The Fenchel duality in set-valued vector
optimization

Author:
Radu-Ioan Bot,
Faculty of Mathematics and Computer Sciences
"Babes-Bolyai” University Cluj-Napoca*

Supervisor:
Prof. Dr. rer. nat. habil. Gert Wanka
Faculty of Mathematics
Chemnitz University of Technology

*This paper was written when the author was at the Chemnitz University of Technology
in the frame of the partnership program between ”Babes-Bolyai” University Cluj-Napoca and
Chemnitz University of Technology.



Contents

Introduction ........ .. . 2
1. Preliminaries and weak supremum properties ..................... 3

2. The conjugate mapping and subdifferentiability of a set-valued map-

DIl 8
3. The set-valued optimization problem .............................. 13
4. Sufficient criteria for stability ........... ... .. ... 17
5. The set-valued optimization problem with constraints ........... 22
References ...... ... .. 29



Introduction

Since many optimization problems encountered in economics and other fields
involve set-valued mappings constraints and set-valued mappings objectives, set-
valued optimization problems have received an increasing amount of attention
in recent years(see Corley[3], Luc[10], Jahn and Rauh[10], Postolica[12] and the
references cited here).

For the studying of the set-valued optimization problems it has been developed
a very interesting duality theory. The first researches of the Lagrangian dual-
ity for vector optimization problems had been made by Corley[2], Dolecki and
Malivert[4] and by Song in [15] and [16].

In the same time it has been developed a theory which represents a generaliza-
tion of the Fenchel duality for set-valued mappings. This theory is based, like
in the scalar optimization, on the very elegant concept of perturbed problems
and conjugate mappings. On the other hand, it is interesting to observe the di-
versity of generalizations of the Fenchel duality theory, caused by the different
definitions of the notion of efficiency. Postolica[13] has developed such a general-
ization for efficiency of set-valued mappings by using the concept of nuclear cone.
Malivert[11] has considered Fenchel type duality for weak efficiency of set-valued
mappings and recently, Song[18] has also considered Fenchel duality by using of
a new concept of weak efficiency, appeared in the last decade.

In the first part of this work we present the Fenchel duality theory for set-valued
mappings developed by Song[18] and give a generalization for a stability criterion.
In the second part we formulate and solve the set-valued optimization problem
with constraints and finally, by considering of a particular case, we rediscover
some results from the scalar optimization.

I would like to thank Prof. Dr. Gert Wanka for the helpful suggestions, indica-
tions and the disponible material necessary for the elaboration of this work.



1 Preliminaries and weak supremum properties

Let Y be a real topological vector space partially ordered by a closed, convex
and pointed cone S with a nonempty interior intS in Y. We use the following
notations

yzy it y—y €s,

y>y il y—y eS\{0},

y > iff y—1vy €intS.
We add two imaginary points +co0 and —oo to Y and denote the extended space
by Y. Let consider, by convention, that ) is a subset of Y. We also consider

that for any y € Y, —00 < y < 4+00. We can now extend the addition and the
scalar multipilcation of Y to Y by using the following conventions

(£o0) +y =y + (£oo) = (£o0), forall yeY
(£00) + (£o0) = (£o0)

A£o0) = (£00), for A>0
A(Fo0) = (Fo0), for A <0.

For a given set Z C Y we define A(Z), the set of all points above Z, and B(Z),
the set of all points below Z, by

AZ)={yeY| eZ st. y>y}

and B
B(Z)={yeY|Iy/ e€Z st. y<y'}

respectively. Clearly, A(Z) C YU{+oo} and B(Z) C YU{—o00}. We define weak
maximal points and weak supremal points as follows(see Postolica[13], Tanino[20],
Dolecki and Malivert|[4])

Definition 1.1

Given a set Z C Y, a point p € Y is said to be a weak maximal point of Z if
p € Z and p ¢ B(Z), that is, if p € Z and there is no y € Z such that p < y.
The set of all weak maximal points of Z is called the weak maximum of Z
and is denoted by WMaxZ. The weak minimum of Z, WMinZ is defined
analogously.

Definition 1.2

Given a set Z C Y, a point p € Y is said to be a weak supremal point of Z if
p ¢ B(Z) and B({p}) C B(Z), that is, if there is no y € Z such that p < y and
if ' < p for ¢y € Y implies that there exists a point y € Z such that ¢’ <y . The
set of all weak supremal points of Z is called the weak supremum of Z and is

denoted by W SupZ. The weak infimum of Z, WinfZ is defined analogously.



Remark 1.1

(i) WMaz @ = @ and WSup @ = {—o0}.

(ii) —-WMax(—Z) = WMin(Z) and —W Sup(—2) = Winf(Z).
(i) VZ C Y, —A(-2) = B(Z).

Tanino[20] has proved the following properties of weak maximum and weak supre-
mum in the case when Y = RP. They are also valid in the general case, considered
by us.

Proposition 1.1
WMaxZ = Z N WSupZ.

Propositon 1.2

(i) WSupZ = {—oo} if and only if B(Z) = 0. This is the case when and only
when Z =0 or Z = {—o0}.

(il) WSupZ = {+oc} if and only if B(Z) =Y U {—o0}.

(iii) Except the above cases, W SupZ C Y.

The following definition of the closure of B(Z) in Y has been given by Kawasaki|§]
and is useful to characterize the set W SupZ.

Definition 1.3 B
For a set Z C Y, let the closure of B(Z) in Y be:

{—o0}, if B(Z)=0
cdB(Z) =Y, if B(Z) =Y U{—o0}
cd[B(Z)NY]U{—cco}, otherwise.

The symbol 7cl” in the right-hand side means the usual closure in Y.

Proposition 1.3
If ZCY, then B(clB(Z)) = B(Z).

Proof. If B(Z) = @ or B(Z) =Y U {—o0}, then the result is obviously true.
The point —oo is contained in both sets. Thus let y € B(Z) and y # —oo. Then,
there exists 4’ € Z NY such that y < 1’. Hence,

ay+ (1 —a)y’ € B(Z), for all a,0 < a < 1.

Taking the limit when o« — 0, it follows that ¢’ € cIB(Z) and so y € B(cl(B(Z)).

Conversely, suppose that y € B(clB(Z)) and that y # —oo. Then, there exists
y' € clB(Z) such that y' — y € intS. This implies that there exists V' C S such
that V + y is a neighbourhood of ¢’ and then, we have, (V +y) N B(Z) # O.
Therefore, it follows that y € B(Z).



Proposition 1.4
If ZCY,then WSupZ = [clB(Z)]\ B(Z) = W Maz[clB(Z)).

Proof. Using that for all Z C Y, WMaxzZ = Z \ B(Z), it’s obviously true that
WMax[clB(Z)| = [clB(Z)]\ B(clB(Z)) = [clB(Z)]\ B(Z).

Let p € [clB(Z)]\ B(Z). Since the other cases are trivial, we will consider the case
when p € cl[B(Z) NY]. Let y € Y such that y < p or equivalent, p — y € intS.
There exists, then, V' C S such that V + y is a neighbourhood of p. From
(V+y)NB(Z) # O it follows that there exists z € Z such that y < z. Hence,
B({p}) € B(Z) and so p € WSupZ.

Conversely, suppose that p € W SupZ. This means that p ¢ B(Z) and B({p}) C
B(Z). Let consider an arbitrary s € intS. Then,

p—as € B({p}), Va>0.

By taking the limit when o — 0, it follows that p € c/B(Z). Hence, p €
[clB(Z)]\ B(Z).

The last two propositions conduce us to the following corollary.

Corollary 1.1
If ZCY, then WSupZ = WSup(B(Z)) = WSup(clB(Z)).

Proposition 1.5
Ify € Y and d € intS, then there exists ag > 0 such that y+ad € intS, Va > «y.

Proof. If o does not exist, then we can consider a sequence {ay} such that
ar >0, Vk € N, ap — +oo and y + agd ¢ intS. Since intS is a cone, o% +d¢
intS. Using that (intS)° is a closed set and taking the limit when & — +o0, we
have that d ¢ intS which is a contradiction.

Proposition 1.6
If ZCY,then B(Z) = B(WSupZ).

Proof. 1t is clear that B(W SupZ) C B(Z). If WSupZ = {+o0} or {—oc}, then
the converse inclusion is obvious. Because —oo is contained in both sets we can
choose an element y' € B(Z), y # —oo. This means that there exists y € Y N Z
such that ' < y. Let take an arbitrary d € intS. It follows that there exists
ap > 0 such that y + ad ¢ clB(Z), Ya > ag, since otherwise Y C clB(Z). Let
now define a nonnegative number & by

a = sup{a|l y+ad € clB(Z)}.

It’s clear that y + ad € WSupZ = W Max[clB(Z)]. Since ¢y’ <y < y + ad we
have proved that B(Z) C B(WSupZ).

Corollary 1.2
If ZCY,then A(Z) = A(WInfZ).



For Proposition 1.4 and Proposition 1.6 results the next corollary.

Corollary 1.3
If ZCY,then Z C clB(Z) = (WSupZ)U B(Z) = WSupZ U B(WSupZ).

Proposition 1.7
If ZCY,thenY = WSupZ U A(WSupZ)U B(WSupZ) and the three sets in
the right-hand side are disjoint.

Proof. It is obvious that the three sets are disjoint. Since W SupZ U B(W SupZ)
= clB(Z), from Corollary 1.3, we have to prove that y € A(WSupZ) if y ¢
cddB(Z). When WSupZ = {—oo} or {+00}, the above statement is true. Since
{+o0} € A(WSupZ) we consider y # +oo such that y ¢ clB(Z) and we will
prove that y € A(WSupZ). Let take an arbitrary d € intS. By Proposition 1.5,
y—ad € B(Z) for a sufficiently large a > 0. Let @ = inf{a > 0| y—ad € B(Z)}
and y = y — ad. We have to show that y € WSupZ or equivalent, using that
g € clB(Z), we have to show that § ¢ B(Z).

Supposing that y € B(Z) it follows that y—ad € B(Z) for some « smaller then a.
This contradicts the definition of &. Therefore, y ¢ B(Z) and soy € A(W SupZ).

Using the definition of B(Z), the following results are obviuos.

Proposition 1.8

(1) B(Z, + Zy) = B(Z,) + B(Zy), for Z1,Z, C Y, where it is assumed that the
sum 400 — oo does not occur.

(1)B(Uses Zi) = Uy B(Zy), for Z; €Y (i € 1).

Proposition 1.9 B
Let F} and F, be set-valued mappings from a space X to Y. Then

WSup | [Fi(2) + Fa(x)] = WSup | J[Fi(x) + WSupFy(x)]
zeX zeX
where it is assumed that the sum 400 — co does not occur.
Proof. By using Proposition 1.6, Proposition 1.8 and Corollary 1.1 we obtain
W Sup U [Fi(z) + Fo(x)] = WSupB( U [Fi(x) 4+ Fo(x)]) =

WSup | [B(Fi(2)) + B(Fy(x))] = WSup | J [B(Fi()) + B(W SupFy(x))] =
W SupB( U [Fy () + W SupFy(z)]) = WSup U [Fy () + W SupFy(z)].

zeX rzeX

From Proposition 1.9, we obtain the following corollaries, which will be very
important for this work.



Corollary 1.4
For Zy,Zy C Y, WSup(Zy + Zs) = WSup(W SupZy + W SupZs).

Corollary 1.5 B
If F is a set-valued mapping from X to Y, then

W Sup U F(z) = WSup U W SupF(x).

zeX reX

Corollary 1.6
For Zy,Zy C Y, WSup(Z, U Zy) = WSup(W SupZy UW SupZs).

Corollary 1.7
For Z C Y, WSupZ = W Sup(W SupZ).

Proposition 1.10
fZcCcY,thenZnNY CZNY +intS C WinfZUA(Z).

Proof. Let z € ZNY and let V be a neighbourhood of z in Y. This implies that
V —z is a neighbourhood of 0 in Y. From 0 € intS it follows that (V —2)NintS #
O or, equivalent, that VN (ZNY +intS) # . This means that z € ZNY + intS.
To prove that ZNY +intS C WinfZ U A(Z) we use Corollary 1.3 and Remark
1.1 . These give us the following relation

ZNY +intS C WInf(ZNY +intS) UA(ZNY + intS) C WinfZ U A(Z).

The last proposition of this chapter provides a characterization of the weak supre-
mum of a set by scalarization under the convexity assumption. The proof of this
proposition has been given by Sawaragi,Nakayama,Tanino[14].

Propositon 1.11
Let Y and Y™ be put in duality by the bilinear pairing < -,- > and let

S*={peY|<us>>0Vse S}

be the dual cone of S. Let assume now that < pu,+oo >= 400 for any u € S*.
Then
WSupZ O U {9 € cdB(2)| < p,y >= supyez < p1,y >}
peS*\{0}
for any arbitrary set Z C Y, and the converse inclusion is also valid if cIB(Z) is
a convex set.

Remark 1.2
Analogous results hold for weak minimum and weak supremum of a set.



2 The conjugate mapping and subdifferentiabil-
ity of a set-valued mapping

In this chapter we define two new notions which will be very important for the
development of this theory. Let X and Y be topological vector spaces and let
L(X,Y) be the space of all linear and continuos operators from X to Y. Let F
be a set-valued mapping from X to Y.

Definition 2.1
The set domF = {z € X|F(z) # O, F(x) # {4+00}} is called the effective
domain of F'.

Remark 2.1

(i)For any set A C X, F(A) = U,e4 F(2).

(ii))We can admit that F(zy) = O for some zy € X, if we adopt the convetion
that for any set Z C Y, @+ Z = @ and A0 = @.

Definition 2.2 B
The set-valued mapping F* from L(X,Y’) to Y defined by
FY(T) = WSup | J[Tz — F(x)], for T € L(X,Y)
zeX

is called the conjugate mapping of F'. Moreover, the set-valued mapping F™**
from X to Y defined by

F**(x) = WSup U [Tx — F*(T)], forz € X
TEL(XY)

is called the biconjugate mapping of F.

Remark 2.2
Let consider X =Y = R%? S = R? and let F : R* — R? be the vector-valued

norm,
F) =lllell = [ ) o= (v € 72

Our aim is to calculate the conjugate mapping of F'. By Definition 2.2, we have

F*(T) = WSup,ere {Tx— ( )}, for T € L(R?, R?).

. . t11 ¢t .
T can be then represented like a 2 x 2 matrix. Let T' = ( tn t12 ) . We obtain
21 l22

Py = WS (27 b0

to1x1 + tooxe — |22
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If tgl 7& 0 or t21 7é O, then F*(T> = +00. If tlg = tgl = 0, then

F(T) = WSup,cre ( buzy — | ) .

tooxo — |22

It’s easy to observe that if |t1;| > 1 or [tas] > 1, then the weak supremum is also
+o00 and that otherwise the weak supremum is 0. In conclusion,

. t 0
FH(T) = 0, if T = ( 61 ) ) Ctn] <1t <1

400, otherwise.

The concept of conjugate mapping of a set-valued mapping has been introduced
by Postolica[13] basing on supremum and by Luc[9] basing on Pareto maximum.

Remark 2.3

If there exists some xy € X such that —oo € F(zg), then F* = +00. Conversely,
if exists Ty € L(X,Y) such that F*(1j) = {—oc}, then F = @ or F = 400. We
shall only consider the case when domF # Q.

Remark 2.4 B
When f is single-valued from X to Y, then its conjugate and biconjugate map-
pings can be defined by identifying f with the set-valued mapping © — {f(x)}.

We will present now few interesting properties of the conjugate and biconjugate
mapping of a set-valued mapping.

Proposition 2.1

Let 2o € X. If we define a new set-valued mapping G from X to Y by G(z) =
F(x + x¢), Vo € X, then

(i) GX(T) = F*(T) = Txg, VT € L(X,Y)

()G (z) = F*(x + ), Vx € X.

Proposition 2.2

Let yo € Y. Then,

(3)(F + o) (T) = F*(T) — o, ¥ T € L(X,Y)
(i) (F + yo)**(x) = F**(x) +yo, Yz € X.

Proposition 2.3

Let WInfF be another set-valued mapping from X to Y, defined by (W InfF)(z)
= WInfF(z). Then F*(T) = (WInfF)*(T), forany T € L(X,Y) and F**(z) =
(WinfF)™(x), for any x € X.

The proves of these three propositions are based on the definitions of the conju-
gate and biconjugate mapping and has been given by Tanino[21].



Proposition 2.4(Extension of Fenchel’s Inequality)
For any zp € X and any T € L(X,Y),

[F(xo) — Tao) (\ B(~F*(T)) = 0.

Proof. Since F*(T) = WSupU,cx[Tx — F(x)], it results from Corollary 1.2
that

Tag—F(z0) C | J[Te—F(x)] € WSup | [Ta—F(x)] | BOWSup | [Tz—F(x)])
= F*(T)UB(F*(T)).

From Proposition 1.7 it follows that [T'z¢ — F(xo)](A(F*(T)) = O, which is

equivalent, by Remark 1.1(ii), with [F(z¢) — Txo] (| B(—F*(T)) = Q.

Corollary 2.1
Ifye F(0)and y € —F*(T) for T € L(X,Y), then y £ v/

Corollary 2.2
If yo € F(xo) and y, € F**(xg), then yo £ yj. In other words, F(xy) C
Fr (o) U AF™ (20))-

Proof. From Proposition 2.4 we have, VT € L(X,Y),
F(z0) (| B(Txo — F*(T)) = ©.
However, by Proposition 1.6, it follows

B( |J [Tzo—F(T))=BWSup |J [Two—F*(T)]) = B(F*(0))
TeL(X,Y) TeL(X,Y)

and further, by Proposition 1.8(ii), it follows that F'(xq) (| B(F**(z¢)) = ©. From
the definition of the biconjugate mapping and from Proposition 1.7 follows that
F(zo) C F**(x0)J A(F*™(z0)), which is the conclusion of the corollary.

Definition 2.3

Let zp € X and yy € F(xo). An operator T € L(X,Y) is called subgradient of
F at (xo, 1) if

Txo—yo € WMax U[TIL’—F(I’)]
zeX

The set of all subgradients of F' at (xg,yo) is called the subdifferential of I at
(20, yo) and is denoted by OF (2o, yo). Moreover, let OF (z0) = U, c () OF (20, y)-
F is said to be subdifferentiable at x¢y when 0F (xq,y0) # O, ¥V yo € F(xo).

Remark 2.5
Postolica[12] observed that there exists a strong connection between the classical
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subdifferential and the subdifferential defined for set-valued mappings. Indeed,
if X is a real topological vector space and ¢ : X — R is a point-valued real
function, then we can define the set-valued mapping ¢ from X to R by

~ v JH{tt > p(x)}, = edome
Plr) = {@, r € X\ domep,

where domyp = {x € X| p(z) < +o0}. If ¢ € domep, then we shall prove that
Jp(xg) = 0p(xg). We have

0p(xo) ={T € L(X,R)| Jyo > p(x0)s.t. yo—y < Txo—Tu, Yu € X, Yy > ¢(u)},
by Definition 2.3, and
Op(xog) ={T € L(X, R)|p(zo) — p(u) < Txog—Tu, Y ue X}.

Let T' € 0p(xg). Then, there exists yo > 0 such that yo—y < Taxog—Tu, Vu € X,
vV y > p(u). Therefore, for all u € X, taking y = ¢(u), we obtain ¢(xg) — p(u) <
Txo — Tu and this means that T € dp(zy).

Conversely, let T' € dp(zy). For all u € X we have ¢(z¢) — ¢(u) < Taxg— Tu. It
follows that V v € X, V y > ¢(u),

p(0) —y < @(w9) — p(u) < Taxg — Tu.

Thus we obtain the contrary inclusion dp(xy) € dp(zg) and so is the equality
dp(xo) = 0p(xg) proved.

Proposition 2.5 B
If ' is a set valued mapping from X to Y, then yy € F(x¢) is in WMinlJ, . F(z)
if and only if 0 € OF (xo,yo).

The proof of Proposition 2.5 results from the definition of the subgradient.

Proposition 2.6
Let xg € X and yg € F(xg). Then, T' € 0F (xq,yo) if and only if Txq—yo € F*(T).

Proof. From the definition of the subgradient, " € 0F(xg,yo) if and only if
Txo—yo € WMax J,cx[Tx — F(x)]. By Proposition 1.1, this is equivalent with
Tao—yo € | J[T2 = F(x)] (| WSup | J [Tz — F()]
zeX reX

which is equivalent, from the definition of the conjugate mapping, with

Txg—yo € U[T:L‘—F(l‘)] m F*(T).

zeX

11



Hence, the proposition is obviously true.

Finally, we will show that the subdifferentiability of a set-valued mapping guaran-
tees an inclusion relationship between the mapping and its biconjugate mapping
(see Tanino[21]).

Theorem 2.1

Let F be a set valued mapping from X to Y. If F is subdifferentiable at o,
then F(xg) C F*™(x9). Moreover, if, in addition, F(z¢) = WInfF(xq), then
F(z) = F*™(x9).

Proof. In view of Proposition 2.1 it suffices to prove the case when xy = 0.
Let yo € F(0). Since F is subdifferentiable at 0, there exists Ty € L(X,Y) such
that yo € —F*(1). Then, from Corollary 2.1, it follows that it doesn’t exist any
T e L(X,Y)and y € —F*(T) such that yy < y. This is equivalent with

yo € WMax | ) [-F(T)cWSup |J [-FX(T)]=F™0)
TeL(X,Y) TeL(X,Y)

Thus we have proved that F'(0) C F**(0).
Next, we assume that F'(0) = WinfF(0) and take an arbitrary yo € F**(0). By

Proposition 1.7,
Y = F(0) U A(F(0)) U B(F(0)).

In view of Corollary 2.2, yo ¢ A(F(0)). If yo ¢ B(F(0)), then it follows that
Yo € F(0) which ends our proof.

Let suppose that yo € B(F'(0)). Then, there exists ¢y’ € F(0) such that yo < v/.
Since F' is assumed to be subdifferentiable at 0, exists 77 € L(X,Y’) such that
y' € —F*(T"). However, this implies that yo € B(—F*(1")) and hence contradicts
the assumption yo € F**(0) = WSup Urepxy) =" (T)].

12



3 The set-valued optimization problem

Let X,Y be real Hausdorff topological vector spaces and S C Y be a closed,
convex and pointed cone, with a nonempty interior in Y. Let F' be a set-valued
mapping from X to Y U {400} with domF # () and let consider the vector
optimization problem

(P) min F(x).

zeX

To solve this problem means to find the set Winf(P) = WinfF(X) or the set
W Min(P) = WMinF(X).

In order to formulate the dual problem of (P), Song[18] and Tanino[21] had used
the Fenchel-Rockafellar method and their results represent a generalization for
the case of the point-valued real functions, treated by Ekeland and Temam]5].

Let us introduce a perturbation parameter z € Z and imbed the primal prob-
lem (P) into a family of vector optimization problems, where Z is another real
Hausdorff topological vector space. Let ® be a set-valued mapping from X x Z
to Y U {400} such that

O(x,0) = F(z), Vo € X.

By using of the so-called perturbation mapping ®, we can now formulate, for all
z € Z, a new optimization problem

(P,) min ®(z, 2).

zeX

Definition 3.1 _
The set-valued mapping W from Z to Y defined by

W(z) = WInf(P.) = WInf | ] ®(x,2)

zeX

is called the value mapping of the problem (P).

Remark 3.1
It is clear that W(0) = Winf(P).

In accordance with Definition 2.2, the conjugate mapping of @ is the set-valued
mapping ¢* from L(X,Y) x L(Z,Y) to Y defined by

O*(T,\) = WSup U (Tz + Az — P(z, 2)),

(z,2)eXxZ

13



for T'e L(X,Y) and A € L(Z,Y). Therefore, by Remark 1.1(ii),
—®*(0,A) = =W Sup U (Az — ®(x,2)) = Winf U (O(x, 2) — Az).
(z,2)EXXZ (z,2)EXXZ

We define the dual problem to (P) as

D —d*(0, A).
( )ASS(“Z},‘Y) (0,A)

For the problems (P) and (D) we have the following duality results.

Proposition 3.1(weak duality)
For any x € X and A € L(Z,Y),

—3*(0,A) N A(P(z,0)) =0
and hence

WSup(D)N AW Inf(P)) = 0.

Proof. Let suppose that there exist y; € ®(x,0) and yo € —®*(0, A) such that
y1 < y2. As we proved, —®*(0,A) = WinflU, jexxz(®(z,2) — Az), which
means that yo € Winf U, ,jcxxz(®(z,2) — Az). From

ped@0)c |J (@2 -Az)
(x,2)eXxZ
we obtain the contradiction.
Corollary 3.1
WMin | ) @(x,0) (| WMaz | —®*(0,A)#0
zeX AEL(ZY)
if and only if there exist 29 € domF and Ay € L(Z,Y") such that
0e cb(l’(), O) + qD*(O, Ao),

or equivalent,

(0, A()) € (9(1)(1‘(), 0)

Proof. If yo € WMin{U,cx ®(,0) | WMaxUpcpzy) —2(0, A),then there
exist zyg € domF and Ay € L(Z,Y) such that yy € ®(x0,0) and —yo € D*(0, Ap),
which implies that 0 € ®(z¢,0) + ®*(0, Ay).

Conversely, let yo € ®(20,0) N (=P*(0,Ag)). If yo ¢ WMinJ, .y ®(x,0), then
there exist 7 € X and y; € ®(x1,0) such that yo > y;. This contradicts the result
of Proposition 3.1. Analogous we can prove that yo € WMaz UAeL(ij) —3*(0,A).
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Similar weak duality assertions has been given by Luc[9] for Pareto minimality.

Proposition 3.2
For all A € L(Z)Y),
W*(A) = @*(0,A).

Proof. By de definition of the conjugate mapping we have,

W*(A) = WSup | J(Az = W(2)) = WSup | J(Az = Winf | | ®(z,2)) =

z2€Z z€Z zeX

W Sup U W Sup U (Az — ®(x, 2)).

z€Z zeX

By Corollary 1.5, we obtain

WHA) =WSup | (Az—®(z,2)) = (0, A).

(r,2)eXxZ

Remark 3.2
Using Proposition 3.2 we can rewrite W Sup(D) as

WSup(D) =WSup | J [-W*(A)] =W (0).

AEL(ZY)

Since Winf(P) = W(0), the relationship between the primal problem Winf(P)
and the dual problem W Sup(D) is nothing else but the relationship between
W(0) and W**(0).

Definition 3.2
The primal problem (P) is said to be stable if the value mapping W is subdif-
ferentiable at 0.

The following theorem has been proved by Song[17] and represents a sufficient
condition for strong duality between (P) and (D).

Theorem 3.1
If the problem (P) is stable, then

Winf(P)=WSup(D) = W Maz(D).
Proof. If the problem (P) is stable, then the value mapping W is subdifferen-

tiable at 0 and, by Theorem 2.1, implies that W (0) C W**(0).
From the definition of W, Corollary 1.7 and Remark 1.1(ii),

WiInfW(0) =Winf Winf | ) ®(z,0) = Winf | ®(x,0) = W(0)

rzeX zeX
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and, by using of the second part of Theorem 2.1, we obtain that W (0) = W**(0).
By Remark 3.2, this is equivalent to Winf(P) = W Sup(D).
From WMaz(D) C WSup(D) = Winf(P) it results that it remains to prove that
Winf(P) C WMaz(D). Let y € Winf(P) = W(0). Since W is subdifferentiable
at 0, there exists A € L(Z,Y) such that A € OW (0, 7). Thus,

—y € WMax | J(Az — W(2)) C W*(A) = (0, A).

z2€Z

If y ¢ WMaxz(D), then there exist Ay € L(Z,Y) and yy € —P*(0, Ag) such that
y < yo. From the definition of the weak supremum, by using that § € W(0) =
WinflU,cx ®(,0) and that § < yo, it follows that there exist z; € X and
y1 € ®(z1,0) such that y; < yo. This is a contradiction with Proposition 3.1.
Thus, Winf(P) C WMax(D).

For the case of point-valued functions the first part of the Theorem 3.1 has been
proved by Tanino[21]. Duality assesrtions for Pareto minimality under similar
assumptions has also been obtained by Luc[9] and by Isac and Postolica[6].
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4 Sufficient criteria for stability

In the following we shall present some sufficient criteria for stability, in the sense
of weak minimality.

Definition 4.1 B
Let F' be a set-valued mapping from X to Y. The set

epiF = {(z,y) e X x Y|y e (F(x)+ S)UA(F(x))}
is called the epigraph of F'.

Proposition 4.1 B
Let F' be a set-valued mapping from X to Y and xy € X. It holds:

{oly € (Flan) + ) U AP o)} = { 10 € FL0) #80 Hmoc € Bl

The proof of Proposition 4.1 is evident. This last result is one of the reasons why
we will consider, starting from now, the mapping F' as a set-valued mapping from
X to Y U{+oo}. The epigraph of F will be then

epiF ={(z,y) € X xY|y € F(x)+ S}.

Definition 4.2

A set-valued mapping F from X to Y is said to be S-convex if its epigraph is
convex. If F'is a set-valued mapping from X to Y U {400}, then F' is S-convex
if and only if for all ¢t € [0,1] and all 1,25 € X,

tF(:z:l)ﬂY+(1—t)F(x2)ﬂYCF(tx1+(1—t)$2)ﬂY+S

Definition 4.2 _

A set-valued mapping F' from X to Y is said to be weakly S-upper bounded
on a set A C X if there exists a point b € Y such that (z,b) € epiF’, for every
x € A.

Remark 4.1

If Fis a set-valued mapping from X to Y U {400}, then F' is weakly S-upper
bounded on a set A C X if and only if 3 b € Y such that F(z)N(b—S) # O, for
all x € A.

At this point we will define the set-valued mapping ¥ from Z to Y U {+oc0} as

U(z) = | @(x,2) = (X, 2).

rzeX
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Proposition 4.1
If ® is S-convex, then also ¥ is S-convex.

Proof. Let consider t € [0,1] and 2y, 20 € Z. We have

t(2) NY + (1= )T(2) NY = | Jt@(z,2)NY + (L = )@(z,22) NY =

zeX zeX
U @@ 2)nYy+(1-0)@(@ )0y ¢ | @(tat(1-t)y, tzi+(1-1)2)
(z,y)eX x X (z,y)eX XX

NY 48 = U tP(u,tz1 + (1 —t)z) NY +.5 = W(tzy + (1 —t)2z0) + S.

ueX

By Definition 4.2, we have that ¥ is S-convex.

Proposition 4.2
Let W be a S-convex set-valued mapping from Z to Y U {+oc0}. Then, the value
mapping W is a S-convex set-valued mapping from X to Y.

Proof. Since W is defined from X to Y, to prove that W is S-convex means to
prove that epilV is a convex set. Let (z1,11), (22, y2) € epiW and t € [0, 1]. From
the definition of the epigraph, it follows that y; € (W (z;) +5) U AW (%)),i =
1,2. From the definition of the weak infimum, for every € € intS, there exist
Ui € ¥(z;)NY,i= 1,2, such that y; + £ > y;,1 = 1, 2.

Since ¥ is S-convex and ¢ € [0, 1],

Hence,
tyr +(1—t)ya+e € W(tz1+(1—1)20) NY +intS+S C W(tz1+(1—t)22) NY +intS.

This is equivalent with ty; + (1 — t)ye + ¢ € A(V(tz; + (1 —t)29) NY). From
Corollary 1.2 and the definition of the value mapping we obtain that

tyr + (1 —t)ys +e € AWtz + (1 —t)z2)) NY)
or equivalent,
tyn + (1 —t)ys +e € W(tzy + (1 —t)zo) NY + intS.

Since ¢ is arbitrary, by Proposition 1.10,

tyy + (L —t)ye € Wtz + (1 —t)ze) NY +intS C W(tzy + (1 — t)2)

U AW (tz1 + (1 —t)29)).
Thus, (tz1 + (1 — t)22, ty; + (1 — t)ye) € epiW and so W is S-convex.
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We note that U and W satisfy the following relation.

Proposition 4.3
eptV C epiW C epi V.

Proof. Let (z,y) € epi¥. Since V¥ is a set-valued mapping from Z to Y U{+o0},
implies that y € U(z) + S. By Proposition 1.10 and Corollary 1.2, we have

yEW(2)+ S C (W(z)+8S)UAW(2)).

This means that epi¥V C eptW.
For the second inclusion, let (z,y) € epiW. If y € A(W(z), then

y € AWInf¥(z)) = A(¥(2))

and then (z,y) € epiV. If y € W(z)NY + S\ intS, then there exists s € S\ intS
such that y — s € W(z). Let {s,} be a sequence in intS such that s, converges
to s. This means that the sequence {y — s + s,} converges to y and for all «,
Y—5+8q € AW (z)) = AWInf¥(z)) = A(V(z)). It follows that {(z,y—s+54)}
is a sequence which belongs to the epigraph of ¥ and converges to (z,y). In
conclusion, (z,7y) € epiW.

The next theorem gives an important stability criterion for the problem (P).
This criterion has been formulated by Tanino[21] and extended by Song[18] for
the more general case of the set-valued mappings.

Theorem 4.1
Suppose that U is a S-convex set-valued mapping from X x Z to Y U{+o0} and

that the value mapping W is weakly S-upper bounded on a neighbourhood of 0
in Z. Then the problem (P) is stable.

Proof. If W(0) = {—oo}, then W* = {4+00}. From Proposition 2.6 results that
W is subdifferentiable at 0. Hence we may assume that W (0) # {—oo}.

By Proposition 4.2, we have that W is S-convex. Since W is weakly S-upper
bounded on a neighbourhood of 0 in Z, we have 0 € int(domW).

For the beginning we will prove that W (z) # {—oo}, for all z € domW. Indeed,
suppose that, there exists zg € domW such that W(zy) = {—oc}. Since 0 €
int(domW), there exists € > 0 such that z; = —ezy € domW. Since W (zy) =
{—o0}, (20,y) € epiW, for all y € Y. Let y; € Y, such that (z1,y1) € epilV.
Because of the S-convexity of W or equivalent, because of the convexity of ept\W,

(

Hence, by using that z; = —ezp, it results that (0,y) € epiW, for all y € Y and
hence A(W(0)) =Y U {+o00}. By Corollary 1.2 and Corollary 1.7,

W(0) = WInfWw(0) = {—oo}.

€ 1 €
——20,——y1 + ——y) €epiW, forall y € Y.
1+601+5y1 1+5y) P Y

21+
1+t
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But this is a contradiction.

Let now U be a neighbourhood of 0 in Z such that W is weakly S-upper bounded
on U. There exists, then, b € Y such that W(z)N(b—95) # O, for all z € U. Let
consider an arbitrary sg € intS. There exists, then, V', a neighbourhood of 0 in
Y, such that so+V C S. It follows that, for all y € b+ so+ V and for all z € U,
W(z)N(b—S) # @. This means that (0,b+ sg) € int(epilV).

Let y € W(0). Since W(0) = WinfW(0) and 0 € int(domW), then y # 400
and (0,7) is a boundary point of the convex set epilW in Z x Y. By a standard
separation theorem, there exists (z*,y*) € Z* x Y*\ {(0,0)} such that

<Z0>+<yyg><<zZz>+ <y’ y>, forall (z,y) € epiW.

Since (0,7 + s) € epiW for all s € S, we have < y*,s > > 0, for all s € S. This
means that y* € S*. Let assume that y* = 0. Hence,

<z, z>> 0, for all z € domW.

From 0 € int(domW) it follows that there exists Vi, a ballanced and absorbing
neighbourhood of 0, such that 0 € V; C domW. It implies that for all z € V7,
< z*,z >= 0. Since V] is absorbing, < z*,z >= 0, for all z € Z or equivalent,
z* = 0. This is a contradiction with (z*,y*) # (0,0). In conclusion, y* # 0.

Hence, there exists e € intS such that < y*,e >= 1. We can now define the
function T' € L(Z,Y) such that Tz = — < z*,z > e, for all z € Z. It’s clear that

*

z* = —y*T. Thus, we have
<y g—T0> <<y ,y—Tz>, forall z € Z,y € W(z).

(For y = 400 , < y*,+00 >= 400 € R.) From Proposition 1.11, it follows that
y—T0 € Winf,.,[W(z) — Tz] and hence T0 — 5 € W*(T'). By Proposition
2.6, T € OW(0,y) and thus W is subdifferentiable at 0.

The next theorem shows under what conditions for a set-valued mapping F' from
X to Y there exists at every point x € X a neighbourhood U, C X such that F
should be weakly S-upper bounded on U,, for all z € X.

Theorem 4.2

Let F be a S-convex set-valued mapping from X to Y. Let assume that F'(x) # O,
for all x € X. If there exist an zy € X and a neighbourhood U,, C X of z;
such that F' is weakly S-upper bounded on U,,, then for every x € X there
exists a neighbourhood U, C X of = such that F'is weakly S-upper bounded on
U,, Vr e X.

Proof. For zy, € X, since F' is weakly S-upper bounded on U,,, it follows that
there exists b,, € Y such that b,, € F'(z) + S, for all x € U,,.

Let & € X and A > 1. It’s clear that 251 (U,, — o) + Z is a neighbourhood of Z in
X. Let Uz be another neighbourhood of z in X such that Uz C %(UxO —x0)+ .
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It follows that V x € Uj, there exists y € U,, — xg such that x — 2 = %y. By
using that F'(zo 4+ AT — x0)) # O, it results that 3 by yr(3-a0) € Y such that

beJr)\(i,xo) S F(IL’O + )\(Zi‘ — 1‘0)) +S.

Because F' is a S-convex mapping, we have for all y € U,, — xo,

1 1 1 1
Xbm“@_myr(l—x)bmo € XF(g:o+>\(:f;—x0))ﬁY+S+(1—X)F(gco+y)mY+S C
1 s 1 A—-1
F(X(xojt)\(x—xg))—i—(l— X)(xo—i—y))ﬂY—i—S:F(Ty—l—:v)—i-S.

Then, for all z € Uz,

1 1
TbairG-so) + (1= bey € Fl@) + 5

and this means that F' is weakly S-upper bounded on Ujz, which is a neighbour-
hood of Z in X.

Remark 4.2

A sufficient condition which assures that a set-valued mapping F' is weakly S-
upper bounded on a neighbourhood of a point zy has been given by Song[17]. A
set-valued maping F from X to Y is said to be S-Hausdorff lower continous
(see Aubin and Frankowska[l]) at xy € X if, for every neighborhood V' of zero in
Y, there exists a neighbourhood U of zero in X such that

F(zg) C F(z)+V + S, for all z € (xo+ U) NdomF.

Song[17] has proved that if intS # ) and if a set-valued mapping F from X to
Y U {+o0} is S-Hausdorff lower continous at g € int(domF), then F is weakly
S-upper bounded on some neighbourhood of xg.

21



5 The set-valued optimization problem with con-
straints

Let U, W, (X)) Y be real Hausdorff topological vector spaces, S; € L(U, X;),
i = 1,n be linear and continous mappings, (Fi)i=17 be S-convex set-valued map-
pings from X; to Y U {400}, i = 1,n, ; € X;, i = 1,n be fixed points and
i >0, i = 1,n be fixed positive constants. Let consider V', a convex and closed
set in U, @ a closed, convex and pointed cone in W such that int@Q # @ and G
a Q-convex set-valued mapping from U to W.

In this chapter we will consider the following optimization problem

i=1,n

(P.) 13161‘9 Z NiFi(z;—Su).
GN(-Q)#£0 i=1

Let Z = X; x ... x X,, x W be the perturbation space and let define the pertur-

bation mapping ® from U x Z to Y U{+oo}, for all (u, z1,...,2,,7) €U X Z =

Ux Xy x...x X, xW, as follows,

Y AiF(r = Siut ), fueV, Gu)N(y—-Q)#0
(s 21,2, 7) = { A, otherwise.
By definition, its conjugate mapping will be

o (T, T4, ...,T,,I') = WSup U Tu—l—Zﬂzi—i—F’y—CI)(u,z,’y) :

uelU =1
(z,7)€Z

for z=(z1,...,2,) € Xix..xX,,, veW, T e L(U,Y), T, € L(X;,Y),i=1,n
and I' € L(W,Y). From Remark 2.1(ii), follows that

(T, Ty,...., T, T) =WSup |

n
Tu+ E Tix; +T'y—
ueV =1
2,Y)EZ
G(u)N(v=Q)#D

— i NiFi(z; — S;u+ z) | = WSup U U
i=1

(21,... znu)g‘}/(lx...Xn /‘/EG(U)J’_Q

Tu+ i Tizi+
i=1

=1

For all i = 1, n, we make the substitution vy; = 2; — S;u + z; and then we obtain

n

Z(Tﬂ/i — NiFi(y:)) + Tu+

=1

(T, Ty,...,T,,T) = WSup U U

ueV €G(u)+
(y1,..., yn)EX1 X...Xn v ( ) Q
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+I'y — z”: Tix; + i T;S;u
i=1 =1

=wsw ) U [ZUT%— (i)+

ueV vyeG(u)+Q Li=1 y;€X;

+Tu+ Ty — ZT%Z ZTSU.

=1

Further, we have

(0,7, T T) = WSup | J [Z U @i = MF) + T(Gw) + Q)

ueV Li=1 y;€X;

= WSup

Z U (Tys = MeFi() +T(Q)—

i=1 y;,€X;

— iszl + (iTiSi +ToG)(V)
i—1 i=1

We denoted by T'o G the set-valued mapping from U to Y, defined by I'o G(x) =
{I'(y)| y € G(x)}, for all z € U.

Remark 5.1

If F is a set-valued mapping from X to Y and G is a point-valued mapping from
X to Y, let define the sum of F' and G, denoted by F' + (G, as the set-valued
mapping from X to Y such that

(F+G)(z)=F(z)+G(z) ={y + G(z)|ly € F(x)}, for all z € X.

From Corollary 1.4, it follows

®*(0,Ty,...,T,,T) = WSup{Z/\ W Sup U — Fi(y:)] + W Supl'(Q)—

Y €X; A

- Xn: Tiwi + WSw[(i T;S; +T o G)(V)]} .

i=1 =1

By the definition of the conjugate mapping, it results

®*(0,Ty,...,T,,T) = WSup {Z NF () + WSupl(Q) - > Tt

i=1 v

SWSupl(> TS, 4 T o G)(V)]} .

=1
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The dual problem of (P.) will be
(De) max —*(0,74,...,T,,T).

T;€L(X;,Y), i=Tn
TeL(W,Y)

To solve this problem means to find the set
W Sup U —o*(0,Ty,...,T,,T).
T,eL(X;,Y), i=T,n

TEL(W,Y)

The dual problem can be then written

(De) W Sup U - Winf {— §’ AT (E) — WSupl'(Q) + §4 Tyx;—
T;€L(X;,Y), i=1,n =1 i=1
TeL(W,Y)

—WSup[(zn: T;S;+To G)(V)]}

i=1
or equivalent,

(Do) WSup U Winf {Z Ai [Ty — F (T3)] — WSupl(Q)—

}'

We want to present in the second part of this chapter a necessary condition for
the existence of the strong duality between the problems (P.) and (D).

T;€L(X;,Y), i=1,n
TeL(W,Y)

—W Sup [(i AT3S; +T o G)(V)

=1

Proposition 5.1

The set-valued mapping ¥ from Z = X; X ... x X;, x W to Y U{+o0}, ¥U(z,7) =
Uuey ®(u, 2,7) = ®(V,2,7) is S-convex. This will imply, by Proposition 4.2,
that the set-valued mapping W from Z to Y, W(z,v) = WiInf¥(z,7) is also
S-convex.

Proof. To prove that ¥ is S-convex means to prove that
UL AN NY + (1 =)V (22 A)NY C Utz + (1 -2ty + (1 —t)y*)NY + S,

for all (z1,9Y) = (21,..., 25,41, (22,73 = (23,...,22,7) e Z = X1 X ... x X, X
W and for all ¢ € [0, 1].
We have

n

PO AN AY + (1 - )T(EA)NY =1t U Z/\Z-E(xi—Siuanil)ﬂY—l—

ueV =1
Gw)N(v1-Q)#0
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n

+1-t)  |J D NF(mi-Su+z)nY =
Gt

(u,0)EV XV i=1

Gu)N(v-Q)#0
G)N(2-Q)#0

C U Do MF(mi+te + (1 -0z = Si(tu+ (1—t))NY + 5 C
(u,v)EV XV =1

GwN(v1-Q)#0
G(v)N(v2-Q)#D

C U Z/\iﬂ(xi—l—tzil—l—(l—t)z?—&w)ﬂY—i—S:

weV =1
Gw)N(tyl+(1-)v2-Q)#0

=V (tz' +(1—t)2% ty + (1= t)y)) NY + 8.

The main theorem of this chapter represents a stability criterion for the problem

(Pe).

Theorem 5.1

If there exists ug € V such that G(ug) N —intQ # O and there exists U;, a
neighbourhood of z; — S;ug, such that F; is weakly S-upper bounded on Uj,
i = 1,n, then the problem (P.) is stable.

Proof. From the definition of the weakly S-upper boundeness it follows that
there exists b; € Y such that b; € Fj(z]) + S, for all 2z, € U;, i = 1,n. Let
Vi = U; — (z; — Siug), @ = 1,n. This means that V; is a neighbourhood of 0 in
X;, i =1,n. For all z; € V; we have

bi € Fi(v; — Siug+2) + 5, i =1,n

and further,

i Nb; € i)\lﬂ(l'l — SZ'UO + ZZ') + S,
=1 i=1

forall 2 = (z1,...,2,) € VI X ... V,.

Let yo be an element from the intersection G(ug) N —int@. This is equivalent
with yo € G(ug) and —yy € intQ). There exists, then, U,, a neighbourhood of
—%o in W such that U,, C Q. Let V,,, = Uy, + yo. V,, is a neighbourhood of 0 in
W and for all v € V,, we have v € Uy, + yo C G(up) + @ or equivalent,

G(ug) N (y— Q) # O, for all v € V.
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We obtained, finally, V=V, x...V,x Vo, @ neighbourhood of 0 in Z = X; x
. x X;, x W such that for all (z1,...,2,,7) € Vi X ...V, XV,

Glug) N (v = Q) # 0
Z?:l /\zE('Tl — SiU() + ZZ') N (Z?:l Albl — S) # @
ug €V

or equivalent,

D (ug, z,7) Z)\b

for all (z,7) = (z1,...,20,7) €V =Vi x ...V, x V. This means that

d(V,z,7)N ZAb

for all (z,7) = (#1,...,2n,7) € V=V x ...V, x V. From Corollary 1.3 and
Remark 1.1, we have

O(V,2,7) CWInfo(V,2,7) UAWInfo(V,z,7))
or equivalent,
(V,2,7) C W(z,7) UAW(z,7)),
for all (z,7) € V. Let assume, at first, that W (z,v) N (3, Aibi —S) # @. Then

it’s clear that

Z Aib; € W(z,v) + S.
i—1

In the other case, if A(W(z,7)) N (>, Aibi — S) # O, then there exists y €
AW (z,7)) such that > A\b; € y+ S. By the definition of A(W(z,)) it
follows that there exists ¥’ € W(z,~) such that y € y' + intS. This implies that

D Abi €y +intS+S CW(z,y)+S.

i=1

In conclusion, (327, \ibi — S) N W (z,7) # @, for all (z,7) € V and this means
thata W is weakly S-upper bounded on a neighbourhood of 0 in Z. By Theorem
4.1, it follows that the problem (P.) is stable.

For the case when F; are set-valued mappings from X; to Y, i = 1,n, by using
Theorem 4.2, we can formulate another stability criterion for the problem (P.).
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Theorem 5.2

Let assume that there exists ug € V' such that G(ug) N —intQ # O. Let (Fi),_15
be set-valued mappings from X; to Y. If Fi(z;) # O, for all z; € X, i = 1,n and
there exist 20 € X; and U a neighbourhood of z? in X; such that F; is weakly

S-upper bounded on U?, i = 1, n, then the problem (P.) is stable.

Remark 5.2

Some particular cases of (P.) had been studied by Song[18] and by Tanino and
Sawaragi[19]. For F, a set-valued mapping from U to R™, and V a subset of U,
the last two authors had also considered in their common paper the following
optimization problem

(POW Min | ) F(u).

For (P.) the strong duality theorems are true just under compactness assertions
for the set V.

Remark 5.3

Finally, we will consider for the problem (P.) a particular case and our aim is to
find its dual problem.

Let (X;) U and W be Hausdorff topological vector spaces, F; : X; — R,
i = 1,n let be point-valued real convex functions, A € L(U,W) a linear and
continous operator and f € W. Further, let V' C U be a convex and closed set, ()
be a convex, closed and pointed cone in W with nonempty interior, S; € L(U, X;),
i = 1,n be linear and continous operators, x; € X;, i = 1,n be fixed points and
Ai > 0, i = 1,n be fixed positive constants. Let consider the following problem

i=1,n

auie-Q o1
Let now define the set-valued mappings F; from X; to R, Fy(z) = {Fy(2)}, i =
1,n and the set-valued mapping from U to W, G(u) = {Au + f}. Under this
assumptions the problem (P,.) is equivalent with

n
Guw)N(-Q)#0 i=1

It is clear that F; are R,-convex, i = 1,n and that G is Q-convex. The dual
problem of (P,.) will be

n

(Dye) W Sup U Winf {Z i [Tixi - FZ*(TZ)] — WSupl'(Q)—

T;€L(X;,R), i=1,n =1

rews
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—<T,f>-Wsup | <Z)\iTiSi+FoA,u>}.

ueV i=1
Using that
o, ifI <o 0=T€-Q*
WSupl'(Q) = { 400, otherwise

we obtain for the dual of (P,.) the following form

D.c) su i [Tix; — F(
( TEX*]? T,n {Z i )]
re-Qx

—<T, f>—sup<Z)\S*T+A*Fu>}

ueV

The same dual problem for (P,.) was obtained by Wanka and Bot[22].
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