are real separated locally con-

vex spaces, Y is partially ordered by a solid (that is, with nonempty interior),

pointed and convex cone C, Z is partially ordered by a nonempty convex cone

K, S ⊆ X is a nonempty convex set, f : S×S → Y is a C-convex function in its

second variable fulfilling f(x, x) = 0 for all x ∈ S, g : S → Z is a K-convex func-

tion, h : S → W is an affine function, A = {x ∈ S : g(x) ∈ −K and h(x) = 0}

and the following condition is fulfilled

for all (z∗, w∗) ∈ K∗ ×W ∗ \ {0, 0} there is x ∈ S

such that z∗(g(x)) + w∗(h(x)) < 0.

The main result of this paper reads:
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“Theorem 3.1 Let qri((g, h)(S)+K×{0}) 6= ∅. A point a ∈ A is a solution

of (EKF ) if and only if there exists (y∗, z∗, w∗) ∈ C∗ \{0}×K∗×W ∗ such that

z∗(g(a)) = 0

and

0 = y∗(f(a, a))+z∗(g(a))+w∗(h(a)) = min
x∈S
{y∗(f(a, x))+z∗(g(x))+w∗(h(x))}.”

Since [1, Corollary 5.1] has been obtained by successively particularizing

it, Example 1.1 leads to the conclusion that this theorem, but also all its

particular instances [1, Corollary 3.1, Theorem 4.1, Theorem 4.2,

Theorem 5.1, Theorem 5.2 and Corollary 5.1] are false.

2 Where Does the Error Come From?

In this section, we indicate the source of errors for [1, Theorem 3.1] and, from

here, for the other results in [1] listed above. The proof of [1, Theorem 3.1]

relies on the following separation statement given in [1, Corollary 2.1]:

“Corollary 2.1 Let M be a nonempty convex subset of Y and y0 ∈ Y such

that qriM 6= ∅ and y0 /∈ qriM . Then there exists y∗ ∈ Y ∗ \ {0} such that

y∗(y) ≥ y∗(y0) for all y ∈M .”

Indeed, according to the proof of [1, Theorem 3.1], the author first proves,
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for a a solution of (EKF ), that the set

M := {(y, z, w) ∈ Y×Z×W : ∃x ∈ S, y ∈ f(a, x)+intC, z ∈ g(x)+K,w = h(x)}

has an nonempty quasi-relative interior and that y0 := (0, 0, 0) /∈ qriM and

then applies the above corollary in this special setting. As it follows from the

next example, the separation statement [1, Corollary 2.1] is false.

Example 2.1 (see also [6, Remark 2]) Let Y be an infinite dimensional

normed space and f : Y → R a linear and discontinuous functional. Define

M = {y ∈ Y : f(y) = 1}, which is an affine and dense subset of Y . Take

y0 := 0. One can see that qriM = M 6= ∅ and y0 /∈ M = qriM . Hence all

the hypotheses of [1, Corollary 2.1] are fulfilled. However, y0 and M cannot be

separated. Indeed, if there would exists y∗ ∈ Y ∗ \ {0} such that y∗(y) ≥ y∗(y0)

for all y ∈ M , then by employing the fact that M is dense in Y , one would

obtain y∗ = 0, which is a contradiction.

In [5, Corollary 2.1], in order to obtain a valid separation result, one has

to assume that y0 ∈ M \ qriM , whereby the condition qriM 6= ∅ needs not

necessarily be fulfilled. Other separation theorems involving the quasi-relative

interior of a convex set can be found in [2, 4, 5] and the references therein.
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3 Concluding Remarks

In this note, we have shown that the main result and all its particular

cases of the paper [1] due to A. Capătă are false, by sustaining our

claims with examples and pointing out the flaw in the proof of the main result [1,

Theorem 3.1]. Let us also mention that in [1] there is a considerable number of

inaccuracies, inconsistencies and false assertions, however, we omit mentioning

them, as this would exceed our intentions. All these aspects make us question

the quality of the reviewing process of [1]. We stress that fact that, when a

paper emphasizes a possible improvement of some results of another work, then

the reviewers have to verify carefully at least this statement. This was for [1],

definitively, not the case. Otherwise, a short look in [2] would have been enough

to come to the conclusion that, due to [2, Example 3.2], the statement in [1,

Corollary 5.1] is false.
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