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TheLimitationsof No-ArbitrageArgumentdor Real
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F. HubalekandW. Schachermayer
October25,1999

Abstract

We consideran option ¢ which is contingenton anunderlyingS thatis not a tradedasset. This
situationtypically arisesin the contet of real options. We investigatethe situationwhenthereis a
“surrogate“tradedassetS whoseprice processs highly correlatedwith thatof S. An illustration
would bethe casesvhereS and S modeltwo differentbrandsof crudeoil. The mainresultof the
papershaws thatin this caseonecannotdrav ary non-trivial conclusionson the price of the option
by only usingno arbitragearguments.

In a secondstepwe try to isolatehedgingstratgieson the tradedassetS which minimize the
varianceof the hedgingerror We shaw in particular thatthe naive stratgyy of simply replacingS
by S failsto be optimalandwe areableto quantifyhow farit is from beingoptimal.

1 Introduction

Thesuccessf thecelebratedlack-Scholesormulain thecontext of pricingandhedgingderivative
securitiesn financialmarletsis largely dueto animportantfeatureof thismodel:the pricesobtained
in the Black-Scholesnodeldo notdependn preferencebut only on a no-arbitrageargument.This
pleasanfact corresponds$o a basicfeatureof this model: ary derivative security(e.g.,a European
call optionjust aswell asa morecomplicatedpath-dependerdption) canbe perfectlyreplicatedby
anappropriatdradingstratgy ontheunderlyingasset.

Themethodologyof the treatmenbf optionsin financialmarketswasextendedo the context of
realoptions[2]; thevalueof arealoptionis typically notderivedfrom atradedassetisin theclassical
casebutratherfrom arandonwvariablewhichis nottradedn aliquid market. Nonethelesenetriesto
applysimilaragumentsasin the caseof derivativescontingenbntradedassetssometimeseferring
to thepossibilityof hedgingwith surrogateassetsby thiswe mearatradedassetvhosepriceprocess
is closelyrelated(but not identical)to the price processof the underlyingof the real option, which
typically is notatradedasset.Theusualagumentin favor of theuseof “surrogateradingstrategies”
is thata sufficiently good”surrogateasset”shoulddo just aswell, or maybealmostjust aswell, as
theunderlyingassettself (if it wereatradedasset).

In this notewe critically analyzethis commonbelief. In Section2 belav we formalizethesetting
of arealoptionon anunderlyingS, whichis not atradedassetbut suchthatthereis a tradedassets
S whichis closeto S. We do this by modeling$ and.S asgeometricBrownian motionswith drift,
correlatedoy a correlationcoeficient p whichis closeto one(but notequalto one!). For anintuitive
illustration one might think of the following situation: An option is written on the price of some
brandXYZ of crudeoil. We assumehatthereis no liquid market for this brandof crudeoil (or,
morerealistically for futurescontractson this brand),but thereis someotherbrandUVW of crude
oil for which aliquid futuresmarketis available,allowing for (almost)frictionlesstrading. Theidea
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is thatthe price procesof thesetwo brandsshouldbe sufiiciently similar to justify the useof UVW
asa‘“surrogateassetfor XYZ.

The mainresultof this noteshawvs thatfor a EuropearCall optionwritten on the underlyingS
we cannofconcludeanythingon its price by usingonly no-arbitrageagumentsif only tradingin the
surrogateassetS is allowed, thenary numberin (0, o) is a possibleprice for this option without
violating the no-arbitrageprinciple.

Fromaneconomigoointof view thisresultis, of courseabsurd.To fix ideasthink of a European
at-the-mong call optionon S. Nobodywill be willing to sell the option at a price of, say one
thousandttof the price of S, or — vice versa— to buy the option at a price of, say tentimesthe
price of 5. What the theoremstatesis that suchabsurdpricesare not ruled out by no-arbitrage
considerationgunderthe assumptiorthatwe arenot allowed to tradein the assetS). Themessage
of thistheorenis notthatapplyingthe Black-Scholesnethodologyto realoptionsis notcorrect,but:
wheneer oneappliesthe Black-Scholesnethodologyto realoptionswhoseunderlingis notatraded
assebnemustbevery carefulandonehasto be avarethat preferencessubjectve probabilitiesetc.
have to comeinto theplay. Relyingon pureno-arbitrageagumentsioesnotleadanywhere.

Having seenthatprefectreplicationof an optionwritten on the underlying is not possibleby
only tradingin S, it is naturalto askhow smallthe hedgingerrorcanbe made.Oneway to quantify
thehedgingerroris by consideringhe varianceof this randomvariablewhich subsequentlis to be
minimized. This leadsto the well-knovn conceptof the variance-optimaimartingalemeasurgsee
[10] and[12, 13]) whichis closelyrelatedto the notion of the minimal martingalemeasurdsee[4]
and[3]) andgivesriseto a hedgingstratgy usingthe Galtchouk-Kinita-Watanabeprojectionin an
appropriateHilbert space.Following [11, Example4.3] we explicitly calculatethis stratgy andthe
varianceof the correspondindnedgingerror and analyzeits asymptotichehaior asthe correlation
coeficient p tendsto one. We alsocomparehis variance-optimastratgy with other— morenaive
— stratgies. Thesdatterconsiderationalsobearsomepracticalrelevanceasthey clearlyshawv that
nave stratgjies,suchassimply replacingsS by S, arenotoptimal.

2 TheMain Results

We consideraprobabilityspacg 2, F, P) thatsupportswo independenstandardBrownianmotions
W andW+. Ourtime horizonis T sothatwe maywrite W as(W;)o<i<r, W+ as(W;)o<i<r, and
thefiltration (F;)o<¢<7 is definedasthe natural(right-continuoussaturatedjiltration generatedy
W andW+. We alsoassumé¥, = W3- = 0 whichimpliesin particularthat 7, is trivial. Another
technicalassumptiorwhich we make without lossof generalityis that 7 = Fr-.

Fix aconstanp € (—1,1) anddefinethe Brownianmotion W by

W = pW ++/1—p2W. (1)

W againis a standardBrownianmotionwhosecorrelationto W equalsp, which we shouldthink of
asbeingcloseto one. We now fix realnumbersy, ji, andr, andstrictly positve numberss, & to
definetheasseprice processes

dS = puSdt + oSdw,  dS = pSdt+ 5SdW 2)

wherethe initial valuesS, and S, are positive constants.Using Itd’s formula, it follows that the
randomvariablesS; andS; modelingthe terminalvaluesof the correspondingissetsaregiven by
thefamiliar expression

ST = S() exp(XT), ST = S() eXp(XT) (3)

with
Xr=(u—0%/2T + oWy, Xp=(i—5%/2)T+Wr (4)



two correlatedGaussiamandomvariables.Thebondprice processs givenby B; = Bye™.

Thefinancialmarletis givenby thetradedasset§S;)o<;<1 and(B;)o<i<7 andwe assume- as
usualin the Black-Scholesvorld — thatfrictionlesstradingin continuougime is possiblein these
assetslIn contrastwe assumehatthe assetS cannotbetradedat all; but it is the underlyingfor a
Europearcall optionC'. Thevalueof C attimeT' is givenby therandomvariable

Cr = (Sr—K)+, (5)

whereK > 0 is thestrike price.

Our goalis to investigatewhat can be said aboutthe pricing andhedgingof C' if we only can
tradein thebondandthe”surrogateasset”s.

The basicthemein the theory of pricing and hedgingderivative securitiesis to determinethe
price Cy of this optionattime ¢t = 0 and— if possible— to justify this price by replicatingthe
optionusinganappropriatéradingstratgy ontheavailabletradedassetsin mathematicatermsthis
amountgo writing therandomvariableCr asthesumof aconstanty, astochastiéntegral fOT H,dS;

andanintegral fOT GdBy, wherethe predictableprocesse$H;)o<;<7 and(Go<i<1) representhe
investmentsattime ¢ in stockandbondrespectiely. If suchareplicationof anoptionC is possible,
thenthe usualno-arbitrageargumentallows to concludethatc is the uniquearbitrage-fregorice at
timet = 0 for theoptionC.

As announcedn the introductionin the presentsettingwe arefar away from this situationand
we only obtaintrivial boundsfor the possiblearbitrage-fregricescy.

Theorem 1 Underthe above assumptionsfor any numbercy € (0, 00) the price Cy = ¢ of the
optionat time zewo is compatiblewith the no-arbitrage principle

More precisely for every ¢y € (0, 00), ther is a probability measue @ on F, equivalento P,
sud thatthediscountedradedasse{(S;e~"*)o<;<r is a Q-martingaleandsud thatthepricing rule

Co:= e "TEQ[(Sr — K)4] 6)

yieldsthevalueCy = ¢.
Hencethefinancialmarket consistingof thetradedassets S ) o<i<7, (Bt)o<t<T and(C)o<i<T,
whele the optionprice processC is definedoy

Cy = e "N EQ[(Sr — K) 4| Fi) @)
admitsan equivalenimartingalemeasue andis therfore freeof arbitrage.

Proof: Thesettingof thetheoremactuallyis aspecialcaseof a by now well-known topic, namelythe
themeof hedgingundercornvex constraints.The assertiorof the theoremcanbe derived from [8],
Exercise4.5.6,p.86andExampled.1.2,p.75.

Sincethe generalresultsof [8], Chapter4, requirea morecomplicatednachineryandsincethe
subsequertirectagumentalsoallows for someeconomidnterpretatiorandunderstandingve give
aself-containegroof of thetheorem.

Thebasicissueis to determinghesetM¢(.S) of all probabilitymeasure§) on F, equvalentto P
underwhichthediscountegriceprocessS/B = (Sie” ™)o<;<r Of thetradedassetS isamartingale.
Thebasicinsightof theseminalpaperg5] and[6] wasthat—undersomeregularity conditions— the
measures) € M¢(S) arein one-to-oneorrespondend® theconsistenti.e., arbitrage-freepricing
rulesvia formula (6). We referto [1] for a generalversionof thesesssueswhich aredealtwith in
full mathematicatigor andwhere— amongothertechnicalities— onehasto passto the conceptbof
local martingalesBut in the presentontext theserathersubtleconsiderationarenot needed.

What arethe equivalentmartingalemeasures) € M¢(S) in the presentsituation? They are
preciselythoseprobabilitymeasures) on F, suchthatthelogarithmicreturns(X;)o<;<7 asdefined
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in (2) have drift rater — 0?/2 underthe measure&). Indeed for anequialentprobabilitymeasure
@, thislatterassertions equivalentto the Q-martingalepropertyof thediscountedradedassetS/ B.
Notethatthisrequirementoesnotimply ary restrictionson thedrift of the process{WtL)oStST
under@, asthe two BrownianmotionsW andW+ areassumedo beindependentinderP, hence
stronglyorthogonal Thisallows usto definefor arbitrary v € R a probabilitymeasurd),,, suchthat
thedrift rateof (X;)o<i<r iST — a2 /2, but thedrift rateof (X‘t)ogtg isv.
Fix v € R. By elementanalgebrave canwrite

o2
X, = (r— 7) t+o(W,—At)

X, = vi+é [p(Wt M)+ V1 - 2(WE - AH)] (@)

r—u o n 1 vV—[ r—u o
A=—F——, A~ = — —=1. 9
s 2 1_,)2[ 5 ”( o 2)] ©)

We define®, by dQ, /dP = Zr, where

with

1
Zy = exp AW+ MW, =2 ()\2 + (/\L)Q) t] . 0<t<T, (10)

is a uniformly integrablemartingaleon [0, 7]. Girsan@’s Theorem[9, Chapter3.5] tells us, that
(Wi — At)o<i<T and(W;- — AtL)OStST aretwo independenstandardBrownianmotionsunderq),,.
In particulay therandomvariable

U = p(Wy — At) + /T — 22(Wi — A*t) (12)
is Gaussiamwith meanzeroandvariancel” under@,. Now welet v varyin R: from
(Sr — K)y = (Soe*T — K), = (Soe" U1 _ k), (12)
we immediatelyseethat

~ = (v) ~ ~rr(v)
lim (See’T+Ur’ —K), =0, lim (Spe”T™Ur —K), =00 (13)
v——00 v—+oo
almostsurely As the expectationsjnvolving lognormalrandomvariablesare all finite, one eas-
ily verifiesby the monotonecorvergencetheoremthat theselimiting resultsalsohold true for the
correspondingxpectationsinder@,, i.e.,

. s ) U
Jlim o, [(Soe™ V" — K)4] =0, lim Hg,[(Soe”" 7V —K)y] =00, (14)
Summingupin lessformaltermswhatwe have donesofar: For arbitraryr € R, we have constructed
a probability measure)),,, equivalentto the original measureP, suchthatunder(, the processof
logarithmicreturns(X;)o<¢<7 of thetradedasse(S;)o<;<r hasthecorrectdrift, namelyr — a2 /2,
to make S/B amartingale.On the otherhand@, wasfabricatedn sucha way thatthe processof
Iogarithmicreturns(f(t)ostg onthenon-tradedassetS hasa drift coeficientequalto v. Speaking
economically for a given value of v closeto +oo, the choiceof the probability distribution @,
correspondso the pricing rule appliedby anagentbelieving thatthe assetS will performvery well
in the average;on the otherhand,a given value of v closeto —oc correspondso the pricing rule
appliedby an agentbelieving that S will performvery poorly Not too surprisingly— from an
economigpoint of view — theabove calculationgevealthatin theformercaseanagentwill pricea



call optionon S very highwhile in thelattercaseshewill only bewilling to payavery low pricefor
it.

This provesthefirstandthesecondassertiorof thetheoremthethird assertiomow follows from
thegeneratheoryasdevelopedin [5] and[6]. O

Remark:We have statecandprovedtheabore theorenmundertheassumptionsf constantoeficients
p, 0,0, 1, i. But the proof easily carriesover to the case,whenwe assumehesequantitiesto be
optional processes.We do not carry this out in detail, but only statethe resultin one important
specialcase:we assume, &, 4, fi Still to beconstantwhile p = (p;)o<i<7 NOW is assumedo bean
optionalprocesgakingvaluesin [—1, +1]. Defining(VT/t)OStST via

AW, = pedWy + /1 — pPdW; (15)

we arein ananalogousituationasin the above theorem.

The conclusion— generalizinghe abore theorem— now readsasfollows: eitherp attainsits
valuesalmosteverywhere(with respecto P ® A, where\ denoted.ebesgue-measumn [0,77]) in
{—1,+1}, in which casewe arein the classicalsituationof a completemarlet anda Europearcall
optionon the underlyingS canbe perfectlyreplicatedby tradingin the assetS andthereforehasa
uniquearbitrage-freerice; or p attainsvaluesin (—1, +1) with strictly positve P ® A\-measurein
which caseagainall pricesin (0, co) arepossiblearbitrage-fregricesfor a Europearcall optionon
S, if only tradingin S is permitted. Theargumentis the sameasin theabave proofwith someminor
technicaimodifications.

3 Trading strategiesrelated to minimizing the variance of
the hedging error

We have seerthatin the settingof the previous sectionit is impossibleto obtaina perfectreplication
of anoptionon S by tradingon theassetS. Hencewe have to lower the stalesandlook for trading
stratgiesontheassetS suchthattheoutcomeis closeto therandomvariable(S — K ) ... Theconcept
of "close” will beinterpretedn termsof the varianceof the hedgingerror, which we shallminimize.

Forthesale of simplicity andin ordernotto overloadthe presentatiofry too mary constants(we
areafraid, thereaderhadalreadya sufficient dosein the above proof), we shallassumehroughout
this sectionthat S, = S’o =K=1,r=pu =4 =0 andoc = 6 = 1. We obsere thatthe
assumptionsy = Sy = 1, 7 = 0, ando = & = 1 areessentialljjust normalizingassumptionsnd
do notreally restrictthe generality(asregardsthe assumptior = 0 onemay alwaystake the bond
asnumerairgo reduceto this case).On the otherhand,theassumptiong = i = 0 indeedreduce
the generalityof presentatiomsthisimpliesthatS andS arealreadymartingaleswith respecto the
original measure”. Themorerealisticcaseu # 0 and/ori # 0 requiresmoreinvolved aguments
andwill betreatedelsavhere.

TheclassicaBlack-Scholesheoryappliedto thefinancialmarket

(St)OStST = (eXp(Wt — t/z))OStST, and B; = 1,
yieldstherepresentation
T
(r-K)e=ct [ 1(Sut)ds (16)
0

where }
Cc = S()N(dl) — KN(dQ), f(St, t) = N(d1) (17)



with

P In(S;/K) +T/2
1,2 JT .
As discusse@bove, this correspondso the settingwheres$ is a tradedassetjn which caseperfect
replicationof theoption (§T — K, byatradingstrateyy in theassetS is possible But our question
is: whatis thewisestthing to do, if we only cantradein theassetS ?
To formalizethis questionwve call apredictablgprocesg h; ) o< <7 anadmissibldéradingstrategy
for theassetS if the stochastidntegral (fot hydSy)o<i<T IS an L2-boundedmartingale.As in view
of ourassumptionsntheconstantg: ando we have

(18)

dS; = S dWy, (19)

we alsomaywrite theabove consideredgtochastiéntegral as

t t dS t
/ hadSy = / TSy 220 — / huSudWo. (20)
0 0 Sy 0

Frombasicfactsof stochastidgntegrationwe infer thata predictableprocesss anadmissibldrading
stratey iff B[ [, h257dt] < oo,
We now canformalizeour problemof minimizing the varianceof the hedgingerror

Var [(S‘T —K), — (w + /0 ' htd5t>] — min! (21)

with minimizationover all x € R, andall admissibletradingstratgiesh. Thetermzx + fOT hdSy
denotegheresultof atradingstratgy startingwith aninitial investmentz attime ¢ = 0 andsubse-
quentlyholding h; unitsof theassetS attimet. (As we assumedor simplicity, thatBtAE 1 hereis
no termcorrespondindo tradingon thebond B.) Our aim s to determinethe pair (z, h) suchthat
&+ [ hydS, minimizes(21).
Proposition 1 Theoptimalsolutionto theoptimizatiorproblem(21)is givenbythefollowing pair (z, 71):
1. & =c= SyN(d;) — KN(dy), i.e, & is justthe Black-Stolesprice of theoption (Sr — K)
2. h = pf(St,t)g—i, i.e., the optimal strategy for tradingon S simply equalsthe p-fold of the
optimalstrategy for tradingon S (if this were permitted)timesthe fraction S‘t/St.

3. Thevarianceof thehedgingerror definedn (21)is givenby
(1— p?)Var[(Sr — K).].

Proof: Settingh; = f(S;,t) we have
Br—K), = &+ / FudS, = 2 + / oS, dW,
0 0
T T
= I+ p/ htStth + vV 1-— p2/ htStthL. (22)
0 0
Obviously E[(St — K),] = & and

Var(Sr — K)4] = E

T  _\?2 T _
( / htStth> - F [ / hfsfdt] : (23)
0 0
Thehedgingerrorfor startingwith capital andtradingaccordingo thestratey h; = ph;.S; /S is
T T _
LT = (ST - K)_|_ - (/ htd5t> =/ 1-— p2/ htStthJ', (24)
0 0
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andsoE[Lr| = 0 and
T ~ ~ ~
VaiL7] = (1 — p*)E [ /O h,%sfdt] = (1 — p*)Var(St — K).]. (25)

To prove that/ is in factoptimal, it suficesto shaw, thatthe hedgingerror L is orthogonato the
resultof any admissibleradingon S. Let

T T
GT =z + / htdSt =z + / htStth (26)
0 0

with arbitraryz € R andarbitraryadmissible:. Then

T T
E[GTLT] =F |:\/ 1-— p2 ((E + / htStth) . / htgtthJ'] =0, (27)
0 0

sincel andW - areorthogonamartingales. O

Remark:Thevarianceof thehedgingerrorasafunctionof thecorrelationp is a parabolaijt is 1 — p?
timestheconstanvar(Sy — K),]. Asp — 1 wecanwrite (1 — p?) = (1 — p)(1 + p) ~ 2(1 — p),
thusthe varianceof the hedgingerrortendslinearlyto zeroin 1 — p .

It is notdifficult to computeexplicitly anexpressiorfor theconstanvar(Sr— K), ] = E[(St —
K)2] — E[(St — K)4]? namely

Vaf(Sr — K)y] = eTS2N(dy) —2SoKN(dy) + K*N(do)
— [SoN(d1) — K N(dy)]” (28)

with
In(Sp/K) + 3T/2

do = JT

(29)

andd, dy asabove.

4 Comparison with a naive strategy

We recalloncemorethat, if tradingin S wereallowed, we could replicatethe option (S — K)
perfectly

(81 — K)4 = (8o, T / £(8u,1)dS, (30)

with ¢ the Black-Scholegpriceand f the correspondinglelta-hedgingtratgy. Thereforewe could
try — somavhatnaiely — to simply replaceS by thetradedassetS. We will call this strateyy the
imitation strategy.

Whatis theresultof this "naive” stratgy: it simply replicategheoptionon S, i.e.,

(Sr — K)4 = (S0, T) / £(S1, t)dS:. (31)

Thehedgingerror Lt is givenby therandomvariable
Ly = (Sr — K)+ — (St — K)+. (32)
Againfor (mainly notational)simplicity we only discusghe case

p=00c=1,4=06=1r=0,8=15=1,K=1,T=1.
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Then .
Lp= (" =1); — (¥ = 1) (33)

with (U, U) denotinga bivariate normalrandomvariablewith mean—1/2, variancel, andcorre-
lation p. To statethe following resultwe needthe bivariate standarchormal distribution function,
see[7, Appendix11B].

Proposition 2 Thevarianceof theimitation strategy is

Var[Lr] = 2(Fy — Fii(p)), (34)

whee
F,=eN(3)-3N() +1 (35)
Fu(p) =e’M(p+ 5,0+ 5,p) —2M(5,p — 5,p) + M(—3,—3,p)- (36)

Here N denotegheunivariatestandad normaldistribution functionand M thebivariate standad
normaldistribution function.
Asymptoticallyasp — 1, wehave

Var(Fr] ~ 26N () - (1 - p), @)
with coeficient2e N (2) ~ 5.0734.

The technicalproof of this resultis givenin the appendix. Let us comparethis with the optimal
solutionof the previous section: Theminimal varianceof the hedgingerroris

VarLy] = (eN(3) + N(3) —4N(3)*) - (1 = p%), (38)
which asymptoticallyyields
VarLr] =2 (eN(3) + N(3) — 4N (5)?) - (1 - p) (39)

with coeficient2 (eN(3) + N(3) — AN(3)?) = 2.6313.

This shaws thatthe varianceof the hedgingerrorof theimitation stratgy tendsto zeroasp — 1
with the sameorder as the minimal variance,but the leadingcoeficient is almosttwice as high.
Hence roughly speakingthe price of beingnaie is thatoneendsup with a varianceof thehedging
errorwhichis twice ashigh asit canbeby actingallittle wiser
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A Appendix
We startwith the following elementanformulas:
VariLs] = 2Var(e” - 1)4] = 2Cov{(e” — 1), (e” —1)4] (40)
Varl(e” ~1)4] = Bl(e” — 1)2] - Bl(e” 1), (41)
Corf(e” — 1), (7 = 1)+] =
El(e” 1)1 (¥ — 1)4] — B[(e” —1).]> (42)
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Let A = {U > 0,U > 0}. Completingthe squaresn the exponent(or moresophisticatedpy using
thebivariateEsschetransformwe obtain

Bl(e” 1)1 (¥ — 1)4] = B[e”*Y; A] - 2E[eV; A] + P[4] (43)
=e’M(p+5,p+ 3,p) —2M(5,p— 5,0) + M(—3,—3,p) (44)

whereM is thestandardivariatenormaldistribution function,

M(z1,29,p) / / m(z1, 22, p)dz1dzo, (45)
and ) )
1 2] — 2pz129 + 75
m(z1, 2o, = eXp |~ (46)
m{#1,72,p) = 91y/1 — p? [ 2(1 - p?)

the standardbivariatenormaldensity We areinterestedn p — 1 from belov. Sincem(z1, 2o, p)
behaesratherirregularly as (z1, 22, p) — (0,0,1) it is not clearthat or hov a simple trivariate
Taylor expansioncan be applied,so we needthe following detour Let M(z,p) := M(z,z,p),
Mi(z,y,p) == OM(z,y,p)/0x andMy(z, p) := My(z, z, p).

Lemmal Usingtheabove notationwe havethefollowing asymptotiaelations:
M(p+ %ap‘l' %ap) = M(%a % ) - 2M1(25 23 )(1 - P) + 0(1 _p)2 (47)
M(,p— 5,0 =M, 5,0) — Mi(3,5,0)(1 = p) + O(1 — p)*/? (48)

Proof: A carefullook atthe bivariateTaylor expansionof M (z, y, p) with respecto z andy shavs
thattheremaindetermis uniformly O(1— p)2. Thisis nottruefor M, butthereappeargl —p)~'/2,

which reduceghe quadraticerrortermto O(1 — p)3/2. O
Next welook at M (x, p) asp — 1. By conditioningwe obtain
o T2 — p21
M(z1,x9,p) = / N | —— | n(z1)d=1 (49)
—00 1-— p2
in particular
z T — pz
M(z, z, :/ N | —— | n(2)d=. (50)

SinceN"'(z) = (z? — 1)n(z) is boundedve getfrom Taylor's Theorenfor fixedz € R

xT—pz | T—2z , T—z 1—p
) R = R e R

1., T—2z 1
+5N (ﬂ) z21+p+0< (1 p)3/2) (52)

uniformly in z asp — 1. Pluggingthis expressiorinto (50) yields

M(z,p) = Io(z,p) +Il<x,p)\/1;—§ (53)

+3h@ ) 2 +0 ((1=p)""?) (54)
with
v T —z
Ii(z,p) = /Oo ZF N ) (TpQ) n(z)dz. (55)
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With a simplesubstitutionandpartialintegrationwe rewrite

1 1 *° U
Iy(z,p) = =N(z) + 7/ —— | N(z —u)d 56
Watson$ Lemmatells usnow
n(z) n'(z) 2 3/2
Ip=N(z) — 5=v1—p2 + —2(1—p?) +0(1 — p)*2. 57
0 =N(z) W p 2 (1=p)+01-p) (57)
TheintegralsI; andI, canbe computedexplicitly, andafterpainful elementarycalculationsve see
n=""9 A5 00-p) (58)
V2
and
12:0(,/1—p). (59)
Combiningtheseresultsyields
_ _ n(z) — _\3/2
M(z,p) = N(z) Nz V1—p+0O(1—p) (60)
Also (@) (@)
n\xr IN\T
M1($,P)—T+ﬁv1—ﬂ+0(1—ﬂ)- (61)
Usingthis expansionin (47) we obtain(37). O
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