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ABSTRACT. The paper studies the problem of maximizing the expected utility of termi-
nal wealth in the framework of a general incomplete semimartingale model of a financial
market. We show that the necessary and sufficient condition on a utility function for
the validity of several key assertions of the theory to hold true is the requirement that
the asymptotic elasticity of the utility function is strictly less then one.

1. Introduction

A basic problem of mathematical finance is the problem of an economic agent, who
invests in a financial market so as to maximize the expected utility of his terminal
wealth. In the framework of a continuous-time model the problem was studied for the
first time by R. Merton in two seminal papers [27] and [28] (see also [29] as well as [32]
for a treatment of the discrete time case). Using the methods of stochastic optimal
control Merton derived a non-linear partial differential equation (Bellman equation)
for the value function of the optimization problem. He also produced the closed-form
solution of this equation, when the utility function is a power function, the logarithm,
or of the form 1 — e™"* for some positive 7.

The Bellman equation of stochastic programming is based on the requirement of
Markov state processes. The modern approach to the problem of expected utility
maximization, which permits us to avoid the assumption of Markov asset prices, is
based on duality characterizations of portfolios provided by the set of martingale
measures. For the case of a complete financial market, where the set of martingale
measures is a singleton, this "martingale” methodology was developed by Pliska [30],
Cox and Huang [4], [5] and Karatzas, Lehoczky and Shreve [22]. It was shown that the
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marginal utility of the terminal wealth of the optimal portfolio is, up to a constant,
equal to the density of the martingale measure; this key result naturally extends the
classical Arrow-Debreu theory of an optimal investment derived in a one-step, finite
probability space model.

Considerably more difficult is the case of incomplete financial models. It was
studied in a discrete-time, finite probability space model by He and Pearson [16],
and in a continuous-time diffusion model by He and Pearson [17] and by Karatzas,
Lehoczky, Shreve and Xu [21]. The central idea here is to solve a dual variational
problem and then to find the solution of the original problem by convex duality,
similarly to the case of a complete model. In a discrete time, finite probability space
model the solution of the dual problem is always a martingale measure. We shall see
in Section 5 below that this assertion is not true in a general continuous time setting
any more.

In this paper we consider the problem of expected utility maximization in an in-
complete market, where asset prices are semimartingales. A subtle feature of this
model is that the extension to the set of local martingales is no more sufficient; to
have a solution to the dual variational problem one should deal with a properly de-
fined set of supermartingales. The basic goal of the current paper is to study the
expected utility maximization problem under minimal assumptions on the model and
on the utility function. Our model is very general: we only assume that the value
function of the utility maximization problem is finite and that the set of martingale
measures is not empty, which is intimately related with the assumption that the mar-
ket is arbitrage-free. Depending on the assumptions on the asymptotic elasticity of
the utility function we split the main result into two Theorems: For Theorem 2.1 we
do not need any assumption, for Theorem 2.2 we must assume that the asymptotic
elasticity of the utility function is less then one. We provide counterexamples, which
show that this assumption is minimal for the validity of Theorem 2.

The paper is organized as follows . In Section 2 we formulate the main Theorems 2.1
and 2.2. These Theorems are proved in Section 4, after studying an abstract version
of the problem of expected utility maximization in Section 3. The counterexamples
are collected in Section 5 and in Section 6 we have assembled some basic facts on the
notion of asymptotic elasticity.

2. The Formulation of the Theorems

We consider a model of a security market which consists of d + 1 assets, one bond
and d stocks. We suppose that the price of the bond is constant and denote by
S = (Si)lgigd the price process of the d stocks. The assumption that the bond price
is constant does not restrict the generality of the model as we always may choose
the bond as the numéraire. The process S is assumed to be a semimartingale on a
filtered probability space (2, F, (F¢)o<i<T, P). As usual in Mathematical Finance,
we consider a finite horizon T, but we remark that our results can also be extended
to the case of an infinite horizon.

A (self-financing) portfolio II is defined as a pair (z, H), where the constant x
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is the initial value of the portfolio and H = (Hi)igd is a predictable S-integrable
process specifying the amount of each asset held in the portfolio. The value process
X = (Xy)o<i<r of such a portfolio II is given by

1
(2.1) Xt:Xo—l—/ H,dS,, 0<t<T.
0

We denote by X(x) the family of wealth processes with non-negative capital at any
instant, i.e. Xy > 0 for all ¢ € [0, 7], and with initial value equal to :

X(x) ={X >0: X is defined by (2.1) with Xg = «}.

DEFINITION 2.1. A probability measure () ~ P is called an equivalent local mar-
tingale measure if any X € X(1) is a local martingale under @.

If the process S is bounded (resp. locally bounded) then under an equivalent local
martingale measure () (in the sense of the above definition) the process S is a mar-
tingale (resp. a local martingale) and vice versa. If S fails to be locally bounded the
situation is more complicated. We refer to ([10], Proposition 4.7) for a discussion of
this case and the notion of sigma-martingales.

The family of equivalent local martingale measures will be denoted by M¢(S) or
shortly by M. We assume throughout that

(2.2) M £,

This condition is intimately related to the absence of arbitrage opportunities on
the security market. See [7], [10] for a precise statement and references.

We also consider an economic agent in our model which has a utility function
U :(0,00) = R for wealth. For a given initial capital « > 0, the goal of the agent is
to mazimize the expected value from terminal wealth E[U(Xr)]. The value function
of this problem is denoted by

(2.3) u(z) = sup E[U(X7)].
Xex(x)

Hereafter we will assume that the function U is strictly increasing, strictly concave,
continuously differentiable and satisfies

(2.4) U'(0) = };12% U'(z) = oo,
U'(o0) = xh_)rrolo U'(z) = 0.

In the present paper we only consider utility functions defined on R, i.e., taking
the value —oco on (—o00,0); the treatment of utility functions which assume finite
values on all of R , such as the exponential utility U(x) = 1 — e"", requires somewhat
different arguments and will be done elsewhere.
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To exclude the trivial case we shall assume throughout the paper that

(2.5) u(z) = sup E[U(X7)] < oo, for some = > 0.
XeX(x)

Intuitively speaking, the value function u(x) can also be considered as a kind of utility
function, namely the expected utility of the agent at time T, provided that he or she
starts with an initial endowment = € R4 and invests optimally in the assets, modeled
by S = (S¢)o<i<T, during the time interval [0, T7.

It is rather obvious that u(x) is strictly increasing and convex. A basic theme of
the present paper will be to investigate under which conditions u also satisfies the
other requirements of a utility function:

A) QUESTIONS OF “QUALITATIVE” NATURE.

(1) Is the value function u(x) again a utility function satisfying the assumptions
(2.4), i.e. increasing, strictly concave, continuously differentiable and satisfy-
ing u'(0) = oo, u'(c0) =07

(2) Does the optimal solution Xe X(x) in (2.3) exist?

Not too surprisingly, the answer to the second question is no in general. Maybe
more surprisingly, also the answer to the first question is negative and the two ques-
tions are intimately related. The key concept to answer the above questions is the
following regularity condition on the utility function U:

DEFINITION 2.2. A utility function U(x) has asymptotic elasticity strictly less than

1, if

Y

!
AE(U) = limsup Uz

< 1.

To the best of our knowledge the notion of the asymptotic elasticity of a utility
function has not been defined in the literature previously.

We refer to Section 6 below for equivalent reformulations of this concept, related
notions which have been investigated previously in the literature [21] and its intimate
relation to the As-condition in the theory of Orlicz spaces. For the moment we only
note that many popular utility functions like U(x) = In(x) or U(z) = %, for o < 1,
have asymptotic elasticity strictly less than one. On the other hand, a function U(x)
equaling x/In(x), for = sufficiently large, is an example of a utility function with
AE(U) = 1.

One of the main results of this paper (Theorem 2.2 below) asserts that for a utility
function U the condition AE(U) < 1 is necessary and sufficient for a positive answer
to both questions (1) and (2) above (if we allow S = (S;)o<i<7 to vary over all
financial markets satisfying the above requirements). In fact, for question (1) we can
prove a stronger result: either U(x) satisfies AE(U) < 1, in which case AE(u) < 1 too
and, in fact, AE(u) < AE(U); or AE(U) =1 in which case there exists a continuous
R-valued process S = (S¢)o<i<7 inducing a complete market, such that u(z) fails
to be strictly concave and to satisfy AE(u) < 1 in a rather striking way: u(x) is a
straight line with slope one, for * > zg. Economically speaking the marginal utility
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of the value function u(x) is eventually constant to one (while the marginal utility of
the original utility function U(x) decreases to zero, for @ — oo). We shall discuss the
economic interpretation of this phenomenon in more detail in Note 5.2 below.

We now turn to more quantitative aspects:

B) QUESTION OF “QUANTITATIVE NATURE”.

(1) How to calculate the value function u(x)?

(2) How to calculate the optimal solution X e X(x) in (2.3), provided this solu-
tion exists.

A well known tool (compare [2], [21] and the references given there) to answer these
questions is the passage to the conjugate function

(2.6) Viy) = sup[U(x) — ay], y > 0.

x>0

The function V(y) is the Legendre-transform of the function —U(—z) (see, e.g.,
[31]). It is wellknown (see, e.g., [31]) that if U(x) satisfies the hypotheses stated in
(2.4) above, then V(y) is a continuously differentiable, decreasing, strictly convex
function satisfying V/(0) = —oo and V'(c0) = 0,V(0) = U(),V(c0) = U(0) and

the following bidual relation

U(x) = inf[V(y) + 2y, x> 0.

y>0

We also note that the derivative of U(x) is the inverse function of the negative of
the derivative of V(y) which — following [21] — we also denote by I:

(2.7) [i=-V'=(U)"

The Legendre transform is very useful in answering question B) above (compare
[2], [30]). We first illustrate this in the case of a complete market, which is technically
easier to handle: so suppose that there is a unique measure ) equivalent to the original
measure P under which S is a local martingale. We then find that the function

dQ

(28) o(y) = BV 55)

is the conjugate function of u(x), which provides a satisfactory answer to the first
part of question B. We resume the situation of a complete market, which to a large
extent is wellknown, in the subsequent Theorem.

Theorem 2.0 (complete case). Assume that (2.2), (2.4) and (2.5) hold true
and in addition that M = {Q}. Then

(1) u(z) < oo, for all x > 0, and v(y) < oo for y > 0 sufficiently large. Letting
yo = inf{y : v(y) < oo}, the function v(y) is continuously differentiable and
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strictly convex on (yo,00). Defining xo = limy ,,(—v'(y)) the function u
is continuously differentiable on (0,00) and strictly concave on (0,x¢). The
value functions u and v are conjugate:

v(y) = suplu(x) —zyl, y >0,
>0

u() = infloy) +2y], @ >0.

The functions u’ and v’ satisfy:

u'(0) = lim u/(z) = 00, v'(00) = lim v'(y) = 0.

r—0 Yy—>0o0
(ii) If & < xq, then the optimal solution X(:L‘) € X(x) is given by

Tr(e) = 1552,

for y < yo, where x and y are related viay = u'(x) (equivalently © = —v'(y))
and X () is a uniformly integrable martingale under Q).
(iii) For 0 < & < x¢ and y > yo we have

L o) = BV (2]

The above Theorem dealing with the complete case will essentially be a corollary
of the subsequent two Theorems on the incomplete case, i.e., the case when M is not
necessarily reduced to a singleton {Q}. In this setting we dualize the optimization
problem (2.3): we define the family Y(y) of nonnegative semimartingales ¥ with
Yy = y and such that, for any X € X(1), the product XY is a supermartingale:

V() ={Y >0:Yy =y and XY = (X;Y;)o<i<T
is a supermartingale for all X € X(1)}.

In particular, as X(1) contains the process X = 1, any Y € Y(y) is a supermartingale.
Note that the set V(1) contains the density processes of the equivalent local martingale
measures ) € M(S).

We now define the value function of the dual problem by

(2.9) vly) = Yégl;f;y)E[V(YT)]-

We shall show in Lemma 4.3 below that in the case of a complete market the
functions v(y) defined in (2.8) and (2.9) coincide, i.e., (2.9) extends (2.8) to the case
of not necessarily complete markets.



The functions v and —v, defined in (2.3) and (2.9), clearly are concave. Hence we
may define u’ and v’ as the right-continuous versions of the derivatives of u and v.
Similarly as in definition 2.2 we define the asymptotic elasticity AE(u) of the value

function u by
zu'(x)

AE(u) = lim sup

The following Theorems are the principal results of the paper.

Theorem 2.1 (incomplete case, general utility function U). Assume that
(2.2), (2.4) and (2.5) hold true. Then

(i) u(x) < oo, for all © > 0, and there exists yo > 0 such that v(y) is finitely
valued for y > yo. The value functions u and v are conjugate:

v(y) = suplu(x) —zyl, y >0,
x>0

u(z) = inflo(y) + zy], = >0.
y>0
The function u is continuously differentiable on (0, 00) and the function v is
strictly convex on {v < oo}.
The functions u’ and v’ satisfy:

! 1 ! _ ! 1 ! _
u(O)—}:lg(l)u(x)—oo, v(oo)—ylgrolov(y)—().

(ii) If v(y) < oo, then the optimal solution ?(y) € Y(y) to (2.9) exists and is
unique.

Theorem 2.2 (incomplete case, AE(U) < 1). We now assume in addition to
the conditions of Theorem 2.1 that the asymptotic elasticity of U is strictly less then
one. Then in addition to the assertions of Theorem 2.1 we have:

(i) v(y) < oo, for all y > 0. The value functions v and v are continuously
differentiable on (0,00) and the functions v’ and —v’ are strictly decreasing
and satisty:

' T ' . o — T ! _
u'(o0) = xh_)rrolou (x) =0, v'(0) ;E)I(l) v'(y) = oc.
The asymptotic elasticity AE(u) of u also is less then one and, more pre-

cisely,

AE(u)y < AE(U)4 <1,

where x4 denotes max{x,0}.

(ii) The optimal solution )?(l') € X(x) to (2.3) exists and is unique. If ?(y) €
Y(y) is the optimal solution to (2.9), where y = u'(x), we have the dual
relation



o~

Moreover, the process X (x)i/}(y) is a uniformly integrable martingale on
[0,77.

111) We have the following relations between u', v’ and X.V respectively:
g ) s 1Y% Y

. L o(y) = E[Y(y)V;(Y(y))

-

() = jat B[V

dq
yﬁ)} ’

where <%> denotes the Radon-Nikodym derivative of () with respect to P
on (2, Fr).

The proofs of the above Theorems will be given in Section 4 below.

As Examples 5.2 and 5.3 in Section 5 will show, the requirement AE(U) < 1 is the
manimal condition on the utility function U which implies any of the assertions (i),
(ii), (iii) or (iv) of Theorem 2.2.

Let us comment on the economic interpretation of assertions (ii) and (iv) of The-
orem 2.2: we start by observing that Theorem 2.1 (iv) states that the infimum ?(y)
to the optimisation problem (2.9) exists and is unique (even without any assumption
on the asymptotic elasticity of U). If we are lucky and, for fixed y > 0, the random
variable ?T(y)/y is the density of a probability measure @, ie., % = ?T(y)/y, then
clearly @ is an equivalent local martingale measure, i.e. @ € M*(9), and we may
use @ as a pricing rule for derivative securities via the expectation operator E@[]
This choice of an equivalent martingale measure, which allows a nice economic inter-
pretation as “pricing by the marginal rate of substitution”, has been proposed and
investigated by M. Davis [6].

However, even for a “nice” utility function such as U(x) = ln(z) and for a “nice”,
i.e., continuous process (S¢)o<¢<7 it may happen that we fail to be lucky: in Section
5 below we shall give an example satisfying the assumptions of Theorem 2.2 such that

?(y) is a local martingale but fails to be uniformly integrable, i.e., F F}T(y)/y} < 1.

Hence defining the measure @ by % = ?T(y)/y we only obtain a measure with total

mass less than one. At first glance the pricing operator E@[] induced by @ seems
completely useless: for example, if we apply it to the bond B; = 1, we obtain a price

E@[l] =F F}(y)/y} < 1, which seems to imply arbitrage opportunities.

But assertion (ii) of Theorem 2.2 still contains a positive message: The optimal

investment process )?(:1;), where * = —v'(y), is such that <)/(\'t(:1;)l?}(y)> is a
0<t<T
uniformly integrable martingale.

This implies that, by taking ()/ft(:zj))ogtggp as numéraire (instead of the original
numéraire B; = 1), we may remedy the above deficiency of @ (we refer to [8] for
related results on this wellknown “change of numéraire” technique). To be formal:
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consider the R*t2-valued semimartingale S = (1, 1/)?(:1;), St /)?(:1;), o ,Sd/)/f(x)); in
other words we consider the process (X (x),1,5%,...,5%) expressed in units of the

process )?(:1;) The process Z; = )/ft(:zj)Yt(y)/xy is the density process of a true

probability measure Q, where % = )?T(:I;)i/}T(y)/xy. The crucial observation is that

() is an equivalent local martingale measure for the R4 2-valued process S (see [8]).
Hence by expressing the stock price process S not in terms of the original bond but
rather in terms of the new numéraire )?(:1;), in other words by passing from S to S,
we have exhibited an equivalent martingale measure Q) for the process S such that
the pricing operator EQ[] makes perfect sense. The above observed fact, that for the

original bond By = 1, which becomes the process 1/)?,5(:1;) under the numéraire )/f(:zj),
we get

Es[1/Xr(x)] = E[Yr(y)/2y] < 1/x =1/Xo(z)

now may be interpreted that the original bond simply is a silly investment; but this
fact does not permit any arbitrage opportunities if we use EQ[] as a pricing operator
for derivative securities.

Summing up: under the assumptions of Theorem 2.2 the optimisation problem
(2.9) leads to a consistent pricing rule EQ[-], provided we are ready to change the
numéraire from B; = 1 to )/ft(:zj)

Another positive message of Theorem 2.2 in this context is assertion (iv): although
it may happen that ?T(y)/y does not induce an element @ € M°(S) (without chang-
ing the numéraire) we know at least that ?T(y)/y may be approximated by %, where
Q) ranges in M¢(S). We shall see in example 5.3 below that this assertion too breaks
down as soon as we drop the assumption AE(U) < 1.

3. The Abstract Version of the Theorems
We fix the notation

(3.1) Clx)={g € Lg_(Q,}",P) :0< g < Xrp, for some X € X(2)},
(3.2) Dy)={h € Lg_(Q,}",P) :0 < h<Yrp, for someY € Y(y)}

In other words, we pass from the sets of processes X(x), Y(y) to the sets C(x), D(y)
of random variables dominated by the final outcomes X, Yr, respectively. We simply
write C, D, X, Y for C(1),D(1),%(1),Y(1) and observe that

(3.3) C(x) =2C ={xg:g9€C}, forz >0,

and the analogous relations for D(y), X(x) and Y(y).

The duality relation between C and D (or equivalently between X and Y) is a basic
theme in Mathematical Finance (see, e.g., [1], [7], [18], [21], [24]). In the previous work
in the literature mainly the duality between C and the Radon-Nikodym densities %

of equivalent martingale measures (resp. local martingale measures) () was considered
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which, in the case of a bounded process S (resp. a locally bounded process 5), form
a subset D of the set D considered here. The novel feature of the present approach
is that we have chosen the definition of the processes Y in Y, in such a way to get a
perfect bipolar relation between the sets C and D. This is the content of Proposition
3.1 below.

Recall that a subset C of L9 (Q, F, P) is called solid, if 0 < f < g and g € C implies
that f € C.

Proposition 3.1. Suppose that the R%-valued semi-martingale S satisfies (2.2).
Then the sets C,D defined in (3.1) and (3.2) have the following properties:

(i) € and D are subsets of LY (2, F, P) which are convex, solid and closed in the
topology of convergence in measure.

(i1)

g € C iff E[gh] <1, for all h € D and
h e D iff E[gh]) <1, for all g € C.

(iii) The constant function 1 is in C.

The proof of Proposition 3.1 is postponed to Section 4 and presently we only note
that the crucial assertion is the “bipolar” relation given by (ii). Also note that (ii)
and (iii) imply that D is contained in the unit ball of L'(Q, F, P), a fact which will
frequently be used in the sequel.

For the remainder of this Section we only shall assume that C and D are two subsets
of L(_)i_(Q, F, P) verifying the assertions of Proposition 3.1 (and not necessarily defined
by (3.1) and (3.2) above). We shall reformulate Theorems 2.1 and 2.2 in this “abstract
setting” and prove them only using the properties of C and D listed in Proposition
3.1.

Let U = U(xz) and V = V(y) be the functions defined in Section 2 and consider
the following optimization problems, which are the “abstract versions” of (2.3) and

(2.9):

(3.4) u(z) = sup ElU(g)],
(3.5) v(y) =,anf E[V(h)].

As in (2.5) we assume throughout this Section
(3.6) u(z) < oo, for some x > 0.
Again the value functions u and —v clearly are concave. We denote by u’ and v’

the right-continuous versions of the derivatives of v and v. We now can state the
“abstract version” of Theorem 2.1.
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Theorem 3.1. Assume that the sets C and D satisty the assertions of Proposition
3.1. Assume also that the utility function U satisfies (2.4) and that (3.6) holds true.
Then

(i) u(x) < oo, for all + > 0 and there exists yo > 0 such that v(y) is finitely
valued for y > yo. The value functions u and v are conjugate:

(3.7) v(y) =§1;13[u<x> —ayl, y>0,
(3.8) u(z) = inflo(y) + 2y, 2 >0.

The function u is continuously differentiable on (0,00) and the function v
is strictly convex on {v < oo}.
The functions u’ and —v' satisfy:

! . ! _ !/ _ : ! J—
u(O)—}:gr(l)u(x)—oo v(oo)—ylgrolov(y)—().

(ii) If v(y) < oo, then the optimal solution ﬁ(y) € D(y) to (3.5) exists and is
unique.

The proof of Theorem 3.1 will be broken into several Lemmas. We will often use
the following simple result, see, for example, ([7], Lemma Al.1 as well as Lemma 4.2
below for a more sophisticated version of this result).

Lemma 3.3. Let (f"),>1 be a sequence of non-negative random variables. Then
there is a sequence g" € conv (f", f**1,...), n > 1, which converges almost surely
to a variable g with values in [0, 0o].

Let us denote by VT and V'~ the positive and negative parts of the function V
defined in (2.6).

Lemma 3.4. Under the assumptions of Theorem 3.1, for any y > 0, the family
(V7(h))hep(y) is uniformly integrable, and if (h"),>1 is a sequence in D(y) which
converges almost surely to a random variable h, then h € D(y) and

(3.9) liminf E[V(R")] > E[V(h)].

n— 00

PROOF. Assume that V(oco) < 0 (otherwise there is nothing to prove). Let ¢ :
(=V(0),—V(00)) — (0,00) denote the inverse of —V. The function ¢ is strictly
increasing,

E[o(V™(h))] < [ES(=V(h)] + ¢(0) = E[h] + 6(0) <y + 6(0), Vh e D(y),

and by (2.7) and the L’Hospital Rule
)

. olx) L B
lim —~% = lim = llm — =
r——V() T y—=oo =V (y)  y—oo I(y)
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The uniform integrability of the sequence (V= (h")),>1 now follows from noting that
(h™)n<1 remains bounded in L'(P) (Proposition 3.1, (ii) and (iii)) and by applying
the de la Vallée-Poussin Theorem.
Let (h™)n<1 be a sequence in D(y) which converges almost surely to a variable h.
It follows from the uniform integrability of the sequence (V= (h"™)),>1 that
lim E[V~(h™)] = E[V ™ (h)],

n— 00

and from Fatou’s Lemma that

liminf E[V*(R")] > E[V*(h)].

n—>00
This implies (3.9). Finally we note that A is an element of D(y) because, according
to Proposition 3.1, the set D(y) is closed under convergence in probability. 0O

We are now able to prove assertion (ii) of Theorem 3.1.

Lemma 3.5. In addition to the assumptions of Theorem 3.1 assume that
v(y) < oo. Then the optimal solution h(y) to the optimization problem (3.5) ex-
ists and is unique. As a consequence v(y) is strictly convex on {v < oo}.

PROOF. Let (¢")n>1 be a sequence in D(y) such that

lim E[V(g")] = v(y).

By Lemma 3.3 there exists a sequence h" € conv(g",¢"t!,...), n > 1, and a
variable i such that A" — h almost surely. From the convexity of the function V we
deduce that

E[V(h")] < sup E[V(g™)),
so that
lim E[V(h"™)] = v(y).

n— 00

We deduce from Lemma 3.3 and Fatou’s Lemma that

E[V(h)] < lim E[V(hyn)] = v(y)

n— 00

and that h € D(y). The uniqueness of the optimal solution follows from the strict
convexity of the function V. As regards the strict convexity of v fix y1 < yo with
v(y1) < oo: note that w
the strict convexity of V

is an element of D( %) and therefore, using again

h h
U(yl + yz) < E[V( (y1) + (yz))] < v(y1) + U(yz)‘ 0
2 2 2
We now turn to the proof of assertion (i) of Theorem 3.1. Since the value function u
defined in (3.4) clearly is concave and u(xg) < oo, for some x¢ > 0, we have u(x) < oo,
for all > 0.

12



Lemma 3.6. Under the assumptions of Theorem 3.1 we have

(3.10) v(y) = suplu(z) — ay], for each y > 0.
z>0

PRrOOF. For n > 0 we define B,, to be the positive elements of the ball of radius n
of L*(Q, F, P), i.e.,
Bn={g: 0<g<n}
The sets B, are o(L> L')-compact. Noting that, by item (iii) of Proposition 3.1,
D(y) is a closed convex subset of L (2, F, P) we may use the Minimax Theorem (see,
for example, [33], Theorem 45.8) to get the following equality, for n fixed:

su mmf FE|U —ghl= inf sup E|U — ghl.
s ol [U(g) — ghl panl,) s [U(g) — ghl

From the dual relation (item (ii) of Proposition 3.1) between the sets C(x) and D(y)
we deduce that g € C(«) if and only if

sup Elgh] < zy.
heD(y)

It follows that

lim sup inf E[U(g)— gh]=sup sup E[U(g)— xy| = suplu(z) — xy].
n—=o0 ge B, h€D(y) >0 geC(z) >0

On the other hand,

. . n A g
o sup E[U(g) — gh] = hel%f(’y)E[V (h)] =0"(y),
where
V*(y) = sup [U(x) — ay].
0<z<n
Consequently, it is sufficient to show that
(3.11) nh_)rréov (y) = nh_)rrolo’lé%f(’y)E[V (h)] =v(y), y>0.

Evidently, v™ <wv, for n > 1. Let (h"),>1 be a sequence in D(y) such that
lim E[V™(h")] = lim v"(y).
n—>00

n—>00
Lemma 3.3 implies the existence of a sequence f™ € conv(h", k"t ...) which con-
verges almost surely to a variable h. We have h € D(y), because the set D(y) is
closed under convergence in probability. Since V" (y) = V(y) for y > I(1) > I(n), we
deduce from Lemma 3.4 that the sequence (V" (™))™, n > 1, is uniformly integrable.
Similarly as in the proof of the previous Lemma the convexity of V" and Fatou’s
Lemma now imply:

lim B[V"(h")] > liminf E[V"(£")] > E[V(k)] = v(y).

n—0co n—0co -

which proves (3.11). O

13



Lemma 3.7. Under the assumptions of Theorem 3.1 we have

(3.12) lim u'(z) = oo, lim v'(y) = 0.

r—0 Yy—>0o0

PROOF. By the duality relation (3.10) the derivatives v’ and v’ of the value func-
tions u and v satisfy

—v'(y) =inf{z: u'(2) <y}, y >0,
u'(z) =inf{y: —o'(y) < 2}, x> 0.

It follows that the assertions (3.12) are equivalent. We shall prove the second one.
The function —v is concave and increasing. Hence there is a finite positive limit

/ A o
—v'(00) = yli)nrolo v'(y).

Since the function —V is increasing and —V'(y) = I(y) tends to 0 as y tends to oo,
for any ¢ > 0 there exists a number C(¢) such that

—V(y) <C(e) +ey, VYy>O0.
By this, the L!(P)-boundedness of D (3.8) and de I'Hospital’s Rule

0 < —v'(c0) = lim —v(y) = lim sup E[_V(h)
y—oo Yy Y7 heD(y) Y

< lim  sup E[M] < lim E[C(g) +e]=e.
Y= heD(y) Y ymee Y

]

Consequently, —v'(c0) =0. O

Proor or THEOREM 3.1. It suffices to remark that we obtain from the assump-
tion u(xg) < oo, for some x¢ > 0, and the concavity of U that u(x) < oo, for all « > 0
and that v is concave. Formula (3.8) now follows from Lemma 3.6 and the general
bidual property of the Legendre-transform (see, e.g., [31], th. II1.12.2).

The continuous differentiability of u follows from the strict convexity of v on {v <
oo} again by general duality results ([31], th. V. 26.3). O

In the setting of Theorem 3.1 we still prove — for later use — the following result:

Lemma 3.8. Under the hypotheses of Theorem 3.1, let (y")n>1 be a sequence of
positive numbers, which converges to a number y > 0, and assume that v(y,) < oo

and v(y) < oo. Then ﬁ(y") converges to ﬁ(y) in probability and V(ﬁ(y")) converges

to V(h(y)) in L*(Q, F, P).
Proor. If ﬁ(y") does not converge to ﬁ(y) in probability, then there exists ¢ > 0
such that R R
limsup P(|h(y"™) — h(y)| > ) > e.

n— 00

14



Moreover, since by item (iii) of Proposition 3.1 we have Eﬁ(y") < y" and Eﬁ(y) <y,
we may assume (by possibly passing to a smaller ¢ > 0) that

(3.18) limsup P([R(y") + h(y)] < 1/e: [h(y™) — hiy)| > ¢) > ¢
n—>00
Define

Lhwm + i), nx1

e =
5

From the convexity of the function V we have

V(h") < Z(V(R(y™)) + V(R(y)))

N —

and from (3.18) and the strict convexity of V' we deduce the existence of > 0 such
that

i sup PV(R) < 5 (V (™) + V() =0} > 0.
Hence
V(] < 3 (BV(" )] + VG — o = 50" +oly) 7

The function v is convex and therefore continuous on the set {v < oo}. It follows that

lim sup B[V (h")] < v(y) — .

n— 00

By Lemma 3.3 we can construct a sequence ¢g" € conv(h™ k"1 ) n > 1, which
converges almost surely to a variable g. It follows from Lemma 3.4 and the convexity

of V that ¢ € D(y) and

E[V(g)] = Efliminf V(¢™)] < liminf E[V (¢™)] < liminf E[V(h")] < v(y) — n?,

n— 00 n— 00 n— 00

which contradicts the definition of v(y). Therefore ﬁ(y") converges to ﬁ(y) in proba-
bility as n tends to oc.

By Lemma 3.4 the sequence % ( (¥™)))n>1
V(h(y")) converges to V(h( )) in LY(Q,F, P f

is uniformly integrable. Consequently,

lim EV(h(y™)) = V(h(y)).

n— 00

which in turn follows from the continuity of the value function v on the set {v <
oo}, O

We now state the abstract version of Theorem 2.2.
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Theorem 3.2. In addition to the assumptions of Theorem 3.1 we also suppose
that the asymptotic elasticity of the utility function U is strictly less than one, i.e.

!
AE(U) = limsup V()

< 1.

Then in addition to the assertions of Theorem 3.1 we have:

(i) v(y) < oo, for all y > 0. The value functions v and v are continuously
differentiable on (0,00) and the functions v’ and —v’ are strictly decreasing
and satisty:

u'(00) = lim u'(z) =0, —0'(0) = 1lim —v'(y) = oo.

r—>o0 y—0

The asymptotic elasticity AE(u) of u is less than or equal to the asymptotic
elasticity of the utility function U:

AE(u)y < AE(U)4 <1,

where x4 denotes max{x,0}.
(ii) The optimal solution g(x) € C(x) to (3.4) exists and is unique. If h(y) € D(y)
is the optimal solution to (3.5), where y = u'(x), we have the dual relation

d(x) = I(h(y)).

Moreover,

o~

Elg(z)h(y)] = vy.

(iii) We have the following relations between u', v’ and fq\,/f; respectively:

' E[ﬁ<y>v;<ﬁ<y>>

!

Again, the proof of Theorem 3.3 will be broken into several steps. As regard
some useful results pertaining to the asymptotic elasticity we have assembled them
in Section 6 below and we shall freely use them in the sequel.

As observed in Section 6 we may assume without loss of generality that U(oo) =
V(0) > 0. We start with an analogue to Lemma 3.8 above.

Lemma 3.9. Under the hypotheses of Theorem 3.2 let (y,,)52, be a L sequence of
positive numbers tending to y > 0. Then V' (h( n))h(yn) tends to V! (h( )h(y) in
LY(Q,F,P).

PrOOF. By Lemma 3.8 the sequence ﬁ( tends to h( ) in probablhty, hence

n)
by the continuity of V' we conclude that V'(h(y )) (yn) tends to V' (h( ))h(y) in
probability.

16



In order to obtain the conclusion we have to show the uniform integrability of the
sequence V’(ﬁ(yn))/f;(yn) At this point we use the hypothesis that the asymptotic
elasticity of U is less then one, which by Lemma 6.3 (iv) implies the existence of
yo > 0 and a constant C' < oo such that

~V'(y) < C—=, for 0 <y < yo.

Hence the sequence of random variables (V’(ﬁ(yn))/f;(yn) {h(y ) <o })n | is dom-
|]I

inated in absolute value by the sequence (C’|V(ﬁ(yn)) )22, which is uni-

{h(yn)<yo}
formly integrable by Lemma 3.8.

As regards the remaining part (V’(ﬁ(yn))ﬁ(yn)l[

{h(y )>y0})12o:1) the uniform inte-

grability follows as in the proof of Lemma 3.4 from the fact that (h(y,))52, is bounded
in L'(Q,F,P)) and limy_,oc V'(y) =0. O

REMARK 3.1. For later use we remark that, given the setting of Lemma 3.9 and in
addition a sequence (fn)52 ;1 of real numbers tendmg to 1, we still may conclude that

V! (/,th( n))h(yn) tends to V' (h( ))ﬁ( ) in LY(Q, F, P). Indeed it suffices to remark
that it follows from Lemma 6.3 that, for fixed 0 < g < 1 we can find a constant
C < oo and yo > 0 such that

—V'(uy) <C—y, for 0 <y < yo.

Plugging this estimate into the above proof yields the conclusion.

Lemma 3.10. Under the assumptions of Theorem 3.2 the value function v is
finitely valued and continuously differentiable on (0,00), the derivative v’ is strictly
increasing and satisfies:

(3.19) —yv'(y) = Blh(y)I(h(y))].

PROOF. Observe that —yv'(y) = limy_, M, provided the limit exists. We
shall show

v(y) —v(\y)

(3.20) limeup == < Blh(y)I(h(y))] and
(3.21) tint = B (7))

This will prove the validity of (3.19) with v'(y) replaced by the right derivative
vl (y); using Lemma 3.9 we then can deduce the continuity of the function y — v/.(y)
which — by the convexity of v — implies the continuous differentiability of v, thus
finishing the proof of the Lemma.

To show (3.20) we estimate

17



lim sup M < lim sup ! E[V(i/ﬁ(/\y)) — V(ﬁ(/\y))]

AN -1 aANg A1 A
1 .
< timsup B2 1ROV (RO
LD S Tl

o~ o~

= E[h(\y)I(h(y))],

where in the last line we have used Remark 3.1.
To show (3.21) it suffices to apply the monotone convergence Theorem:

—v(A
lim inf M > liminf
AN1 A—1 AN A —1

! CE[(1 = V)V (\h(y))]

E[V(h(y)) — V(A(y))]

i
= lim inf <

o~

= Eh(y)I(h(y))].

Finally, v’ is strictly increasing, because v is strictly convex by Theorem 3.1. [

By (3.6) we have that u' is the inverse to —v’ and therefore, using Lemma 3.10, v’
also 1s continuous and strictly decreasing.
Lemma 3.11. Under the assumptions of Theorem 3.2 suppose that the numbers

and y are related by « = —v'(y). Then g(x) 2 I(ﬁ(y)) is the unique optimal solution
to (3.4).

o~

PROOF. Let us first show that g(x) 2 I(h(y)) belongs to C(x). According to
Proposition 3.1 it is sufficient to show that, for any h € D(y),

o~

(3.25) E[hI(h(y))] < 2y = —yo'(y) = E[RI(h(y))],

where the last equality follows from (3.19).
Let us fix h € D(y) and denote

hs = (1= 8)h(y) + 8k, &€ (0,1).
From the inequality

h(y)

0 < E[V(he)] - EV(h(y))] = B / I(2)d=] < E(I(hg)(h(y) — h)]
we deduce that
(3.26) E[I((1 = §)h(y))h(y)] > B[I(hs)h].



Remark 3.1 implies that for ¢ close to 0
E[I((1 = 8)h(y))h(y)] < .

The Monotone Convergence Theorem and the Fatou Lemma applied, respectively, to
the left- and right-hand sides of (3.26), as § — 0, now give us the desired inequality
(3.25). Hence, g(z) € C(x).

For any g € C(x) we have

Elgh(y)] < ay,

o~

Ulg) < V(h(y)) + ghly).
It follows that
E[U(g)] <vly) + 2y = E |V(h(y)) + h(y)I(h(y))| = E[UI(h(y)))] = E[U(g(x))],
proving the optimality of g(x). The uniqueness of the optimal solution follows from

the strict concavity of the function U. O

Lemma 3.12. Under the assumptions of Theorem 3.2 the asymptotic elasticity
of u is less than or equal to the asymptotic elasticity of U:

AE(u)y < AE(U)4 <1,

where x4 denotes max{x,0}.

PROOF. By passing from U(x) to U(x) 4+ C, if necessary, we may assume w.l.g.

that U(oo) > 0 (compare Lemma 6.1 below and the subsequent discussion). Fix

~v > limsup,_, xg(/g) ; we infer from Lemma 6.3 that there is 29 > 0, s.t.

(3.27) U(Az) < XU (z), for A > 1,2 > xo.
We have to show that there is z; > 0 s.t.
(3.28) u(Az) < Au(x), for A > 1,2 > ;.

First suppose that assertion (3.27) holds true for each + > 0 and A > 1, which
implies
u(Ar) = E[U(g(Az))]
g(A
< 0y

< Nu(z).
This gives the desired inequality (3.28) for all > 0.
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Now assume that (3.27) only holds true for @ > xg; replace U by the utility function

U which is defined by
5
- Lt for z < xg
Ulz) = !
ey 4+ Ulx) for @ > xq
where the constants ¢y, ¢y are such that we achieve smooth pasting at xg: choose ¢;
Y

such that 01:1;0_1 = U'(29) and ¢z such that clj%o =cy + U(x).

The utility function U now satisfies (3.27) for all © > 0; hence we know that

the corresponding value function @ satisfies (3.28), for all # > 0. Clearly there is a
constant ' > 0 such that

Ulz) = K <U(z) < Uz + 20) + K, x>0
hence we obtain for the corresponding value functions
u(z) — K <da(x) <ulx +x9) + K,
and in particular there is a constant C' > 0 and x5 > 0 such that
u(z) — C <a(z) <ulz)+C, for x > xo,

so that we may deduce from Lemma 6.4 that AE(u) = AE(u) < ~, which finishes the
proof. [

ProoF OF THEOREM 3.2. We have to check that the above Lemmata imply all
the assertions of Theorem 3.2.
As regards the assertions

' T ' . o R TN .
u(oo)—xh_{rolou(x)—() and U(O)—}:gr(l) v'(y) = oo,

they are equivalent as, by Theorem 3.1 (i) and Lemma 3.10, —v'(y) is the inverse
function of u/(x). Hence it suffices to prove the first one. We have established in
Lemma 3.12 that AE(u) < 1, which implies in particular that u/(c0) = 0.
To show the validity of the three assertions
U g()U' (g(x ﬁyV’ﬁy
EGeh) = oy, o) = BELEI ) - pt O,

we have established the third one in Lemma 3.10. The other two assertions are simply

o~
o~

reformulations, when we use the relations y = u'(z),2 = —v'(y),g(z) = =V'(h(y))
and h(y) = U'(§()).
The proof of Theorem 3.2 now is complete. [

We complete the Section with the following Proposition, which will be used in the
proof of item (iv) of Theorem 2.2. Let D be a convex subset of D such that

(1) For any g € C
(3.29) sup E[gh] = sup E[gh].
hED heD
(2) The set D is closed under countable convex combinations, i.e., for any se-

quence (h")p>1 of elements of D and any sequence of positive numbers
(a")p>1 such that Y 7 a" = 1 the random variable Y~ a"h™ belongs

to D.
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Proposition 3.2. Assume that the assumptions of Theorem 3.2 hold true and
that D satisfies the above assertions. The value function v(y) defined in (3.5) equals

(3.30) oly) = inf E[V(yh)].

PROOF. Let us fix ¢ > 0. For n > 0 we define

Viy) = max [U(r) —2y], y>0.

The function V" is convex and V" TV, n — oo. By Lemma 6.3 below for any random
variable h > 0,

(3.31) E[V(h)] < oo = E[V(A\R)] < o0, VA€ (0,1).
Hence, for any integer k we can find a number n(k) such that

e

(3.52) B (00 )12 B (5200 )1 - 5

where /f;(y) is the optimal solution to (3.5). Denote
WO =y Wk =yt yeh

The functions W*, k > 1, are convex and decreasing. Since Wk <V — V70 > 1,
we deduce from (3.32) that

h €
(3.33) Ew* (%)] <op k2L

From (3.29) and the convexity of D we deduce, by applying the bipolar Theorem
([3]), that D is the smallest convex, closed, solid subset of LY (§,F,P) containing
D. Tt follows that for any h in D one can find a sequence (fn)n>1 In D such that
f = limp e fr exists almost surely and f > h. In particular such a sequence exists
for h = ﬁ(y) and in this case we deduce from the maximality of ﬁ(y) that h = f =
lim,, 00 fr almost surely.

Since V¥(y) = V(y), for y > I(k), and V¥(y) is bounded from above, we deduce
from Lemma 3.4 that, for k fixed, the sequence V¥ (™), n > 1, is uniformly integrable
and therefore EVE(f) — EVk(ﬁ(y)) as n — oo. We can construct the sequence
(f™)n>1 such that

n h
EW’“(J;—,C)gEW’“(%)Jri n>kk> 0.
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We now define
f=> ot
k=1

We have f € D, because the set D is closed under countable convex combinations,
and

k W k S 1 k41 (2) - 1 k fk—H
EWH(f) < EW §j2k+1f gE:iEW 57
=1 =1
hiy)\ | ¢
k
(3.34) < EW ( o ) +om k20,

where in (1) and (2) we used the fact that the function W* is decreasing and convex.

Finally, we deduce from (3.33) and (3.34) that

= iEWk < ZEW'“ ( ) +2¢ < EV(h(y)) + 32 = v(y) + 3¢.

The proof now is complete. [

4. Proof of the Main Theorems

In order to make the link between Theorems 2.1 and 2.2 and their “abstract ver-
sions” 3.1 and 3.2, we still have to prove Proposition 3.1.

Let us first comment on the content of Proposition 3.1 and its relation to known
results. First note that assertion (iii) as well as the convexity and solidity of C and D
are rather obvious. The main content of Proposition 3.1 in the closedness of C and D
(w.r. to the topology of convergence in measure) and the bipolar relation (ii) between
C and D.

In order to deal with this bipolar relation in the proper generality recall that, for
a non-empty set C' C Lg_(ﬂ,}", P), we define its polar C° by

={h € Lg_(Q,J’:,P) : Elgh] <1, for all g € C'}.

Using this terminology assertion (ii) of Proposition 3.1 states that C = DY and
D =",

Let us recall known results pertaining to the content of Proposition 3.1: It was
shown by Delbaen and Schachermayer (see [7] for the case of a locally bounded semi-
martingale S and [10] for the general case) that assumption (2.2) implies that C is
closed w.r. to the topology of convergence in measure and that ¢ € C iff, for each

Q € M*(S), we have

dQ

(4.1) Eqlg] = Elg 5] < 1.

22



Denoting by D the subset D consisting of the functions & of the form h = %, for

some @ € M(S), and using the above terminology, assertion (4.1) may be phrased
as

(4.2) C=7"

On the other hand it follows from the definition of D that, for A € D and ¢g € C,
we have E[gh] < 1, in other words
(4.3) DC =D

It was shown in [3] that the following version of the bipolar Theorem holds true: for
a subset A of LY (Q, F, P) the bipolar A% of A is the smallest subset of LY (22, F, P)
containing A, which is convex, solid and closed w.r. to the topology of convergence in
measure.

Hence, in order to complete the proof of Proposition 3.1 it will suffice to prove the
following Lemma.

Lemma 4.1. The set D is closed with respect to the topology of convergence in
measure.

Let us verify that Lemma 4.1 indeed implies Proposition 3.1: the set D contains
D and clearly is convex and solid. By Lemma 4.1 it also is closed and therefore we
may apply the bipolar Theorem to conclude that

(4.4) D D D,
It follows that
(4.5) D =D =
and therefore, using (4.2) and the fact that C°° = C,
D=C" and C=D"=7°
which implies all the assertions of Proposition 3.1.

In order to prove Lemma 4.1 we recall the concept of Fatou convergence in the
setting of stochastic processes, (see [14]).

DEFINITION 4.1. Let (X"),>1 be a sequence of stochastic processes defined on
a filtered probability space (Q,F,(F¢)i>0,P) and 7 be a dense subset of Ry. The
sequence (X™),>1 i1s Fatou convergent on 7 to a process X, if (X"),>1 is uniformly
bounded from below and

. . n
X¢ = limsuplimsup X
slt,s€ET n—oo
= liminfliminf X
slt,s€ET n—o0

almost surely for all ¢ > 0. If 7 = Ry, then the sequence (X"),> is called simply
Fatou convergent.

The following Lemma on Fatou convergence was proved in [14].
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Lemma 4.2. Let (X"),>1 be a sequence of supermartingales, X§ = 0, n > 1,
which is uniformly bounded from below, and T be a dense countable subset of R.
There is a sequence Y" € conv(X", X"t /), n > 1, and a supermartingale Y,
Yo <0, such that (X™),>1 is Fatou convergent on 7 toY. [

PrOOF OF LEMMA 4.1. Let (¢"),>1 be a sequence in D, which converges almost
surely to a function ¢, and (Y"),>1 be a sequence in Y such that Y > ¢". We
have to show that ¢ is in D. Without restriction of generality we may suppose that
these processes are constant on [T, 4+00). By Lemma 4.1 there is a sequence Z" €
conv(Y™, Y"1 ) n > 1, which is Fatou convergent to a process Z on the set of
rational points. By the same Lemma, Z € V), i.e., (X(Z;)o<¢<T is a supermartingale,
for each X € X. The result now follows from the obvious inequality: Zp > ¢. O

We now have finished the proof of Proposition 3.1. If we combine this result with
Theorems 3.1 and 3.2 we obtain precisely Theorems 2.1 and 2.2, with the exception
of item (iv) of Theorem 2.2, which now follows from the fact that M is closed under
countable convex combinations and Proposition 3.2, observing that (3.29) is implied
by (4.2) and (4.5).

The proof of Theorems 2.1 and 2.2 now is complete.

Asregards Theorem 2.0 we still have to show the validity of the remaining assertions
of Theorem 2.0 which are not directly implied by Theorem 2.1 (note that in Theorem
2.0 we did not make any assumption on the asymptotic elasticity of U so that Theorem
2.2 does not apply).

We start by observing that in the complete case the definitions of v(y) given in
(2.8) and (2.9) indeed coincide.

Lemma 4.3. Assume that the family M = M*(S) of martingale measures con-
sists of one element ) only. Then for the function v(y) as defined in (2.9) we have

(2.10) v(y) = E [V (M%))} ,

where % is the Radon-Nikodym derivative of () with respect to P on (£, Fr).

PrROOF. We denote by Z = (Z;)o<i<7 the density process of ) with respect to
P. Let Y be an element of Y(1). We shall show that the set A = {Yr > Zr} has

measure zero, which will prove the Lemma. Denoting by

a = Q(A)v

we have to show a = 0, as the measures P and () are equivalent.
Suppose that a > 0. The process

1
Mt — ?E[ZTI[AL?}]
1

is a martingale under @) with the initial value My = a and the terminal value My =
I4. By our completeness assumption we may apply Jacod’s Theorem, (see [19], page
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338, Theorem (11.2)), so that M can be represented as a stochastic integral with
respect to S:

t
Mt =a+ / Hudsu
0
Hence M € X(a). However,
E[YTMT] = E[YTI[A] > E[ZTI[A] =a = YoMy,

which contradicts the supermartingale property of Y M. O

PrOOF OF THEOREM 2.0. We first prove that

Q. ., dQ

(46) Vi) = BV (5550

for each y > yo. Indeed, fix y > yo and h > 0; for almost each w € Q we have

V(e mige) v (s52w) = /+ Lo (5w )
hence
U@M)_U@):E{v (e039) v ()]
e
T

where we are allowed to use Fubini’s Theorem above as the integrand -5 LA < —g) 1s

=F

negative on X [y,y + h]. As the double integral is finite we obtain (4.6).

Using the definition of X (x) given in Theorem 2.0 (ii) and the relations y =
u'(x),x = —v'(y) for 0 < & < ¢ and y > yo we obtain the formula

(4.7) W'(z) = E XT(x)U;(XT(x))] : 0<z< a0
and
(4.8) Eq[Xr(z)] = E [I ( dg) %} = —'(y) =z

thus proving items (ii) and (iii) of Theorem 2.0.
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Formula (4.8) in conjunction with the martingale representation Theorem shows

in particular that )/(\'(:1;) € X(x). We still have to show that )?(:1;) is the optimal

solution of (2.3). To do so we follow the classical reasoning based on the fact that the

marginal utility U/()?T(l')) is proportional to 22: let X(x) be any element of X(x).

P
As Eg[Xr(z)] <« we obtain

E[U(X1(x))] = BU(Xr(z)) + (U(Xr(x)) — U(X7(x)))]
< B[U(Xr(2))] + BU'(Xr(2))(X7(2) — X1())]
= BE[U(X1(x))] + EQ[Z—SU’@T(x))(XT(x) — Xr())]
= BlU(Xr(2))] + yEolXr(2) — Xr(z)]
< BlU(Xr(2))],

where, by the strict concavity of U, in the second line we have strict inequality if
Xr(x) # )?T(l') This readily shows that X(:L') is the unique optimal solution of
(2.3).

To prove item (i) note that it follows from (4.6) that v is continuously differentiable
and strictly convex on (yo, 00), hence by general properties of the Legendre transform
[31] we have that u is continuously differentiable and strictly concave on (0,z¢). O

5. Counterexamples

We start with an example of a continuous security market and a well-behaved
utility function U for which the infimum in Theorem 2.2 (iv) is not attained.

EXAMPLE 5.1. The construction of the financial market is exactly the same as
in [9]. Let B and W be two independent Brownian motions defined on a filtered
probability space (2, F, P), where the filtration (Fy);>0 is supposed to be generated
by B and W. The process L defined as

1
Ly =exp (Bt — §t> , te Ry,

is known to be a martingale but not a uniformly integrable martingale, because Ly
tends to 0 almost surely as ¢ tends to oco. The stopping time 7 is defined as

r=inf{t>0: L,=1/2.}

Clearly 7 < oo a.s.. Similarly, we construct a martingale

1
Mt = €Xp (Wt — §t> .
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The stopping time o is defined as
o=inf{t >0: M, =2}.

The stopped process M7 = (Mao)i>0 is a uniformly integrable martingale. In the
case M does not hit the level 2 the stopping time o equals co. Therefore we have
that M, equals 2 or 0, each with probability 1/2.

We now define the security market model with the time horizon

T=7Ao

and the (stock) price process

1
Sy = exp {—Bt + §t} )

The utility function U is defined as
U(z)=Inuz,

in which case I(y) = =V'(y) =1/y and V(y) = —Ilny — 1.

Proposition 5.1. The following assertions hold true:

(1) The process LT MT = (LiaTMiaT)e>0 1s the density process of an equivalent
martingale measure and hence M # ().

(2) The process LT = (L¢aT)i>0 is not a uniformly integrable martingale and
hence is not the density process of an equivalent martingale measure.

(3) The process LT is the unique optimal solution of the optimization problem:

1)= inf E[V(Y7) =-— EllnYr+1
0 B BV == Bl e

PROOF. The items 1) and 2 were proved in [9]. Clearly L € Y(1). For any
Y € Y(1), the process Y/L = Y S is a supermartingale starting at Y55y = 1. Hence,
by Jensen’s inequality

EllnYr| = Elln zf—:;] + EllnLy] < ln(E[z/—:;]) + EllnL7] < E[ln L7].

To complete the proof it is sufficient to show that
v(l)=—E[lnLy] -1 < .
From the supermartingale property of the process
t B t
Ny =/ Lyexp (g) = exp <7t — g)
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and the inequality Ly > 1/2 we deduce that

£l (%) <v2

It follows that BT is a uniformly integrable martingale and

E [1I1LT] =F |:BT — %T:| = —%E[T] > —00.

The proof is finished. O

We give one more example displaying a similar phenomenon as example 5.1 above,
i.e., that the infimum in (2.12) is not attained.

Example 5.1 bis below will not be a continuous process which is a drawback in
comparison to example 5.1. On the other hand example 5.1 bis has some other
merits: it is a one period process defined on a countable probability space € and it
shows that the optimal solution ?(y) to (2.9) may fail to be a local martingale.

EXAMPLE 5.1 BIS. Let (p,)i2, be a sequence of strictly positive numbers,
Yoo o pn = 1, tending sufficiently fast to zero and (z,)52, a sequence of positive
reals, vo = 2, decreasing also to zero (but less fast than (p,)5.,). For example,
p=1—a,p,=a27" forn>1,and 29 = 2,2, = %,forn > 1, will do, if 0 < a < 1
is small enough to satisty (1 — «)/2+ « E;’ozl 27"(—=n+1) > 0.

Now define § = (So0,.51) by letting So = 1 and S; to take the values (x,)5%, with
probability p,. As filtration we choose the natural filtration generated by S. Clearly
the process S satisfies M¢(S) # (). In this case we can explicitly calculate the family
of processes X(1): it consists of all processes X with Xy = 1 and such that X; is

equals the random variable X* 214 A(S1 — Sp), for some —1 <\ < 1.
Using again U(z) = In(z) as utility function and writing f(\) = E[U(X?*)] we

obtain by an elementary calculation

L Ma, — 1)
so that f'(\) is strictly positive for —1 < XA < 1if a > 0 satisfies the above assumption
(1) = (- oz)% + ozzzozl 27"(—n + 1) > 0. Hence f()\) attains if\s maximum on
[—1,1] at A = 1, in other words, the optimal investment process X (1) equals the

process S.
We can also explicitly calculate u(x) by

u(x) = E[U(xS1)] an TTp

= an In(z) + In(z,)) = In(x) + an In(z,)
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In particular, «/(1) = 1 and by Theorem 2.2 we get 1/}(1) = U’()/f(l)) = (S1)~ L

Note that - -
_ Pn Po
E[ST'=) —==% n
[ 1 ] nz:%l'n 5 ‘|‘nz::1np

is strictly less than 1 by using again the condition (1—a)f +a > 07 27" (—n+1) > 0.
In particular, the optimal element 1/}(1) € j}(l) is not a martingale (not even a local

martingale) but only a supermartingale and Y3(1) is not the density of a martingale
measure for the process S. This finishes the presentation of example 5.1 bis. [

From this point on we will assume that the asymptotic elasticity of the utility
function U equals 1. By corollary 6.1 (iii) below this is equivalent to the following
property of the conjugate function V of U:

(5.1) Forany yo>0,0<pu<1,C >0, thereis 0 <y < yo s.t. V(uy) > CV{(y).

Lemma 5.1. Assume that the function V satisfies (5.1). Then there is a proba-
bility measure ) on Ry supported by a sequence (xy)r>0 decreasing to 0 such that

(1) Jy V(2)Q(dz) < co,
(2) X 2l(@)Qde) = — [ 2V (2)Q(d) < oo,
(3) J3T V(y2)Q(dz) = oo for any v < 1.

Proor. Without loss of generality we may assume that V > 0. Since the function
V satisfies (5.1), there is a decreasing sequence (yy, )n>1 of positive numbers converging
to 0 such that, for any 0 <~ < 1

— 1 V(yyn)
5.2 — = 4o0.
(52) 2 3 Ty,
Denote

1
Tn :yn/ (1 - 2_n> )
B K
pn 22nv(yn)7

where the normalizing constant K is chosen s.t. > _  p, = 1. We now are ready to
define the measure (), which is supported by the sequence (2, )n>1:

Q(l’n) = Pn-

Let us check the assertions of our Lemma. We have

oo oo o o i
/0 V(2)Q(dz) =Y puV(zn) <> paViyn) =K Y 22% — %7
n=1 n=1 n=1
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proving 1). As regards 2), we use the inequality:

o1(e) £ = (Vi) = V(o) £ == Vioa),

which is valid for any v < 1 and = > 0, to get
epl(xn) <2"V(yn),

and hence
o0 oo o0 o0 1
zl(2)Q(dx) = ntnl(r,) < 22"V(y,) = K — = K.
[ e = Y praten) < 3pa2 Vi) =KD o;

Finally, (5.2) implies 3): for any v < 1

[ Vi = Y p e = .

The proof is complete. [

Note 5.1. The assertions 1)-3) of the Lemma are sensitive only to the behavior of
() near zero. For example, we can always choose () in such a way that fooo rQ(dx) =1

or Q((0,1)) = 1.

We now construct an example of a complete continuous financial market such that
the assertions (7), (¢¢) and (i77) of Theorem 2.2 fail to hold true as soon as AE(U) = 1.
We start with an easy observation which shows the intimate relation between assertion

(i) and (ii) of Theorem 2.2:

Scholium 5.1. Under the hypotheses of Theorem 2.1 suppose that, for 0 < 1 <
xq, the optimal solutions X (x1) € X(x1) and X (x2) € X(a2) in (2.3) exist. Then

T
a2 —l—xz) - u(xl)—l-U(l‘z)‘
2 2
Hence, if u/(x) = 1 for @ > a, there is at most one ¥ > a for which an optimal

solution )?(l') € X(x) to (2.3) can exist.

Proor. For )?(:1;1) € X(x1) and )?(:1;2) € X(x3) the convex combination X =
(X (21) + X(22))/2 is an element of %(%) By the strict concavity of the utility
function U we have

r1+ a9 E[U(X(x1)] + E[U(X(22))] _ u(e) +ules)

W) > BIU(X)] > 5 S

The second assertion is an immediate consequence. [

After this preliminary result we give the construction of our example.
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EXAMPLE 5.2. Let U be a utility function satisfying (2.4) and such that AE(U) =
1. Let W be a standard Brownian motion with Wy = 0 defined on a filtered probability
space (Q, Fr, (Fi)o<i<T, P), where 0 < T < oo is fixed and the filtration (F;)o<i<T
is supposed to be generated by W. Let @) be a measure on (0,00) for which the
assertions 1)-3) of Lemma 5.1 hold true and such that (see Note 5.1)

(5.3) /OOO rQ(dx) = 1.
Let -
a :/0 eI(x)Q(dx).

and n be a random variable on (€2, Fr), whose distribution under P coincides with
the measure ). Clearly, (5.3) implies that En = 1. The process

Zy = En|F], t>0.
is a strictly positive martingale with initial value Zy = 1. From the integral repre-

sentation Theorem we deduce the existence of a predictable process = (1)¢>0 such
that

1
Zt =1 ‘I’/ /LLSZSdWS
0

t 1 [t
Z; = exp (/ psdWs — 5/ M§d3> .
0 0

The stock price process S is now defined as

or, equivalently,

t
(5.4) S;=1+ / Sy (—pudu + dWy,) .
0

The standard arguments based on the integral representation Theorem and the Gir-
sanov Theorem imply that the family of martingale measures consists of exactly one
element (i.e. the market is complete) and that the density process of the unique
martingale measure is equal to Z.

Proposition 5.2. Let U be a utility function satisfying (2.4) and such that
AE(U) = 1. Then for the security market model defined in (5.4) the following asser-
tions hold true:

(1) For < a, the optimization problem (2.3) has a unique optimal solution
)?(:1;), while, for x > a, no optimal solution to (2.3) exist.

(2) wu is continuously differentiable; it is strictly concave on |0, a], while u'(x) = 1,
for x > a.

(3) v is continuously differentiable and strictly convex on [1,o00[ and the right
derivative v!. at y = 1 equals v.(1) = —a, while v(y) = oo, for y < 1.
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PROOF. The equivalence of (2) and (3) follows from the fact that v and v are
conjugate and from the following well-known relations from the theory of convex
functions:

u(z) = inf (v(y) + zy), x>0,
y¥>0

u'(s) =mf{t >0: —v'(t)<s}, s>0,

—v'(t) =inf{s >0: u'(s)<t}, t>0.

In order to prove (3), note that

55 =BGz = [ Vi, y>o
(5.6) —v'(y) = E[ZrI(yZr)] = /OOO eI(yx)Q(dx) <a if w(y) < oo,

with equality holding in (5.6) for y = 1 (in which case v'(y) has to be interpreted as
the right derivative). Indeed, equality (5.5) is the assertion of Lemma 4.3 and (5.6)
follows from Theorem 2.0 and Lemma 5.1. The fact that v'(y) is continuous on [1, 00|
now follows from (5.6) by applying the monotone convergence Theorem.

To show (1) note that, for # < a, the random variable )?(:1;) = Iy
y = u'(x) > 1 is the unique solution to the optimization problem (2.3).

Finally it follows from Scholium 5.1, from (2) and the fact that )/f(a) does exist,
that, for * > a there cannot exist an optimal solution to 2.3. O

%) with

Note 5.2 (a) The message of the above example is rather puzzling from an eco-
nomic point of view (at least to the authors): consider an economic agent with utility
function U satisfying (2.4) and AE(U) = 1, who is endowed with an initial capital
x which is large enough such that U'(x) < e, for a given small number ¢ > 0; in
other words: by passing from the endowment « to @ + 1 the utility U(x) of the agent
increases to U(x + 1) by less than e.

The situation changes drastically if the agent is allowed to invest in the complete
market S = (S¢)o<¢<7 and to maximize the expected utility of the resulting terminal
wealth X7(2). In the above example, for # > «a, the passage from x to « + 1 increases
the maximal expected utility from w(x) to u(ax + 1) by 1 (as u'(z) = 1, for z > a).
How can this happen for such a “rich” agent who is faced with small marginal utility
U'(z), if z is in the order of «?

We shall try to give an intuitive explanation of the phenomenon occuring in the
above example 5.2: what the agent does to choose an approximating sequence X, (x) €
X(x) for the optimization problem (2.3) is the following: he or she uses the portion
a of the initial endowment = > « to finance the wealth )?T(a) at time 71" which is the
optimal investment for an agent endowed with initial capital a. With the remaining
endowment ¢ — a he or she gambles in a very risky way: he or she bets it all on
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the event B, = {Zr = x,}, for some large n. Noting that the random variable

o~

X(a) takes the value ¢, 2 I(x,) on B,, an easy calculation shows that the agent
can increase the value of the investment at time ¢ = T, contingent on B,,, from &,
to (@ — a)(zppn)”" + &n, by betting the amount (x — a) at time ¢ = 0 on the event
{Z1r = 2, }. What is the increase f,(x — a) of expected utility? Clearly we have

fn(l' - a) = pn[U((l‘ - a)(xnpn)_l + gn) - U(gn)]

so that f, is a strictly concave function of the variable + — a € R; another easy
calculation reveals that f),(0) = 1 so that, “for small + — ¢” the gain in expected
utility is approximately equal to (and slightly less then) « — a.

So far we have only followed the line of the usual infinitesimal Arrow-Debreu type
arguments for the optimal investment X(a). The new ingredient is that, in the con-
struction of example 5.2, we have used the assumption AE(U) = 1 in order to choose
the numbers x,, and p,, carefully, so that the functions (f,)i2, = (fn(:zj — a))iozl tend
to the identity function uniformly on compact subsets of R;. Hence in the above
example 5.2 the above argument does not only hold for “small © — a” (in the sense of
a first order approximation); we now have that, for any fized (x —a) > 0, the increase
in expected utility f,(x —a) tends to @ — a, as n tends to infinity.

This explanation of the phenomenon underlying example 5.2 also indicates why,
for * > a, there is no optimal solution X(:L‘) € X(x), as in the above reasoning we
obviously cannot “pass to the limit n — oc0”.

(b) We also note that example 5.2 is in fact a very natural example: it may also
be viewed — similarly as examples 5.1 and 5.3 below — as an exponential Brownian
motion with constant drift stopped at a stopping time T, which is finitely valued (but
not bounded).

Indeed, fix  as in Lemma 5.1 such that barycenter (Q) = fooo rQ(dr) = 1 and
such that for the decreasing sequence (zj)r>0 supporting ) we have zo > 1 and
1 < 1, which clearly is possible. Now let

Ry = exp(W; +1/2), t > 0.
By Girsanov’s formula
Zy = exp(—W; — t/2), t >0,
is the unique density process with Zg = 1 such that R;Z; is a martingale.

We want to find a stopping time T such that the law of Z7 equals ). Once we
have done so we may replace the definition of the stock price process S in (5.4) by

(5.4 bis) St = Ripr = exp(Wiar + (t AT)/2), t>0

and deduce the conclusions of Proposition 5.2 for this stock price process in exactly
the same way as above.
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The existence of a stopping time T such that the law of Z7 equals @) is a variant
of the wellknown “Skorohod stopping problem”. For the convenience of the reader we
sketch a possible construction of T

T=inf{t:Z;=a90r (Zy =x; and t;_1 <t <)}

where the increasing sequence of deterministic times (¢;)72, is defined inductively by

to = 0 and
t; = inf {t : ]P’[Zt/\Ti = :1:1] = Q(l‘l)} )

The stopping times T; are also inductively defined (after determining to,...,%;—1) by

Ti:inf{t:Zt::Jco or (Zt::zjj and t;,_ <t <ty and1§j<i>
or (Zt =z; and t,_1 < t)}

Intuitively speaking we start to define the stopping time T' at time tg = 0 as the
first moment when Z; either hits zg > 1 or z; < 1 and continue to do so until the
(deterministic) time ¢;, when P[Z7a; = 21] has reached the value Q(x1). Then we
lower the stakes and define T to be the first moment when Z; hits zg or xz9 etc. It

follows from the martingale property of Z; and fooo Q(dx) = 1 that T is finite almost
surely and that the law of Z1 equals Q.

We close the Section with an example of an (incomplete) continuous financial model
such that assertion (iv) of Theorem 2.2 fails to hold true.

EXAMPLE 5.3. Let @) be a probability measure on R supported by a decreasing
sequence (zy)r>0: 1> x¢ > 1 > ... converging to 0, such that

/OOO V(z)Q(dr) < oo,
/OOO V(va)Q(dx) = 00, Vv < 1.

The existence of such a measure follows from Lemma 5.1 and Note 5.1. OQur construc-
tion will use a Brownian motion B and a sequence (&, )n>1 of independent (mutually
as well as of B) random variables such that
{ 2" with probability ﬁ
n p—

1/2 with probability 1 — 5

Note that Fe,, = 1.
The martingale L is defined as

1
Lt = €Xp <Bt — §t> .
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Similarly as in Note 5.2(b) above we define the increasing sequence 0 =t < t; <

<o <tp < ... in Ry in such a way that the deterministic function
>0
P(t) = Zl’kﬂ{tk <t<tpps}
k=0

has the property: the probability that the stopping time
r=inf{t>0: L;=¢(t)}

belongs to the interval [tg,tx+1) is equal to Q(x ). In other words, the distribution of
the random variable L, under P is equal to Q. Since Y~ Q(zx) = 1, the stopping
time 7 is finite a.s..

Using the sequence (e5,),>1 we construct the martingale

(]
M, = H Eiy
i=1

where [t] denotes the largest integer less then ¢. The stopping time o is defined as
o=inf{t >0: M, =2}.

The stopped process M7 = (Mao)i>0 is a uniformly integrable martingale. In the
case M does not hit the level 2 the stopping time o equals co. Therefore we have
that M, equals 2 or 0, each with probability 1/2.

The final ingredient of our construction is the stopping time ¢ defined as

p=inf{t >0: Ly— L, >1}.
Note that L is a uniformly integrable martingale on [7 A o, 7 A ¢], i.e.,
ElLnp|Frno]l = Lrno-
We now determine the security market model with the time horizon
(5.7) T=1Av

and the price process
1
(58) St:exp{—Bt—l—§t}, OStST:TA¢7

defined on a filtered probability space (Q2,F, P), where the filtration is supposed to
be generated by LT and M (note that M is stopped at time o, which is less then or
equal to T).

35



Proposition 5.3. Assume that the utility function U satisfies (2.4) and AE(U) =
1. Then for the financial model defined in (5.7) and (5.8) the following assertions hold

true:
(1) The family of equivalent local martingale measures for the process S is not

empty.
(2) The process LT = L™V is an element of Y(1) and

E[V(LT)] < 0.

However LT is not a uniformly integrable martingale and hence is not the
density process of an equivalent martingale measure.

(3) If'Y is an element of Y(1) and Y # L then EV(Yr) = co. In particular,
dq)
el ()] =~
for any martingale measure ().

PRrROOF.

(1) Let us show that the process LT M? is a uniformly integrable martingale and
hence is the density process of a martingale measure. Indeed,

)

E[LTMO'] == E[LT/\O'MO'] = 2E[LT/\0'I[{O'<OO}]
= lim 2E[LenopnT{o<ny] = lim 2E[LaT{5<)]
= lim 2E[L,]P[lc <n] = lim 2P[c <n]=1,
n— oo n—00

where in (1) we used the fact that L is a uniformly integrable martingale on
[T Ao, T).

(2) Since L is a martingale and SL = 1, we have that LT is an element of Y(1).
From the equality

1
E[LTI[{U<OO}] - 57

proved above, we deduce that

E[L7] = E[L:Tjs—o0y] + E[L1T{5 <00y ]

= S(BIL41) < glro+1) < L

Hence LT is not a uniformly integrable martingale. Finally,
EIV(Lr)] < BV(Lo)) = [ Vie)QUds) < o,
0

where the first inequality holds true, because Ly > L, and V is a decreasing
function.

(3) To avoid technicalities we assume hereafter that V' > 0. We start with two
Lemmas.
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Lemma 5.2. Let x be a stopping time. Then, for a set A € F,, P(A) > 0,
AC{x <7}, and v <1 we have

E[V(vL:)14] = oo.

PrROOF. The Lemma can be equivalently reformulated as follows: for any stopping
time y and v < 1

(5.9) E[V(~yL;)|Fy] = co on the set {x < 7}.

Let us denote by k(x) = k(x)(w) the first index k such that ¢t > v, where t; is the
number from our partition. Since

E[V(L)|IF] 2 Y Ve Pllte < 7 < te)|F,
k> k(X)

(5.9) is satisfied if there exists a F,-measurable non-negative function ¢ such that

{x <7} C{¢ >0} and
(5.10) Pllt <7 < tip)IF (@) > €QLax), V> K(x).
Let 0(y) denote the first passage time of the process L to the number y < 1:
2
Oy)=inf(t >0: Ly =y)=inf(t >0: By — 5 =Iny).

The density of 6(y) equals, see, for example, [23], Section 3.5.C:

A P(8(y) € (t,t + dt)) In? y

fltiy) = o =\ 33 P {—

(Iny — t/2)2}
2t '

It follows that the random function ¢ defined as

flt=x —xﬂf))ﬂ
it 2r(y)) fe<rd

§ = essinfy>p(y)
is strictly positive on the set {y < 7}.

Further, denoting by

A Plre(t,t+dt)|Ls=a,7>s
glt]e,s) 2 PO ELIED)N )

the density of 7 conditioned to the event {Ly = z,7 > s}, and using the strong
Markov property for the process L we deduce on the set {y < 7} and for k& > k(x):
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tr41
Qo) =Pt <7 <t = [ gl

tr

tr41 t
:/ (/ g(t|xk(x),3)f(3;:L'k(x))ds) dt
Tk T (x)

tr41 t 1 T
Tr tk(x) X

1 [+ 1
-2 / Lyt = 2Pl(ts < 7 <t )
tr

proving (5.10). O
Lemma 5.3. Any process Y in Y(1) has the form:

(5.11) Y =NLTA,
where A is a decreasing, non-negative, predictable process, Ag = 1, and

(1]
Ny = H(l + aillionr>iy (e — 1)),

=1

is a purely discontinues local martingale, where «; is an F;_-measurable random
function such that —1/(2' — 1) < o; < 2.

ProOOF. The multiplicative decomposition of the positive supermartingale ¥ and
the integral representation Theorem imply that

Y = NKA,
where A and N are as in the Lemma and K has the integral representation:

t
K, =1 —|—/ K,_(,dB,,
0

for a predictable process ¢ such that the stochastic integral above is well-defined.

Further, from (2.1) and (5.8) we deduce that any X € X(1) has the form

where ¢ is a predictable process. By Ito’s formula

! dA,
XY = "local martingale” + / X, .Y, _ {qbu(l — Cyu)du + 1 Tia,_ >0y -
0 u—

38



It follows that XY is a supermartingale for any X (hence for any integrable ¢) if and
only if ( = 1 on the set {Y_ > 0}, i.e., K = L on this set, which clearly implies the
assertion of Lemma 5.3. [

Let us now continue proof of Proposition 5.3. By Lemma 5.3 any Y in the set J(1)
can be represented in the form given in (5.11). If Y # LT, i.e. NpAp # 1, then the
supermartingale property of N A implies that P[NpAp < 1] > 0. Consequently, there
exists a number v < 1 such that the stopping time

x =inf{t >0: N;A; <~}

is strictly less then 7" with probability greater then zero.

Let us denote by ig the first index 7 such that Pla; < 0,y <1 <T] > 0. If ig = oo,
i.e. the set {a; < 0,x <1 < T} is empty for any ¢ > 1, then

1)
EV(Yr) 2EV (Y ) Ty cryTjomocy > EV(7L )Ty Tomoo}
) 1
=EV(vL:)Ijy<ryP[{o = 0o}|F\] = EV(vL7) T <ry[L — 2[X]+1]

1
> SEV(3Lo) Ty cry.

where in (1) we used the inequality N < N,, which holds true on the set {y <
7,0 = oo} by our assumption that o; > 0 for x < ¢ < T, and in (2) the conditional
independence of L, and o on F,. The result now follows from Lemma 5.2.

On the other hand, if 19 < oo, then we similarly deduce that

EV(Yr) ZEV (Y ) Ly <ig<rai; <0} Lo=io} Tp=oo}
ZEV(’VLT)]I{x<io<T,aiO<0}]I{Uzio}]l{dﬂzoo}
:EV(7LT)]I{X<io<T,aiO<O}H{Uzio}P[{¢ = oo}|f,-]

L,
:EV(’VLT)I[{X<io<T7aiO<0}I[{Uzio} [1 - 1‘|’La':|

> EV(’VLT)]I{X<io<T,aiO<0}I[{cr:io}

1 —|— o
1 .
=T BV L) Lciocran <o PO = i0} 1 Fio-
1

:(2i0—|—1 _ 1)(1 + xo)EV(7LT)]I{X<iO<r,aiO<O}

and the proof again follows from Lemma 5.2. O
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6. The Asymptotic Elasticity of a Utility Function

In this Section we assemble some facts on the notion of asymptotic elasticity. We
let U(x) denote a strictly concave, increasing, real-valued function defined on ]0, oo|
satisfying (2.4). Recall that

2U'(x)
g =
(z) e
denotes the elasticity function of U and
, , 2U'(x)
AEU) =1 T(z) =1
(U) = limsup ¥(z) = lim sup (o)

denotes the asymptotic elasticity of U.

Lemma 6.1. For a strictly concave, increasing, real-valued function U the asymp-
totic elasticity AE(U) is welldefined and, depending on U(oo) = lim, oo U(x), takes
its values in the following sets:

(i) For U(oo) = o0 we have AE(U) € [0,1],
(ii) For 0 < U(o0) < o0 we have AE(U) = 0,
(iii) For — oo < U(oo) < 0 we have AE(U) € [—o0,0].

PROOF. (i) Using the monotonicity and positivity of U’ we may estimate, for
x> 1,

0<aU'(x) =(x — 1)U () + U'(2)

<[U(z) =UM)] +U'(1)

hence, in the case U(oo) = oo,

0 < limsup U(/:Ej) < limsup Ufx) - (é((i))+ U'(1)

(ii) In the case 0 < U(oo) < oo we have to show that limsup,_, . «U'(x) = 0.
So suppose to the contrary that limsup, , 2U'(z) = a > 0 and choose first xq
such that U(oo) — U(zo) < § and then z1 > x¢ such that (z; — 20)U'(z1) > §
(note that U(oo) < oo implies in particular lim, o, U'(2) = 0). We thus arrive at a

contradiction, as
o o
5 > U(l’l) — U(l‘o) Z (1}1 — l’o)U’(l’l) > 5

(iii) By the strict concavity of U we infer from U(oco) < 0 that U(x) < 0, for
x € Ry, so that ¥(z) <0, forall x € Ry. O
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What is the economic interpretation of the notion of the elasticity function ¥(x)
and the asymptotic utility AE(U) for a utility function U? First note that by passing
from U to an affine transformation (j(:z;) = ¢1 + c2U(x), with ¢4 € R ey > 0 the
utility maximization problem treated in this paper obviously remains unchanged. On
the other hand, the elasticities of the utility functions ¥(z) and ¥(z) are different
if ¢ # 0. So far the bad news, as a notion which is not invariant under affine
transformations of utility functions does not seem to make sense; but the good news
is that the notion of asymptotic elasticity does not change if we pass from U to an
affine transformation, provided U(oo) > 0 and (j(oo) > 0.

Lemma 6.2. Let U(x) be a utility function satisfying (2.4) and (j(:z;) = c1+cU(x)
an affine transformation, where ¢; € R ¢z > 0. If U(oo) > 0 and U(oo) > 0 then

AE(U) = AE(U) € [0,1].

We leave the easy verification of this Lemma to the reader.

From now on we shall always assume that U(oo) > 0 which — from an economic
point of view — does not restrict the generality. Under this proviso we may interpret
the asymptotic utility AE(U) in economic terms as the ratio of the marginal utility
U'(x) to the average utility U(x)/x, for large > 0 (in the sense of the limes superior).

EXAMPLES 6.1.

(i) For U(x) = In(x) he have AE(U) = 0.
(ii) For a < 1,a # 0 and U(x :%We have AE(U) = o.
(iii) For a utility function U(x) such that U(x) = %, for © > xg, we have

AB(U) = 1.

We now give the equivalent characterizations of AE(U) in terms of conditions
involving the functions U,V or the derivatives U’, V' = —I respectively.

Lemma 6.3. Let U(x) be a utility function satisfying (2.4) and U(occ) > 0.

In each of the subsequent assertions, the infimum of v > 0 for which these assertions
hold true equals the asymptotic elasticity AE(U).
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(i) There is g > 0 s.t.
UAx) < NU(x), for A > 1, x > xo,

(ii) There is g > 0 s.t.

Ule) <~ , for x > xg,

(iii) There is yo > 0 s.t.

Vipy) < ==V (y), for 0 < < 1,0 <y < yo,

(iv) There is yo > 0 s.t.
—V'(y) < (——)—=, for 0 < y < yo.

PRrOOF. It follows from the definition of the asymptotic elasticity that AE(U)
equals the infimum over all v such that (ii) holds true. We shall show that for each
of the above four conditions the inf of the ~’s for which they hold true is the same.

(1) < (i) To show that (:7) = (¢), fix > 0,7 > 0 and compare the two functions

FA\)=U(Ax) and G(A\) = \"U(x), A>1.
F and G are differentiable, F'(1) = G(1), and if (ii) holds true then, for x > xo,
F/(1) = ol(2) < AU (2) = G'(1),

hence we have F(\) < G(\) for A €]1, 1+¢[, for some ¢ > 0. To show that FI(\) < G()\)
for all A > 1 let A = inf{\ > 1: F(\) = G(\)} and suppose that A < co. Note that

o~ o~

we must have F'(\) > G'()\), which leads to a contradiction as it follows from (ii)
that

"N =2U'(Ax) < 2URz) = LF(N) = 2G(2) = G'(N).
F'(3) = U (k) < 2U () = 2F () = 260 = ¢'(3)

The reverse implication (¢) = (i¢) follows from

(1) & (iv) Let yo = U'(x0). Assuming (ii) we may estimate, for y < yo 2 U'(xo),

V(y) =sup[U(x) — zy]

x

=U(=V'(y)) +yV'(y)



which is precisely (iv). Conversely, assuming (iv) we get, for x > g 2 —V'(yo),

Ule) =itV (y) + zy]
=V(U'(x)) +2U"(x)

1_7 I I I I _lx /x
>—v (@) (=V(U'(2))) + 2U (@—7 U'(z)

which is precisely (ii).
(117) < (iv) Just as in the proof of (i) < (i7) we compare, for 0 < y < yo fixed, the
functions

F(p)=V(py) wd Gp)=p"=V(y), 0<p<l,

to obtain that (iv) is equivalent to F(u) < G(u), for 0 <y <yo and 0 < po < 1. This
easily implies the equivalence of (iii) and (iv). O

Another way of describing the asymptotic elasticity is to pass to a logarithmic
scaling of Ry, i.e., to pass from U to

U(z) = In(U(e?)), 2> 2 = In(U1(0)).

One easily verifies that AE(U) = limsup,_, (7’(2) and a similar characterization
may be given in terms of

V(z) =1n(V(e)), zeR.

We also indicate the connection of the condition AE(U) < 1 with the wellknown

As-condition in the theory of Orlicz spaces [26]: Obviously we have — V'(y) <
(ﬁ)%, for 0 < y < yo, iff we have for the function V(z) = V(%) the inequal-
ity

. V(z _

V’(z)gﬁ i), forzZzoéyol,

i.e., iff the function V(z) satisfies the Ay condition. (Note, however, that V(z) is, in
general, not a convex function of z € R4 ).

Finally, we note an easy and useful characterization of the condition AE(U) < 1
which immediately follows from Lemma 6.3.

Corollary 6.1. Let U(z) be a utility function satisfying (2.4) and U(oo) > 0. The
following assertions are equivalent:

(i) The asymptotic elasticity of U is less than 1,
(ii) Thereis g > 0,A > 1 and ¢ < 1 s.t.

U(Az) < eAU(x), for x > xg.
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(ii’) There is xg > 0 s.t., for every A\ > 1 there is ¢ < 1,
U(Az) < eAU(x), for x > xg.
(iii) Thereis yo > 0, <1 and C < oo s.t.
Vipy) < CV(y), for y < yo.
(iii’) There is yo > 0 s.t., for every 0 < u < 1, there is C < oo s.t.

Vipy) < CV(y), fory <yo. O

We now prove a technical result which was used in Section 3 above:

Lemma 6.4. Let u,w be two concave functions, defined on R, verifying u(oo) >
0,w(c0) > 0 and such that there exist xg > 0 and C > 0 for which we have

u(z) — C <w(z) <u(x)+C, T > xg.
Then . .
AE(u) = hiriiip xZ(:E;J);) — hiriiip %ﬁj) = AE(w)

PROOF. We may assume w.l.g. that u(oo) = w(o0) = oo (otherwise AE(u) =
AE(w) =0) as well as u’(0c0) = w'(o0) = 0 (otherwise AE(u) = AE(w) = 1).

Suppose that AE(u) = v and AE(w) > v + « for some 0 <~ < 1 and o > 0 and
let us work towards a contradiction.

By Lemma 6.3 we may find arbitrarily large = € R4 such that

w(z
(6.1) w'(x) > (v + «) i )
Let h = h(x) = m and observe that lim,_, o h(f) = 0 so that in particular

x — h > 0, for sufficiently large x. Fixing such an x > 0 satisfying also (6.1) we may
estimate

hu’(:z; —h)+2C > u(x) —u(x —h) 4+ 2C
> w(x) —w(x —h)

> hw'(x)
> iy + ) A >y 4 ) 1=
so that
(x)—C 2C



Using
=S+ a)
o4 e
and the estimates
u(:z;)—C>(1—g)u(:1;), r—h> xa
4 1—9
which hold true for sufficiently large = > 0, we obtain
o=k 2 (o)1 = DM 8y o) D
u'(x > (v + « 7 77T —
u(x —h) a a u(x—h)
1——)> —

so that Lemma 6.3 gives a contradiction to the assumption AE(u) <~. O

We end this Section by comparing the condition AE(U) < 1 with two other growth
conditions (assertions (i) and (iii) respectively in the subsequent Lemma) which have

been studied in ([21], condition (4.8) and (5.4)).
Lemma 6.5. Let U(x) be a utility function satistying (2.4) and U(oc) > 0. Con-

sider the subsequent assertions:
(i) Thereisxzg > 0,a <1 and > 1 s.t.
for x > xg.

U'(Br) < al'(z),

(i) AE(U) < 1.
(iii) There is xg > 0,k; > 0,k2 > 0 and v < 1 s.t.
U(l’) S kl + kzl"y, for > Zg.
Then the implications (1) = (i) = (i1¢) hold true, while the reverse implications

(1) = (1) and (i17) = (i1) do not hold true, in general.
PROOF. (i) = (ii) Assume (i) and let a = o and b = 1 > 1 and estimate, for

bx

Tr > axg:
U(bx) =U(Bzo) —I-/ U'(t)dt
Bxo

z/a
=U(fzo) + 0 / U'(pt)dt

z/a
<U(fxo) —|—ozﬁ/ U'(t)dt

=U(Bxo) + aU(%) — aU(zo)
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It follows that criterion (ii) of corollary 6.1 is satisfied, hence AE(U) < 1.

(17) = (1i7) is immediate from assertion (i) of Lemma 6.3.

(ii) # (i): For n € N, let z, = 22" and define the function U(z) by letting
Ulxn)=1- % and to be linear on the intervals [x,_1,x,]; (for 0 < @ < 21 continue
U(z) in an arbitrary way, so that U satisfies (2.4)).

Clearly U(x) fails (i) as for any # > 1 there are arbitrary large * € R with
U'(Bx) = U'(x). On the other hand, we have U(co) = 1 so that AE(U) = 0 by
Lemma 6.1.

The attentive reader might object that U(x) is neither strictly concave nor differ-
entiable. But it is obvious that one can slightly change the function to “smooth out”
the kinks and to “strictly concavify” the straight lines so that the above conclusion
still holds true.

(141) # (ii): Let again 2, = 22" and consider the utility function U(z) = z'/2.
Define U(x) by letting U(x,) = (7(:1;”), for n = 0,1,2... and to be linear on the
intervals [24,, p41]; (for 0 < @ < 27 again continue U(z) in an arbitrary way, so that
U satisfies (2.4)).

Clearly U(x) satisfies condition (iii) as U is dominated by (j(:z;) = ¢'/?,

To show that AE(U) = 1 let # €]a,—1,x,[ and calculate the marginal utility U’
at x:

2n—1 2n—2

U/(x) _ U(l'n) — U(xn_l) _ 2 -9 _ 22n—1(1 _ 2_2n_2) ,

Tp — Tpei 2zm _ 92"t 22" (1 — 272"

_2n—1

(1+0(1)).

On the other hand we calculate the average utility at @ = x,:

U(l‘n) o 22n_1 _2n—1

Tn 22"

Hence

) 2U'(x)
=T

As regards the lack of smoothness and strict concavity of U a similar remark applies
as in (11) # (1) above. O
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