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FAST CONVEX OPTIMIZATION VIA CLOSED-LOOP TIME SCALING OF
GRADIENT DYNAMICS *>**

HEDY ATTOUCH!, RADU IOAN BOT? AND DANG-KHOA NGUYEN®

Abstract. In a Hilbert setting, for convex differentiable optimization, we develop a general frame-
work for adaptive accelerated gradient methods. They are based on damped inertial dynamics where
the coefficients are designed in a closed-loop way. Specifically, the damping is a feedback control of
the velocity, or of the gradient of the objective function. For this, we develop a closed-loop version
of the time scaling and averaging technique introduced by the authors. We thus obtain autonomous
inertial dynamics which involve vanishing viscous damping and implicit Hessian driven damping.
By simply using the convergence rates for the continuous steepest descent and Jensen’s inequality,
without the need for further Lyapunov analysis, we show that the trajectories have several remark-
able properties at once: they ensure fast convergence of values, fast convergence of the gradients
towards zero, and they converge to optimal solutions. Our approach leads to parallel algorithmic
results, that we study in the case of proximal algorithms. These are among the very first general
results of this type obtained using autonomous dynamics. Since the proposed numerical methods
are based on proximal techniques, the results can be extended to a broader class, specifically to the
problem of minimizing a proper, lower semicontinuous, and convex function. Numerical experiments
are conducted to demonstrate the efficiency of the proposed methods.
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1. INTRODUCTION

In a real Hilbert space H, we develop a dynamic approach to the rapid resolution of convex optimization
problems which relies on inertial dynamics whose damping is designed as a closed-loop control. We consider
the minimization problem

min {f(z): © € H}, (1)
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where, throughout the paper, we make the following assumptions on the function f to be minimized

( {f : H — R is a convex function of class C'; S = argming, f # 0; @)

V f is Lipschitz continuous on the bounded sets of H.

Our study is part of the close links between dissipative dynamical systems and optimization algorithms, the
latter being obtained by temporal discretization of the continuous dynamics. Our study comes as a natural
extension of the authors’ previous work [4] where the technique of time scaling and averaging was used in an
open-loop way, giving rise to non-autonomous damped inertial dynamics with fast convergence properties.
In the present paper, we take advantage of the simplicity and flexibility of this technique to develop it
in a closed-loop way. This will give rise to autonomous damped inertial dynamics with fast convergence
properties. Recall that the low-resolution ODE obtained by Su, Boyd, and Candés [36] of the accelerated
gradient method of Nesterov, together with the corresponding high-resolution ODE [3], [34] (which involves
an additional Hessian driven damping term) are non-autonomous dynamics, the coefficient of viscous friction
being of the form «/t. Our study therefore opens a new path in the field of first-order adaptive optimization
methods.

1.1. Time scale and averaging: the open-loop approach

Let us briefly explain the time scaling and averaging method in the open-loop case on a model example
(see [4] for more details). Then we will look at how to develop a corresponding closed-loop approach. As
the basic starting dynamic, we consider the continuous steepest descent

(SD)  2(s) + Vf(2(s)) = 0, 3)

for which we have the classical convergence result
1
f(z(s)) —infy, f=o0 (s) as s — +o0.

Then, we make the change of time variable s = 7(¢) in (SD), where 7(-) is an increasing function from R
to Ry, continuously differentiable, and satisfying lim; o 7(t) = +00. Setting y(t) := z(7(t)), we get

y(t) + 7))V f(y(t)) = 0. (4)
The convergence rate becomes

fly@®) —infy f =0 <7'(1t)> as t — —+o0. (5)

Taking 7(-) which grows faster than the identity, makes the solution trajectories unchanged but travelled
faster. The price to pay is that (4) is a non-autonomous dynamic in which the coefficient in front of the
gradient term tends to infinity as ¢ — +o0o. This prevents from using gradient methods to discretize it.
Recall that for fixed-stepsize gradient methods the step size has to be less than or equal to twice the inverse
of the Lipschitz constant of the gradient. To overcome this difficulty we come with the second step of our
method which is averaging. Let us attach to y(-) the new function z : [tg, +00[— H defined by

1
t(t) + —(z(t) —y(t)) =0 6
() + 205 (x(0) — y(t) =0, (6)
with z(tg) = xo given in H. We shall explain further the averaging interpretation. Equivalently

y(t) = a(t) +7(8)(t). (7)
By temporal derivation of (7) we get

g(t) = &(t) + 7(0)2(t) + 7(¢) (). (8)
Replacing y(t) and ¢(¢) as given by (7) and (8) in (4), we get



In doing so, we passed from the first-order differential equation (4) to the second-order differential equation
(9), with the advantage that now the coefficient in front of the gradient is fixed. Let us now particularize
the time scale 7(-). Taking

t2
)= —— 10
gives 11(71(;) = ¢, and the corresponding dynamic with implicit Hessian driven damping

(1) + S(0) + 9 (at) + - 2 ~#(1)) = 0. (11)

In this dynamic, the Hessian driven damping appears in an implicit form. This type of dynamic was initiated
in [1], see also [28] for a related autonomous system in the case of a strongly convex function f. The rationale
justifying the use of the term “implicit” comes from the observation that by a Taylor expansion (as ¢t — 400
we have t4(t) — 0 which justifies the use of Taylor expansion), we have

Vi ((0) + 5 (0)) & VI0) + — =V (0)i),

thus making the Hessian damping appear indirectly in (11). Because of its important role in attenuating the
oscillations, several recent studies have been devoted to inertial dynamics combining the asymptotic vanishing
damping with the geometric Hessian-driven damping (coined sometimes Newton-type inertial dynamics);
see e.g., [2,8-11,18,19,27,34]. In turn, the corresponding algorithms, among which IGAHD enjoys several
favorable properties, introduce a correction term in the Nesterov accelerated gradient method (see [30,31])
which reduces the oscillatory aspects.

Note that in (11) the coefficient of the Hessian damping is proportional to the inverse of the viscosity
damping. Thus asymptotically when the viscous damping tends towards zero, and therefore can cause
many small oscillations to appear, the coefficient of the Hessian driven damping tends towards infinity, and
therefore has an effective effect on the attenuation of the oscillations. This is the situation considered by
Attouch, Bot and Nguyen in [4], who obtained convergence rates comparable to those associated with the
Nesterov accelerated gradient method. A major advantage of this approach is that there is no need to do a
Lyapunov analysis, we only use the classical convergence rate for the continuous steepest descent. Moreover,
the convergence of the trajectories is a direct consequence of the known results for the steepest descent.

In the continuous-time models considered above, the system parameters are given as explicit functions
of time — for instance, terms such as ¢ or Of—fl appear — thus giving rise to what are known as open-loop
systems. By contrast, in what follows we shall introduce and study dynamical systems whose coefficients
depend directly on the evolving trajectory itself. Such systems are referred to as closed-loop systems, the
terminology being self-explanatory.

1.2. Closed-loop control

The idea is to exploit the time scaling and averaging method and the fact that (SD) provides several
quantities which are increasing and converge to 400 as t — +00, so which are eligible for time scaling. This
will enable us to perform time scaling and averaging in a closed-loop way. Indeed, in (SD), the velocity and
the norm of the gradient are monotonically decreasing to zero. So, the idea is to use their inverse for defining
the time scaling. Specifically, in a first result we are going to define the derivative of the time scaling 7(-) as
a function of the inverse of the speed. This means acceleration of the time scaling when the speed decreases.
Following this approach, we will obtain in Theorem 3.2 the following model result.

Theorem 1.1. Suppose that f: H — R satisfies (A). Let us choose the positive parameters according to
g>0,p>1,andvy>1. Let x: [to,+oo[ = H be a solution trajectory of the following system

oy WEDHOP TR0 spo (o 1)
(o + L~ (0428897 (st + 2 20300) =0

) - % (to +/t Ok dr)q —0 (12)

=1.




Then, we have the fast convergence of values: as t — +00

. 1
fa(t) ~intf =0 (- ). (13)
Moreover, the solution trajectory z(t) converges weakly as t — +o0o, and its limit belongs to S = argmin f.

Throughout this paper, convergence of the trajectory is always to be understood in the weak sense.
Consequently, the expression “its limit” consistently refers to the weak limit of the trajectory.

As a special case of Theorem 1.1, take p = 1, ¢ = 2. Then, the last equation of (12) gives A(t) = 1.
According to this, the second equation of (12) gives 7(t) = %, and we find a case with time scaling in an
open-loop form. After elementary calculation, the first equation of (12) is written as

(1) + %w) +2 > Los <:c(t) + ai 1¢(t)> -0,

with = 2y 4+ 1 > 3, and the convergence rate of the values becomes
1
Fatt) ~intuf =0 (). (14)
We therefore recover the results obtained by the authors in the case of the open loop, giving the optimal

convergence rates for general convex differentiable optimization. This inertial formulation may seem at first
glance complicated. Indeed it is equivalent to the first-order system in time and space

gy +7 () VI(y @) =0
(t) (t)

<t0+ A ()] d )q =0

A ()]plly ][ =1,

whose temporal discretization provides corresponding optimization algorithms, see Theorem 5.1.

o(t) +

1.3. Link with the existing literature

Contrary to the rich literature that has been devoted to non-autonomous damped inertial methods and
their links with the fast first-order optimization algorithms for general convex optimization (in particular the
Nesterov accelerated gradient method), only a small number of papers have been devoted to these questions,
based on autonomous methods. Indeed the heavy ball method of Polyak only provides the asymptotic
convergence rate 1/t for general convex functions. The idea is therefore to see if we can mimic the fast
convergence properties of the Su, Boyd, and Candés dynamic model (see [36]) of the Nesterov accelerated
gradient method, using autonomous dynamics. A natural idea is to design the damping term, on which is
based the optimization properties of the system, in a closed-loop way. In this direction, we can mention the
following contributions.

a) Our study has a natural link with works devoted to regularized Newton methods for solving monotone
inclusions (and (1) in particular). Given a general maximally monotone operator A : H = H, to overcome
the ill-posed character of the continuous Newton method, in line with [13], Attouch, Redont and Svaiter
have studied in [12] the following closed-loop dynamic version of the Levenberg-Marquardt method

(t) € Az(t))
lo(@)|17&(t) + Bo(t) + v(t) = 0.
When v > 1, they showed the well-posedness of the above system, and analyzed its convergence properties.
When A = Vf this system writes

IV fa@O)7a() + BV f(x(t)a(t) + VF(z(t) = 0.

Thus, its inertial version

B(t) + |V (a@)7a(t) + BV f(x(t)a(t) + V f(x(t) = 0
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falls within the framework of our study with the damping equal to a closed-loop control of the norm of
the gradient. The techniques developed in [12] are particularly useful for studying the well-posedness of
dynamics with implicit features.

b) Although significantly different, our approach has several points in common with the article by Lin
and Jordan [23]. In this article, the authors study the closed-loop dynamical system

y (1) +7 (1) VS (@) =0
(1) + 2 @) -y )+ ZEVF @) =0

i(f(f\/Wderc) =0
NIV (@ )] =9,

where ¢ > 0 and 0 < € < 1. The corresponding second-order in time damped inertial system writes as follows

2 1+ — . .2 . . .
i(t) + [T(tﬂ(t)%a()m(%(t) " [Z(ft))] V2f (a(t)) (0) + T“)(Tf()J "or @@y =0 an
In the above system, the Hessian driven damping comes in an explicit way because of the structure of the first
equation which differs from the structure of the continuous steepest descent. In contrast, in our approach, the
first equation is the rescaled continuous steepest descent, and the Hessian driven damping comes implicitly.
Let us highlight some advantages of our approach.

e Our system is introduced in a natural way by using the time scaling and averaging method. This
makes unnecessary to perform a Lyapunov analysis for the inertial system. It has already been done for the
continuous steepest descent. This results in a significantly simplified mathematical analysis.

e Our dynamic model contains an additional parameter ¢ which, when g = 2, gives the setting of Lin and
Jordan, and which, when judiciously tuned, gives better convergence rates.

e Our approach provides the weak convergence of the trajectories to optimal solutions.

We shall return later to the precise comparison between the two systems.

¢) In [3], Attouch, Bot and Csetnek study the convergence properties of the Autonomous Damped Inertial
Gradient Equation

(16)

(ADIGE)  &(t) +G(#(1), Vf(@(1)), V2f(a(1)) ) + Y (2(t) = 0,

where the damping term g(i(t), Vf(z(t)), V2f (x(t))) acts as a closed-loop control. They pay particular
attention to the role played by the parameter » > 1 in the asymptotic convergence analysis of the dynamic

() + a ()22 (t) + Vf(a(t) = 0.
They show that the case r = 2 separates the weak damping (r > 2) from the strong damping (r < 2), which
emphasizes the importance of this case. These questions have also been considered by Haraux and Jendoubi
in [21].

d) In [35], Song, Jiang, and Ma develop an interesting technique for accelerating high-order algorithms
under general Holder continuity assumption. Their continuous-time framework reduces to an inertial sys-
tem without Hessian-driven damping in the first-order setting, which has been proven to be an inaccurate
surrogate. Although underlying their approach, the acceleration via time scaling, the averaging technique,
and the closed-loop tuning of the coefficients are not clearly identified.

e) Recently, Maier, Castera, and Ochs proposed in [26] the following closed-loop dynamical system

t)+VE )+ Vf(z(t) =0,

where E (t) = f (2 (t)) —infy f + % Hx @)% They established that the function values along the generated
trajectory converge at a rate of o (tz%&) as t — 400, for arbitrary 6 > 0. Our approach differs fundamentally
from that in [26]: the coefficients in our closed-loop systems depend on the derivative of the trajectory and
on the gradient of f along the trajectory, but not on the function value itself. Moreover, while we are able
to prove convergence of the trajectory, this property remains unknown for the system studied in [26]. A
further limitation of the latter approach, as also acknowledged by the authors, is that the continuous-time
dynamics requires prior knowledge of the optimal value of the problem.
5



1.4. Organization of the paper

After a general presentation of the article in the introduction, we provide in Section 2 a general estimate
of the time scaling for the continuous steepest descent when it is defined in a closed-loop way. This is crucial
for the rest of the paper. Then we specialize these results to situations of particular interest, and examine in
details the case of closed-loop systems induced respectively by velocities, and then by gradients. In Section
3, which is the main part of the paper, we develop the next important step in our approach, which is the
averaging operation. This provides accelerated damped inertial dynamics that are autonomous and with
fast convergence properties. Finally, in Section 4 we analyze the fast convergence properties of proximal
algorithms which come naturally from the temporal discretization of the continuous dynamics.

2. CLOSED-LOOP TIME SCALING OF THE STEEPEST DESCENT

2.1. Formulation of the closed-loop time scaling

Given ty > 0, ¢ > 0, and p > 1, the time scale function 7: [ty, +00[ — Ry is defined by

50+ (0 V1 () o
1 t 1 q

0= (o+ [ notar) <o 19)

A (6 (v () _y,

where G(-) is a given positive, continuous function that depends on the information of the trajectory y(-).
This general formalism allows us to unify the various situations coming from different choices of the time
scaling as a feedback control of the state of the system. For example, G may be a function of y, 9, f (v), Vf (y)
and/or any mixture combination of them. Then the function A(:), for which we assume only positive values,
is continuous and it links the coefficient of V f, namely 7(-), with the solution trajectory y(-).

As a useful result, note that for every t > tg, it holds

1 ¢ 1 a1 1
0 = o ([ nedtaen) b
q to
a=1 1
= @I @] >0 (19)
Moreover, the relations (18) allow us to cover the open-loop case. In particular, when p =1 it holds A (¢) =1

for every t > tq. This yields for every ¢ > 0

0=y

Taking further ¢ := 1, then 7 (¢) becomes the regular time in variable ¢, namely 7 (¢) = t for every t > to. Let
us specify the interpretation of (18) as a steepest descent dynamic which is rescaled in time in a closed-loop
way.

Proposition 2.1. Suppose that f: H — R satisfies (A). Let to >0,q >0, p>1 and y: [tg, +oo[ = H be
a solution trajectory of the system (18). Suppose that

lim 7 (s) = 4o0.
s—+00

Then, y(-) is a solution trajectory of a time rescaled continuous steepest descent (SD), as described below:
Let so = 7 (to) and z: [sg,+oo[ = H be a solution trajectory of the following system

2(s)+Vf(z(s))=0. (20)
Then, we have
y(t)==z(r(t)  Vi=to,
and there exists a continuously differentiable function o: [sg,+oo] = Ry such that

z(s) =y (o (s)) Vs > sq.
6



Proof. We already interpreted how to go from a solution trajectory z(-) of (SD) to the closed-loop system
above via the time scaling function 7(-). Let us now show the reverse direction. Let y: [tg, +oo] — H
be a solution trajectory of (18). We have that A is continuous and positive on [tg, +0o[, therefore 7 is a

q
monotonically increasing function, hence injective. On the other hand, we have o = 7 (t9) = (%0) . Since

by assumption lim;_, ., 7 (t) = 400, this means 7 is a continuous function whose image contains [sg, +00],
hence surjective. Combining these premises, we have shown that 7 is a bijection, which means it is invertible.
Set 0 = 77! and make the change of time variable t := o (s) in (18). Let us define

2(s)=ylo(s) =y (17" (s).
Then by the chain rule, we have
NS SR 1
Z(S)—y( ())7(771(8)) . .
This leads to
2(s)+Vf(z(s))=0.

In other words, z: [sg,+o0o[ — H is a solution trajectory of (SD). O

The above assertion allows us to transfer the convergence results of (SD) to some closed-loop systems.

In particular, given a time scaling function 7(-) as described above, by making the change of time variable
s := 7 (t), we obtain the following results from Theorem 8.1 in the appendix applied to the unperturbed
continuous steepest descent system.

+OOT(t) . 9

| F N dr < oo (21)
+o00

/t (1) (1) [V F (u ()] dt < +o0, (22)

F(®) —infy f = 0 <(1t)

IVfy@®))|=o (7-(1t)> as t — +oo. (24)

) as t — 400, (23)

2.2. Lower bound estimate of the time scaling 7(¢)

As key ingredient of our approach, the next step is to establish a lower bound for 7(¢) in terms of ¢. This
will reflect the acceleration of our dynamic via time scaling and allow us to achieve fast convergence rates.
For this, we will need the following technical lemma, which can be seen as a nonlinear Gronwall result.

Lemma 2.1. Suppose that there exists Cy > 0 and b > a > 0 such that

t
/ [ (r)]* A (r)]_b dr < Cy < +o00 Vit > 1o, (25)
to

where T is defined in terms of X as in (18), namely, T (t) = qiq (to + f:ﬂ A (r)]% dr)q, Then, there exists
C1 > 0 such that

gb+1
b—a

Proof. Let t > to be fixed. By applying the Holder inequality and (25), we get

b

/t: [T(T)]ﬁ dr < (/t: [ (1)]% [\ (T)]_bdr)qblﬂ </t: [)\(T)];dr>q§“

<o (to + [ nond dr) " (Cog™) T [ (1)) 7 (27)

to

7



If a = 0, then (26) follows immediately from (27). From now on suppose that a > 0, so that the inequality

(27) can be rewritten as
b

/ 17 dr < (Cog™) ™ (I (0)77) (28)

to

The arguments are now adapted from [23], which is inspired by the proof of Bihari-LaSalle inequality. Let

1 t a
Cyp = (Cog®) ™ >0 and At) = / [T (r)] T dr Yt > to,

to

so that (28) becomes

or, equivalently,

Integrating from ¢y to t, we obtain

Cof (t=to) < (1-2) ]

b
—~
~
=
—
|
e
\
b
—
~
=)
=
=
|
ol
[

b—a b—a
= O [ ()5
where the last inequality comes from (27). Since b > a, the conclusion follows. |

Let us now particularize our results to some model situations.

2.3. Closed-loop control of (SD) via the velocity

Theorem 2.1. Suppose that f: H — R satisfies (A). Let ¢ >0, p > 1 and y: [to, +oo[ = H be a solution
trajectory of the following system

y(t)+7 ) Vf(y() -0

1 t 1 q
) - (to + /t Do) dr) _0 (29)
X g (@)]P~ —1.

Then, the following statements are satisfied:
(1) (convergence of values) f(y(t)) —infyy f=o0 (t_(l"'q_%)) as t — +oo0.
(#) (convergence of gradients towards zero) ||V f(y(t))|| =o (t_(Hq_%)) as t — +o0.

p—

+oo N
(#i1) (integral estimate of the velocities) / (5 -53) g @)]]>T 7o dt < +o0.
to
(iv) The solution trajectory y(t) converges weakly as t — 400, and its limit belongs to S = argmin f.

q
Proof. When p = 1, we recover the open loop case with the time scaling function 7(¢) = (s) . The result is

a direct consequence of Theorem 8.1. Therefore, from now on we only consider the case p > 1. Recall that
from (21) we have
“+o0
T (t) . 2
— lg O|I” dt < +o0. (30)
/to 7(t)
By using successively the definition of A\, and relation (19), we obtain
7 (t) 2 T(1) 2p

%lly’(t)ll %P\(ﬂ]_ﬁ:[T(t)]E[A(t)]_E_pfl —



According to the two above results we get

/ :Oo fr ()]

A (r)}_%_% dr < +o0.

Q=

We are now in position to apply Lemma 2.1 with p > 1, a := % and b := % + %. We have
2
qb+1_2+£_p—1+pq_1+q 1
=— = = E—
b—a P p p
and therefore there exists some constant C7 > 0 such that
() > Ch(t—t) T V> ¢, (31)

This leads to lims—, o 7 (t) = +00. Therefore, according to Proposition 2.1, we can extract the results from
Theorem 8.1 and the corresponding formulas (21), (22), (23). Specifically, we obtain

(i) for the values
Fly () —inty f = ((ﬂ))—(tj)

Wil = o) =0 (s )-
)

(i) for the gradients

oo T(t) .
(#41) for the velocities: we start from (30), i.e. tj)_ TEt) 19 (£)]|* dt < 400, that we evaluate as follows:
T
T (t) . 2 T t) . 2
= O = —=—= 5@l
7 (t) ()T AE)T
1
T(t)9
= 201
A(t)s

. p=1
lg @7 Ve = to.

~—
Q=

I
q
=

According to (31) we deduce that

o0
[Ty @ < e,
to

(iv) Let us finally examine the convergence of the solution trajectories. We know that the solution
trajectory of the continuous steepest descent converges weakly when t — +o0o0, and its limit belong to
S = argming, f # 0; see Theorem 8.1 in appendix. With our notation we therefore have that z(s) converges
weakly when s — +oo. Since 7(t) — +00 as t — +o0o, we immediately deduce that y(t) = z (7(t)) converges
weakly as t — +o00, and its limit belong to S = argmin,, f # 0. This completes the proof. (] ]

2.4. Closed-loop control of (SD) via the norm of gradient

We develop an analysis parallel to that of the previous section, replacing speed control with gradient
control.

Theorem 2.2. Suppose that f: H — R satisfies (A). Let g > %, p>1andy: [ty,+oo] = H be a solution
trajectory of the following system

g@)+7@)VI(y@) =0
T(t) — qiq (to + /t 0 A ()] dr) -0 (32)
AP IV (y @)l =1.

Then, the following statements are satisfied:



(i) (convergence of values) f(y(t)) —infy f =0 (t7P9) ast — +oo.
(i7) (convergence of gradients towards zero) |V f(y(¢))]| =0t P9) ast — +oo.
JFOO 1 bp—
1it) (integral estimate of the gradients #a(2=3) |v P dt < “+0o0.
(iii) (integ 9 y
to
(tv) The solution trajectory y(t) converges weakly as t — 400, and its limit belongs to S = argmin f.

Proof. Again, we only consider the case p > 1. We know from (22) that

+oo
[ @19 @) < +oc.

to
By using successively the definition of A, and the relation (19), we obtain
) ) _2p _1 1_ 2p
TOFO VGO =7OF OO =[FOF T A@)] T V> .
Therefore

oo 9_1 1 2p
[T or e <,

Let us apply Lemma 2.1 with a := 2 — % and b= 22 — L. We have b > a, a >0 for ¢ > 1, and

p—1 q
gp+1
b—a 22 _9 e
p—1
Therefore
T(t) > Cy(t—t)*? Vit > t. (33)

This gives limy_, ;o 7 (t) = +00. According to Proposition 2.1, we can extract the results from Theorem 8.1
and the corresponding formulas (21), (22), (23). Specifically, we obtain

(¢) for the values
roy s = o) =0 ()5

IVF @) = o ((lt)) o ()

(731) for the integral estimate of the gradients: we start from (30)

(1) for the gradients

—+oo
/ ()7 O IVF (g (0)]2dt < +oo,

to

that we evaluate as follows:

()7 )V (y O) O OFT AV @)

(2757 VS (y ()]
(

o_p—1

O V)P > .

I
\]

T

I
\]

According to (33) we deduce that

0 pa(2—1 2421
| e @) < oo
to

(iv) The convergence of the solution trajectory follows from an argument similar to that of the previous
section. This completes the proof. |

Remark 2.1. a) We thus achieved our first goal which was to accelerate the convergence properties of

the continuous steepest descent using closed-loop time scaling. For example, concerning the convergence

rate of the values, we passed from the convergence rate 1/t for the steepest descent to 1 /t(Hq*%) when
the closed-loop control acts on the velocity, and 1/tP? in the case of the gradient. Clearly, by playing with

10



the parameters p and ¢ we can get arbitrary fast convergence results. The same observation holds for the
convergence of the gradients towards zero.

b) By introducing a time scale function 7(-) which grows faster than the identity (i.e.7(t) > t) either in
open-loop or closed-loop, we have thus accelerated the continuous steepest descent dynamic. The price to
pay is that we no longer have an autonomous dynamic in (4), with as major drawback the fact that the
coeflicient in front of the gradient term tends towards infinity as ¢ — +oo. This prevents from using gradient
methods to discretize it, as for fixed-stepsize gradient methods the step size has to be less than or equal to
twice the inverse of the Lipschitz constant of the gradient. To overcome this, we come with the second step
of our method which is averaging.

3. ACCELERATED GRADIENT SYSTEMS WITH CLOSED-LOOP CONTROL OF THE DAMPING

3.1. General results concerning time scale and averaging

We will prove the following general result which puts forward a damped inertial dynamics which comes
by time scale and averaging of the continuous steepest descent. Then we will specialize it and consider time
scale obtained in a closed-loop way, and thus cover the two model situations.

Theorem 3.1. Suppose that f: H — R satisfies (A). Let v > 1, and let 7 : [tg,+oo[— Ri4 be an
increasing function, continuously differentiable, such that lims_, o 7(t) = +00. Let x: [tg, 400 = H be a
solution trajectory of the following second-order differential equation

. (L+9)7(t)* = T(t)7(2) #(t)?
OO )
Then, we have the convergence rate of the values: as t — +00

Flatt) ~intuf =o (1), (35)

and x(t) converges weakly as t — +00, and its limit belongs to S = argmin f.

v (x(t) + i%@@)) = 0. (34)

() +

Proof. For simplicity, we assume that the system has the Cauchy data (x (to), 4 (to)) = (20,0) € H x H.
a) We first prove that the trajectory x(-) can be seen to be obtained from the trajectory of the continuous
steepest descent via time scale and averaging. We start from y(-) solution of

yt)+7 () Vf(y @) =0. (36)

According to the time scale analysis developed in (5) we have

f(y(t))—iﬂfoZO(thJ as t — +00.

This means there exists a positive function ¢ which satisfies lim;_, 4 € (t) = 0 and

f(y(t))—infﬂfzj((’g

Let us define the time averaging process as the transformation from y to x according to the formula

(1) (1)

Vit > t. (37)

@(t) + Wﬁx(t) = V%y(t)’ (38)
where v > 1. Equivalently ®
17(t) .
y(t) = x(t) ;%x(t) (39)

By taking the derivative of y(-) we get

§ (1) =& () + i:gga‘j(t) + iWi()ﬁ). (40)

Replacing ¢ (¢) by this expression in the constitutive rescaled steepest descent equation (36), we get
, 17(t) ., 17(8)% — 7(H)7(t) . . < 17(t) . >
i () + i)+ — a1+ F () VF (2t) + ——Li(t) ) = 0.
0+ > Zie) + - E a0 47 (097 (20 + = H a0
11



Equivalently

L+ N7(@®)? = 7()7 ()
V7 (t)?

e,
TEIORAN

After multiplication by 7% we get

()2 — ()7 7(t)2 T
i) + 1) T((tt))% . OF® 5 1) + T((?) vy (m(t) + iﬁi(t)) 0. (41)

b) Let us now come to the corresponding estimate of the convergence rates with x(¢) instead of y(t). The
idea is to express x as an average of y, and then conclude thanks to Jensen’s inequality. Set

B(t) + 7 (H) Vf (a;(t) + }y:ggi(t)) ~0.

b(t) = :Eg >0 (42)
B(t) = /t b(u)du :/t :_EZ%du =In (:(Z})) (43)
Therefore 0
B = T
~(to) y

In order to express z in terms of y, we need to integrate the first-order linear differential equation (38) which
is written equivalently as follows

i (t) +yb(t)z(t) = Y0(t)y(?).
After multiplying by e?2®) we get equivalently

e'yB(t)j:(t) + ,yb(t)e’YB(t)x(t) = ’yb(t)e'YB(t)y(t),

that is,
d

G (702(0) = b0y o),

Integrating from ¢y to t we get

t
PWa(t) = B0y (ty) + 7/ b(w)e Py (u)du.
to

According to e7B(0) = 0 =1 we get

t
z(t) = e 7BOg(ty) —|—’yerB(t)/ b(w)e"P Wy (u)du

to
t

_ e—yB(t)y(tO)+,ye—wB(t)/ b(u)evB(u)y(u)du, (45)
to

where the last equality follows from the choice of the Cauchy data y(tg) = x(to) and #(tp) = 0. Then,
observe that z(t) can be simply written as follows

x(t) = / y(u) dpe(u), (46)

to

where p; is the positive Radon measure on [tg, t] defined by

pe = e VBO5, 4 yb(u)e B=B®) gy, (47)
Precisely, in (47), &, is the Dirac measure at to, and b(u)e? ()= B® dy is the measure with density b(u)e? (W =B®)
with respect to the Lebesgue measure on [tg,t]. According to

t
e=7B() / bu)e B dy = 1 — =75
to

we have that p; is a positive Radon measure on [tg,t] whose total mass is equal to 1. It is therefore a
probability measure, and z(¢) is obtained by averaging the trajectory y(-) on [to, t] with respect to ;. From
12



there, let us show how to deduce fast convergence properties for the so defined trajectory z(-). According to
the convexity of f, and Jensen’s inequality, we deduce that

i ) ) ~int s = (7=wtus) ( [ t i)

< / (F(y(w)) — infr ) dpe(a)
_ [lew,
- /tOT(u)dut( )

where the last inequality above comes from (37). According to the definition of u; (see (47)) and the
formulation of z(t) (see (46)), we deduce that

Pl —intye s < S emptpempe [y amtg,,
t

— 7 (to) , 7 (u)
Equivalently,
. T(t) o —yB(t ‘ E(u) yB(u
PO @) —int ) < et (Z )+ ar e [ e Oa )

Since v > 1 and lim;_, 4 7(t) = 400, it holds
t
limsup 7 (t) (f (z(t)) — infy f) < vlimsup 7 () e 7B® / Mb(u)e'ﬂg(“)du.
t—+oo t—+oo to T(U)
It is therefore enough to show that
t
lim sup (’yr (t) e"yB(t)/ 6(u)b(u)ewB(“)du) <0.
t—+4o00 to T (U)
In order to prepare for integration by parts, note that
d i d 1 1
Ab(u)e B = — (673(“)> and LUL =\ ]
du [r (] du\y=1[r@)] "

Given an arbitrary n > 0 we consider T;, > ty such that € (u) < n for every u > T,,. Therefore, for every
t > T, by integration by parts and by taking into consideration the relations (42)-(44), we get

t
7 () e VB® / Mb(u)evB(“)du

to T (u)
=7 (1) e VB®) (/tTn iEZ; b(u)e'yB(“)du + /Tt f_(:gb(u)evB(“)du>
<7 (t)e B0 ry/tTn iiz)) b(w)e "B duy + ny /Tt 7_(1u)b(u)e“fB(u)du>

T, t
=7 (t)e B0 7/ % EZ)) b(u)e" B du + —T?t) VBO _ BTy 77/ i (U)Q 673(“)du>

™(Ty) 1, [T (u)]

T, ¢
'y/ ] Mb(u)eVB(“)du M oyBy T aB(Ty) T / 7 (u du
o 7w )"

7 (t) 7 (1) [T (to)]” Jr, [7 (w)]*™”
o (4) eV BO) Tre(), B gy e sy, 11T ()] 11
0 ”/to )Wt Fryt TR (wm” wm”))
e (u D B® gy | - (1) e—7B® Ui
< <~y/ e P | 7(1) O 4y
<+

13



Since lim;—, o 7(t) = 400, and y > 1, we obtain
t
lim sup (77' (t) e_'YB(t)/ E(u)b(u)evB(“)du> < I (49)
t—>+00 to T () -1

This being true for every n > 0, we infer

f (2(t) —infp f = 0 (T}t)) . (50)

¢) For trajectories convergence, we take advantage of the fact that the solution trajectory z (-) of the
continuous steepest descent converges weakly towards a solution z, € S. Since lim;_, 7(t) = 400, this
immediately implies that y(t) = z(7(t)) converges weakly to z. as s — +oco. In other words, for each v € H

(y(t),v) = (zy,v) as t = +o0.

To pass from the convergence of y to that of x, we use the interpretation of x as an average of y. The
convergence then results from the general property which says that convergence entails ergodic convergence.
Let us make this precise. Using again that lim;_, ;o 7(¢) = +00, we have

(1) ~76_”B“)/t b (u) Py (u) du = [T(Z)]”/t 7 () [r ()] y(u)du.

After elementary calculus, we just need to prove that if a(-) is a positive real-valued function which verifies
limy, 400 a(u) = 0, then lim;_, 4 o A(t) = 0, where

At) = ﬁ /toli' (u) [T(u)]7_1 a(u)du.

Given an arbitrary n > 0, let us take T}, such that ¢y < T}, and a(u) < n for u > T;,. For t > T,,, we have

T t
Al = 1 / F () ()] afu)du + L / # () ()] " () du

[T Ji, " Jr,
il " " a(u)du + nr
< o L@ T et o)
Letting ¢ converge to +o00 we get
lim sup A(t) < n7(to).

t——+o0

This being true for any 7 > 0, we infer that lim;, o, A(t) = 0, which completes the proof. (]

Remark 3.1. a) By taking v := 25% and 7 (t) := 2(572_1), equation (41) becomes (see [4])

o —

t
#(t) + Ti(t) + Vf <:c(t) + 19’:(t)> = 0.
We have v > 1 <= « > 3, which is in accordance with the convergence results attached to Nesterov method.
b) The assumption of zero initial velocity is made solely to simplify the proof. For general Cauchy data
(x (to), 2 (to)) = (wo, 1) € H X H, the formula (46) takes the form

o(0)= [ y(dut) +¢(0).

to

where £ (t) = —@ :gg;xl does not vanish since x; # 0. Nevertheless, the presence of this perturbation

term does not affect the conclusion, as it can be handled in the same manner as in [4, Theorem 2].

3.2. Damped inertial system via closed-loop control of the velocity

Let us now examine the model situation where the time scaling is defined in a closed-loop way as a
feedback control of the velocity. Completing this construction with the averaging process, as described as
14



above, we get that (x,y): [to, +oo] — H x H is a solution trajectory of the following algebraic-differential
system

(1) +7 (1) Y (y (1)) _0
. (t) ) -

i) +15 320 - Tgue =0 .
ﬂt)qlq(m/to mmédr> 0

OO 1

By specializing Theorem 3.1 to this situation we get the following result.

Theorem 3.2. Suppose that f: H — R satisfies (A). Let ¢ >0, p>1,v> 1 and z: [tg,+o0o] = H be a
solution trajectory of the following system

oy UEVHEO2 = 7OF@) e (0 1T )
() + SO0y 0 8297 (s + 2 030 ) =0
7 (t) - % (to 4 /t () dr) —0 (52)
P p—1 T lﬂx v _
porFor [vr («0+ 1 205 0) -1
Then, we have the fast convergence of values: as t — +00
fa(t) = intf =0 (- ) (53)

Moreover, the solution trajectory z(t) converges weakly as t — +00, and its limit belongs to S = argmin f.

Proof. We showed in the proof of Theorem 3.1 how to pass from (51) to (52). Conversely, let z(-) be a
solution trajectory of the damped inertial dynamic (52). Let us show that by setting

IRETCI
then (z,y): [to, +oo[ = H x H is a solution trajectory of

gy +7 @)V (y () =0

i @x — @ =

(t) + vr(t) (t) 'yT(t) y(t) 0 o

1 t s a
T(t)—qq(to—l—/to[)\(r)]qdr> =0
O g ()7~ =1.

Indeed, by taking the time derivative of y(-), as given by the second equation of (54), we get

=350 5 (10T s

_1n) (o AENEF@F - 107 ()
_7%(15)< (&) + : <t>>

——+ @07 (2042 T 0) = ~F OV 0).

This gives the first equation in (54) and

@ g @1 = A [ @




This shows the equivalence of the two systems. According to Theorem 2.1, and formula (31), there exists a
constant Cy > 0 such that

T(t) > O (t—to) 07 (55)
Therefore lim;_, 4 o 7(t) = +00. According to Theorem 3.1 we deduce
. 1
f(z(t) —infy f=o0 (thé) ) (56)
and the convergence of the trajectory. O

3.3. Damped inertial system via closed-loop control of the gradient

We proceed in parallel to the previous section to obtain the following result.

Theorem 3.3. Suppose that f: H — R satisfies (A). Let ¢ >0, p>1,v> 1, and z: [ty,+oo[ = H be a
solution trajectory of the following system

.Z‘(t) + (1 + 'Y):((i))T(_t)T(t)T(t) .’L‘(t) + ,y‘l;((tt); Vf (m(t) + i:ggw(t)> -0
T (t) qiq (to + /t 0 () dr) —0 (57)
p lﬂx v —
o |[vs (s 0+ 270 0) L
Then, we have the fast convergence of values: as t — +00
Fa(t)) — inty f = o (tl) . (58)

Moreover, the solution trajectory z(t) converges weakly as t — +o00, and its limit belongs to S = argmin f.

Proof. Let z(-) be a solution trajectory of the damped inertial dynamic (57). Let us show show that by
setting

10, e
y(t) = ey ) +z (),
then (z,y): [to, +oo[ = H x H is a solution trajectory of
g+ VI(y@) =0
. 7(t) 7(t) -
i(t) + y%x(t) - Wﬁy(t) =0 -
1 t s q

T(t)—(](I(to-i-/to[/\(T)]QdT) =0
MO IV @) =1

Indeed, by the same argument as for the velocity case, we get

§(@) = =7 () VI (y (@)

p—1

=1

This gives the first equation in (59) and
17(t
v (a: W+ 170 (t))

AP IV @I = Do) Y7 )

This shows the equivalence of the two systems. According to Theorem 2.2, and formula (33), there exists a
constant C; > 0 such that

7 (t) > Cy (t — to)"?. (60)
Therefore from Theorem 3.1 we deduce, as t — +00
. 1
fx)—infy f=o0 (WI) , (61)
and the convergence of the trajectory. O
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3.4. Comparison with the Lin-Jordan approach

In [23], the authors study the second-order closed-loop dynamical system

. . . 2 . . .
# (1) + <2T(t) - ”“) s+ EO Gy iy + TOEOHFOIG 0y o

() T() 7(t) 7(t)
T(t)—i(fg\/Wdr+c)2 —0 (62)
AOP IV (@) =0,
whose first-order reformulation reads
@)+ 1) Vf(z(@) =0

(1) + 2 @)~y )+ ZEVF @) =0

1/ 2 (63)
T(t)—z(fow/)\(t)dr—i-c) =0
~1
AOFIVS (@) =9,
where ¢ > 0 and 0 < 6 < 1 are given parameters. See also [25] and [24] for some extensions to monotone
equations and monotone inclusions, respectively.
a) In [23], the authors obtained the following convergence rate of function values

f (@) —infy f = O (tl) as t = +o0.

Note that the last two equations in (63) are nothing else than those in (32) with ¢ := 2. For comparison, in
our approach the convergence rate of the values obtained in Theorem 3.3 when ¢ = 2 is

F ()~ inty f =0 (1) |

t2p

which is better for every p > 1.
b) Let us now compare the convergence estimates of the gradients. In [23], the authors obtain the integral
estimate

T 5 pt1
/ t V(@ @) 7 di < +oo,
to

which leads to
inf |Vf(z (o)) =0 (t—%’) as t — +00.

to<o<t

In our approach, the right variable to consider is y(t), instead of x(t). According to (22) we have

+oo
| 001V @) < 4.

to

Since g = 2, according to (19) we have

Therefore

3 _p—1
2 2

T FW IV = T NGV @@ =7 O IV G
Since 7(t) > Ct?", we deduce that

too 3p+1
/ B2V £ (y (1) 5" dt < +oo,

to
which leads to
inf [[Vf(y (o) =0 () ast— +oc.

toSUSt
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Again, our approach gives a better convergence rate than [23]. Let us also specify that our analysis provides
the convergence of the trajectories, which is an open question for [23]. Moreover, since our approach is
consistent with the steepest continuous descent, it can naturally be extended to the non-smooth case, and
to the case of cocoercive operators, as it was done in the open-loop case in [4].

3.5. The limiting case vy =1

Our previous results are valid under the assumption v > 1. It is a natural question to examine the
limiting case v = 1. Close examination of the proof of the theorem reveals a slight change in the integration
procedure and a logarithm factor appears. The corresponding result obtained is written as follows.

Theorem 3.4. Suppose that f: H — R satisfies (A). Let x: [to,+oo] = H be a solution trajectory of the
following second-order differential equation

2 . 2 o . . 2
(1) + 27 : t)%&()t)“%(t) + [:(3)] vf (z(t) + w:&(t)) 0 (64)
where T : [tg, +00[ = Ry is an increasing function, continuously differentiable, and satisfying lim;_, o, 7(t) =

+0o0.
Then, we have the convergence rate of the values: ast — +oo

Flalt) —intae £ =0 (L0 (65)

and the solution trajectory x(t) converges weakly as t — +o0, and its limits belongs to S = argmin f.
Suppose moreover that there exists some 0 > 0 and C1 > 0 such that for t sufficiently large

(-A)asymp T(t) >y (t - tO)e . (66)

Then, we have the fast convergence of values: ast — +00

7(t)

When specialized to the closed-loop control of the velocity, we obtain

f@ﬁ»—me=o<m@)>, (68)

1
t1+q* ?

and in the case of the closed-loop control of the gradient

f@@»—me=o<m@»- (69)

tpa

So, the convergence rates are in this limiting case a little worse because of the logarithm term.

4. ASSOCIATED PROXIMAL ALGORITHMS

4.1. A proximal-explicit discretization

In the following, we present a numerical approach based on a proximal-explicit temporal discretization
of the closed-loop systems investigated in this paper. By proximal-explicit we mean that the function f is
evaluated using a proximal step while the step size sequence (A;),~, and the time scaling sequence (%),
are computed explicitly. This makes our numerical scheme much easier implementable than the numerical
algorithm proposed in [23] as well as the large-step A HPE approach by Monteiro and Svaiter [29] which are
in fact approximations of a proximal-implicit discrete time method. We restrict ourselves to the case ¢ = 1,
which gives 7 (¢) = A (¢). In this case, the continuous time closed-loop dynamical system is written as follows

PO+ V(1) =0
NOFG W@ =1

Let us describe the general structure of the algorithm which is obtained by a proximal-explicit discretization
of the continuous system (70).

(70)
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Given yg, yx—1 in H, we first define \; by
el (G (e yn—n)P = 1
and consider then an implicit finite difference scheme for the first equation of (70)
Yet1 — Yk + AV f (Y1) = 0. (71)

This gives the following algorithm, called (PEAS) for Proximal Explicit Algorithm with Adaptive Step Size.
Note that (Ax) k>0 is computed explicitly in terms of (yk) k>0- In other words, the definition of the sequence

Algorithm 1: Proximal-explicit algorithm with adaptive step size (PEAS)

Input: yo #y_1 € H
1 for k=0,1,--- do
_p=1
2 =[Gk uk-1)] 7
3 Y1 := Prox,,  (vx)
4 end

(Ak)p>o is decoupled from the computation of (yx);s,. This is different from the method in [23], which

ultimately leads to the large-step A HPE approach by Monteiro and Svaiter in [29].
Let us now specify the link between Ay and 7. We start from the relation (recall that we take ¢ = 1)

7(t) = A (). (72)
Then, for every k > 0 we discretize (72) as follows
Tk+1*7'k:)\k<:>7'k+1:>\k+7'k (73)

with the convention Ay := to and 79 := 0, which then yields 7, = Zf;ol ;. Drawing inspiration from
continuous analysis, we will first show that the function value f (yx) — infy f attains the o <Tk1+1) rate of

convergence, and the sequence (y),~, converges weakly to a solution. Then, as a crucial result, we will

derive a lower bound of 7,41 in terms of k.
The following result emphasizes that the rate of convergence and summability results holds for (yx),

for arbitrary step sizes \j that satisfy >, ., Ax = +00. The proof is an adaptation of |4, Theorem 4.1].

Theorem 4.1. Let yg € H, (/\k)kzo be a given positive sequence satisfying Z)\k =400, 19 = 0 and

k>0
T = Zfz_ol Ai for every k > 1. Then, for any sequence (y),~, generated by the proxzimal algorithm
Ykt1 := prox,, r (yx) Vk >0, (74)
the following properties are satisfied:
(1) (summability of function values) Z A (f (Yr41) —infy f) < +oo;
k>0
(1) (summability of gradients) ZTk)\k IV f (yrsr)||” < +o0;
k>0
(i73) (summability of velocities) Z Tk lyrs1 — yill® < +o0;
Ak
k>0
(iv) (convergence of function values)  f (yx+1) —infy f=o0 ( ) as k — +oo;
Tk+1

(v) (convergence of gradient) ||V f (yr41)|| =0 .
\V Zf:o TN

(vi) the sequence of iterates (yk’)kzo converges weakly as k — +oo, and its limit belongs to S = argminy, f.
19
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Proof. Let k > 0 be fixed. Take z, € S = argmin f. According to (71) and the convexity of f, we deduce
that

1 2 1 2 1 2
) lyra1 — 2l|” = ) lye — 2ll” + (Y1 — 24, Yot1 — Y) — ) lyk+1 — yill
1 2 1.5 2
=3 lye — 2ell” = M (Yra1 — 2+, VI (Yrg1)) — 5)\1@ IV (yrs)ll

< 3l = =l = M (F () — infi £) = DRIV F ) (75)

Statement (¢) follows from [14, Lemma 5.31]. In addition, the limit limy_, 4o ||yx — 2«|| € R exists, which
means that the first condition of the discrete Opial’s lemma is fulfilled.
On the other hand, the sequence (f (yx) — infy; f),~ is nonincreasing. Precisely, we have for every k£ > 0

(f () — infa f) = (f (yesr) — infag £) > (VF (1) -0k — Y1) = M [V f (s |I” > 0. (76)
According to [6, Lemma 22] we get

N

f (Yrs1) —infy f =0 (Zflo)\) ;

which proves (iv).
Let k£ > 1. Multiplying both sides of (76) by 7 = Zi:ol A; > 0, then adding the result into (75), we get

. 1 . 1
Trr1 (f (Yrt1) —infyy ) + 3 Iyt — 2l < 7i (f (yr) — infa f) + 3 s — 2

1
- 5/\§ IV F ()1 = 76 IV F ()1 -
This implies
2 2 2
S ORIV kel < +00 and D Ak [V (g [I” < +oo,
k>0 k>1

which yields (ii). From (71), we infer (iii). To deduce (v), it suffices to show that the sequence ([|V f (yx) [|) >0
is nonincreasing. Indeed, it follows from (74) and the cocoercivity of V f that

LIV F DI = 5195 @I+ (VF () V (en) = V7 () — 3 IV (n) = VF ()

= S IF @I = 5 (s = 9 V5 ) = VI ) = 5 IV (i) = V1 )|

< 5 IV7 Wl

Taking into account also (ii), we obtain (v).

Finally, according to the assumption ), -, Az = +00, and (iv), we have that limj_ 1 f (yx) = infy f.
Since f is convex and lower semicontinuous, the second condition of Opial’s lemma is also fulfilled. This
gives the weak convergence of the sequence (yi),~, to an element in S = argmin f. (]

Then, we give a statement which can be seen as a discrete counterpart of Lemma 2.1. The result is more
complex not only because we are in the discrete setting, but also because it allows an explicit choice of the
stepsize, as we will see later.

Lemma 4.1. Let (/\k)k:ZO be a positive sequence and (Tk)kzo such that 7o = 0 and 1, = Zf;ol A; for all
k > 1. Suppose that there exist Co > 0 and a,b,c > 0 such that b+ c > a and

—by—
ZT;;)\k A1 < C2 < +00
E>0

Then, there exists Cs > 0 such that for every k > 1 it holds

btetl

Tit1 = Cgkvte=a, (77)
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Proof. By applying the Hélder inequality twice we get for all £ > 0

1 b 3
k N k bFet1 k bFct+l k BTeTT
§ : btct1 2 : —by— § : § :
T; S Tia)\l- )‘H»cl )\i )\i+1
=0 =0

i=0 =0
) k1 et . i
< oFtm (Z )\i> _ o (78)
i=0
If a = 0 then (77) follows immediately. From now on we suppose that a > 0. Inequality (78) becomes
k " 1 " btc

ZT;+C+1 < Oytett (T’:I;+l) ' Vk>o0. (79)
i=0

Following the continuous counterpart, let us define
1 k a
Chic:=C37 " >0 and A= ZT}*”“ vk >0
i=0

so that (79) becomes

b+c

A < Cpye(Akyo — Agyr) = VE>0.
From here,
Cp e <AL (Apga — Apy1) VE> 1 (80)
For convenience, we define the following function ¢: Ry — Ry as ¢ (r) :=r" 5o, It is clear that
d b+c {_ a . a6 _ a4
_ — bte | = d = — b+e 0.
= (b+car ) P (r) an P (r) b1 <

Since (Ag),> is increasing, this means ¢ (Ag42) < ¥ (1) < Y(Ag) for every Ay <7 < Ajyo.
Let k£ > 1 fixed. We consider two separate cases.
Case 1: ¢ (Ax) < 2¢ (Ag42). Then (80) leads to

Cp s <AL (Apga — Ar) = ¥ (Ar) (Apr2 — Ar)

b+c
Ao
<20 (Ar) (Aia = A) =20 (Auso) [ 1dr
Ak
< z/A’““@p( i =2 bEE (4o vy
r)dr = — .
Case 2: ¢ (Ag) > 2t (Agy2). This is equivalent to Agyo > Z%Ak. Since b + ¢ > a, we can deduce further
A T s ot

Consequently,

1 bte btec a

AT AT > (2 et —1) AT > (2 . 1—1) AT

recall that the last inequality follows from the increasing property of (Ag),~-
In conclusion, for every k£ > 0 we have -

__a_ __a_ 1 __a_ c __a_ __a_
ATE AT s 0 mm{2 <1_ bic) O (25 1) Al 4 } > 0.

Telescoping sum arguments combined with (79) imply for every k > 1

bt+c—a

=% -3t -3t (b+i;r(Z:—Z‘+1) brotl
Cak < Ay, — A < Ay <0y Tok+2 -
This gives for every k > 1
~ btct1
Tok+3 = Topyo > Cgkbre—a,
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where 53 > 0. We therefore deduce that there exists C3 > 0 such that
Thsr > Cakiters  Vk > 1,
which gives (77). O

Following a plan identical to the continuous case, we successively consider the case where the control by
feedback is formulated in terms of speed, then of gradient.

4.2. Adaptive stepsize rules resulting from the discretization of the velocity based sys-
tem

In this subsection we specialize the algorithm (PEAS) to the case where G(yk, yx—1) = |lyx — yr—1]|-

Algorithm 2: Proximal algorithm with adaptive step size defined via velocity

Input: yo £y_1 €H
1 for k=0,1,--- do

2 if Vf (yx) =0 then
3 stop
4 else
_p—1
5 Me o= llyk — ye—all P
6 Y41 := proxy, s (Yr)
7 end
8 end

Theorem 4.2. Let (f’/k)kzo be the sequence generated by Algorithm 2. Then, it holds

1
flye) —infy f =0 (21> as k — +oo,
k< v
and the sequence of iterates (yk)kzo converges weakly as k — 400, and its limit belongs to S = argmin,, f.
Proof. By the choice of the step size, we have from Theorem 4.1 (7i7) that
Tk 125
Z N lyks1 — yull* = Zﬂc)‘kl)‘kfl ' < +oo,
>0 "k k>0
where 79 = 0 and 7% = Zi:ol A; for every k > 1. We are in position to apply Lemma 4.1 with (a,b,c) :=
(1, 1, 1%) We get
T > Csk®™ % Wk > 1. (81)
Therefore Zkzo Ak = limg_, 4 oo Tk = +00, and we can apply Theorem 4.1 to obtain the conclusion. O
4.3. Adaptive stepsize resulting from the discretization of the gradient based system

Now let us specialize the algorithm (PEAS) to the case where G(yx, yx—1) = ||V.f (yx)]|-
Theorem 4.3. Let (yk)kzo be the sequence generated by Algorithm 3. Then, it holds

. 1
f(yrs1) —infyy f=o (/{2_1) as k — +oo
P
and the sequence of iterates (Yi),~, converges weakly as k — +oo, and its limit belongs to S = argming, f.

Proof. In this case we have from Theorem 4.1 (i)
_2p
Do mM NV )P =D medeAfy < +00, (82)
k>0 k>0
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Algorithm 3: Proximal algorithm with adaptive step size defined via gradient
Input: yo € H

1 for k=0,1,--- do

2 if Vf (yx) =0 then

3 stop

4 else

_p=1
A=V f(ye)ll
Yk+1 = Proxy, ¢ (Yx)
end

o I o «»

end

where 79 = 0 and 7 := Zf;ol A; for every k > 1.
Let us establish an inequality of the type
IVf )l < Ce IV F (yrs)
for some sequence C} > 0 which is to be precised. We have for all £ > 0

IVF @ll? = 19F () II” = 2(VF (rs1) . VI Wrr) = VF (1)) + 1V F (1) = VF ()1
195 )l + o {1 = 90, T () = TF () + 195 () = V1 )]

2L
<V o) + <)\k +L2) lyksr = well* = (L4 LX) [V (asn) I

< (L+ LAsa)* [V () (83)
where L > 0 denotes the Lipschitz constant of V f on a bounded set containing the sequence (y);>-
Combining (82) and (83), we get

2p

A\, 7T < +oo. 84
Zkk( e, )2H Zkk(1+L/\k+l)2k (84)

k>0 k>0
Let us now show that limy_, 4 o Ay = +00. According to the decreasing property of the sequence (f (yx) — infy f);>0:
by summing inequalities (76) we get
2
MV Grr)l? < oo (85)
k>0

From the closed-loop rule we deduce that

> Ay fl P < o (86)
E>0
Therefore
hm )\k)\kJrl =0.

Since (Ag)k>0 is increasing, let us denote by l > 0 its limit. If [ is finite then, by passing to the limit on the
2
above inequality we get I = 0, a clear contradiction with [ > 0. Therefore

lim Ag = 4o0.

k—+o00
In this case m ~ (LXp41) "2, which gives
_2p
z:Tk/\]lC pil)\k_;,_liz < +00. (87)

k>0
We are in position to apply Lemma 4.1 with (a,b,c) := (1, ifpl -1, 2). We get

Tha1 > O3k 5 Wk > 1.
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We have Zkzo Ak = limg—y oo Tk = +00, and we can apply Theorem 4.1 to obtain, as k — +o00

f(Yk+1) —infy f =0 <k211 ) :

This completes the proof. O

Remark 4.1. Note that the closed-loop control of the velocity and the closed-loop control of the gradient
give the same convergence rate of the values. Clearly, we have obtained a faster convergence result compared
to the classical Proximal Point Algorithm (PPA), which we also cover since it coincides with p = 1 in both
cases.

5. INERTIAL PROXIMAL ALGORITHMS OBTAINED BY CLOSED-LOOP DAMPING

Let us now consider the convergence properties of the sequences (zy)x>0 which are obtained by applying
the averaging process to the sequences generated by Algorithm 2. Indeed, we limit our investigation to the
closed loop control of the velocity, the case of the closed loop control of the gradient is very similar. Let us
discretize the continuous averaging relation

as follows (recall that, because of the choice ¢ = 1, we have 7(t) = A(t))

Ak
Tpy1 — Tp + —— (Tk — Yrg1) = 0.
Tk+4+1

Ak Ak
Tpy1 = (1 - ) Tk + ——Yrt1
Tk+1 Tk+1

This gives the following proximal inertial algorithm:

Equivalently

Algorithm 4: Proximal inertial algorithm with adaptive step size defined via velocity

Input: 79 := 0 and xg,yo # y—1 € H
1 for k=0,1,--- do

2 if Vf (yx) =0 then
3 stop
4 else
_p—1
5 Me o= llyk — ye—all P
6 Yr+1 := proxy, ¢ (Yr)
7 Th41 = Tk + AL
Ak Ak
8 Th+41 = <1 — > T + —Yk+1-
Tk+1 Tk+1
9 end
10 end

Theorem 5.1. Let (xk)kzo be the sequence generated by Algorithm 4. Then, it holds
1
fxg) —infy f=0O (21> as k — +o0
k< p
and the sequence of iterates (v),~, converges weakly as k — +00, and its limit belongs to S = argminy, f.

Proof. Let k > 0. By definition of z;; we have

Th1Zh+1 = (Tht1 — Ak)Th + MeYk+1
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which gives (recall that 7,11 = Zf:o Ai)

Tht1Th+1 = ThTk = (Tht1 — M) Tk + AeYrr1 — ThTk = (Th+1 — Tk — M) Tk + MeYk1 = AkYr+1-
Therefore, by telescoping arguments we obtain
k
D
tppy = =AY s (88)
Tk+1
By convexity of f we infer

Tk+1

k . .
f(xrpr) —infy f = (f —infy f) (xr41) = (f — infy f) <M>

k k

L Z)\i (f (Wi+1) —infy f),

Tk+1 i—0

LZ)W (f —infy f) (yit1) =

Tk+1 e

IN

By Theorem 4.1 (i), we have >, 5o Ak (f (yx+1) — infy f) < +oo, and by (81) we have 7441 > k>~%, which
gives the claim. The weak convergence of (z}),>, to an element in S = argmin, f follows from the weak
convergence of (yj),>, and the Stolz-Cesaro Theorem. O

5.1. Geometric interpretation of Algorithm 4

First note that Algorithm 4 can be equivalently written as follows

)\k ) )\k ( Tk
T =[(1— T + —— prox Tr—1+
* ( Th+1 Th+1 A f Ak—1

(.’L‘k — xk_1)> . (89)

Since > 1, the algorithm first involves an extrapolation step (this is the inertial aspect), then a proximal
k—1

step, and finally a relaxation step which balances the inertia effect and dampens the oscillations. This is
shown in the figure below. We set 6, = 2 €]0, 1].

Tk+41

. Tl 1

~
\\\
@k — w-1)

Tp1 = (1 —6)

./’/

FIGURE 1. A geometrical illustration of Algorithm 4.

Despite some analogies, Algorithm 4 is different from the relaxed inertial proximal algorithm (RIPA)

considered by Attouch and Cabot in [7], and which writes
{yk =z + ap(Tp — Tp-1) (90)
Trr1 = (1 — pr)yr + pr prox,, ¢ (yr)

As main difference, in Algorithm 4 the relaxation is taken between x;, and prox,, ;(yx), while in (RIPA) it is
taken between y;, and prox,, ;(yx). Consequently, Algorithm 4 involves a Hessian damping effect which is not
present in (RIPA). Note in Algorithm 4 the balance between the extrapolation (inertial, acceleration) effect
and the relaxation effect. Moreover, our construction provides coefficients which are generated automatically
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in closed loop way, whereas in (RIPA) they require subtle adjustment. The importance of the relaxation
technique when combined with inertia has been put to the fore in [22]. According to (88), zx+1 can be
interpreted as an average of the {y, : 0 < n < k + 1}, which makes our approach somewhat analogous to
the nonlinear averaging technique developed in [33], where it is assumed that there is a unique minimizer.
Averaging techniques have also been used in [32] in the context of hybrid systems. Indeed, adjusting the
damping in a closed-loop ad hoc manner bears some analogy to restarting methods.

5.2. Extension to the nonsmooth setting

Since our proposed numerical algorithms are proximal methods, they can be used also to minimize non-
smooth and convex functions. Given an optimization problem

min {f(z): z € H}, (91)

where f: H — RU {+oo} is a proper, lower semicontinuous, and convex function with S = argmin,, f # 0,
one can equivalently consider the problem

min {f,(z) : v € H}, (92)
where f, : H — R stands for the Moreau envelope of f with parameter v > 0, defined as
fy @)= inf £ 7 @)+ o= 2~
x) = in )+ — ||z — .
K yeH 2y 4
The two problems share the same optimal value and solution set argmin,, f = argminy, f,, while the Moreau
envelope is convex and differentiable and it has a v~ !-Lipschitz continuous gradient ( [14,15]). The formulas
for the proximal operators of f and f, are closely related by a simple convex combination, which makes
no difference when solving (91) and (92) conceptually. We can therefore exploit these premises to apply

our methods to a broader class of functions that are only assumed to be proper, lower semicontinuous, and
convex.

6. NUMERICAL EXPERIMENTS

In this section, we carry out numerical experiments in order to demonstrate the effectiveness of the
methods we have proposed.
Let ¢ > 1 and X € R™*". We denote by |[|-|[s, the Schatten g-norm of X, which is defined as

1X1% =3 of (X)),

where o; (X) denote the i*"-singular value of X. In case ¢ := 1 it gives the nuclear norm, which we denote
by |||, and in case ¢ := 2 it gives the Frobenius norm, which we denote by |-||c. Further, we denote by
Ex_ x,. (R™™™) the set of positive semidefinite n x n matrices with eigenvalues belonging to [A_, \;]. The
logarithm of a matrix X € R"*™ is the matrix ¥ := log (X) € R™*™ such that

X =¢¥ = Z llw
>0 7!

The functions used in the numerical experiments were:
a) “logdet + Nuclear norm”

400 otherwise,
b) “logdet + Squared Frobenius norm”

—log (det (X)) + p|| X |7 if X =0,

R™™ - RU {+o0}, X):=
! {Fock, S(X) {—l—oo otherwise,
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c) “logdet + Bounds on eigenvalues”

FiRM S RU {400}, F(X): {—log(det(X)) if X € Ex_ 5, (R™™),

400 otherwise,

d) “von Neumann entropy + Nuclear norm”

F(X) = {trace (Xlog (X)) +p [ X, if X =0,

R™ 5 RU {+o0},
f { } 400 otherwise,

e) “von Neumann entropy + Squared Frobenius norm”

2 .
FOR™ S RU {400}, f(X)__{trace(Xlog(X))+u|X||F it X =0,

400 otherwise,

f) “von Neumann entropy + Bounds on eigenvalues”

F(X) = {trace (Xlog (X)) if X € Ex_x, (R™™),

R™™ - RU {+o0}, =
/ { } 400 otherwise,

g) “Ridge + Schatten g-penalty”

R SR, F(X) = g XU X,

For all cases we considered p := 107! and solved the optimization problem (92) for v := 1. For this
purpose we used Algorithm 2 and Algorithm 3 when p := 2, the classical proximal point algorithm (PPA)
( [14,15]) and the special case of FISTA obtained in the absence of the smooth term ( [16]), which we also
compared with each other. For the formulas of the proximal operators of the seven objective functions,
see [15, 17,20,

We have set n := 102, and for the Ridge + Schatten g-penalty we have chosen m € {1, 102, 104} to see
to what extent the dimension of the matrix affects the numerical performance, also for different values of ¢.
The initial point Y; has been generated randomly, whereas for Algorithm 2 we have simply added 1 to all
its entries to obtain Y_;.

We have stopped the algorithms either when

Y1 — Yl
[psy|
or if they a maximum allowed number of iterations Ite max has been exceeded. We have set Tol := 10716
and Tte max := 103. The performance of the four algorithms has been compared in terms of f (prox ¥ (Yk)) —
f« in logarithmic scale, where f, is the minimum value the objective function takes over all generated
sequences.

According to the main convergence theorems, for p = 2, Algorithm 2 and Algorithm 3 have rates of
convergence of o (k_3/2) as k — 400, which is faster than that of PPA, but worse than that of FISTA. As
Figure 2 shows for the objective functions (a) - (f), Algorithm 2 and Algorithm 3 demonstrate competitive
performance against PPA and FISTA, outperforming them in many instances. On the other hand, they do
not exhibit oscillations, a phenomenon known to occur with momentum algorithms. The better convergence
properties of the algorithms presented in this paper are confirmed for the different instances considered in
the Figures 3 - 5 when minimizing the Ridge 4+ Schatten q-penalty function, especially as the values for
q become larger. We believe that the consistent improvements in the convergence of the function values
observed for Algorithm 2 and Algorithm 3 are due to the fact that these algorithms make much better use
of local information and adjust the step size accordingly.

< Tol

7. CONCLUSION AND PERSPECTIVE

Our study proposes new fast adaptive optimization methods for convex optimization. We have shown
that the time scaling and averaging technique, previously developed by the authors in the context of non-
autonomous systems, can be developed by taking closed-loop time parameterization, giving rise to au-
tonomous dynamics. The method turns out to be flexible, because it is based on elementary mathematical
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FIGURE 2. Numerical comparisons between PPA, FISTA, and Algorithm 2 and Algorithm

3 for n = 102.

tools, namely the dynamics of the steepest descent, and the operations of temporal parameterization and
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FIGURE 3. Numerical comparisons between PPA, FISTA, and Algorithm 2 and Algorithm
3 for (m,n) := (1,10?).

averaging. It is therefore not necessary to redo a Lyapunov analysis, one relies on the classic results for the
steepest descent. The results obtained for the continuous dynamics pass quite naturally to the correspond-
ing proximal algorithms, where the iterates are expressed in a direct way according to the proximal terms.
This study is one of the very first to develop an algorithmic framework based on autonomous dynamics and
which, when specialized, provides the convergence rates of the dynamical surrogate of the Nesterov accelera-
tion gradient method. Another important aspect of our analysis is that it exhibits Hessian-driven damping,
which plays a key role in damping oscillations. Our work opens up many perspectives, our method natu-
rally extending to gradient algorithms, proximal-gradient algorithms for composite optimization, cocercive
monotone operators, and the study of the stochastic version, to name only a few.

8. APPENDIX

8.1. Classical facts concerning the continuous steepest descent

Consider the classical continuous steepest descent

(SD)  (t) + Vf(2(t)) = 0.
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FIGURE 4. Numerical comparisons between PPA, FISTA, and Algorithm 2 and Algorithm
3 for (m,n) := (10%,10?).

Under the standing assumption (A) on f, we know that, for any zo € H there exists a unique classical global
solution z € C1([tg, +oo[: H) of (SD) satisfying z(tg) = 2o, see |5, Theorem 17.1.1]. We fix to as the origin of
time. Recall classical facts concerning the continuous steepest descent.

Theorem 8.1. Suppose that f: H — R satisfies (A). Let z: [tg, +oo[ = H be a solution trajectory of

2(t) + VF(2(t) = 9(t) (94)
where g: [tg, +0o] = H is such that
+oo +oo
/ lg ()| dt < +00 and / tllg @) dt < +oc. (95)
to tD
Then, the following statements are satisfied:
1
(i) (convergence of gradients towards zero) ||V f(z(t))|| =0 (\/%> as t — +oo.
+oo
(i1) (integral estimate of the velocities) )2 @) dt < +oc.

to
+oo
(131) (integral estimate of the gradients) / IV (2 ()] dt < +oo.
to
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FIGURE 5. Numerical comparisons between PPA, FISTA, and Algorithm 2 and Algorithm
3 for (m,n) := (10%,10?).

(iv) (convergence of values) f(z(t)) —infy f=o <1) as t — +oo.

1
(v) (improved convergence rates of gradients) if g(t) =0, then |V f (2 (t))]| =o (t> as t — +oo.
(vi) The solution trajectory z(t) converges weakly as t — 400, and its limit belongs to S = argmin f.

If g(t) = 0, we have that t — ||V f (2 (¢))|| is nonincreasing, since in this case

GIVF @I =2(97 G0). 577 C0)) = -2(:0. 577 @) <0 W=t

Therefore, from the integral estimate of the gradients we deduce that |V f (2 (t))]| =0 ().
8.2. Auxiliary result
Opial’s Lemma is a basic ingredient of the convergence analysis.

Lemma 8.1. (Opial) Let S be a nonempty subset of H and let ($k>k20 be a sequence in H. Assume that
(7) for every z € S, limg_, 400 ||z — 2| exists;
(i1) every weak sequential limit point of (Tk),~, as k — +oo, belongs to S.
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Then, (xk)kzo converges weakly as k — 400, and its limit belongs to S.
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