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Abstract

We show that the only dynamic risk measure which is law invariant, time consistent
and relevant is the entropic one. Moreover, a real valued function ¢ on L*>(a,b) is
normalized, strictly monotone, continuous, law invariant, time consistent and has the
Fatou property if and only if it is of the form ¢(X) = u =1 oE [u(X)], where u : (a,b) — R
is a strictly increasing, continuous function. The proofs rely on a discrete version of the
Skorohod embedding theorem.
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1 Introduction and Main Results

The theory of preferences and their numerical representations goes back to Bernoulli [4]. Ax-
iomatic foundations have been given, among others, by Alt [1], von Neumann and Morgen-
stern [32], Savage [34], Ellsberg [15], Gilboa and Schmeidler [20] and Maccheroni et al. [30].
If > is a preference order (c.f. Follmer and Schied [18], Section 2.1) on the set of all prob-
ability distributions with bounded support in the interval (a,b), where —oco < a < b < o0,
such that = satisfies the independence axiom and the Archimedean axiom (c.f. Féllmer and
Schied [18], Section 2.1) then it has an affine numerical representation U, which under ad-
ditional continuity assumptions is a von Neumann-Morgenstern representation (c.f. Follmer
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and Schied [18], Theorem 2.21 and Theorem 2.28). The independence axiom is crucial for a
von Neumann-Morgenstern representation. It is demonstrated by Machina [29] and others
(see [29] for the references) that preferences which do not satisfy the independence axiom
lead to dynamic inconsistencies, at least if the preferences are not updated in an adequate
way. In this paper, we show that any numerical representation of a preference order which
is defined on the linear space of bounded random variables and which is strictly monotone,
normalized on constants, law invariant and time consistent, necessarily is (under some tech-
nical continuity conditions, see Theorem 1.4 below) a certainty equivalent of an expected
utility.

Here is the formal setting for our results. Let (2, F, (F;)ien,, P) be a standard filtered
probability space, i.e., (€, F,P) is isomorphic to [0,1]N° equipped with its Borel sigma-
algebra B([0,1]N0) and the product of Borel measures Ao, The filtration (F});en, is gen-
erated by the coordinate functions. We identify random variables which are a.s. identical.
All equalities and inequalities between random variables are understood in the a.s. sense.
For —oo < a < b < oo, we denote by L*>(a,b) = L>®(Q, F,P;(a,b)) the set of all random
variables which are essentially bounded and take values in the open interval (a,b). L°(a,b)
consists of all random variables in L*°(a, b) which are F;-measurable. Throughout we will
simply write L> for L*°(—o0,00) and L° for L{°(—o00,00). For X, Y € L*(a,b) we write
X =1 Y if Y (first order) stochastically dominates X, i.e., P[X <m] > P[Y < m] for all
m € R.

1.1 A representation result for law invariant, time consistent certainty
equivalents

On L*(a,b) we consider a preference order = with representation U : L*(a,b) — R
(c.f. Follmer and Schied [18], Section 2.1) such that X is preferred to Y if U(X) > U(Y).
We assume that U is law invariant, that is U(X) = U(Y) if X and Y have the same
distribution. In the literature, law invariant functions are also referred to as distribution
based functions. Thus, the representation U can also be viewed as a function acting on
the probability distributions with bounded support in (a,b). We further assume that there
exists a certainty equivalent ¢y : L*°(a,b) — R for the numerical representation U, which is
implicitly defined through U(X) = U(cp(X)), X € L™(a,b). If in addition U(m) > U(ma)
for all my,ms € (a,b) with my > mag, then the certainty equivalent is normalized on con-
stants, i.e., co(m) = m for all m € (a,b). Note that ¢y is a numerical representation for the
preference order = and cq is strictly monotone exactly when U is strictly monotone.

Definition 1.1 A function ¢y : L*(a,b) — R is said to be
e normalized on constants if co(m) = m for all m € (a,b);
e strictly monotone if X > Y and P[X > Y] > 0 imply co(X) > co(Y);

e law invariant if c¢o(X) = co(Y) whenever law(X) = law(Y);



e time consistent if for each t € Ny there exists a mapping ¢; : L>(a,b) — L§°(a,b)
which satisfies the local property

14X =14Y  implies 14c(X) =14¢(Y) forall Ae Fyy, X,Y € L*™(a,b) (1)

and
co(X) = co(ee(X))  forall X € L™(a,b). (2)

For any function ¢y : L*°(a,b) — R which is normalized on constants and strictly monotone,
there exists at most one function ¢; : L>(a,b) — L{°(a,b), which satisfies (1) and (2). If
there exists such ¢;, one verifies that it is normalized on constants (c¢;(m) = m for all
m € L(a,b)) and monotone (X > Y implies ¢;(X) > ¢(Y)). In view of (2), every time
consistent function cg : L>(a,b) — L°(a,b) restricted to J,cn L§°(a, b) can be computed
by backward recursion

{ a(X)=X ift>T 3)

Ct(X) = Cy (Ct+1(X)) ift<T "’

where X € L (a,b) for some T' € N.

Definition 1.2 ([12, 26]) Let E be a subset of L. A function f : E — R has the Fatou
property if f(X) > limsup,, ., f(Xn) for any || - ||oc-bounded sequence X, € E converging
to X € E in probability.

A function f : E — R has the Lebesgue property if f(X) = limy, oo f(X,,), for every
|| - ||-bounded sequence X,, € E converging a.s. to X € E.

Obviously, a function which has the Lebesgue property also has the Fatou property.
Let b°P denote a Bernoulli random variable taking the values +¢ and —e with probabil-
ities p and 1 — p.

Definition 1.3 A function f : L*(a,b) — R satisfies the continuity condition (C) if for
any € >0 and all z € (a,b) with a+¢ < x <b—¢ there is p=p(x) € (0,1) such that

flz+b"P) <. (4)

Note that condition (C) is satisfied if f is strictly monotone and has the Fatou property.
Indeed, suppose that f has the Fatou property and let (p,)nen C (0,1) be a sequence with
Pn \, 0. Then, x + b*P» — x — ¢ in probability and the Fatou property and the strict
monotonicity of f imply

limsup f(z +b5P") < f(x —¢) < z.

n—oo

Hence, there is py,, € (0,1) with f(x 4 b*Pr0) < z.
Our first main result can now be formulated as follows.



Theorem 1.4 Let (0, F, (Ft)ien,, P) be a standard filtered probability space and fiz numbers
—o0 < a <b< +oo. A function cg : L®(a,b) — R is normalized on constants, strictly
monotone, || - ||so-continuous, law invariant, time consistent and satisfies condition (C) if
and only if

co(X) =u" o E[u(X)] (5)
for a strictly increasing, continuous function u : (a,b) — R. In this case, the function u is
uniquely defined up to affine transformations of the form u— au+ 3, a >0, B € R, and

ct(X)=utoR[u(X)|F] forallteN. (6)
The proof of Theorem 1.4 is postponed to the Section 3.

Remark 1.5 Theorem 1.4 extends to a dynamic setting the representation results on
means by Nagumo [31], Kolmogorov [27] and de Finetti [16]. These representation re-
sults give necessary and sufficient conditions for a function M (z1,...,z,) being a mean,
e, M(z1,...,2,) = ¢~ (D21, ¢(a;)) for a continuous, strictly increasing function ¢ and
any n > 1 and all values xy,...,2, in an interval [a,b]. Hardy et al. [25] give a similar
representation result in terms of distribution functions. For further discussions on means,
we refer to Hardy et al. [25] and Bullen [5].

Building on the Nagumo-Kolmogorov-de Finetti Theorem, Cerreia-Vioglio et al. [7] re-
cently proved that a function ¢g : L — R is of the form (5) if and only if ¢ is normalized
on constants, law invariant, monotone, has the Lebesgue property and satisfies

Co(XlA) >Co(Y1A) = Co(XlA—I-ZlAc) >Co(Y1A—|—Z1Ac) (7)

for all A € F and all X,Y,Z € L. Lemma 2 in Carreia-Vioglio et al. [7] further shows
that for the case a = —oo and b = 400, the function ¢q is quasi-concave if and only if u is
concave.

Remark 1.6 For any continuous and strictly increasing function u : R — R, the functional
7(X) := v o E[u(X)] defines an insurance premium principle, which is called the mean
value principle (c.f. Gerber [21], Chapter 5, Section 4). Gerber shows in [22] that any
law invariant premium principle 7 which is iterative (i.e. 7m(X) = 7(w(X | Y)) for all
X,Y € L*>, where 7(X | Y') denotes the premium for X given the random variable V) and
for which [0, 1] 3 p — 7(b°P) is continuous and strictly increasing has to be the mean value
principle. Iterativity means that mw is time consistent for every sub o-agebra G C F, i.e.,
for all G C F there is mg : L™ — L%°(G) such that m(X) = m(mg(X)) for all X € L*> and
7g has the local property (1). A premium principle 7 which is time consistent for all sub
o-agebras G C F satisfies (7) as m(X) = 7(my(1,)(X)) for all A € F and all X € L.

It is shown in [21] that 7 is cash invariant (i.e. 7(X +m) = 7(X) +m, m € R) if and
only if u is an exponential or linear function, see also Nagumo [31] and de Finetti [16]. Cash
invariant, time consistent and law invariant functions are discussed in the Subsection 1.2.

Remark 1.7 Suppose that, additionally to the assumptions of Theorem 1.4, we have
co(X) < E[X] for all X € L*(a,b) unless X is constant. Then w is strictly concave
(see for instance Proposition 2.35 in Follmer and Schied [18]).



1.2 A representation result for law invariant, time consistent dynamic
risk measures

In this subsection, we consider functionals which are cash invariant (in the literature this
property is also referred to as translation invariance [2, 3]). This extra condition allows us
to prove the main Theorem 1.4 for functions which are not assumed to satisfy condition (C)
and are relevant instead of strictly increasing.

Definition 1.8 A dynamic risk measure is a family (pt)ien, of mappings py : L — Lg°
such that, for all X, Y € L, the following properties are satisfied

(i) normalization: p:(0) = 0;

(i) cash invariance: py(X +m) = p(X) —m for all m € L°;
(iii) monotonicity: X >Y implies py(X) < pi(Y).
A dynamic risk measure is

o convex if pt(AX + (1 = AN)Y) < Ape(X) + (1 = N)pe(Y) for all X € Lg® with 0 < A <1
and all t € Ny;

e law invariant if po(X) = po(Y) whenever law(X) = law(Y');
e time consistent if po(X) = po(—pe(X)) for all t € No;

o relevant if po(—ela) >0 for all A € F and all € > 0.

The theory of risk measures has been initiated by the influential paper by Artzner et al. [2].
Since then, risk measures have been generalized in several directions. For an overview of
static convex risk measures (mappings p : L — R which are normalized, cash invariant,
monotone and convex) we refer to Follmer and Schied [18]. We here are mainly interested
in law invariant risk measures which are studied for instance in Kusuoka [28], Frittelli
and Rosazza Gianin [19], Jouini et al. [26] and Cheridito and Li [10]. For dynamic risk
measures their representations and related concepts such as time consistency, we refer to
Artzner et al. [3], Cheridito et al. [8], Cheridito and Kupper [9], Féllmer and Penner [17]
and the references therein.

Remark 1.9 It is shown in Jouini et al. [26] that any law invariant convex risk measure
po automatically has the Fatou property.

Here is our second main result.

Theorem 1.10 Let (2, F, (Ft)ien,, P) be a standard filtered probability space. The family
(pt)ten, is a law invariant, time consistent, relevant dynamic risk measure if and only if
there is v € (—o0, 00| such that

pe(X) = ilnE [exp(—yX) | Ft] for all t € No. (8)
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The limiting cases v =0 and v = oo are defined as

[ E[-X|A] ]
pe(X) = { esssupzep, E[Z(—X) | 74 7

: (9)

0
00
where Py denotes the set of all positive integrable random variables Z with E[Z | F;] = 1.

In addition, the dynamic risk measure (pt)ien, is convex (resp. coherent) iff v € [0, o0]
(resp. v € {0,00}).

Note that esssupep, E[Z(—X) | 7] is the time ¢ conditional worst case risk measure. Let
us give some remarks and compare Theorem 1.10 with the existing literature.

Remark 1.11 Due to Corollary 4.59 in Follmer and Schied [18], any law invariant, convex
risk measure is relevant. As a corollary of Theorem 1.10 we deduce that any law invariant,
time consistent, convex dynamic risk measure is of the form (8) for some v € [0, o0].

Remark 1.12 Closely related to Theorem 1.10 is a result by Freddy Delbaen [13]. In a
continuous time framework, under a filtration for which all martingales are continuous, it is
shown that the only law invariant, time consistent, dynamic coherent risk measure (a dy-
namic convex risk measure, which additionally satisfies p;(AX) = Ap¢(X) for all A € (L°)4)
is either the negative of the expected value or the worst case risk measure. Independently
of the present paper, Delbaen presented at the Oberwolfach meeting (2008) on ”Stochastic
Analysis in Finance and Insurance” a version of Theorem 1.10 in continuous time, under a
filtration generated by a Brownian motion. The result is based on a representation result
for dynamic penalty functions by Delbaen, Peng and Rosazza Gianin [14].

Remark 1.13 A continuous time dynamic risk measure can be embedded in our discrete
time framework. Indeed, if (pt)ic[o,7) is @ time consistent, dynamic risk measure in continu-
ous time, then for any strictly increasing sequence 0 =ty < t1 < ..., t; € [0,T], the family
pn = pt, : L= — L7° is a time consistent dynamic risk measure in discrete time. If pg = po
is law invariant and relevant then Theorem 1.10 states that pp has to be the entropic risk
measure.

Remark 1.14 Every law invariant, time consistent, dynamic risk measure (p¢)ien, is ad-
ditive for independent random variables, i.e.,

po(X +Y) =po(X)+po(Y) forall X,Y € L* being independent. (10)

In Goovaerts et al. [24] it is shown that any risk measure satisfying (10) is a weighted
average of entropic risk measures:

—po(X) = G(—oo)ess.ian+/(_ )—flylnE[exp(—'yX)]dG(’y)

+(1 — (G(o0)) ess.sup X,



for an increasing function G : [—o00,00] — [0,1]. Related results for premium principles
satisfying a different monotonicity assumption have axiomatically been characterized by
Gerber and Goovaerts [23].

We finally sketch why (10) follows from the above assumptions. Indeed, there exist
X' € LY and Y’ € L such that Y is independent of Fi, law(X') = law(X) and law(Y”') =
law(Y'). By Lemma 2.2 below, it follows

po(X +Y) = po(X' +Y") = po(X" = p1(Y')) = po(X) + po(Y).

Remark 1.15 Weber [35] studies law invariant dynamic convex risk measures which satisfy
a weaker time consistency property. More precisely, he shows that if p, is weakly acceptance
and rejection consistent then pg has to be a shortfall risk measure.

Remark 1.16 Artzner et al. [3] and Cheridito and Stadje [11] provide explicit counter-
examples which demonstrate that the average value at risk AVQR and the value at risk
V@R are not time consistent. Note that both risk measures are law invariant, but VQR
even fails to be convex.

2 Proof of Theorem 1.10

Throughout this section, (2, F, (F)ien,, P) is a standard filtered probability space.

Proof of the ”if“-part of Theorem 1.4.
It is straightforward to check that any dynamic risk measure (pt)en, of the form (8) defines
a law invariant, time consistent, relevant dynamic risk measure.

Proof of the ”only if“part of Theorem 1.4.
Let (pt)ien, be a law invariant, time consistent, relevant dynamic risk measure. Let us
define the collection of utility functions
exp(e) iy e R\ {0}
uy(z) = 1—exp(—7) 7
x ifvy=0
satisfying u,(0) = 0, uy(1) = 1 and u, : R — R is increasing, for all v € R. For every
sequence (v;)ken C R with 45, — v € R, the sequence u., converges uniformly on compacts
to u,. The entropic risk measure with risk aversion parameter v € R is defined by

LInE[exp(—X)] if vy € R\ {0}
Y — ¥ 00
Pl (X) {E[—X] £y =0 , X elL™
Note that p?(X) = —u;! o E [u,(X)] for all X € L.

Lemma 2.1 The collection of entropic risk measures p¥, v € R, satisfies for all X € L™

(i) Tim, e p7(X) = supep, E [Z(~X)] = ess.sup(~X),
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(11) lim_o p7(X) = E[-X],
(1) limy_,_ oo p7(X) = infzep, E [Z(—X)] = ess.inf(—X) and
(iv) the function R 3 v+ p7(X) is increasing.

The set Py consists of all probability densities, i.e., all positive integrable random variables
Z with E[Z] = 1.

Proof. (i) follows from the well-known dual representation for the entropic risk measure
(see for instance in [8, 17, 18])
1
p?(X) = sup {E[Z(—X)]—E[ZIHZ]}, XelL>® ~v>0. (11)
v

ZEPo

Equation (11) further yields

li\I;([l) p(X)=E[-X] and R4 37+ p7(X) is increasing. (12)
5

(ii), (iii) and (iv) then follow from (i), (12) and the equality pY(X) = —p~7(—X) valid for
all X € L*° and all v € R. g
Lemma 2.1 justifies the definition (9). Let p™ (p~>°) be defined as the worst (best) case risk
measure. Let by, bo, b3, ... denote a sequence of independent Bernoulli random variables,

such that b; is independent of F;_; and assumes the values 1 and —1 with probabilities 1/2.
Define

ne == po(eby) implying po(eby +n.) = 0. (13)

Clearly, —e < 1. < e. For instance, if pg is the worst case risk measure, then 7. = . Define
Ve € [—00, 00| implicitly through pYe(eb; 4+ n.) = 0. In particular, if 7. € R, then

U, (z) = Eu, (x4 by +1n.)], forall z € R. (14)
The goal is to show that there exists v € (—o0, oo| such that
po(X)=p"(X) forall X € L™, (15)
which in turn implies (8).

Lemma 2.2 Lett € N and X,Y € L with law(X) = law(Y') and Y is independent of Fy.
Then, we have po(X) = p(Y).

Proof. Suppose that p;(Y) is not constant. Then, there exist m € R and A, A’ € F; with
P[A] = P[A'] > 0 such that p(Y) —m > 0 on A and p(Y) —m < 0 on A’. By time
consistency, local property and cash invariance of p;, we deduce

po (La(m = pi(Y)) = po (La(=pe(Y +m)) = po (=p:(1a(Y +m))) = po(1a(Y +m)) (16)



and analogously
po (Lar(m — p(Y)) = po(Lar(Y + m)). (17)
On the one hand, since pg is relevant, it follows

po (La(m = pe(Y))) > 0 = po (Lar(m — pe(Y))) - (18)

On the other hand, law(14(Y + m)) = law(14/(Y + m)) implying that po(14(Y +m)) =
po(1a/(Y 4+ m)) in contradiction to (16), (17) and (18). Hence, p:(Y) has to be constant.
Then, since law(X) = law(Y"), we get

po(X) = po(Y) = po(—pe(Y)) = pe(Y)
by time consistency and cash invariance of pg. This completes the proof. O

For any € > 0, we define the random walk with drift

Rf = B +

J

¢
(ebj +mn.), teNp, (19)

=1

starting at R € R. The following Lemma shows that any R® of the form (19) satisfies

pt(RS) = —R§ for all s > ¢, which can be viewed as a generalized martingale property with

respect to the non-linear conditional expectation p;.

Lemma 2.3 Let R be a stochastic process which follows the dynamics (19) and let T be a
bounded stopping time. Then, we have po(R%) = —R§.

Proof. We first show that

ps(Ro 1) = —R; for all s € Ny. (20)
Indeed, suppose that RS assumes the values {x1,...,zn}, ie., P[RS € {z1,...,2n}] = 1.
In view of (19) we have
N
Ry = Z Lirs=0,} (Tn + Ebst1 + 1) -
n=1

Hence, the local property of ps yields

N
() = 3 oy (o b ). )

n=1

Since law(x,, + €bs+1 + n:) = law(zy, + by + 1:) a.s., and x,, + €bs1 + 7. is independent of
Fs, Lemma 2.2 and (13) imply

ps(Tn + €bsy1 +ne) = po(Tn + b1 + 1) = —2p. (22)



We then derive (20) from (21) and (22).
We next show by backward induction that

pt(R:) = —R;,, forallte No. (23)

Indeed, since 7 is a bounded stopping time there is T' € N with 7 < T'. By cash invariance
of pr we have pr(R:) = —R; = —R5,,,. For the induction step, we assume that (23) holds
for all t > s+ 1. In view of (20) we deduce on A := {17 > s+ 1} € F;

Laps(R7) = 1aps(—pst1(R3)) = 1ApS(Rfs+l)/\T) = 1A:08(R§+1) = —1aR,,. (24)

By cash invariance of pg, we deduce on A = {7 < s}
L1eps(RE) = Lacps(—pes1 (FE)) = Lacps(Reppuynn) = Lacps(Rons) = —LacRon.  (25)

Combining (24) with (25) implies ps(R%) = —R;

“Ar and the induction step is completed. [

Remark 2.4 For any R° of the form (19) with respective v. € R, the stochastic process
u~, (Rf) is a martingale. Indeed, for allt € Ng we deduce from (14) that

E [uy. (Rij1) | Fi] = E[uy, (R + besr +n:) | Fi] = uy, (RF). (26)

The proof is based on the following discrete version of the Skorohod embedding theorem
(see for instance Revuz and Yor [33], chapter VI, §5, and the references therein).

Lemma 2.5 Let X € L™ and (ex)ren be a sequence tending to zero such that vy :== ., € R
and (i) ken converges to some y € R as k tends to infinity. Then, there exists a subsequence
of (ex) (still denoted by (er)), such that for any k € N we may find stochastic processes
Rewt R~ of the form (19) as well as bounded stopping times O']—: and o, such that X
satisfies

R&T = X = B2, (27)
k k
and
Jim Uy (RGHT) = E [uqy, (X )]‘ = lim )%(Rék’_) = E[u,, (X)]] =0. (28)

Proof. A discrete version of the Skorohod embedding theorem is the heart of the construc-
tion. The technical details are a little messy but the basic idea is straightforward. For the
convenience of the reader we first informally sketch the idea. The process R°* is a random
walk with drift. Further, u,, (R°*) is a martingale. We approximate a given X € L* in
law by the terminal value Rk, where o is a bounded stopping time. The goal is to have
e, (Ry") = Elue, (REF)] = E[u, (X)]. We first assume that X only assumes two values
x1 < 3. We start the random walk R at Ri* = u}! o E[u,, (X)] € (21, 22) and define
the stopping time o = inf {t € Ny | R;* ~ x1 or R;* ~ z5}. By martingale convergence, o is
a.s. finite and P[RSF ~ z1] = P[X = 1] and P[RS} ~ x| ~ P[X = z3]. We then need some
technicalities to make the meaning of “~x” precise and to replace o by a bounded stopping
time. We then repeat the above argument along a binomial tree.
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We now state the proof in full detail. It is enough to prove the lemma for random
variables X which assume 2% different values for some N € N. Indeed, approximate X € L™
by some XV € L° which takes 2% different values such that || X — X"V||,o < 1/N and

XN 41/N = X = XN —1/N.

Applying the lemma (valid for random variables X which assume 2V values) on XV +1/N
and XV —1 /N yields stochastic processes Rew N+ ReN:— and bounded stopping times
Jlj n and o, such that

RENT my XV 41N = X omy XV = 1N =y R

o, N kN
i fun, (RGF) = B [y, (XN +1/N)] ‘ = lim ‘u%(ngﬁN»*) — E [uq, (XN = 1/N)] ‘ ~0.
The claim then follows since for any k € N there is N = N (k) such that
|E [y, (XN +1/N)] — E [uy, (X)]| < 1/k.

Suppose now that X takes the values ;1 < --- < xov with respective probabilities
P1,--.,pen. Let us introduce the finite probability space

<Q:{wlﬂ"'7w2N}7ﬁ:2Q7ﬁD:{pla"-7p2N}>.

[E denotes the (conditional) expectation with respect to P. The filtration F,, = O’(A}l, ol /I%n),

n=20,..., N, is generated by the time n atoms
The random variable X = (z1,...,2zov) on (€, F,P) has the same distribution as X on

(Q,F,P). Fix k € N and define the stochastic process Yek inductively by ?]f,’“ = X and

Ve —usloR [u%(f/;il +2e5) | fn} , n=0,...,N—1 (29)
Let gL < --- <'ijn denote the 2" different values of the random variable erk, so that, by
construction A, = {Y;°* = ¢,}. Further, let R°**" be the stochastic process which follows
the dynamics (19) and starts at Rg»" = Y+,

Step 1. There exists an increasing sequence of a.s. finite stopping times 0 = 79 < 51 <

--- <oy and for each n =0, ..., N there is an almost sure partition (A%)]Qll of € such that
RFT>gl onAl, n=0,...,N, j=1,...2" (30)
on 4 on '

S PAL > PAL], n=1,...,N, j=2,...,2" (31)
i=j =
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In particular, IP’[RE’mL >4 ] > P[Yek > yn] forallm=1,...,N, j=2,...,2" and therefore
RFT =1 Yk, n=0,... N (32)

The proof of (30) and (31) is by induction on n =0, ..., N. By construction R;’;’Jr > Yk,
Fix 1 <m < N — 1. We assume that (30), (31) hold for all n < m and we will show that

there exists a finite stopping time &,,,11 > &, and an almost sure partition (A' +1)?m1+1 of

2 such that (30), (31) also hold for m + 1. Fix 1 < jg < 2m On A%%, the random varlable
Y‘Ek equals Uy, := 779, whereas yek v takes the two values ¢ ym 41t ym T Uand 9 Upr1 ym Y1
Then

W (Gim) = Py, (G g1 + 260) + D"ty (g1 + 260), (33)
for the conditional probabilities 0 < p?,p* < 1. On Agfi, the stopping time G,,41 is defined
by

Om+1 = inf {t >6m | RFT € [ym+1,ym+1 + 2¢;) or RS > ymH} (34)

In view of (33) we deduce Qﬁnﬂ + 26 < Um < Ypyq + 26k, which together with (30) yields
3);1,“_1 +ep < RZ’;’LJF. Due to Remark 3.4 u,, (R°*") is a martingale. Hence the martingale
convergence theorem implies that ,,41 is a.s. finite. Thus, the sets

27—1 s ~27—1 ~25—1 27 + ~2 .
Aniﬂ = {R?;H [ymf—s-l yngwrl + 25k)} and Arr]L+1 = {Rak 2 yni+1} j=1,..2"

form an almost sure partition of  and (30) holds for n = m + 1. Since u, (R s a
martingale, (30) yields Efu,, (RX" ) | AB] > g, (Gm). If RZ’;’LJF > g .1, then we have

Om-+1

PRZT > gy | AR =1 I RET < g then RET < g + 2e4, which in view of

(33) and (34) leads to P[RZ*™ > gu | A% > p*. This shows
PR, > G | AR > 9" and PIRET, > i | A% > 1. (35)

We next prove (31) for n = m + 1. By construction,
PlAR]p" =PIATS] and PRI —5") = PIATIL).

On the one hand, if P[47)] > P[A%)], the induction hypothesis (31) and (35) imply

i j , ~27 i
> PlAL, ] = PIARIPRE T > 9370, | ARl + ) PlA}]
i=2jo i=jo+1

2m+1
PlAD]p* + Z PlAL] = > PlA]]
1=j0+1 1=2J0
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On the other hand, if P[A%)] < P[A%], we deduce

2jo—1 jo—1
[ ) , ~2] ] [
> PlA ] = PIARIPIRE: T < g7l | AR+ ) P[AL]
i=1 i=1
o jool 2jo—1
< PlAR)(1—p") + ) PlAL] = > PIAL).
=1 =1

This shows S 2. 2J PlAL, ] > 2 %0 If”[AZ ]. Moreover, if jo > 2 (only in this case we have
to check the induction hypothesis (31)), we deduce

om+1 om gm+1
> PlAL Z PA,] > Y PIALI= ) PA).
i=2jo—1 i=jo i=jo 1=2jo—1

This completes the induction step.
Step 2. There is an increasing sequence of bounded stopping times 0 = o0¢ < --- < oy
such that
R =1 Y, n=0,...,N. (36)

Indeed, since (c.f. (31)) IP’[R?;’Jr > gh] > P[Yee > gi] forall n = 1,...,N and all j =
2,...,2" the dominated convergence theorem 1mphes T € N, such that

[RE’“’ > P > PV > ¢l foralln=1,...,N and all j =2,...,2"

Hence, for the bounded stopping times o, = &, AT we get (36).
Step 3. There is a subsequence of (ej), which we still denote by (gy), such that Y+
converges to Y, for all n = 0,..., N — 1. Then, by continuity of u, it follows u,, (Y3* ;) —

u, (Y1) and (29) yields

ﬁ>

U (V50) = B [t (X 4260) | Fyvea] = B iy (X) | £

showing that uw(ffN_l) = IAE[u7 (X) | Fn—1]. Backward induction yields
u (V) = Blu,(X) | Fn] and ‘u% (Vi) — Elu, (X) | ﬁn]‘ —0 foralln=0,...,N—1.
In particular, since Efu,, (X)] = E[u,, (X)], it follows

[ (BGH) = E [y, ()] = 0. (37)

Using similar argument as before, there exist a stochastic processes R~ of the form (19)
and bounded stopping times o, such that X > RE’“’ and ’u% R{F7) = Euq, (X)]| — 0.0

We now finish the proof of Theorem 1.4. We dlstlngulsh between three different cases.
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Case 1. There is a sequence (ei)ren tending to zero such that 4 := 7., € R and
(V&)ren converges to some v € R as k tends to infinity. The sequence (u,,)ren then
converges uniformly on compacts to the function u,. Let X be a random variable in L>.
po is monotone with respect to >=1. Indeed, let U be a random variable that is uniformly
distributed on (0, 1). If Y3, Y are random variables such that Y1 =1 Ys, then Fy, L(U) has the
same distribution as Y7, F;;(U) has the same distribution as Y5, and Fgll(U) > Fggl(U).
Since pg is law invariant, one obtains that >-monotonicity implies =1-monotonicity. Hence,
Lemma 2.3 and Lemma 2.5 imply

po(X) = po(RET) = —Rif ™ = = lim ! 0 Efur, (X)] = —u3" o E[ur (X))

Analogously, it follows po(X) < —u;! o E [u,(X)], showing that po(X) = p7(X).

Case 2. There is a sequence (ej)ren tending to zero such that liminfy . v = +00.
Let X € L™, fix M € N and define 9 := y A M with respective 7, = Pk (exb1). By
Lemma 2.5 there exist R°* of the form (19) and a bounded stopping times 7 such that

R\ =1 X and  lim jus, (RGF) — E [us, (X)]| = 0. (38)
Define R;* := R} +~Z§»:1(6kbj + 7e,). Since 75 < 7%, Lemma 2.1 (iv) implies 7., < 72,
and whence RZ} =1 R'. Lemma 2.3 in combination with (38) yields

po(X) > limsuppo(R?Z) = —liknigngé’“ = —likn_l)ior.}f]jlgk = —uyj o E[up(X)] = pM(X).

k—o0

Taking the limes M — oo we deduce po(X) > supyep, E[Z(—X)] from Lemma 2.1 (i).
Hence, pg is dominated below by the worst case risk measure, that is, pp has to be the worst
case risk measure itself.

Case 3. If there is a sequence (e)ren tending to zero such that lim supy,_, ., v = —00,
then similar arguments as given in case 2 imply that po(X) = infzep, E [Z(—X)]. However,
the best case risk measure infzcp, E [Z(—X)] is not relevant. Hence, the case 3 is excluded
and we are left with either case 1 or case 2. The proof is completed. O

3 Proof of Theorem 1.4

Throughout this section, (2, F, (F¢)ien,, P) is a standard filtered probability space.

Proof of the ”if“-part of Theorem 1.4.
Let us assume that co : L°°(a,b) — R is of the form u™! o E [u(X)], where u : (a,b) — R is
a strictly increasing, continuous function. Obviously, ¢y is normalized on constants, strictly

monotone, || - ||so-continuous, law invariant and satisfies condition (C). Moreover, for t € N
we define ¢;(X) := u=! o E[u(X) | 7] and deduce on A € F;

Lac(X) = 1au Lo R [u(X) | F] = Lau o E[u(Y) | Fi] = 1ace(Y),
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for all X,Y € L*(a,b) with X14 = Y14. Moreover,
co(e(X)) =u"oE [u(u o Eu(X) | F])] = co(X),
showing that cg is time consistent.

Preparations for the ”only if“-part of Theorem 1.4.
Suppose that ¢y : L>®(a,b) — R is normalized on constants, strictly monotone, || - ||co-
continuous, law invariant, time consistent and satisfies condition (C). Lemma 2.2 specializes
in the present context as follows.

Lemma 3.1 Lett € N and X,Y € L*>(a,b) with law(X) = law(Y') a.s. and Y is indepen-
dent of Fi. Then, we have co(X) = c(Y).

Proof. If ¢;,(Y) is constant, then, since ¢g is normalized on constants, time consistent, law
invariant and law(X) = law(Y") a.s., it follows

a(Y) =co(ee(Y)) = co(Y) = co(X).

We therefore assume that ¢;(Y") is not constant. If ¢;(Y) < ¢o(X) and P [¢(Y) < ¢o(X)] > 0
then strict monotonicity and time consistency of ¢y yield ¢o(Y) = co(ci(Y)) < ¢o(X) which
is a contradiction. Analogously, ¢;(Y) > ¢o(X) and P [¢:(Y) > ¢o(X)] > 0 is absurd. Thus,
there exist A, A" € F; with P[A] = P[A’] > 0 such that ¢(Y) < ¢o(X) on A and ¢(Y) >
co(X) on A’. In view of the local property of ¢;, time consistency and strict monotonicity
of ¢o we deduce for m € (a,b)

co(1aY +14em) = co(ct(1aY +1aem)) = co(lace(Y) 4+ 1aem) < co(Llaco(X) 4+ 1aem) (39)

Co(lA/Y + 1A/cm) = Cg(ct(lA/Y + lA/cm)) = Co(lA/Ct(Y) + 1Arcm) > C()(lA/CO(X) + lA/cm).

(40)

On the other hand, law(14Y + 14em) = law(14/Y + 1 4em) a.s. as well as law(14co(X) +

1aem) = law(14:¢o(X) + 1aem) a.s., which in view of (39) and (40) is a contradiction to
the law invariance of ¢g. This shows that ¢;(Y") is a constant and whence cy(X) = ¢ (Y).

O

Let us fix a compact interval [4, B] C (a,b) for some A, B € R with A < B. For any
en = (B—A)/n,n €N, we define

I, ={A+4+en, A+2ep,..., A+ (n—2)en, A+ (n — )&y }.

Lemma 3.2 For all e, and all x € [A+ e, B — &, there exist Bernoulli random variables
by (z) and b= (x) taking the values +&, and —e, with probabilities

P [b3(2) =en] = pT(z) and P[0 (2) = —en] =1 - pY(2),

P [b(z) =en] =p™"(z) and P[b7(2) = —&,] =1 —p(2),
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as well as increasing, continuous functions ul : [A,B] — [0,1] and u_, : [A,B] — [0,1]
such that

co(x+b7 () <z, colw+0(x) > 2, forallz e [A+en, B—eypl, (41)

ul () =E [ul (z+b7(2))], u () =Elu, (z+b(2))], foralzel,, (42)

and

lud, —ug,[lsc — 0. (43)

Proof. Fix ¢,. For any x € [A + ¢, B — &,] we define
pla) = sup {p € 0,1] | coe +b°7) < a}. (44)

Recall that b*P denotes a Bernoulli random variable taking the values € and —e with prob-
abilities p and 1 — p. Condition (C) implies that p(x) € (0, 1].

Step 1. There is an increasing, continuous function w., : [A, B] — [0,1] such that
Ue, (A) =0, ug, (B) =1 and

ue, () = E [ugn (x + bE“’p(x)ﬂ , forallzeZ, . (45)

Indeed, define @, (A) =0, ., (A + £,) = 1 and inductively

1
Ue, (A + (k+1)ey) == m [te, (A + ken) — (1 — p(ken))te, (A + (k — 1)e,)]
forall k =1,...,n—1. Then u.,(z) > ., (y) for all z,y € Z., with x > y. The normalized
function u., (x) := e, (x)/U., (B), © € I, U {A, B}, then satisfies u.,(A4) =0, u.,(B) =1
and (45). By linear interpolation u., extends to an increasing function on [A, B], i.e., for
A+ ke, <x <A+ (k+1)e, we define

Ue, () := ue, (A + key) E

(z — (A + ken)).

Step 2. Let (p; )ren be a sequence satisfying 0 <+p:(x) < p(z) and p; (z) / p(z) for all
x € [A+en, B—ey). Due to (44) we have co(z+b"Px (*)) < for all « € [A+e,, B—¢,]. Let

ulg;f denote the increasing, continuous function constructed in Step 1 associated to p; (z).

Then .
ubt () =E [u];;f (m + b5 Pk (I)ﬂ , forallzeZ,,.

En

Further, since p;: (x) /" p(z) for all z € Z.,, the sequence (ulg;f)keN converges uniformly on
[A, B] to u.,. Hence, there is kg € N such that

b () = P @) and  ut (x) = ungr(x)

En

satisfy (41), (42) and [luf — uc, |l < €,. Analogously, there exists a sequence p(x) <
py, (z) < 1 with p (z) — p(z) for all © € [A + &, B — &,) and co(z + 5P+ (*)) > z for all
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x € [A+ en, B — &,). Note that strict monotonicity of cq yields co(z + b°"') > . Let ulg,;_
denote the increasing, continuous function constructed in Step 1 associated to p, (x). The

sequence (u¥ ™ ).cn converges uniformly on [A, B] to u.,. Again, there is ko € N such that
b () == b Pro®  and u_ () = ulgg_(x)

satisfy (41), (42) and ||uz, — ue,||co < €p. Together, |luf —u_ [0 < 26, — 0 as n — co.0

In view of Lemma A.1 there exists a subsequence of (¢,) which we denote by (gf) such
that (uf ) and (u;, ) converge pointwise to an increasing function u : [A, B] — [0,1]. For

fixed k and t € No and any ]:t measurable random variable X with values in {x1,...,zx},
€ [A+eg, B —¢ei], let bi_’;’l (X) denote the F;;1—measurable random variables bii’l (X)

and by (X) with distribution
law(bfi’l (X)| X =2) =law(b¥(z)) forallz € {z1,...,2n}.

Let (R:F),en, denote the stopped random walks which start at Rf)’“’i € [A, B] and follows
the dynamics

Ek,t == £k, L . +
ekt _{R’“ +o (R ift <7 (46)

t1 T RjeeE if t > 75

for the stopping times 7 = inf {t €Ny | R** € [A, A+e;] or R*F € [B — ¢, B}}, where

the infimum over the empty set is defined as +o0o. By construction, R°** are Markov pro-
cesses with values in (RS’“i + exN) N [A, B] and transition probabilities

[Rsk’l =z 4o | R = ] = pi (@),

P {Ri’ﬁi =z —cg | RE’“’ = x] =1-—p¥(z).

Lemma 2.3 specializes to the present context as follows. The proof is a straightforward
modification.

Lemma 3.3 Let R°** denote the stochastic processes which follow the dynamics (46) and
let 7 be a bounded stopping time. Then, we have

co(RET) < RFT and  co(RE7) > RoM™.

Proof. Suppose that R5*" assumes the values {x1,...,zy}. Due to (46) we have

R} = L }R g Lsricny Z 1{RE’c F=an (xn T (@ )> ‘

The local property of ¢, yields
N
es(RET) = 1o ool REE) F Lty 2 oy, 1 (o0 + V57 (@) (a7)
n=1
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Since law(x,, + bii’l (zn) | Fs) = law(zy 4 b (25)) a.s., Lemma 3.1 and Lemma 3.2 yield
cs(xn + bifﬁ (xn)) = co(xn + bff (2n)) < xp. (48)

We get ¢;(RZ%)) < RSF™ from (47) and (48). We then proceed by backward induction as
in the proof of Lemma 2.3. O

Remark 3.4 For any RE%F of the form (46) startmg at Re"’ € 1., the stochastic pro-
cesses u (R; ©%) are martingales. Indeed, since ]P’[Rak’ € Iak] =1 for allt € Ny we deduce
from (42) that

E [, (BET) | 7] =10 v (B 4025 (R ) | 7
B [uf (R0 | 7] = (R). (49)

Lemma 3.5 The function u : [A, B] — [0,1] is continuous and strictly increasing. For any
random variable X taking at most two values x1,z9 € (A, B), we have

co(X) =u o E[u(X))].

Proof. Step 1. Suppose that X assumes the values A < 1 < x5 < B with probabilities
0 < pi1,p2 <1. Let

f;: (z) == (Uj,c)fl {plujk (z1 + ) —i—pgujk (z2 + x)}

be a sequence of functions defined on [—r, ] for some £ > 0. The functions fX are
continuous, increasing and bounded by z1 — x < fi(z) < 23 + & for all © € [k, k]
In view of Lemma A.1, there exists a subsequence of (g;), which we still denote by (gi),
such that f converges pointwise to an increasing function f* : [—k, k] — [21 — K, T2 + K].
In this first step, we assume in addition that 0 is a continuity point of f*. Define

Yot o= (ul )" prud (x4 ex) + poul (z2 4+ 2p) } € [21 + ex, 32 + €. (50)

Here we assume that k is large enough such that x5 + 2, < B. Let R be defined as the
stochastic process which follows the dynamics (46) and starts at

RFTi=min{z € I, | x> Y5*} € [1 + e, 22 + 2e4).
Define the stopping time

= inf {t >0 | Rfk’Jr € [z1,21 +€g) or R?“JF > :):2}.

Due to Remark 3.4, the process uZ (Ra’“ +) is a martingale. Hence, the martingale con-
vergence theorem yields that o is a.s. finite. If RS’“’+ > x5 then P[RGFT > ap] = 1. If
Ré’“’Jr < 9 then RSP < 29 + ¢, and the martingale stopping theorem yields

prud (1 + ex) + poud (22 +ex) < ud (RGP =E [ul (Y1),
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Hence, IP’[R(S,-’“’Jr > x9] > py. The dominating convergence theorem implies 7' € N such that

IP)[RZ’X; > x9] > po. Hence, for the bounded stopping time af‘f_ ;=0 AT we end up with

RZ’“{F -1 X. (51)
Since 0 is a continuity point of f* we deduce from Lemma A.1
‘(ujk)*l {prul (z1 4 ex) + poul (z2 +cp)} — (ujk)*1 {pru (z1) —|—p2ujk(a:2)}‘ —0
as k — oo, and therefore in combination with (50) and |Rg"™" — Yi*| < &, we deduce
)RS’“”L— (u*)*lolﬁl[u+ (X)]‘ —0 ask— oo. (52)
Analogously, if 0 is a continuity point of f~ defined as a converging subsequence of
foo (@) = (Ug_,c)_l {pru; (z1 4 z) + poug, (z2 + )},

then there exist R~ of the form (46) starting at R;*~ € Z., and a bounded stopping
times o, such that X > Ri’t_ and [Rg®™ — (uz, )"t o E [u, (X)]| — 0.
k
Step 2. Suppose that X takes the values A < x1 < 9 < B with probabilities 0 <
p1,p2 < 1, such that ¢o(X) is a continuity point of the function u. Fix 6 > 0. There exists
x € (—k,0) such that X taking the values 23 = 21 + = and 3 = x5 + 2 with probabilities

p1 and po satisfies
(i) |eo(X) = co(X%)| <6,

(i) co(X?) is a continuity point of u,

(iii) « is a continuity point of f7,

(iv) X > X% and || X? — X||oo < 6.

Due to Step 1, there are (R°*") and (o;") such that (51) and (52) hold, i.e.,

RZ’;’+ “ X0 and = ‘R8k7+ _ (u;:)_l oE [u;:(X‘s)} ‘ — 0.
k

¢o is monotone with respect to 1. Hence, Lemma 3.3 implies R5*™" > co(Ri’f;Jr) > co(X0),
k
from which we deduce

(uh) Mo B [uf, (X)] 2 eo(X) - &.
Since X > X9 X° assumes only two values, and co(X 5) is a continuity point of u, we derive

Eu(X)] >E [u(X‘S)} > u(co(X°)), as k — oo.

Finally, if we let § tending to zero, it follows || X% — X||oc — 0 and |cO(X5) — co(X)| — 0.
Since ¢o(X) is a continuity point of u, we conclude E[u(X)] > u(co(X)). Analogously, if we
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approximate X by X? from above and bound it by R~ from below, we get E[u(X)] <
u(cp(X)). Together, we conclude Eu(X)] = u(co(X)) for any random variable X taking at
most two values in (A4, B) and ¢o(X) is a continuity point of w.

Step 3. The function u : [A, B] — [0,1] is continuous. Indeed, suppose by way of
contradiction that there is z € (A, B] such that u(z—) < u(x) (the case u(z) < u(z+) works
analogously). Since ¢g is || -||oo-continuous and strictly increasing, there exist sequences (z1')
and (z4) in (A4, B) such that

(i) 2 <oy <z, 20 /1 and 25 29 =z,
(ii) co(X™) and ¢o(X) are continuity points of u, and
(iif) [[X™ = Xloo =0,

where X and X" assume the values {x1,z2} and {z7, x5} with probabilities 1/2. Indeed,
the function 1 — ¢o(X) maps from (A, x2) in (A, xz2). Since the set of discontinuity points
of w in (A, z9) is countable and ¢q is strictly increasing, there are at most countably many
x1 € (A, z2) for which ¢o(X) is a discontinuity point of u. Hence, there is z1 € (A, x2)
for which ¢o(X) is a continuity point of u. We then approximate X by X" from below in
L*>(A, B) such that co(X™) are continuity points of u. Then, co(X™) /" ¢o(X) and Step 2
yields
Efu(X™)] = u(co(X™)) / u(eo(X)) = E[u(X)]

in contradiction to u(z%) /" u(xe—) < u(xz). Whence, u has to be continuous. In particular,
Step 2 yields E[u(X)] = u(co(X)) for all random variables X taking at most two values in
(A, B).

Step 4. The function u : [A, B] — [0,1] is strictly increasing. Indeed, by way of
contradiction assume there exist A < r < s < B such that u(r) = u(s). Since u is not
constant, there exists ¢ < r such that u(t) < u(r) or ¢ > s such that u(¢) > wu(s). In the
second case, denote v := inf {z > s | u(z) > u(s)}. By continuity of u one has s < v < t
and u(r) = u(s) = u(v). Since ¢g is || - ||so-continuous, there exists w € (v,t] such that
co(X) < v, where X is a random variable taking the values r and w with probability 1/2
each. If Y is a random variable that is equal to v and w with probabilities 1/2, then
co(Y) > v and therefore, u(co(Y)) > u(co(X)). On the other hand, u(co(Y)) = E[u(X)] =
E[u(Y)] = u(co(X)), which is a contradiction. The proof is completed. O

Lemma 2.5 specializes to the present context as follows.

Lemma 3.6 Let N € N and X € L*°(A, B) be a random variable taking 2V different values
with strictly positive probabilities. There exists a subsequence of (e) (still denoted by (gr) ),
such that for any k € N large enough, we may find stochastic processes R°%T, R~ of the
form (46) as well as bounded stopping times a,': and o, such that X satisfies

R =1 X = R°P, (53)
I O
and

lim [ud (RSY) = E [ud (X)] ‘ = lim

(3
—00 k

uz, (REM7) = E [uz, (X)] ‘ ~0. (54)
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Sketch of the proof. The proof is a straightforward modification of the proof of Lemma 2.5.
In a first step, we define Y* = X and

Vi = (uf )7 o uf (Vi +ep) | Ful|, n=0,...,N -1, (55)
on the filtered probability space (Q, F, (ﬁn)ﬁfzo, I@’) Here we assume that ¢j, is small enough
such that V¢ € (A+¢eg, B—¢g) foralln = 0,..., N. We then define R** as the stochastic
process which follows the dynamics (46) and starts at

Rt —min{z € T, |2 > V5*} € (4, B).

The martingale stopping arguments given in the proof of Lemma 2.5 imply the existence of
a bounded stopping time a,j such that

R = X.
%k
Finally, there is a subsequence of (g;), which we still denote by (e;), such that Y7 con-
verges to Yy, for all n =0,..., N — 1. By continuity of u, the arguments given in Step 3 of
the proof of Lemma 2.5 imply |uf, (Y5*) — E[u} (X)]| — 0. Since [Y5* — Rg" | < &, we
conclude (54). The proof for the lower bound works analogously.

Proof of the ”"only if“-part of Theorem 1.4.
Let [A, B] denote a compact interval in (a,b). Fix X € L®(A,B) and § > 0. By || - ||co-
continuity of cg, there exists X° taking 2V different values, such that X° € L*°(A, B),
X9 — X||oo < 6 and ‘Co(X(;) — CO(X)} < 4. Since ¢g is monotone with respect to =1 we
deduce from Lemma 3.3 and Lemma 3.6 that

R8k7+ > CO(RZ]$+) > CO(XJ) > CO(RZJC,*) > ng,*
k k

and therefore

ud (B) — B [uf, (X0)] 2, (eo(X%)) — E [uf, (X7)]
uz, (co(X) — B [uz, (X°)] = g, (R — E fuz, (X7)] -

Letting k tending to infinity yields u~' o E[u(X?)] > co(X?°) and co(X?°) > u™! o E[u(X?)]
and therefore co(X%) = u~! o E[u(X?)]. Letting § converging to zero, it follows

co(X)=utoE[u(X)] forall X € L*(A,B),

as u is uniformly continuous on [A, B].

Hence, for any compact interval [A, B] C (a,b) there is ua g : [A, B] — [0,1] strictly
increasing and continuous such that ¢o(X) = u ' o E [ua p(X)] for all X € L°(A, B). We
next give some standard arguments showing that u A5 on [A, B] is uniquely determined up
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to affine transformations. Suppose there exist two strictly increasing, continuous functions
u, @ : [A, B] — R such that

coX)=utoE[uX)]=utoE[a(X)] forall X € L*°(A,B). (56)

Define the strictly increasing and continuous function ¢(x) = @ o v~ '(x). Then @(z) =
Y ou(x) and (56) yields & ou~! o E[u(X)] = E[a(X)]. This shows

YoEu(X)] =E[pou(X)] forall X e L¥(A,B), (57)

and consequently ¢ (x) = ax + (3 for some « > 0 and 3 € R (approximate ) uniformly
on compacts by polynomials). We therefore can extend ua p : [A, B] — R with ¢o(X) =
uy'p 0 Elua p(X)] for all X € L(A, B) to ua pr : [A, Bl — R such that [4, B] C [4, B],
uq,p restricted to [A, B] coincides with us p and co(X) = “;1/1,3/ o Eluar p/(X)] for all
X € L*(A',B’). By exhausting (a,b) with compact intervals [A™, B"] C (a,b), there is
a continuous and strictly increasing function u : (a,b) — R which is unique up to affine
transformations and satisfies co(X) = u™! o E[u(X)] for all X € L*®(a,b) with values in
some compact interval [A, B] C (a,b). By || - ||eo-continuity of co it follows that co(X) =
u~ o E[u(X)] for all X € L>(a,b) and the proof of Theorem 1.4 is completed. O

A Helly’s theorem

The following lemma is well-known. For the sake of completeness we give a proof.

Lemma A.1 Let f, : [A,B] — [0,1] be a sequence of increasing, continuous functions.
Then, there is a subsequence (fp,) and an increasing function f : [A, B] — [0,1] such that

frp (@) = f(z) forall x € [A, B] as k — oc. (58)

The function f has at most countably many discontinuity points. Moreover, fy, (zx) — f(x)
for any sequence xy, € [A, B] which converges to some continuity point x € [A, B] of f.

Remark A.2 Helly’s theorem is usually stated as a convergence result only for the conti-
nuity points of the limiting function f. It was observed in Campi and Schachermayer [11]
that one may also obtain convergence on the discontinuity points of f.

Proof. Let (2;)jen be a sequence running through 7 := [A, B] N Q. Let (f”i) be a sub-
sequence of (f,) such that fnllc(l.%’l) converges to f(z1) € [0,1]. Let ( f’”i) be a subsequence
of (fnllc) such that fni(zz) — f(z2) € [0,1] and so on. Then, St () — f(z) for all x € 7.
The function f is increasing on Z, i.e., for any z,y € Z with z < y it follows f(z) < f(y).
Therefore, f has at most countably many discontinuities (z;);>1. Let ( ffi ) be a subsequence
of (fn’,j) such that fo () — f(x) for all x € T U {2}, (fiﬁ) a subsequence of (fﬁi) such
that ffi (22) — f(22) and so on. Define f,, := ff'zi which is a subsequence of (f,). Then,
fry(x) — f(x) for all @ € (J;5; {2} UZ. By construction, any x € [A, B] \ (U;>; {;}) is a
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continuity point of f : Z — [0, 1], whence we define f(z) = lim,_ f(x,) for an arbitrary
sequence z, € Z converging to x. The function f : [A, B] — [0, 1] is increasing.

Let xj, € [A, B] be a sequence with limit =, and assume that f is continuous at z. Fix
0 > 0. There exist y1,y2 € Z with y; < x < yy such that |f(y) — f(z)| < 6/4 for all
y € [y1,y2]. Furthermore, there is ky € N such that

B )
1 <ap <y, |fu, (1) — fly)] < | frn (y2) — fy2)] < ; forallk =k

17
Then
| fr(@r) = f(2)] < [ foy (y2) = F(@)] + [f(2) = far (y1)]
< fup(y2) = fy2) | + [f(y1) = far (v1)] + g <4 forall k > ky.

In particular, f,, (z) — f(x) for all € [A, B] and f is increasing. The proof is completed.[]
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