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Abstract: In this article we consider a Brownian motion with drift of the
form

dSt = pedt + dBt for t > 0,
with a specific non-trivial (u¢);>0, predictable with respect to F5, the
natural filtration of the Brownian motion B = (Bt);>o. We construct a

process H = (H¢);>0, also predictable with respect to FZ, such that ((H -
S)t)¢>0 is a Brownian motion in its own filtration. Furthermore, for any
§ > 0, we refine this construction such that the drift (pt)¢>0 only takes
values in |p — 8, u + 8], for fixed p > 0.
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1. Introduction

Let B = (By)¢>0 be a standard Brownian motion on a probability space (2, F, P).
For a fixed constant g > 0, denote the Brownian motion with drift p as
S = (St)e>0, defined by

Sy =pt+ B, >0 (1.1)

Furthermore let FZ := (FP),>¢ denote the right continuous, saturated filtration
generated by B. Given a predictable, FZ-adapted process H = (Hy);>0 we
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consider the stochastic integral (H - S) = ((H - S)¢)i>0 in its right continuous,
saturated filtration FHS) .= (ffH'S))tZO. Marc Yor posed the following

Question 1: Can we define an FB-predictable process H such that the result-
ing stochastic integral (H - S) is a Brownian motion (without drift) in its own
filtration, i.e. an F(¥*5)_Brownian motion?

Clearly, the predictable integrand H can only take values in {—1,1},P® A- a.s.,
A denoting Lebesgue measure on [0, 00), in order to make sure that the process
(H - S) has the quadratic variation of a Brownian motion.

In fact, at first glance it seems completely unlikely that an FB-predictable
process H with the required property does exist. Indeed, intuitively speaking,
it would have to start with P[Hy = 1] = P[Hy = —1] = 1/2, which seems
absurd as Hy is required to be F&- measurable and therefore P-a.s. constant
(the sigma-algebra F¥ is trivial). Fortunately this intuitive argument is not
quite correct, as the predictable process H = (Hy)y>o is only defined modulo
P® A null-sets, so that it does not really makes sense to speak about the random
variable Hy. Nevertheless the preceding heuristics seem to indicate that we need
some random sign € with Ple = 1] = P[e = —1] = 1/2 which is independent of the
Brownian motion B to be able to start a successful construction of the desired
integrand H = (Hy)>0 for ¢ close to ¢t = 0.

So, let us cheat for a moment and fix a random variable €, defined on (2, F, P)
with Ple = 1] = Ple = —1] = 1/2, and consider the enlarged filtration FZ-
defined by letting F¢ = o(FE, ) for t > 0.

Let us now try to construct an integrand H = (Hy);>¢ which is predictable
in the enlarged filtration FZ+¢ and such that the stochastic integral (H - S) is a
Brownian motion (without drift) in its own filtration F(#*%). We have an obvious
way to start the construction of H at time ¢t = 0 by letting

Hy :=¢, (1.2)
or rather, reasoning heuristically with infinitesimals,
H, =¢ for 0 < u < dt.

This yields an integrand (H,)o<u<at such that the stochastic integral (H -
S)o<u<ar is a martingale for the infinitesimal time interval [0, d¢]. Indeed

E[d(H - S)o] = E[e(Sar — So)] = Ele(Bar — Bo) + eudt] = 0dt.

But already an infinitesimal instant of time later we again are in trouble: after
having observed the process (H - S) during the infinitesimal time interval [0, di]
we have learned something (which turns out to be of the order dt*/ %) on the
probability of € equaling +1 or —1, conditionally on the process (H - S)o<u<dt-

Hence the approach of defining H; = Hy = € for t € [0,At] for a finite
increment At > 0 yields a process (H - S)o<t<at which fails to be a martingale

in its own filtration as one easily verifies.
At this stage we remembered Pélya’s famous dictum:
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“To every problem there is an easier problem”.

Instead of asking Yor’s original question for the process S with constant drift p
as in (1.1) we pose the same question, but with p replaced by an appropriate
predictable process (p¢)e>o0, i.e.,

dSt = Mtdt + dBt, (13)

where (u¢)i>0 is tailor-made such that, for the integrand H; = e, for ¢ > 0,
we indeed obtain a process (H - S);>¢ which is a Brownian motion in its own
filtration F*S) | This program indeed turns out to be doable as summarized in
the subsequent statement.

Proposition 1.1. Suppose that on (Q, F,P) there is a standard Brownian mo-
tion B = (Byt)i>0 and a random variable € with Ple = 1] = Ple = —1] = 1/2,
independent of B. Denote by FB the filtration generated by B.

For each ju > 0, there is an TP -predictable process u; taking values in |0, 24|
such that defining S = (S¢)i>0 by So =0 and

dSt = ‘Ll,tdt + dBt, t Z 0, (14)

we have that
Y;f = GSt; t > 07

is a Brownian motion in its own filtration.

The preceding result is a preliminary step towards a satisfactory answer to
Yor’s question. It has two deficiencies: firstly we had to replace the constant
w by a process (u4)i>0 fluctuating in ]0,2u[, and secondly we had to enlarge
the filtration FZ to F&Z in order to be able to define our predictable integrand
H; =¢€, fort>0.

As regards the second issue, we can get completely rid of the necessity of
introducing the additional source of randomness € by applying the Lévy trans-
form, see Section 3. We can indeed find an integrand H which is predictable
with respect to FZ instead of F? and still does the job. As regards the first
issue we can refine the construction in such a way that the process (u¢)¢>0 only
takes values in |pu — 0, u + J[ instead of ]0, 2u[, for given § > 0.

We summarize our findings in the subsequent theorem. Very roughly speak-
ing, it states that the answer to Yor’s question is positive, provided that we
allow for a tailor-made drift process (1;):>0 instead of a constant drift x, which
may be chosen to satisfy |u: — p| < d, for given § > 0.

Theorem 1.2. Let B = (By)i>0 be a Brownian motion defined on the filtered
probability space (0, F,FP P), where FP = (FP)i>o is the right-continuous
saturated filtration generated by B.

(i) For each y > 0, there are FB- predictable processes H = (Hy)i>0, taking

values in {—1,1}, and (w)i>o0, taking values in 10,2u[, such that for S =
(St)e=0 defined by So =0 and

dSt = [,Ltdt + dBt
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we have that the process ((H - S)i)i>0 is a Brownian motion in its own
filtration FUH5)

(ii) Furthermore, for each § > 0 we can choose (fit)i>0 such that it only takes
values in | — 0, p + 9.

However, Question 1 of M. Yor in its original form above still remains an open
and challenging problem. For recent work on the conservation of the martingale
property under a change of filtration we refer to [1].

M. Emery asked us the following question: what about the discrete-time
version of the problem? The proper discrete analogue is an i.i.d. sequence (€, )n<o
in its natural filtration (F,)n<o such that Ple, = 1] =1 —Ple, = —1] =p €
10,1[\{1/2}. The question now reads as follows: is there an (F,,),<o-predictable
sequence (hy)n<o of {—1,1}-valued random variables such that the sequence
(hn€n)n<o is 1.i.d. with Plhye, = 1] = Plhne, = —1] =1/2 7

This discrete version turns out to be simpler than the continuous one and we
shall give in the appendix a positive solution, even in a slightly more general
setting.

The article is structured as follows: In Section 2 we describe the details of
the construction of (ut)¢>0 with respect to F<B. Next in Section 3 we prove the
first part of Theorem 1.2 above. Finally, in Section 4 we use stopping techniques
in order to show the second statement of Theorem 1.2.

2. Constructing the drift process

Fix a probability space (2, F, P). Let B be a Brownian motion and let ¢ be an
independent random sign with P(e = 1) = P(e = —1) = 1/2. Consider

t
&::/;mk+3htZQ (2.1)
0

with some bounded FZ-predictable drift u; and set Y; := €S;. Our purpose is
to find p; such that Y; is a Brownian motion in its own filtration.

We imagine pi; as being “glued together” from two FY -predictable processes.
Formally, let ), 4, be FY -predictable bounded processes such that

Mt = 1{6:-}-1},“’;r + 1{6:—1};“’;' (22)

We wish to derive conditions on g, y1;” which ensure that Y; is as required.
To this end introduce the conditional probabilities

pt:= Ple=1|F)], t > 0. (2.3)

In the language of filtering theory p; gives the distribution of the “signal” e,
conditionally on the “observations” Y.

Proposition 2.1. Let S andY be as above and (pt)i>0 a bounded FB_predictable
process of the form (2.2). The conditional probabilities p; defined in (2.3) satisfy
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po=1/2 and

+ )2
+
dpt:(ut o) [

B) ept (1 —pi) + pe(1 —pe) (1 — 2py)] dt+€pt(1*pt)(ﬂj+ﬂt_)d3t~

(2.4)
Proof. For each T' > 0 there exists a measure Qp ~ IP’|}.6,B such that (Yi)o<t<r
< <t<

is a (Q7,FSB)- Brownian motion. By the Girsanov theorem, we know that the
Radon-Nikodym derivative is given by

T T .
dQr  Jexp (= Jo ufdBe—(1/2) [y (uf)*dt), ife=1

= 2.5
P \exp (= [y urdBy— (1/2) [y (uy)%dt), ife=—1. 29

It follows that for each T > 0, the (Q7, F&#)-martingale Z; := d%% Fon,0<
t < T is of the form

Zy=Zf Vemry + 2 Lemqy,  0<t<T, (2.6)
where the processes (Z,")o<i<r and (Z; )o<i<r are given by Z = Z; =1 and

Az = pf Z dvy,
Az = —p; Z; dY,,

respectively. Note that u;,pu; are assumed to be FY-predictable and thus
(Z ) o<t<r and (Z; )o<i<7 are FY -predictable, too. By the assumption on s,
Z, is clearly FB-predictable.

We claim that, under Qr, € is independent of ¥ and has the same law as
under P. Indeed, as Zp is fTB -measurable and e is independent of B (and hence
of S) under P, for any bounded measurable functions h, j we have

Eq, [h(S)j(€)] = Ep[(1/Z7)h(S)|Ee[j(€)] = Eq, [2(S)|Eqr[5(e)];

showing the Qp-independence of S and € as well as Qe = £1] = 1/2.

Now note that, under Q7, S is a Brownian motion. By symmetry of the
Brownian motion we also get that Y = ¢S and € are Qp-independent as claimed
above.

Clearly, we have 1y} = £t

1 .
== Thus for calculating

1
EIF’[l{e:l}|]:15Y]:§(EP[€|]:15Y]+1)5 t>0

we first calculate Eple | FY],¢ > 0. Fix any 7' > 0 and consider that by Bayes’
formula and the tower law applied to the (QT,FS’B)—martingale Zr, it holds
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that

E [EZT | .7'- ]
fY Qr _
Eelel 70 = 5y lzr 1 7]
o leBo, [2r | F7) | FY)
Eo, [Bo (21 | 7P| 7Y
_ Eg,leZ | 7]
Eor [ 771"

0<t<T.

By independence of € and Y (under Qr) and FY -adaptedness of (Z:')OSKT
and (Z, )o<i<T We get

EQT[GZt | ]:tY] _ EQT[ZtJrl{e:I} | fty] -

_ 0 lZ Yeey | FY1 2} — 27
Eqr[Z: | '

EQT[Z;rl{e:l} |]:tY] +]E(@T[Ziti]-{ez—l} |‘7:tY] a ZtJr + Z;

exp(fy pEdYu — (1/2) [y (ud)2du) — exp(— [y po dYu — (1/2) [y (11 )2 )
exp( [ b dYu — (1/2) [ (ui)2du) +exp( fot padYy — (1/2) [ (ua )2du)

_ exp(o G + ) dYa = (1/2) Jyled)? = u)?ldw) =1
exp(fot(uqir + p )dYy — (1/2) fo[ -

fru)?)du) + 1

So we have
E T GZt .7:tY
e+ AV — (1/2) Jal)? ~ (i)
exp(fy (i + par)dYu — (1/2) fo ()2 = (par)?]dus) + 1
(2.7)

for 0 < ¢ < T. Define the process (Uy)i>0 given by Uy = 0 and
N2 ()2
Uy = (i + i )dY: — Mdt.
Applying the It6 formula to (2.7) and recalling the expression for (Y;):>o we get
exp(Ut) exp(Uy) (i + i )? o
= dt dB
exp(Us) +1  (exp(Uy) + 1)2 ¢ 2 +elue + e )dB;

lexp(Ut) —exp(2Uy) , 19
2 (eXp(Ut)+1)3 (Mt +:u’t ) dt

Using p; = %,t >0 we get (2.4).

We also have
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Proposition 2.2. Under the assumptions of Proposition 2.1 suppose, in addi-
tion, that for all u > 0,

puptd — (L= pu)py, =0 a.s., (2.8)

then the process Y is an FY -Brownian motion.

Proof. Obviously (Y;)>0 is FY-adapted, continuous and has the right quadratic
variation as the drift is bounded. In order to fulfill Lévy’s characterization the-
orem of Brownian motion we need to check the martingale condition. Therefore
fix s <t < oo and consider that

Ele(S: — Ss) | Y] = E[/t epudu | FY]+E[e(B; — B,) | FY).

The second conditional expectation is 0. The martingale property is thus equiv-
alent to

E[/ etydul z] =0, (2.9)

for all A € FY. Note that the Fubini theorem applies as |eu, 14| is bounded.
Furthermore using the tower law we get that (2.9) holds iff

t t
E[/ ety dul 4] = / E[E[epy, | FX 1 aldu = 0,

for all A € FY. Recall that u and p, are assumed to be F) -measurable for
u > 0. It follows from the hypotheses of this Proposition that

Elefty | -7:5/] = puﬂqj -1 7PU),LL; =0,

concluding the proof. O

Formula (2.8) shows that it is reasonable to choose p;” proportional to (1—p;)
and p, proportional to p;. This will guarantee the validity of (2.8) as the next
Proposition shows.

Proposition 2.3. Let u > 0 be an arbitrary constant. Let g, be a solution of
the equation

dg = 241° [ege(1 = g¢) + g (1 — g¢) (1 — 290)] dt + 2pege(1 — g1)d Bz, go = 1/2,
(2.10)
adapted to the filtration F&PB and satisfying 0 < g; < 1 for t > 0. Set

pi =2p(l—gi), py =2pgi, >0, (2.11)

and define pt, Sy, Yy, ps accordingly. If g; is FY -predictable and p; is FB -predictable
then p: equals g; and Y is a Brownian motion in its own filtration.
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Proof. First note that the coefficients of the autonomous SDE (2.10) are Lipschitz-
continuous and bounded when restricted to the interval [0, 1] hence g; is the
unique strong solution of (2.10) adapted to F&Z. Thus it suffices to prove that
p¢ is also a solution of (2.10). Obviously, pg = Ple = 1] = 1/2 = go.

If g; is FY-predictable then so are ,u;r , by . Proposition 2.1 shows that p; is
a solution of (2.10) hence indeed p; = g;. With this choice of ,u?' , 1y equation
(2.8) is satisfied and Proposition 2.2 allows us to conclude. O

It remains to solve the stochastic differential equation (2.10).

Proof of Proposition 1.1. In section 4.2 of [1] a different filtering problem leads
to almost the same equation as (2.10). That equation has an explicit solution
(see (4.55) on page 180) from which it is easy to make the guess

exp(2u3t+2u2t) : _
{m ife=1 (2.12)

o= ife=—1.

1
1+exp(2uBi+2p2t)?

Applying Itd’s formula we may check that this indeed gives a (strong) solution to
(2.10) which trivially stays in (0, 1). Define p;", iy, ¢, S, Yz, ps as in Proposition
2.3. One may check that

dgr = 2pge(1 — g¢)dYs, (2.13)
showing that g; is FY -predictable. We find that the dynamics of p; is
dpy = = (2p — pre)dt — (2 — pu)d By, (2.14)

hence p; is FP-predictable. For later use we note that, substituting in to (2.11)
we get the following formula for pu:

= 21 (2.15)
Fe=17 exp(2uBy + 2u2t)” '
Proposition 2.3 now implies that p, = g, and Y; is indeed as required. O

3. Passing to the Lévy transform

In this section we describe how to get rid of the enlargement of the filtration F?
by the sign e. We will make use of the Lévy transform which arises naturally in
the famous Tanaka formula for the SDE of (|B;|)¢>0 for some Brownian motion
B (for the derivation of the Tanaka formula see e.g. [3]).

Recall that the Lévy transform (MP);>0, of a Brownian motion (By);>0 is
defined by

t
MY :/ sign(Bs)dBs,  t >0, (3.1)
0
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where we use the sign function in the following left-continuous form
sign(z) = 1{z>0y — lyz<oy, for z € R.

Among the properties of the Lévy transform we mention that (M);>¢ is a Brow-
nian motion in its own filtration and that the filtration generated by (M);>0
equals the one generated by (|B|)¢>0 which is strictly smaller than the filtration
generated by (By)>o-

Proof of i) in Theorem 1.2. We come back to the setting of section 2 and con-
sider the filtered probability space (2, F,F“B P). Let us take u, S; as con-
structed in the proof of Proposition 1.1. Introduce (Y%)i>0 = (€St)t>0, this is a
Brownian motion in its own filtration, by Proposition 1.1.

Now consider the Lévy transform (M;);>o of the FY -Brownian motion ¥ =
(Y2)¢>0- It is defined by My = 0 and

dM; = sign(Y:)dY; = sign(eSy)edS;
= sign(S;)dS, t>0. (3.2)

This is again a Brownian motion (in F¥ as well as in F*) by the properties of
the Lévy-transform. It follows that with the choice H; = sign(S:), the process
(H - S):,t > 0is a Brownian motion in its own filtration. O

4. L°°-approximation of a constant drift

The aim of this section is to show that we can in fact define a process (St)¢>0
such that the drift is close to a constant drift ;4 with respect to the norm in L.
The strategy is that we stop whenever the drift (u:):>0 has moved by some small
fixed number. After that we will restart the construction. A somewhat delicate
point is that the stopping has to be done in a way adapted to FM. Lemma 4.1
below shows that this is indeed possible.

The distance of the drift process p; from p is proportional to the distance of
pt from one half. Namely, by (2.2) and (2.11),

e — pl = [20(1 = pt) — pllge=1y + [2upt — p[l{e=—1y

1

§_pt

= 2;1‘ , for ¢t > 0. (4.1)
In the following lemma we show that one can define a stopping time in the
filtration generated by the Lévy transform (M;);>o of the Brownian motion

(Yy)i>0, i.e. FM := (FM),>0, such that we have a control over the distance of p
from 1/2.

Lemma 4.1. Take py, s, Sy, Y as constructed in the proof of Proposition 1.1
in section 2 and consider the Lévy transform M = (M)i>o0 of Y = (Yi)i>0,
defined by My =0 and

dM; = sign(Y;)dY;.
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For each 6 > 0 we define the stopping time ps := inf{t : |M| > 6} A§. The
following estimate holds:

1 201 + 32
pt—a‘géw for 0 <t < ps. (4.2)

Proof. We present the proof in two steps.
Step 1: We show that |Y;| < 24, for 0 < ¢ < ps.

Let 7 := inf{t : |Y;| > 20} and let o := max{t < 7:Y; = 0}, i.e. the time of
the last zero of Y preceding 7. We note in passing that 7 is a stopping time in
the filtration FY', while ¢ fails to be a stopping time. Observe that by Tanaka’s
formula (see for instance [3])

My = |Yi| — Ly,

where L is the local time of Y at zero. By definition of o the local time L does
not grow on [0, 7] and thus a.s. L, = L,. For the process M this gives

M, — M,| = 26,

so that supy<,;«, |[M¢| > §, which shows that a.s. ps < 7, ie. |V;] < 26 for
0<t<ps.

Step 2: By straightforward calculation, |p; — (1/2)| = (1/2)|th(ut + pBy)],
where th denotes the hyperbolic tangent. As |thx| < |z|, dY; = eudt + ed By
and p; €]0,2u] we may write, for ¢ < ps,

1 t
b 5' < Pt/ 4 B2 < 122 4 Yl /2 4 g '/ ads| /2 <
0

u28/2 4 1(26) /2 + u?o,

using Step 1 and ps < 4. O

Using the previous Lemma we can refine the construction by stopping and
restarting, when we are too far away from a constant drift, considering the
information of FM™ only. Fix the constant > 0. For the goal of controlling the
L distance of p and the drift process u; to be constructed fix also a constant
6 >0.

The strategy is straightforward. We start at ¢ = 0 using the drift (i} )i>0
which is given by u$ = p and (2.14). Define the process S* by S} = 0,

dS} = ptdt +dB;,  t>0.

We perform the Lévy transform which results in a process (M});>o. Intro-
ducing the FM 1—stopping time

= inf{t > 0: |M}! >} Ad
we can assure by Lemma 4.1 and (4.1) that

luf —p <6Bpd +2u%)  for0<t <. (4.3)
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Then after 71 we restart the construction by defining the drift (u?):>,, where
p2 = pand (43)e>r, fulfills (2.14). Set S =0 and

dS} = pidt +dB;,  t>m.

Furthermore we perform the Lévy transform resulting in (M?);>,, and we define
the stopping time

Ty i=inf{t > 7y |MZ| > 5} A (6 + 7).

By this construction we have that the estimate (4.3) holds for (u2),, <t<r,, and
we may continue the construction in the same fashion.

Now we proceed formally:

Set 70 = 0 and define recursively for [ > 1 (5!);5¢ by S} = 0 and

dS! = pldt +aw},  t>o,
where the Brownian motion (W/);>¢ is given by
W/=B; 1B, >0,

and the drift process (fi});>o is given by

=1 + eXp(QEIi/f +2u2t)’ (44)
(compare to (2.15)).
The integrand (H});>¢ is defined analogously to Section 3 by
Hl = sign(gi), t>0,
and the stopping time ~; is defined by
v = inf{t : |[(H"- S8 > 6} A 4. (4.5)
Then we set
TI=Ti-1+t" (4.6)

and go on with the recursive definition. R
Finally for [ > 1 we introduce the processes (N});>0 and (N});>0 by

Nl = (H"- 8§, t>0

and ~
N{ =N/, t=0.

Note that by the considerations of sections 2 and 3 (N,f)tzo as well as its stopped
version (Ntl)tzo are martingales in their own filtrations for [ > 1.
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Remark 4.2. Tt is evident that (v;);>1 as well as {(W})o<t<~, }i>1 are i.i.d. se-
quences. By o(N},t > 0) C .7-'};}/1 it holds that (N});>1 are independent (and
identically distributed) processes and that .7-'571 is independent of (W});>o for

{ > 1. By these observations it follows that }"fil is independent of (N});>o for
[>1.

We need to show that the union of the stochastic intervals (J;~,[m-1,7]
equals the whole real line. B

Lemma 4.3. Let (1)i°, be defined by 70 = 0 and (4.6) for 1 > 1. Then
Plr; — o0, I — o0] = 1.

Proof. We already noticed in Remark 4.2 that the interval lengths 7 — 7;_; =
v are positive and identically distributed. A well-known result (see e.g. [2,
Proposition 4.14]) tells us that

o0

lim 7, = Z(Tl —T—1) =
l—o0 =

almost surely. O

The last step is to show that the process which is given by the concatenation
of the Lévy transforms N*,[ > 1 on the respective stochastic intervals is a
Brownian motion in its own filtration. We want to apply Lévy ’s criterion and
first concentrate on proving the martingale property. We need three lemmas:

Lemma 4.4. Let (Gy)i>0 be a martingale in its own filtration. Then
(Gt—a)+)t>0
is also a martingale in its own filtration for each fized number x > 0.

Proof. Obvious. O

Lemma 4.5. Let 1 be an FB-stopping time and (Gy)i>0 be a continuous mar-
tingale in its own filtration such that .7-',’73 1 (Gi)i>o. Define the filtration

Fi = }773 V Gi, where Gy = 0(Gry—p)+,0 < u < t), then (Gu_p)+)e>o0 5 a
martingale w.r.t. (Fi)i>o-

Proof. We want to show that
E[G(t_n)+ | an V U(G(u—n)+a0 <u<s)]= Gs—n)+-
Note that
.7:,],3 Vo (Gu—n+,0<u<s) C .7-',? Vo(Gu-yt,0<u<s)
and consider an event in the latter sigma-algebra given by

A:={B(-An) € C,L() € D},
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with Borel sets C, D of C[0,00) where C[0, 00) is the space of continuous func-
tions on [0, 00) equipped with the topology of uniform convergence on compacts.
We regard B(- An) as a random function

B(-An) : Q — C[0, ),
and
L(-) == Gyy—y+ : 2 — C[0,00)
for some 0 < u; < s. Furthermore, we define the random functions
Hy(-) = Gy_y+ : Q2 — C[0,00) and
Hy(-) := Gs—y+ : 2 — C[0,00).
Now consider that the law v of (Hy, Ha, B(- A ), L,n) on the space
0 := (C[0,00))" x (R U {oo}),
can be decomposed as
dv(xz1, 22, 3, T4, x5) = dv(z1, T2, 24 | T3, 25)dp(xs, x5),

where p is the law of (B(- An),n) and v(-,-, - | x3,z5) is the conditional law
of (Hy, Hs, L) knowing B(- An) = x5 and n = x5. The martingale property of
G (4—a)+ for each x > 0 (Lemma 4.4) implies

/$1($)1D($4($))d19(1'1,332,1‘4):/$2($)1D(1'4($))d19(1'1,1‘2,1‘4), (4.7)
S S

for each # > 0 where ¥ is the (unconditional) law of (Hy, Ha, L).

Furthermore, the hypotheses of the Lemma entail the independence of Hy, Hy, L
from B(- An) and n, so it follows that v(z1, 22,24 | 23, 25) does not depend on
(x3,x5) and thus

dv(z1, 22,24 | 23, 25) = dO (a1, 22, T4). (4.8)

By the decomposition of v and (4.8) we can write
E[G—p+1a] = / x1(x5)le(zs)lp(xy(ws))dv(ze, o, T3, T4, T5)
e

= /@ x1(x5)1p(xa(xs))dd(xy, xe, v4)1o(xg)du(xs, x5)

which by (4.7) equals

/@ 22 (5) Lp (@4 (25))d0 (1, 22, 24) L (w3)da(s, 5) = E[Gy_y)+ Lal.

For more general sets A of the form
A= {B( A T]) € C7G(u1*77)+ € Dq,.. '7G(un77])+ € Dn}

the equality
E[G (1—n)+ 1a] = E[G(s—p)+ 4]

holds by the same argument, which proves the lemma. O
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Lemma 4.6. Let X be a random wvariable, G and H be sigma-algebras in a
probability space (0, F,P). If G L H and X 1L H, then

E[X |GV H|=EX |G|
Proof. Obvious. O
Finally define the process (S;);>0 using S 1>1and (Hy)i>o using H', 1 > 1:

-1
S = ZS% + S,{,Tl_l form <t<m,
i=1

thus the drift (p:)i>0 of (St)¢>o0 is given by
ot 1= ﬂé*ﬂ—l for iy <t<m, (4.9)
and the integrand is defined as

H, := H!

t—T11—1

for 1 <t <.
We obviously have
t
Sy = / 1sds + By.
0

Then the stochastic integral (M;);>¢ is defined by

k—1
M; .= (H-S): Z Sl )y + Hk . S’k)t_mfl for 71 <t < 7.
1=1

(4.10)
Note that, by construction, S; and M; are continuous processes.
Proposition 4.7. The process (My)i>o0 as defined in (4.10) satisfies
_ 1
7ZN(75—7'171)+’ (4.11)
=1

where the sum converges in L?. (My)i>0 is a martingale in its own filtration.
That is, for 0 < s <t < o0

Proof. First we show that the sum on the right-hand-side of (4.11) converges in
L?. Note that

k T1NAt Tt
Z Nét_7171)+ = / Slgn(S; Tg)lﬁ’if‘rods +oeeet / Slgn(Sf T 1)["];77'16,1(18
_ 0 Tr—1 /At
T1NAt T\t
_|_/ sign(S1_ 0)dBs + - _|_/ sign(S*_ oy )ABs
0 Tr—1 /At

T At TN\t
- / Hopods + / H.dB.,
0 0
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which by Lemma 4.3 a.s. converges to
t t
M, = / Hgpisds +/ H.dB, as k — oo. (4.12)
0 0

Furthermore, we know from Proposition 2.3 that
|Hype] < 2p for t > 0.

By the Doob inequality and the It6 isometry we get

u

t
E[ sup | [ HodB.|? < 4E[( / H.dB,)?] = 4t,
o<u<t Jo 0

as |Hg| = 1. The L? convergence of the infinite sum follows.
Now we prove that (M;);>o is a martingale in its own filtration. Define the
filtrations (G})¢>o for [ > 1 by

g,{ = J(Néu_7171)+,0 <u<t),

and consider that

E[M, | FM = E[) E[N{_., ¢ | \/ G FY], (4.13)
=1

j=1

where L2-convergence allows us to exchange summation and expectation and
we used that FM C \/]oi1 Gl for s > 0. Furthermore, notice that

l
\ Gl c\/Glva(N"TL N2 ).

To see this, note that for m > 1 + 1 we have that GI" C o(N™,7,—1 A s) and
that by definition o(7,,_1 As) € o(N™ 1, 7,,_2As). Continuing this inductively
we get G C o(N™,...,N"*1 7y A's) and finally, (7 A s) C GL.

Thus define H. := \/é=1 GIVo(NHL N2 ) and recall that \/3.=1 gl C
fgm which is independent of N* k >+ 1, recall Remark 4.2. By Lemma 4.6
and the tower law the inner conditional expectation in (4.13) is given by

%) l %)
EENG e [HY T G =EEN, .y |\ GV Gl
j=1 j=1

j=1

l
- IE[‘Nr(lt—ﬂ,l)Jr | \/ gg]

j=1
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Note that \/é.:1 Gi C Fl.= FB

Ti—1 Vgi- By applying Lemma 4.5 with (G¢)i>0 =
(Né)tzo we get that

l
E[N(lt*ﬂfl)‘*' | \/ gg] = N(IS*TL—l)’*"
j=1

Substituting these results into (4.13) and using the representation (4.11) for M,
we get that

E[M; | FM] =B} Ni_r e | FM = E[M; | F)'] = M,
=1

O

Proof of ii) in Theorem 1.2. By construction and by Proposition 4.7 (M})i>o is
a continuous martingale and its bracket is (M), = ¢ by (4.12) and by |H| =
1,5 > 0, hence (My);>0 is a Brownian motion (in its own filtration).

For (pt)e>0, the drift of S, we conclude that, due to (4.1), Lemma 4.1, (4.5), (4.9)
and Lemma 4.3

sup [pe — pl < 0(3p” +24%)  as, (4.14)
>0
which can be made arbitrarily small. O

Appendix A: Michel Emery’s question

We now take up again the question discussed at the end of the introduction.
We adopt the notation from there but assume, slightly more generally, that the
independent sequence (€,)n<o of {—1,1}- valued random variables fulfill the
condition

Ple, =1 =1 —Ple, = 1] = pp, n <0,

for some sequence (py)n<o in 0, 1] satisfying

0
Z min(p,, 1 — p,) = co. (A1)

n=—oo

In the sequel we call {—1, 1}-valued random variables Bernoulli variables and
let N_ denote the integers less than or equal to zero.
The role of the regularity condition (A.1) is explained in the following lemma.

Lemma A.1. The law of the {—1,1}N~-valued random variable (€,)n<o is dif-
fuse iff (A.1) holds true.
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Proof. First assume that there exists an atom A = (ag,a_1,...) with P[A] > 0,
then [T, %) pUTe/2(1 — p,)(1=an)/2 5 ( which is equivalent to

0 0
S (1o p) ) = 3T (1= p) A ) < oo,

n=—oo n—=—oo

which implies that the sum in (A.1) is finite. On the other hand if the sum
in (A.1) is finite, this is equivalent to [] ) P 21 = p,)+an)/2 5 0 for a
sequence (ay)n<o such that

png“")/Q(l - pn)(lf‘l")/2 =min(pn, 1 — py) for n <0,

and we find A = (ag,a_1,...) with P[A4] > 0. O
We call a {—1,1}- valued random variable X symmetric Bernoulli if
1
PX=1=PX=-1]= 5

Lemma A.2. Let (€y)n<o be a sequence of Bernoulli random wvariables, and
(hn)n<o an i.i.d. sequence of symmetric Bernoulli variables independent of (en)n<o-
Then

(a) (hnén)n<o is an i.i.d. sequence of symmetric Bernoulli random wvariables
and
(b)
law[(€r)n<o|(hn€n)n<o] = law[(€n)n<o] a.s.

Proof. Fix N > 1 and consider signs x1,...,xn as well as indices 71,...,in.
Then by independence of (hy,)n<o and (€, )n<o combined with the i.i.d. property
we get

P[hi1€i1 =I1,...,hiN€iN :IN] =

> Pl =21 /y1,. s hiy = on/yn]Ple, = y1,. ey =yn] =

Y1,--5Yn
N N
1 1
(5) Z P[eil =Y1,---,€in :yN] = <§) ;
Y

15--Yn

which proves (a). For proving (b), we fix again N, M > 1 and consider signs
x1,...,xn and y1,...,yn as well as indices iy,...,iy such that Plh; &, =
Z1,...,hixn€iy = xn] > 0. By independence of (hy)n<o and (€n)n<o and the
previous argument we can calculate that

Ple;, =vi1,... €6y =yn | hisei, =a1,..., hiy€iy = 2N
CPles, = w1, €6y = YN, hijes, =21, hiy€y = TN]
P[hi1€i1 = $1,...,hiN€iN = IN]

B Plei, = y1,. .., €y = YN]
—(1/2)" L

:P[eil =Y1,---5 €6y = yN]a
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which proves (b). O

Assuming (A.1) we can find disjoint, infinite subsets (I, ),<o of N_ such that
1 >n, for all© € I, and

Z min(p;, 1 — p;) = co. (A.2)

i€y

For these sets we define the following infinite sequence (I (l))io of subsets of
N_ by

10 .= [,
W= ) I
nel)
7@ _ U I, (A.3)
nel)
etc.

Additionally to the sequence (I (l))zo from (A.3) we furthermore introduce

J=N_\ <{0}u GIU)) .

1=0
In the following lemma we summarize three properties of these sets.

Lemma A.3. For the sequence (I(l))io defined in (A.3) we have
(a) IO Cc{...,~1—2,~1—1} forl1>0.

(b) The sets (I(l))zoio are mutually disjoint.
(¢) For each m € J we have I,, C J.

Proof.  Proof of (a): We prove the statement by induction. 0 ¢ I(®) by con-

struction. Thus assume that the statement holds for 19, ... 1™ For [(»+1)
consider that
= |} 1,
zel(n)

and by the induction hypothesis z < —n—1for z € I"). But then alsoy < z—1,

for all y € I, thus it follows that y < —n—2and I, C {...,—n —3,—n — 2}
for each 2 € I, which proves (a).

Proof of (b): Again by induction: Let us assume that IO . I are pairwise
disjoint. We want to prove that I(©, ... I+t are also pairwise disjoint. Take

m € 1Y =, o Lo If we had m € 1) for some 1 < j < n then m € I,
for some y € IU=Y and also m € I, for some w € I, But as the I;,i € N_
are disjoint this implies y = w so that I NIU=1 =£ () which is a contradiction.
Finally if m € I9), then w = 0, but 0 ¢ I) for i > 1 by (a).
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Proof of (c): Let m € J and z € I,,,. Let I(-1) := {0}. Assume that there is a
k > 0 such that = € I this implies that there is y € I*~1 such that z € I,.
Then m =y and m € I*~1) which is a contradiction. O

We now can prove a positive answer for M. Emery’s question.

Theorem A.4. Let (e,)n<o be a sequence of independent {—1,1}- valued ran-
dom wvariables such that,

0
> min(Ple, = 1], Ple, = —1]) = o0. (A.4)

n=-—oo

Then there is a predictable process (hy)n<o of {—1,1}-valued random variables,
such that (hp€n)n<o s an i.i.d. sequence of symmetric Bernoulli random vari-
ables.

Proof. Consider the disjoint, infinite subsets (I,,)n<o of N_ verifying (A.2).
By Lemma A.1, we may find Borel-functions

fn : {_L 1}’N7 - {_L 1}’7
such that
hi = fu((€)icr,) (A.5)

satisfies

We claim that these (hy,)n<o do the job.
For this aim we show that

P[hoeo = 1|(hn€n)n§71] a.:s. P[hoeo = *]—|(hn€n)n§71] a.:s. 1/2 (AG)

To see the dependence structure of the (hy,)npen_ note that by (A.5) forn >0
the {—1, 1}"--valued random variable (h;);c ;) does depend on (€;);c;+1) but
it is independent of (€;);c;en as I NI+ = by Lemma A.3(b).

The (h;)ier, are an i.i.d. sequence of symmetric Bernoulli random variables
independent of (¢;);cs, and (€;)ics hence by Lemma A.2 (b)

law[(€:)icr, | (Ri€i)icty, (€1)ics] = law|(€;)ier,]- (A7)
It follows that

Plho = 1| (hi€i)iery, (€i)ics] = Plfo((€)ier,) = 1| (hi€i)icr,, (€i)ic]
1 (A.8)

= Plfo((e)ier,) =1] = 3

Similarly we get for (h;)ic1, = (fi(€n,n € I;))ic, that

law[(hi)icr, | (Ri€i)iery, (€i)ict] is a.s. i.i.d. symmetric Bernoulli. (A.9)
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Now we claim that
law[ho | (hi€i)icr,ur0), (€i)ics] is a.s. symmetric Bernoulli. (A.10)

Indeed, fix finite index sets K C Iy, L ¢ I, M C J and signs (x;)icx as
well as (y;)ier, (2i)ienm- Then

Plho = 1| (hi€;)ick = (@i)iek, (hi€i)icr = (Wi)ier, (&:)iem = (2i)iem]
Plho = 1, (hi€i)iex = (@i)iek | (hi€i)ier = (Yi)ieL, (€i)iem = (2i)iem)
Pl(hi€i)ierx = (vi)ier | (hi€i)ier = (Yi)ieL, (€:)iem = (2i)iem]

For the denominator consider that by (A.9) together with independence of
(€)icr, from (€);cryureuy and by Lemma A.2 (a)

Pl(hi€i)icr = (z)iex | (hi€i)ier = Wi)ier, (€:)ien = (2i)ienr)=2" 151,
By (A.8) and (A.9) we get for the numerator
Plho = 1, (hi€i)iex = (xi)iek | (hi€i)icL = (Yi)ier, (€i)iem = (2i)iem]

1
=Plho = 1, (hi€i)iex = (Iﬂi)ieK]:§2*|K|,

and (A.10) follows as the same conclusion passes to infinite index sets.
Continuing analogously we get by induction that

law[hg | (hiei)ieU“ 1 (€)ieJ] is a.s. symmetric Bernoulli,
=0

which gives the claim (A.6) since o(hpen,n < —1) is contained in o(e,hy,,n €
U2 I®, €n,m € J) by Lemma A.3 (c).
Analogous arguments show that

Plhie; = 1| (hnen)n<i-1] = Plhie; = =1 (hnen)n<i—1] = 1/2,

for any ¢ < —1, which proves the theorem. O
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