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ABSTRACT. We revisit the [JKO98] variational characterization of diffusion as entropic gradient
flux, and provide for it a probabilistic interpretation based on stochastic calculus. It was shown
by Jordan, Kinderlehrer, and Otto in [JKO98] that, for diffusions of Langevin-Smoluchowski type,
the Fokker-Planck probability density flow minimizes the rate of relative entropy dissipation, as
measured by the distance traveled in terms of the quadratic Wasserstein metric. We obtain novel,
stochastic-process versions of these features, valid along almost every trajectory of the diffusive
motion in both the forward and, most transparently, the backward, directions of time, using a very
direct perturbation analysis; the original results follow then simply by taking expectations. As a
bonus, we derive the Cordero-Erausquin version of the so-called HWI inequality relating relative
entropy, Fisher information and Wasserstein distance.
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1. INTRODUCTION

We give a trajectorial interpretation of a seminal result by Jordan, Kinderlehrer, and Otto [JKO9§],
and provide a proof based on stochastic calculus. The basic theme of our approach could be described
as “applying Itd calculus to Otto calculus”. More precisely, we follow a stochastic analysis approach
to Otto’s characterization of diffusions of Langevin-Smoluchowski type as entropic gradient fluxes in
Wasserstein space, and provide stronger, trajectorial versions of these results. For consistency and



better readability we adopt the setting and notation of [JKO98], and even copy some paragraphs of
this paper almost verbatim in the remainder of this introductory section.

Following the lines of [JKO98] we thus consider a Fokker-Planck equation of the form
p(t,x) = div (VI¥(2) p(t,x)) + B~ Ap(t, z), (t,x) € (0,00) x R™, (1.1)
with initial condition
p(0,z) = p°(x), x e R"™ (1.2)

Here, p is a real-valued function defined for (¢,x) € [0,00) x R"™, the function ¥: R™ — [0,00) is
smooth and plays the role of a potential, 3 > 0 is a real constant, and p° is a probability density
on R™. The solution p(t,z) of with initial condition stays non-negative and conserves its
mass, which means that the spatial integral

/n p(t,x)dx (1.3)

is independent of the time parameter ¢ > 0 and is thus equal to [ p°dz = 1. Therefore, p(t, -) must
be a probability density on R”™ for every fixed time t > 0.

As in [JKO98| we note that the Fokker-Planck equation |(1.1)| with initial condition is in-
herently related to the stochastic differential equation of Langevin-Smoluchowski type [Fri75l, [(Gar(9,
Ris96, [Sch&0)]

dX(t) = =V (X () dt +4/268-1dW (),  X(0) = X°. (1.4)
In the equation above, (W (t))i>o is an n-dimensional Brownian motion started from 0, and the R"-
valued random variable X° is independent of the process (W (t));>0. The probability distribution
of XY has density p" and, unless specified otherwise, the reference measure will always be Lebesgue

measure on R™. Then p(¢, -), the solution of with initial condition |(1.2)| gives at any given time
t > 0 the probability density function of the random variable X (¢) from

If the potential ¥ grows rapidly enough so that e #Y ¢ L'(R™), then the partition function
Z(B) = / e PV g (1.5)

is finite and there exists a unique stationary solution of the Fokker-Planck equation [(1.1); namely,
the probability density ps of the Gibbs distribution given by [Gar09} [JK96| Ris96]

ps(x) = (2(B)) e Y@ (1.6)

for x € R™. When it exists, the probability measure on R™ with density function p, is called Gibbs
distribution, and is the unique invariant measure for the Markov process (X(t));>0 defined by the
stochastic differential equation |(1.4)} see, e.g., [KS91, Exercise 5.6.18, p. 361].

In |JK96] it is shown that the stationary probability density ps satisfies the following variational
principle: it minimizes the free energy functional

F(p) = E(p) + 57" S(p) (L.7)
over all probability densities p on R™. Here, the functional
E(p) := Vpdx (1.8)
Rn

models the potential energy, whereas the internal energy is given by the negative of the Gibbs-
Boltzmann entropy functional

S(p) = /nplogpdx. (1.9)

In accordance with [JKO98] we consider the following regularity assumptions.



Assumptions 1.1 (REGULARITY ASSUMPTIONS OF [JKO98, THEOREM 5.1]).

(i) The potential ¥: R™ — [0,00) is of class C>°(R™;[0,00)) and satisfies, for some real constant
C > 0, the bound
VU < C (¥ +1). (1.10)

(ii) The distribution of X (0) in [(1.4)] has a probability density function p°(x) with respect to
Lebesgue measure on R”, which has finite second moment as well as finite free energy, i.e.,

/ P2(z) |z* dz < oo and F(p°) € R. (1.11)
Rn

We shall impose also the following, additional assumptions.

Assumptions 1.2 (REGULARITY ASSUMPTIONS OF THE PRESENT PAPER). In addition to conditions
(i)| and |(ii)| of [Assumptions 1.1], we also impose that:

(iii) The potential ¥ satisfies the drift condition
(2, V(@) > —claf? (1.12)
for all x € R™ with |z| > R, for some real constants ¢ > 0, R > 0.

(iv) The potential ¥ is sufficiently well-behaved to guarantee that the solution of is well-
defined for all ¢ > 0, and that the solution (t,z) — p(t,z) of with initial condition
is continuous and strictly positive on (0, 00) x R"™, and smooth in the space variable z for each
t > 0. We also assume that the logarithmic derivative (¢,z) — Vlog p(t,z) is continuous on
(0,00) x R™. For example, by requiring that all derivatives of U grow at most exponentially as
|z| tends to infinity, one may adapt the arguments from [Rog85] showing that this is indeed the
case.

For the formulation of [Theorem 3.4l we will need a vector field 3: R"™ — R™ which is the gradient of
a potential B: R™ — R satisfying the following regularity assumption:

(v) The potential B: R™ — R is of class C*°(R"™;R) and has compact support. Consequently, its
gradient § := VB: R™ — R" is of class C>°(R";R™) and again compactly supported. We also
assume that the perturbed potential ¥ + B satisfies condition

The[Assumptions 1.2]are satisfied by typical convex potentials ¥. They also accommodate examples
such as double-well potentials of the form ¥ (x) = (22 —a?)? on the real line, for real constants a > 0.

Furthermore, they guarantee that the second-moment condition in |(1.11)| propagates in time, i.e.,

/ p(t, z) |z|* dz < oo, t>0; (1.13)
R™

see [Lemma 2.1 below. Also note that these assumptions do not rule out the important case when the
constant Z(f3) in is infinite; thus, they allow for cases (such as ¥ = 0) in which the stationary
probability density function ps; does not exist. In fact, in [JKO98| the authors point out explicitly
that, even when the stationary probability density ps is not defined, the free energy of a density
p(t, x) satisfying the Fokker-Planck equationwith initial condition can be defined, provided
that F(p°) is finite.



1.1. PREVIEW

We set up in our model for the Langevin-Smoluchowski diffusion and introduce its fun-
damental quantities, such as the current and the invariant distribution of particles, the resulting
likelihood ratio process, as well as the associated concepts of free energy, relative entropy, and rela-
tive Fisher information.

Section 3] presents our basic results. These include [Theorem 3.1} which computes in terms of the
relative Fisher information the rate of relative entropy decay in the ambient Wasserstein space of
probability density functions with finite second moment; as well as its “perturbed” counterpart,
[Theorem 3.4l We compute explicitly the difference between these perturbed and unperturbed rates,
and show that it is always non-negative, in fact strictly positive unless the perturbation and the
gradient of the log-likelihood ratio are collinear. This way, the Langevin-Smoluchowski diffusion
emerges as the steepest descent (or “gradient flux”) of the relative entropy functional with respect to
the Wasserstein metric.

We also show that both [Theorems 3.1 and [3.4] follow as very simple consequences of their stronger,
pathwise versions, [Theorems 3.6] and 3.8 respectively. These latter are the main results of this
work; they provide very detailed descriptions of the semimartingale dynamics for the relative entropy
process, in both its “pure” and “perturbed” forms. Such descriptions are most transparent when time
is reversed, so we choose to present them primarily in this context. Several important consequences
and ramifications of [Theorems 3.6], 3.8 are presented in[Subsections 3.2land B.3] including a derivation
of the Cordero-Erausquin form of the famous HWI inequality that relates relative entropy (H) to
Wasserstein distance (W) and to relative Fisher information (I).

Most of the detailed arguments and proofs are collected in [Section 4] and in the appendices. In
particular, presents a completely self-contained account of time reversal for It6 diffusion
processes. The necessary background on optimal Wasserstein transport is recalled in [Section 5l

2. THE STOCHASTIC APPROACH

Thus far, we have been mostly quoting from [JKO9§|. We adopt now a more probabilistic point of
view, and translate our setting into the language of stochastic processes and probability measures.
For notational convenience, and without loss of generality, we fix the constant § > 0 to equal 2, so
that the stochastic differential equation becomes

AX(t) = —VU(X(1))dt +dW(t), ¢ >0. (2.1)

Let P(0) be a probability measure on the Borel sets of R with density function p°(x) := p%(z).
We shall study the stochastic differential equation with initial probability distribution P(0).

While we do make an effort to follow the setting and notation of [JKOO98] as closely as possible,
our notation here differs slightly from [JKO98|. To conform with our more probabilistic approach,
we shall use from now onward the familiar letters p® and p(0, -) rather than p° and p(0, -).

The initial probability measure P(0) on R"™ with density function p(0, - ), induces a probability
measure PP on the path space Q = C(R;R™) of R"-valued continuous functions on R4 = [0, 00), under
which the canonical coordinate process (X (t)(w))i=0 = (w(t))i=0 satisfies the stochastic differential
equation with initial probability distribution P(0). We shall denote by P(t) the probability
distribution of the random vector X (¢) under P, and by p(t) = p(t, -) the corresponding probability
density function, at each time t > 0, which is the solution of .

We shall see in that, in conjunction with the second-moment condition in [(1.11)] the
drift condition |(1.12)| guarantees finite second moments of the probability density functions p(t) at
all times ¢ > 0; equivalently, membership of the probability distribution P(¢) in the space Z2(R™) of



definition |(5.1)|in [Section 3l for all ¢ > 0. This property also holds when the potential ¥ is replaced
by ¥ + B as in condition of [Assumptions 1.2} see [Lemma 3.3|

Lemma 2.1. Under the [Assumptions 1.2 the Langevin-Smoluchowski diffusion |(2.1)| with initial
distribution P(0) admits a pathwise unique, strong solution, which satisfies P(t) € P2(R™) for all
t>0.

An important role will be played by the Radon-Nikodym derivative, or likelihood ratio process,

dP(t) p(t, @) 20
—2 (X)) =L(t, X (1)), where (¢, z) == —2L = p(t,z) 2V @) 2.2
1o (X) = €. X (1) (t.2) = B0 = pit.2) (22
for t > 0 and = € R™. Here and throughout, we denote by Q the o-finite measure on the Borel sets
of R", whose density with respect to Lebesgue measure is

q(z) =72V, xz € R"™. (2.3)

The relative entropy and the relative Fisher information (see, e.g., [CT06]) of P(t) with respect to
this measure Q, are defined respectively as

H(P()|Q) :=Ep[logl(t, X (t))] = /n log (ﬁ&?) p(t, z)dz, t>0, (2.4)
[(P(t)|Q) :=Ep[ [Vieg((t, X(1)[*], >0 (2.5)

Remark 2.2. Following the approach of [Léol4l Section 2], we show in that the relative
entropy H(P|Q) is well-defined for every probability measure P in &5(RR"™) and takes values in
(—o00, 0] o

The following well-known identity states that the relative entropy H(P(t)|Q) is equal to
the free energy functional F'(p(t, -)), up to a factor of 2, for all ¢ > 0. In light of condition in
[Assumptions 1.1} this identity implies H(P(0)|Q) € R, so the quantity in is finite for ¢t = 0;
thus, on account of below, finite also for ¢ > 0.

Lemma 2.3. Under the [Assumptions 1.2], and along the curve of probability measures (P(t))i=0, the
free energy functional in|(1.7)| and the relative entropy in |(2.4)| are related for each t > 0 through the
equation

2F(p(t, ) = H(P(t)| Q). (2.6)
Proof. Indeed,

B [log £(1, X(1))] = B log (20 (1, X(1))] = Ee [29(X(1)] + Ep [logp(t, X (1)
=2 U(zx)p(t,z)dx +/ p(t,z) log p(t, =) dz,
R~ R~
which equals 2 F(p(t, -)). O

The identity |(2.6)| shows that studying the decay of the free energy functional F(p(t, -)), is equiv-
alent to studying the decay of the relative entropy H(P(t)|Q).



3. THE THEOREMS

As already indicated in |(1.1)] and |(1.4) the probability density function p: [0,00) x R™ — [0, 0c0)
solves the Fokker-Planck or forward Kolmogorov [Kol31] equation [Eri75l [Gar09) [Ris96! [Sch80]

Op(t,z) = div (VU (z) p(t,z)) + %Ap(t,:n), (t,z) € (0,00) x R™, (3.1)

with initial condition
p(07$) = po(x)v r € R™ (32)

By contrast, the function ¢(-) does not depend on the temporal variable, and solves the stationary
version of the forward Kolmogorov equation |(3.1)| namely

0 =div (V¥(z)q(z)) + 3Aq(z), x € R™ (3.3)

In light of [Lemma 2.3] the object of interest in [JKO98§] is to relate the decay of the relative entropy
functional
Py(R") > P— H(P|Q) € (—o0, ] (3.4)

along the curve (P(t))i=0, to the quadratic Wasserstein distance Wy defined in |(5.3)| of [Section 5l
We resume the remarkable relation between these two quantities in the following two theorems;
these provide a way to quantify the relationship between displacement in the ambient space (the
denominator of the expression in and fluctuations of the free energy, or equivalently of the
relative entropy (the numerator in the expression [(3.7)]). The proofs will be given in
below.

Theorem 3.1. Under the [Assumptions 1.2 we have for Lebesgque-almost every ty > 0 the generalized
de Bruijn identity

}E?O H(P(t)]| Qi : thI(P(to) Q) — _1I(P(ty) | Q), (3.5)

as well as the local behavior of the Wasserstein distance

. Wz(P(t),P(to)) B
tllgt [t — to| - % I(P(tO) | Q)v (3.6)

so that

. HPOIQ) -~ H(P)|Q)) _
ti (s ) ZEGIV IO ) i ). 57)

The ratio on the left-hand side of can be interpreted as the slope of the relative entropy
functional at P = P(ty) along the curve (P(t)):>0, if we measure distances in #2(R™) by the
quadratic Wasserstein distance Wy of The quantity appearing on the right-hand side of
is the square root of the relative Fisher information in written more explicitly in terms of the
“score function” VL(t, -)/L(t, -) as

Ve(ty, X (to)) | 1 _/
5 =

£(to, X (to)) "
Remark 3.2. Under the [Assumptions 1.2] it is perfectly possible for the relative Fisher information

I(P(to)| Q) to be infinite at ¢y = 0. For instance, think of p(0, -) as the indicator function of a subset
of R™ with Lebesgue measure equal to 1. In this case both sides of equation |(3.7)| are equal to —oo,

as will follow from o

Vp(to, ) ?

1(P(t) ] Q) = E[




The remarkable insight of [JKO98| states that the slope in in the direction of the curve
(P(t))i=0 is, in fact, the slope of steepest descent for the relative entropy functional[(3.4)]at the point
P = P(tp). To formalize this assertion, we fix a time ¢y > 0 and let § = VB: R" — R" be a gradient
vector field of class C*°(R™; R™) having compact support, as in condition |(v)| of [Assumptions 1.2}
This vector field g will serve as a perturbation, and we consider the thus perturbed Fokker-Planck
equation

o’ (t,7) = div ((VU() + B(2) P(t,2)) + 3AP°(1,2),  (t,2) € (to,00) x R"  (3.9)

with initial condition
PP (to, ) = p(to, z), z € R". (3.10)

We denote by P? the probability measure on the path space Q = C([tg,c0); R™), under which the
canonical coordinate process (X (t));>¢, satisfies the stochastic differential equation

dX(t) = —(VE(X(8) + B(X(1)) dt+dWA(D),  t> 1o (3.11)

with initial probability distribution P(ty). Here, the process (W?(t))s>4, is a Brownian motion under
IPA. The probability distribution of X (¢) under P? on R™ will be denoted by P?(t), for ¢t > to; once
again, the corresponding density function p?(t) = p®(t, -) solves the equation subject to the
initial condition .

In the following analogue of [Lemma 2.1l we state that the perturbed probability density functions
p?(t) also admit finite second moments at all times ¢ > to. For the proof we refer again to[Appendix D]

Lemma 3.3. Under the [Assumptions 1.2, let tg > 0. The perturbed diffusion |(3.11)| with initial
distribution PP (ty) = P(to) admits a pathwise unique, strong solution, which satisfies PP (t) € Py(R")
for all t > tg.

After these preparations we can state the result formalizing the gradient flux, or steepest descent,
property of the flow (P(t)):>0 generated by the Langevin-Smoluchowski diffusion |(2.1), with respect
to the Wasserstein metric.

Theorem 3.4. Under the [Assumptions 1.2], the following assertions hold for Lebesgue-almost every
to = 0: The R"-valued random vectors

a:= Vlog ((ty, X (to)) = Vogp(to, X (to)) +2 V¥ (X (t9)) , b:= B(X(to)) (3.12)

are elements of the Hilbert space L*(P), and the perturbed version of the generalized de Bruijn identity

reads

i HLPPO1Q) — HP@)|Q) _
tlto t—1o o2

I(P(to) ’ Q) - <CL, b>L2(IP) = —<CL, % + b>L2(Ip)' (313)

Furthermore, the local behavior of the Wasserstein distance |(3.6)| in this perturbed context is given

by
i Wa (PP(t), PP (to))

tlto t— 1o

= 3 lla+ 20| 2 (p).- (3.14)

Combining ((3.13)] with (3.14)], and assuming ||a + 2b|[ 2(py > 0, we have

(3.15)

(PP Q) - H(P (1) |Q) _ < 0t 2 >
tlto WQ(PB(t),PB(to)) ’ ||a+2b||L2(IP) L2(IP)’



and therefore

. <H(P5(t)]Q) —H(P(t)) |Q)  H(P(1)|Q) —H(P“O”Q)) (3.16)
i Wa(PA(t), PA(t0)) Wa(P(t), P(to)) '
“allaon — (g 22
= llallL2(p) < ’ Ha+2b”L2(]P)>L2(]P). (317)

Remark 3.5. On the strength of the Cauchy-Schwarz inequality, the expression in is non-
negative, and vanishes if and only if @ and b are collinear. Consequently, when the vector field (3 is
not a scalar multiple of Vlog £(tg, -), the difference of the two slopes in is strictly positive. In
other words, the slope quantified by the first term of the difference is then strictly bigger than
the (negative) slope expressed by the second term of o

These two theorems are essentially well known. They build upon a vast amount of previous work.
In the quadratic case ¥(z) = |z|?/4, i.e., when the process (X (t));>0 in[(2.1)]is Ornstein-Uhlenbeck
with invariant measure in standard Gaussian, the relation

LH(P®) Q) =-11(P1)|Q) (3.18)

has been known since [Stab9] as de Bruijn’s identity. This relationship between the two fundamental
information measures, due to Shannon and Fisher, respectively, is a dominant theme in many aspects
of information theory and probability. We refer to the book [CT06] by Cover and Thomas for an
account of the results by Barron, Blachman, Brown, Linnik, Rényi, Shannon, Stam and many others
in this vein, as well as to the book [Vil03] by Villani. See also the paper by Carlen and Soffer [CS91]
on the relation of to the central limit theorem.

In|(3.5)} the de Bruijn identity|(3.18)|is established for more general Q that satisfy [Assumptions 1.2}
see also the seminal work [BE85] by Bakry and Emery.

The paper [JKO98| broke new ground in this respect, as it considered a general potential ¥ and
established the relation to the quadratic Wasserstein distance, culminating with the characterization
of (p(t, -))e=0 as a gradient flux. This relation was further investigated by Otto in the paper [Ott01],
where the theory now known as “Otto calculus” was developed.

The statements of our [Theorems 3.1, [3.4] complement the existing results in some detail, e.g.,
the precise form |(3.17)| measuring the difference of the two slopes appearing in [(3.16)l The main
novelty of our approach, however, will only become apparent with the formulation of the pathwise

Mheorems 3.6 B.8 below.

We shall thus investigate [Theorems 3.1l and B.4] in a trajectorial fashion, by considering the relative
entropy process

log£(t, X (t)) = log <%> =logp(t, X (t)) +2¥(X(t)), 0<t<T, (3.19)

along each trajectory of the canonical coordinate process (X (t))o<i<7, and calculating its dynamics
(stochastic differential) under the probability measure IP. The expectation with respect to P of this
quantity is, of course, the relative entropy in |(2.4)|

A decisive tool in the analysis of the relative entropy process |(3.19) is to reverse time, and use
a remarkable insight due to Fontbona and Jourdain [F.J16]. These authors consider the coordinate



process (X (t))o<t<r on the path space = C([0,T];R"™) in the reverse direction of time, i.e., they
work with the time-reversed process (X (T — s))o<s<; it is then notationally convenient to consider
a finite time interval [0, 7], rather than Ry. Of course, this does not restrict the generality of the
arguments.

At this stage it is important to specify the relevant filtrations: We denote by (F())i=0 the smallest
continuous filtration to which the coordinate process (X(t))i>0 is adapted. That is, modulo IP-
augmentation, we have

Fit)=0c(X(u): 0<u<t), t > 0; (3.20)

and we call (F(t))i=0 the “filtration generated by (X (t))i0” Likewise, we let (G(T — s))o<s<r be
the “filtration generated by the time-reversed coordinate process (X (T — s))o<s<r” in the sense as
before. In particular,

G(T—s)=0c(X(T—u): 0<u<s), 0<s<T, (3.21)

modulo P-augmentation. For the necessary measure-theoretic operations that ensure the continuity
(from both left and right) of filtrations associated with continuous processes, consult Section 2.7 in
[KS91]; in particular, Problems 7.1 — 7.6 and Proposition 7.7.

3.1. MAIN RESULTS

The following two [Theorems 3.6land 3.8l are the main new results of this paper. They can be regarded
as trajectorial versions of [Theorems 3.1 and 3.4 whose proofs will follow from and 3.8
simply by taking expectations. Similar “trajectorial” approaches have already been applied success-
fully to the theory of optimal stopping in [DK94], to Doob’s martingale inequalities in [ABP13],
and to the Burkholder-Davis-Gundy inequality in [BS15].

The significance of [Theorem 3.6] right below, is that the trade-off between the decay of relative
entropy and the “Wasserstein transportation cost”, both of which are characterized in terms of the
cumulative relative Fisher information process, is valid not only in expectation, but also along (almost)
each trajectory, provided we run time in the reverse direction

Theorem 3.6. Under the [Assumptions 1.2], we let T > 0 and define the cumulative relative Fisher
information process, accumulated from the right, as

_ [V —w XT )]
F(T—s)._/0§ E( T W X(T )2
(3.22)
51 V(T —u, X(T — u)) 2
_/0 5‘ T —a X ) T2V —w)| du
for 0 < s <T. Then Ep[F(0)] < oo, and the process
M(T = 5) = (log {(T — 5, X (T — 5)) — log (T, X (T)) ) = F(T — s) (3.23)

for 0 < s < T, is a martingale of the backwards filtration (G(T — s))o<s<r under the probability
measure . More explicitly, the martingale of |(3.23)| can be represented as

VT —u, X(T — ) —p
M(T—s)_/o < )W (T—u)>Rn, 0<s<T, (3.24)

! As David Kinderlehrer kindly pointed out to the second named author, the implicit Euler scheme used in [TKO98]
also reflects the idea of going back in time at each step of the discretization, as does the backward Kolmogorov
equation.
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where the stochastic process (WP(T —s))
(G(T = 8))o<s<r-

Remark 3.7. The representation [(3.24)] in conjunction with the finiteness of Ep[F(0)], shows that
the martingale of [(3.23)|is bounded in L?(PP). o

0<s<T is a P-Brownian motion of the backwards filtration

Next, we state the trajectorial version of [Theorem 3.4]— or equivalently, the “perturbed” analogue
of [Theorem 3.6l As we did in [Theorem 3.4 in particular in the preceding equations [(3.9)] - [(3.11)|

we consider the perturbation g: R™ — R"™ and denote the perturbed likelihood ratio function by

Pt z) = =pP(t,2) Y@ | (t,2) € [ty,00) x R”. (3.25)

Its stochastic analogue is the perturbed relative entropy process

p’B (th(t))
(X (1))

Theorem 3.8. Under the [Assumptions 1.2], we let to > 0 and T > tg. We define the perturbed
cumulative relative Fisher information process, accumulated from the right, as

log £ (t, X (t)) = log ( ) =logp” (t, X (1)) + 2 (X (1)), to<t<T. (3.26)

sr_ oy [ UVEB(T—U,X(T—u))‘2 _div L ) "
(T )._/0 (2 T T + (8. 2V0) g, —divB) (X(T —w)) | du  (3.27)

for 0 < s <T —ty. Then Eps [Fﬁ(to)} < 00, and the process
MAT = s) = (log 0°(T — 5, X (T — 5)) — log ¢° (T, X (T)) ) = FA(T — ) (3.28)

for 0 < s < T—ty, is a martingale of the backwards filtration (G(T — s))o<s<T—t, under the probability
measure PP. More explicitly, the martingale of [(3.28)| can be represented as

V(T —u, X(T —u)) —ps
MB(T_S)_/O < P X T ) , AW (T—u)>Rn, 0<s<T—to, (3.29)

— P8
where the stochastic process (W~ (T—s))
(G(T = s))o<s<r—t0-

Remark 3.9. The representation [(3.29)] in conjunction with the finiteness of Eps [F#(0)], shows that
the martingale of [(3.28)]is bounded in L?(IP?). o

0<s<T—t is a PP - Brownian motion of the backwards filtration

3.2. IMPORTANT CONSEQUENCES

We state now several important consequences of these two basic results, [Theorems 3.6l and B8l In
particular, we indicate how the corresponding assertions in the earlier [Theorems 3.1}, 3.4l follow directly
from these results by taking expectations.

Corollary 3.10. Under the [Assumptions 1.2, we have for all t,tg > 0 the relative entropy identity

H(P(t)|Q)—H(P(t)| Q) = Ep [log (%ﬂ — Ep [/tj (—%%) du]. (3.30)

11



Furthermore, we have for Lebesgue-almost every tg > 0 the generalized de Bruijn identity

2
H(P(t — H(P(t l(to, X(t
o HP()]Q) — HY (@IQ):_%E@l}V(o, <@y ]7 (3.31)
t=1to t—to {(to, X (to))
as well as the local behavior of the Wasserstein distance
W (P(t), P(to)) Ve(to, X (t0)* 1)
1 W2(P(1), Pltg :%<EIP[ 0. X(to)) D _ (3.32)
t—to |t — tol £(to, X (t0))

Proof of [Corollary 3.10] from [Theorem. 3.6: The identity follows by taking expectations with
respect to the probability measure IP, and invoking the martingale property of the process in for
T > max{to,t}. In particular, shows that the relative entropy function ¢ — H(P(t)|Q) from
thus also the free energy function t — F(p(t, -)) from are strictly decreasing provided
£(t, -) is not constant.

According to the Lebesgue differentiation theorem, the monotone function ¢ — H(P(t)|Q) is
differentiable for Lebesgue-almost every ¢y, > 0, in which case|(3.30)|leads to the identity |(3.31)]

The limiting behavior of the Wasserstein distance |(3.32)| for Lebesgue-almost every ¢y > 0, is well
known and carefully worked out in [AGSO08]; see [Theorem 5.1 in [Section 5l below for the details. O

Proof of[Theorem 3.1 from [Theorem 3.6 Recalling the definition of the relative Fisher information
(2.5)|as well as|(3.8)] we realize that the limits|(3.5)|and |(3.6)|in [Theorem 3.1l correspond to the limits

(3.31)] and [(3.32)| in the just proved If to > 0 is chosen such that both limits |(3.5)]
and |(3.6)| exist, we can divide them by each other, in order to obtain equation |(3.7)| of [Theorem 3.1]
for Lebesgue-almost every tg > 0. O

In a similar way as we derived the above [Corollary 3.10] from [Theorem 3.6l we now deduce the
following [Corollary 3.11] from [Theorem 3.8l Its first identity |(3.33)| shows, in particular, that the
relative entropy H(P?(t) | Q) is real-valued for all ¢ > t.

Corollary 3.11. Under the [Assumptions 1.2, we have for allt >ty > 0 the relative entropy identity

Oo(t, X (1)) )1

(% (to, X (o))

H(P(t)| Q) — H(P’(t) | Q) = Eps [log (

(3.33)
tf 1|V (u, X (u) |
:Eﬁ/ _ = +(divB—(8,2v¥). )(X(u) |dul.
oo [ (=3 ¢ (v (5, 2990, 0600
Furthermore, we have for Lebesgue-almost every ty = 0 the limiting identities
L H(PA0)|Q) - H(P(1)|Q)

tlto t—1tp

(3.34)

_ [_ywuo,xao)n?
L2 . X (1)

+(divB—(8,2V0),) (X(to))] )

9 1/2
] ) . (3.35)

as well as

Wo(PP(t), PP(to)) (EPl ‘M +23(X (o))

li _1
o t—tg 2 0(t0, X (t0))
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Proof of[Corollary 3.11| from [Theorem 3.8: Taking expectations under the probability measure P”
and using the martingale property of the process in |(3.28)| for T' > t, leads to the identity |(3.33)]

In order to derive the limiting identity from the equation some care is needed to show
that is valid for every time ¢y > 0 which is not an exceptional point excluded by [Theorem 3.1]
or equivalently by More precisely, if tg > 0 is such that the one-sided limit from the
right, corresponding to , can be derived from |(3.30)|in [Corollary 3.10] we have to show that for
the same point t¢ the perturbed equation leads to the identity ; see in this context also
[Remark 4.74] below.

We shall verify in [Lemma. 4.12] of [Subsection 4.5l below the following estimates on the ratio between

the probability density function p(¢, ) and its perturbed version pP (t,x): For every tg = 0 and T > tg
there is a constant C' > 0 such that

fﬁ(t,:n) ] pﬂ(t,a}) ~ - i )
} 0t, ) ‘ - } ot 2) 1‘ <C(t-to),  (t2)€lfto,T] xR (3.36)
as well as ,
¢ Bu, X (u

We turn now to the derivation of |(3.34)| from |(3.33)| First, as the perturbation  is smooth and
compactly supported, we have clearly

lim —L Eps Ut (div,B — (8, 2v\11>Rn) (X (u)) du] = Eps [(divﬂ — (8, 2V\IJ>]Rn) (X(to))].

tlto t=to to

(3.38)

Since the random variable X(ty) has the same distribution under P, as it does under P?, it is
immaterial whether we express the expectation appearing on the right-hand side of with respect
to the probability measure IP or P?. Hence this expression in equals the corresponding term
in the second line of as required. Regarding the remaining term, we apply ((3.36)| and [(3.37)|
to obtain

t 2 t 2
lim _E[ / <_1|w<u,x<u>>| M . _E[ [ (_; Ve (u, X(w) M .

o\ 2 5w, X(w) o\ 2 f(u, X(u)’

if one of the limits exists. Hence, the one-sided limiting assertion from the right, corresponding to
and the limiting assertion in , fail on precisely the same set of exceptional points £y > 0.
Therefore, both limits in exist if £y > 0 is not contained in this exceptional set of zero Lebesgue
measure, and their common value is

(3.40)

B . Ve(to, X (to))[” ]
3 1(P(to) | Q) = —3 EP{ (to, X ()" |’

in conjunction with [(3.38)] this proves the limiting identity |(3.34)| for every such .

As regards the final assertion [(3.35)[ we note that, by analogy with the limiting behavior
of the Wasserstein distance for Lebesgue-almost every tg > 0, is well known [AGS0S]; for the
details we refer to [Theorem 5.2]in [Section 5l below. Once again, concerning the relation between the
limits in [(3.32)| and |(3.35)}, we find the same picture as in the case of the Fisher information. The
one-sided limiting assertion from the right, corresponding to and the limiting assertion in
fail on exactly the same set of exceptional points ¢y > 0. We shall come back to this point in
below.
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Summing up, for precisely those points ¢y > 0 such that the two one-sided limiting assertions from
the right, corresponding to |(3.31)|and [(3.32)| are valid, the limiting assertions |(3.34)[ and |(3.35)} are
also valid. Hence, except for a set of zero Lebesgue measure, we have shown the validity of |(3.34)|

and |(3.35)} thus finishing the proof of O

Proof of from [Theorems 3.6, [3.8: Let to > 0 be such that the one-sided limiting asser-
tions from the right, corresponding to |(3.31)} (3.32)| in [Corollary 3.10] of [Theorem 3.6l and thus also
the limiting assertions |(3.34)] |(3.35)| in [Corollary 3.11] of [Theorem 3.8 are valid. Recalling the ab-
breviations a = Vlog £(tg, X (to)) and b = (X (tg)) in we summarize now the identities just
mentioned as

H(P()]Q) — H(P(t) |Q)

}slﬁjl r— = —3 lalZ2p); (3.41)
i WQ(Pt(t_) 7tf(t0)) 3 lallz2e). (3.42)
i H(Pﬁ(t)|Q1:i(P5(to)|Q) = (0,84 B) oy (3.43)
fim W22 (1), PP(to)) = Lo+ 2] 2m). (3.44)

tlto t— t()

Indeed, the equations |(3.41)} |(3.42) and |(3.44)| correspond precisely to |(3.31)] [(3.32), and |(3.35)]
respectively. As for|(3.43), we note that, according to equation |[(3.34)| of [Corollary 3.11], the limit in

(3.43)| equals

— S lalam) + e[ (divB —2(8, V)., ) (X(t))]. (3.45)
Therefore, in view of the right-hand side of |(3.43), we have to show the identity

Ep|(divs - (8, 2V¥),, ) (X(to))] = —(a,b)12(p)- (3.46)
In order to do this, we write the left-hand side of as
/n (divﬁ(m) —{B(x), 2V\IJ(x)>]Rn) p(to, z) dz. (3.47)

Using — for the first time, and only in order to show the identity |(3.46)[— integration by parts, and
the fact that the perturbation § is assumed to be smooth and compactly supported, we see that the

expression |(3.47)| becomes
_ / <5(:1:) , Vogp(to,x) + 2 V\If(:n)>Rn p(to, z) dz, (3.48)

which is the same as —(8(X (t)), Vlogf(to,X(to)»LQ(]P) = —(b,a) r2(p)-
The limiting identities [(3.41)| —[(3.44)| now clearly imply the assertions of [Theorem 3.4 O

The following two results, [Propositions 3.12| and [3.14] are “trajectorial” versions of [Corollaries 3.10l
and BI7], respectively. They compute the rate of temporal change of relative entropy for the equation
(2.1)| and for its perturbed version |(3.11)] respectively, in the more precise trajectorial manner of
[Theorems 3.6 B8]
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Proposition 3.12. Under the[Assumptions 1.2 for Lebesgue-almost every ty > 0 the relative entropy
process |(3.19)| satisfies, with T > tg, the following trajectorial relations:

. Ep{logﬁ(to, 0) | (T } log £(T — s, X(T — s))
Rt T —ty—s (3.49)
o E]P[logﬁ( -5, X(T ‘ G(to } log €(to, X (o))
PRt 5 — (T — 1) (3.50)
_1[VL (o, X(00))|* 1] Vp(to, X (1)) 2
2 (e, X () 2‘ p(to, X (o)) +20(X(0))| (3.51)

where the limits [(3.49)| and [(3.50)| exist in the norm of L*(P).

Remark 3.13. The limiting assertions ((3.49)| — |(3.51)| of [Proposition 3.12] are the conditional trajec-
torial versions of the generalized de Bruijn identity |(3.31)] o

Proof of |Proposition 3.12 from [Lheorem 3.61: Let ty > 0 be such that the one-sided limiting assertion
from the right, corresponding to|(3.31)| in [Corollary 3.10] of [Theorem 3.6, is valid, and select T > t.

The martingale property of the process in |(3.23)| allows us to write the numerator in |(3.49)| as

Ep [F(to) — F(T—s) | G(T — s)}, 0<s< T —to, (3.52)

in the notation of Similarly, the numerator in equals Ep [F(T — s) — F(to) | G(to)],
T —ty < s < T. By analogy with the derivation of from , where we calculated real-
valued expectations, we rely on the Lebesgue differentiation theorem to obtain the corresponding
results |(3.49)| - for the conditional expectations. Using the left-continuity of the backwards
filtration (G(T — s))o<s<T, We can invoke a measure-theoretic result spelled out in [Proposition D.2]of

which establishes the claims [(3.49)] - [(3.51)| pertaining to conditional expectations. [

Proposition 3.14. Under the[Assumptions 1.2|, for Lebesgue-almost every tg = 0 the relative entropy
process |(3.19)| satisfies, with T' > tq, the following trajectorial relations:

Eps | log % (to, X (t0)) | G(T — s)| — log £7(T = 5, X(T — 5))

lim

stT—to T—1ty—s
) (3.53)
_ 1V, X ()T
=% o x ( ))2 —div (X (t0)) +(B(X (1), 2V¥ (X (t0)))_ .
as well as
 Bp[logl?(ty, X(to)) | 9(T — s)| — log £3(T — 5, X(T — s))
sTl%IElto T—1ty—s
) (3.54)
_ 1|Ve(to, X (to))] )
=3 E(to(,) X0 ))2 — div B(X (to)) — <,8(X(t0)) , Vlogp(to,X(to))>Rn,
e . loglP(T — 5, X(T — s)) —log (T — 5, X(T — s))
sﬂl“rzlto T—1ty—s (3'55)

= div 3(X (t0)) + <ﬁ(X(t0)) ; Vlogp(to,X(to))> ;

Rn
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where the limits in [(3.53)] - [(3.55)| exist in the norms of both L'(P) and L' (P?).

Remark 3.15. It is perhaps noteworthy that the three limiting expressions in|(3.53)} [(3.54)|and |(3.55)]
are quite different from each other.

The first limiting assertion |(3.53)| of [Proposition 3.14]is the conditional trajectorial version of the

perturbed de Bruijn identity |(3.34)|
We also note that in fact the third limiting assertion |(3.55)|is valid for all ¢y > 0. o

Proof of the assertion |(3.53)| in [Proposition 3.14), from [Theorem 3.8: Let ty > 0 be such that the
one-sided limiting assertion from the right, corresponding to|(3.31)|in [Corollary 3.10| of [Theorem 3.6]
is valid, and select T > ty. In|Corollary 3.11| of [['heorem 3.8 we have seen that the limits from the
right in [(3.31)| and ((3.34)| have the same exceptional sets, hence also holds. Now, for such
to, we show the limiting assertion in the same way as the assertion in the proof of
[Proposition 3.12] above. Indeed, this time we invoke the P?-martingale property of the process in
and write the numerator in the first line of [(3.53)] as Eps [FF(tg) — FP(T — s) | G(T — s)],
0 < s <T —ty, in the notation of . Applying [Proposition D.2| of [Appendix D] in this situ-
ation proves the limiting identity with respect to the norm of L'(P?). As we shall see in

[Cemma 4.11] of Subsection 4.5 below, the probability measures P and P? are equivalent, and the mu-
tual Radon-Nikodym derivatives 4k and Cﬁ% are bounded on the o-algebra F(T') = G(0) (recall, in

this vein, the claims of [(3.36)). Hence, convergence in L'(IP) is equivalent to convergence in L'(IP?).
This establishes the L!(IP)-convergence of [(3.53)] which completes the proof of the limiting assertion
(3.53)]

The proofs of the limiting assertions |(3.54)| and |(3.55)| are postponed to [Subsection 4.6l O

3.3. RAMIFICATIONS

[Theorem 3.4l and, in particular, equation [(3.43)| above, show — at least on a formal level — that the
functional
PR") > P— H(P|Q)— H(P(0)|Q) (3.56)

can be linearly approximated in the neighborhood of P(0) by the functional

PH(R") 2 P — (a,¢)r2(py, where c¢c=-%-0 (3.57)

N

as in ((3.43)| with t9p = 0 and a = Vl1og¢(0,X(0)), b = B(X(0)). As it turns out, formula |(3.57)| is
closely related to the HWI inequality of Otto and Villani [OV00] in its sharpened form by Cordero-
Erausquin [CEQ2]; we explain presently how.

Consider the starting time to = 0 and the curve (P?(t))¢0 as in [Theorems 3.4 and B8, for a fixed
perturbation [ as above, and suppose that this g is not an exceptional point in the preceding limiting
assertions. Let us study the tangent (P)o<;<1 to this curve at the point P?(0) = P(0) = Py in the
quadratic Wasserstein space %5(RR™), and analyze the behavior of the relative entropy functional
(3.4)| along the curve (P;)o<i<1- Here (P;)o<i<1 is understood to be a “straight line” in &(R"™); i.e.,
using the terminology of McCann [McC97], as the displacement interpolation between the elements
Po and Pl in @2(1&")

Once we have identified the “tangent” (P)o<i<1, it is geometrically obvious — at least on an
intuitive level — that the slope of the relative entropy functional along the straight line (P;)o<t<1
should be equal to the slope along (P?(t));>0 at the touching point P?(0) = FPy. This slope is
given by and we shall verify in the following [Lemma 3.19and [Proposition 3.21| that — under
suitable regularity assumptions — it coincides with the slope along (P;)o<i<1 as identified by Cordero-

Erausquin in [CE02].

16



To work out the connection between and [CEQ2] we shall turn things upside down; i.e., we
first define the tangent (P;)o<t<1, and then find the corresponding perturbation § so that the curve
(PP(t))i=0 indeed has (P;)o<i<1 as tangent at the point P?(0) = Py. In this manner, we shall treat
£ more as an element of “control”, than a perturbation.

Fix an element P € (R"), and let v: R™ — R"™ be such that T(x) := z + v(z) transports
Py = P(0) to P, = P optimally, i.e., Tu(Py) = P1 and ||| 12(py) = Wa (P, P1); see also [(3.60)] below.
Then suggest that the displacement interpolation (P;)o<i<1 between the two probability
measures Py = P(0) and P; = P, to be defined in below, is tangent to the curve (P?(t))s>0 as
in [Theorems 3.4l and B.8, if v and 3 are related via

v(z) = —% Vlog £(0,2) — B(z), x e R"™ (3.58)

Then the random variable ¢ of |(3.57)| becomes ¢ = v(X(0)).

We formalize these intuitive geometric insights in the subsequent [Lemma 3.19] which provides
the analogue of for the displacement interpolation flow (P;)o<¢<1 of To this end, we
impose temporarily the following strong regularity conditions. As it will turn out in the proof of
[Proposition 3.21] these will not restrict, eventually, the generality of the argument.

Assumptions 3.16 (REGULARITY ASSUMPTIONS OF [LEMMA 3.19]). In addition to the conditions
— of [Assumptions 1.2 we also impose that:

(vi) Py and P; are probability measures in &Z5(R™) with smooth densities, which are compactly
supported and strictly positive on the interior of their respective supports. Hence there is a
map 7: R® — R" of the form v(z) = V(G(x) — |z|?/2) for some convex function G: R" — R,
uniquely defined on and supported by the support of Py, and smooth in the interior of this set,
such that v induces the optimal quadratic Wasserstein transport from Py to P; via

T)(z) =z +ty(x)=(1—-t)z+tVG(z) and (T)) 4 (Po) =: P, (3.59)

for 0 <t <1, and VG =T = T; to wit, (P)o<t<1 is the displacement interpolation between
Py and P, and we have along it the linear growth of the quadratic Wasserstein distance

Wa(Po, P;) = LV | o= VG@PAR@ =ty 0<t<L (360

Remark 3.17. For the existence and uniqueness of the optimal transport map ~v: R — R™ we refer
to [Vil03l Theorem 2.12], and for its smoothness to [Vil03| Theorem 4.14] as well as [Vil03] Remarks
4.15]. These results are known collectively under the rubric of Brenier’s theorem. o

Remark 3.18. We remark at this point, that we have chosen the subscript notation for P; in order
to avoid confusion with the probability measure P(t) from our here. While Py = P(0), the
flow (P})o<i<1 from Py to P; will have otherwise very little to do with the flow (P(t)):>0 from P(0)
to Q appearing in [Theorems 3.1] and B4 (except for the tangential relation at Py = P(0)). Similarly,
the likelihood ratio function

pe(x)
b(x) = , t,z) € [0,1] x R™, 3.61
is different from £(¢, - ), as now py( -) is the density function of the probability measure P;. o

Let us now return to our general theme, where we consider the potential ¥ and the (possibly only
o-finite) measure Q on the Borel sets of R with density ¢(z) = e 2¥®) for 2 € R".
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Lemma 3.19. Under the[Assumptions 3.16|, let Xy be a random variable with probability distribution
Py = P(0), defined on some probability space (S,S,v). Then we have

o HPLQ) = H(R | Q)

ing ; = (Vlog £y(Xo), 7(X0)>L2(V). (3.62)
Remark 3.20. The relative entropy H (P |Q) is well-defined for every P € &5(RR"™), and takes values
in (—o0,00]; see As the displacement interpolation (P;)o<t<1 is the constant-speed
geodesic joining the probability measures Py and P; in &5(R™), we see that the relative entropy
H(P,|Q) is well-defined for every ¢ € [0, 1]. o

We relegate the proof of [Lemma 3.19, which follows a similar (but simpler) line of reasoning as
the proof of [Theorem 3.8] to [Appendix F| Combining [Lemma 3.79 with well-known arguments, in
particular, with a fundamental result on displacement convexity due to McCann [McC97], we derive
now the HWI inequality in its improved version of due to Cordero-Erausquin [CE02]. This
result sharpens the HWI inequality obtained by Otto and Villani [OV00] relating the fundamental
quantities of relative entropy (H), Wasserstein distance (W) and relative Fisher information (I).

Proposition 3.21 (CORDERO-ERAUSQUIN). Under the [Assumptions 1.2, we set Py = P(0) and let
v be as in |(3.59). We suppose in addition that the potential ¥: R™ — [0,00) satisfies a curvature
lower bound

Hess(¥) > k1d, (3.63)
for some k € R. Let P, € P5(R™) be such that H(P; |Q) < oo; then we have

H(R |Q) — H(P1|Q) < —(Vloglo(Xo), ¥(X0)) () — 5 W3 (Py, Pr), (3.64)

where the random variable Xg, the likelihood ratio function £y, and the probability measure v are as

in [Lemma 3.79]
On the strength of the Cauchy-Schwarz inequality, we have
- <v log EO(XO) ’ 7(X0)>L2(1/) < ||V10g EO(XO)HL2(V) ||/7(X0)||L2(l/)7 (365)

with equality if and only if Vlog/ly(-) and ~(-) are negatively collinear. Now the relative Fisher
information of Py with respect to QQ equals

I(Py| Q) = E, ||V log o(X0) 2] = |V log fo(Xo) 2, (3.66)

and by Brenier’s theorem [Vil03, Theorem 2.12] we deduce

[v(Xo)ll 22y = Wa(Fo, P1) (3.67)
as in|(3.60)| along with the inequality
— (VIog f0(X0) Y(X0)) 12y < \/T(Po| Q) Wa(Po, PA). (368)

Inserting |(3.68)| into |(3.64)| we obtain the usual form of the HWI inequality

H(Py|Q) — H(P1|Q) < Wa(Po, P1) \/I(Py| Q) — & W3(Py, P). (3.69)

When there is a non-trivial angle between Vlog/y(Xg) and v(Xp) in L%(v), the inequality
gives a sharper bound than as has been established by Cordero-Erausquin in [CE02]. We refer
to the original paper [OVO00], as well as to [Vil03, Chapter 5] and the recent paper [GLRT1S], for a
detailed discussion of the HWI inequality
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Remark 3.22. Let us suppose now that the strong non-degeneracy condition |(3.63)| holds with x > 0,
and that Q is a probability measure in &25(R™). Then the inequality |(3.69)| contains as special cases
the Talagrand [Tal96] and logarithmic Sobolev [Gro75| inequalities, namely

WHP.Q <2H(P|Q).  H(P|Q < LIP|Q) (3.70)

respectively. On the other hand, and now in the context of Section 2] the second inequality in [(3.70)]
leads, in conjunction with the generalized de Bruijn identity |(3.31)| and |(2.5)} to

G HPWM|Q) < —H(P()]Q), (3.71)
and thence to the Bakry-Emery [BE85J exponential dissipation of the relative entropy:
H(P()]Q) < H(P(to) | Q) e ™), ¢ >4, (3.72)

For an exposition of the Bakry—Emery theory, which derives also the exponential temporal dissipation
of the Fisher information, we refer to [BGLI14] and |Genl4]. o

The inequality |(3.69)| is yet another manifestation of the interplay between displacement in the
ambient space of probability measures (the quantity Wy(Py, P1)) and fluctuations of the relative
entropy (the quantity H(Py | Q)— H (P |Q)) as governed by the square root of the Fisher information

VI(Py|Q), very much in the spirit of |(3.7)}

Proof of [Proposition 3.21. As elaborated in [Vil03l Section 9.4] we may assume without loss of gener-
ality that Py and P; satisfy the strong regularity [Assumptions 3.16] For the existence and smoothness
of the optimal transport map ~ we refer to [Remark 3.171

We consider now the relative entropy with respect to Q along the constant-speed geodesic (P;)o<i<1,
namely, the function f(t) := H(P; | Q), for 0 < ¢ < 1. We show that the displacement convexity results
of McCann [McC97] imply

') = kWE(Py, P1), 0<t<1. (3.73)
Indeed, according to condition |(3.63)] the potential ¥ is k-uniformly convex. Consequently, by
items (i) and (ii) of [Vil03, Theorem 5.15], the internal and potential energies

g(t) == / pi(z) log py(x) de, h(t) := 2/ U(z) pe(x) dz, 0<t<1, (3.74)
Rn IR”
are displacement convex and s-uniformly displacement convex, respectively; i.e.,
J'(t)=0,  K'(t)=kWi(Py,P), 0<t<I1. (3.75)

By analogy with [Lemma 2.3 we have f = g+ h, and hence conclude that the relative entropy function
f is k-uniformly displacement convex, i.e., its second derivative satisfies |(3.73)]
We appeal now to [Lemma 3.19] according to which we have

F08) — tn T FO)

i r = (Vlog £o(Xo), V(X0)) 12, (3.76)

In conjunction with|(3.73)|and|(3.76)], the formula f(1) = f(0)+ f/(0+) + fol(l —t)f"(t) dt now yields
(3.64) 0
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4. DETAILS AND PROOFS

In this section we complete the proofs of |[Corollary 3.11|and [Proposition 3.14}, and provide the proofs
of our main results, [Theorems 3.6l and B.8l In fact, all we have to do in order to prove these latter
theorems is to apply Itd’s formula so as to calculate the dynamics, i.e., the stochastic differentials, of
the “pure” and “perturbed” relative entropy processes

p(t,X(t))
q(X (1))

pB (t’ X(t))

log £(t, X (t)) = log ( a(X(t))

), t>0, logfﬁ(t,X(t)) = log < ), t >ty (4.1)

under the measures P and P?, respectively. We may (and shall) do this in both the forward and,
most importantly, the backward, directions of time.

However, such a brute-force approach does not provide any hint as to why we obtain the remarkable
form of the drift term of the time-reversed relative entropy process
p(T - S’X(T - 8))
¢(X(T = s))

logf(T—s,X(T—s))zlog( ), 0<s<T, (4.2)

as stated in [Theorem 3.6] namely

VUT — s, X (T — s))
0T — 5, X(T —s))

1[VeT — 5, X(T - s))}2 s
2 T -s,X(T-5)"

dlogﬁ(T—s,X(T—s)):< 7(:1WIP(T_3)> +

Rn

(4.3)
for 0 < s < T, with respect to the backwards filtration (G(T' — s))o<s<r. Therefore, in order to
motivate and illustrate the derivation of the dynamics we first impose the additional assumption
Q(R™) < oo (which precludes the case ¥ = 0), so as to conform to the setting of [FJ16]. This is done
in [Subsection 4.2] which mainly serves as motivation; in the remainder of this paper we do not rely
on the assumption Q(R") < co.

4.1. SOME PRELIMINARIES

Our first task is to calculate the dynamics of the time-reversed relative entropy process under
the probability measure IP. In order to do this, we start by calculating the stochastic differential of
the time-reversed canonical coordinate process (X (T — s))o<s<r under P, which is a well-known and
classical theme; see e.g. [F0I85, [F6I86], [HP86], [Mey94], [Nel01], and [Par86]. For the convenience
of the reader we present the theory of time reversal of diffusion processes in The
idea of time reversal goes back to the ideas of Boltzmann [Bol96) [Bol98al, Bol98b] and Schrodinger
[Sch31l, ISch32], as well as Kolmogorov [Kol37]. In fact, as we shall recall in the relation
between time-reversal of a Brownian motion and the quadratic Wasserstein distance may in nuce be
traced back to an insight of Bachelier in his thesis [Bac00} [Bac06] from 1900; at least, when admitting
a good portion of wisdom of hindsight.

Recall that the probability measure P was defined on the path space 2 = C(R4;R"™) so that the
canonical coordinate process (X (t)(w))i>0 = (w(t))i=0 satisfies the stochastic differential equation
(2.1)| with initial probability distribution P(0) for X (0) under P. In other words, the process

W(t) = X(t) — X(0) + /0 VO(X(W)du, 30 (4.4)

defines a Brownian motion of the forward filtration (F(t)):>o under the probability measure P, where
the integral in is to be understood in a pathwise Riemann-Stieltjes sense. Passing to the reverse
direction of time, the following classical result is well known to hold under the [Assumptions 1.2]
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Proposition 4.1. Under the [Assumptions 1.2, we let T' > 0. The process

WAT — s) == W(T — s) — W(T) — /0 Vlogp(T — u, X(T — u)) du (4.5)

for 0 < s < T, is a Brownian motion of the backwards filtration (G(T — s))o<s<T under the probability
measure P. Moreover, the time-reversed canonical coordinate process (X (T — s))o<s<T Satisfies the
stochastic differential equation

dX(T — ) = (Viegp(T — s, X(T — 5)) + VI(X )ds+dW — ) (4.6)

= (Vlogﬁ(T—s,X(T—s)) — )ds+dW —3), (4.7)

for 0 < s < T, with respect to the backwards filtration (G(T — $))o<s<T-

We provide proofs and references for this result in [Theorems G.2] and of [Appendix G|

Before proving[Theorem 3.6lin [Subsection 4.3]— as already announced — we digress now to present
the following didactic, illuminating and important special case.

4.2. THE CcASE Q(R") < o0

We shall impose, for the purposes of the present subsection only, the additional assumption

Q(R") = / e 2Y®@) 4z < 0. (4.8)
Under this assumption, the measure Q on the Borel sets of R", introduced in [Section 2], is finite and
can thus be re-normalized, so as to become a probability measure. In this manner, it induces a prob-
ability measure @ on the path space Q@ = C(Ry;R"™), under which the canonical coordinate process
(X (t)(w))e=0 = (w(t))r=0 satisfies the stochastic equation with initial probability distribution Q
for X(0). And because this distribution is invariant, it is also the distribution of X (¢) under @ for
every t > 0.

For the present authors, the eye-opener leading to was the subsequent remarkable insight due
to Fontbona and Jourdain [FJ16]. This provided us with much of the original motivation to start this
line of research. The result right below holds in much greater generality (essentially one only needs
the Markovian structure of the process (X(t));>0) but we only state it in the present setting given by
(2.1)| under the [Assumptions 1.2]and Q(R"™) =1 in |(4.8)|

Theorem 4.2 (FONTBONA-JOURDAIN). Under the [Assumptions 1.2] and Q(R™) = 1, we let T > 0.
The time-reversed likelihood ratio process

p(T — 5, X(T' - 3))
q(X(T - s))

is a martingale of the backwards filtration (G(T — s))o<s<r under the probability measure Q.

UT — s, X(T —s)) = , 0<s<T (4.9)

For the convenience of the reader we recall in the surprisingly straightforward proof
of [Theorem 4.2l Since this result states that the time-reversed likelihood ratio process is a Q-
martingale with respect to the backwards filtration (G(T — s))o<s<T, we will first state the analogue
of [Proposition 4.1]in terms of the probability measure Q on the path space Q = C(R4;R™), which is
induced by the invariant probability distribution Q on R™.
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Proposition 4.3. Under the [Assumptions 1.2] and Q(R"™) = 1, we let T > 0. The process

WT — ) = W(T — 8) — W(T) +2 /O VU (X (T —u))du (4.10)

for 0 < s < T, is a Brownian motion of the backwards filtration (G(T — s))o<s<T under the probability
measure Q. Moreover, the time-reversed canonical coordinate process (X (T — s))o<s<r Satisfies the
stochastic differential equation

AX(T — s) = —VU(X(T — 5)) ds + dW T — s), (4.11)
for 0 < s < T, with respect to the backwards filtration (G(T — s))o<s<T-

Again, for the proof of this result, we refer to [Theorems G.2] and [G.5] of [Appendix G|
In the following lemma we determine the drift term that allows one to pass from the Q-Brownian

motion (WQ(T - 8))0<S<T to the P-Brownian motion (WP (T - s))ogng’ and vice versa.

Lemma 4.4. Under the [Assumptions 1.2] and Q(R™) = 1, we let T' € (0,00). For 0 < s < T, we
have

dWQ(T —5)=Vlogl(T — s, X(T —s))ds + dWIP(T —3). (4.12)

Proof. One just has to compare the equations |(4.7) and |(4.11)} O

The next corollary is a direct consequence of [Theorem 4.2] [Proposition 4.3] and It6’s formula.

Corollary 4.5. Under the [Assumptions 1.2] and Q(R™) = 1, we let T > 0. The time-reversed
likelihood ratio process|(4.9)| and its logarithm satisfy respectively the stochastic differential equations

AT — 5, X(T — s)) = VU(T — 5, X(T — 5)) AW (T — s) (4.13)
and
VUT — 5, X(T—5) —q 1|VUT — 5, X(T —5))[°
dlogf(T—s,X(T—s)):< , dW (T—8)> - = ds,
(T — 5, X(T - 5)) w2 AT 5, X(T —5))°

(4.14)
for 0 < s < T, with respect to the backwards filtration (G(T — s))o<s<T-

Proof. To prove|(4.13)] the decisive insight is provided by [Theorem 4.2]due to Fontbona and Jourdain
[FJ16]. This implies that the drift term in |(4.13)| must vanish, so that it suffices to calculate the

diffusion term in front of A7V " (T — s) in|(4.13)} using[(4.11) this is an easy task.

We note that the fact that the drift term in |(4.13)| vanishes can also be obtained from mechanically
applying It6’s formula to the process |(4.9), and using |(4.11)| as well as the backwards Kolmogorov
equation |(4.17)| for the likelihood ratio function ¢(¢, ) and to observe that all these terms cancel out.
But such a procedure does not provide a hint as to why this miracle happens.

Having said this, we apply Itd’s formula to the process and use [Theorem 4.2] to obtain i4.13j.
Assertion |(4.14)| follows once again by applying It6’s formula to the logarithm of the process |(4.9)}

and using the dynamics |(4.13)] O

We have now all the ingredients in order to compute, under the additional assumption Q(R") = 1,
the dynamics of the time-reversed relative entropy process @ under the probability measure IP.
Indeed, substituting into the stochastic equation @ we see that the process satisfies
the crucial stochastic differential equation for 0 < s < T, with respect to the backwards
filtration (G(T — $))o<s<T-
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4.3. THE PROOF OF [THEOREM 3.6
We drop now the assumption Q(R™) < oo, and write the Fokker-Planck equation as
Op(t,x) = SAp(t,z) + (Vp(t,x), VU(2))ga +p(t, ) A¥(z), t > 0. (4.15)
The probability density function p(¢,x) can be represented in the form
p(t,x) = £(t,z) q(z) = L(t,z) e V@), t >0, (4.16)
so we find that the likelihood ratio function £(t,x) solves the backwards Kolmogorov equation

Ol(t,x) = $AL(E x) — (VL 2), VI (2)) t>0, (4.17)

Rn?

a feature consonant with the fact that the dynamics of the likelihood ratio process are most trans-
parent under time reversal. This equation will allow us to develop an alternative way of deriving

the dynamics [(4.3)] and proving [Theorem 3.61 which does not rely on assumption |(4.8)| and uses
exclusively the probability measure IP, as follows.

Proof of [Theorem 3.6l We have to show that the stochastic process (M (T — s))o<s<r in[(3.23)]is
a PP-martingale, is bounded in L?(PP), and admits the representation [(3.24)]

Applying 1td’s formula to the time-reversed likelihood ratio process |(4.9)] and using |(4.7)| as well
as the backwards Kolmogorov equation |(4.17)| for the likelihood ratio function £(t,z), we get the
stochastic differential equation

(T — 5, X(T — s)) :<W(T—3,X(T—s)) d_lp(T_s)> +}V€(T—3,X(T—s))}
UT =5, X(T - s)) UT -5, X(T —s)) ' T = 5, X(T — 5))°

2

ds (4.18)
R”

as well as its logarithmic version

dlog (T —s,X(T —s)) = <Vlog€(T—s,X(T—s)),dW]P(T—s»]Rn +%‘Vlogﬁ(T—s,X(T—s))Eds,

(4.19)
for 0 < s < T, with respect to the backwards filtration (G(T — s))o<s<r. This equation right above is
nothing other than the desired stochastic differential equation from the beginning of [Section 4!
By condition |(iv)| of [Assumptions 1.2] the likelihood ratio function £(t,z) is continuous in the time
variable ¢ for each € R™. Hence, according to the process (M (T — s))o<s<T is a continuous
local P-martingale with representation

To show that, in fact, this process is a true martingale, we have to rely on the finite free energy
condition which, in the light of [Lemma 2.3 asserts that the relative entropy H(P(0)|Q) is
finite. We choose now a non-decreasing sequence of stopping times (73, ),>0 with 7, T T, such that the
stopped process (M™ (T — s))o<s<r is a uniformly integrable P-martingale, for every n € INg. Then

TL|VOT 0, X(T —w)] u]_ . l VT - X —w)f
[/o 2 0T —u, X(T — )’ 4 1 EP/O 2 4T —u, X(T - u)* ! (4.20)

n— oo

= lim H(P(T - 7,)|Q) - H(P(T)|Q) < o,

where the second equality in |(4.20)| follows after taking expectations with respect to the probability
measure P in |(4.3)| at time s = 7,, and using the fact that the process (M™ (T — s))o<s<r is & true
P-martingale with respect to the backwards filtration (G(T — s))o<s<r, for every n € INy. From
(4.20)| we deduce now that the stochastic integral in defines an L?(PP)-bounded martingale for
0<s<T.

Summing up, we conclude that the process (M (T — s))o<s<7 is a L?(IP)-bounded martingale sat-
isfying |(3.24)l This completes the proof of [Theorem 3.6l O
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4.4. THE PROOF OF [THEOREM 3.8

The first step in the proof of[Theorem 3.8lis to compute the stochastic differentials of the time-reversed
perturbed likelihood ratio process

pB(T -5, X(T - S))

gﬁ(T—s,X(T—s)) - (X (T — s)) ’

0<s<T—t, (4.21)

and its logarithm.

By analogy with [Proposition 4.1] the following result is well known to hold under suitable regularity
conditions, such as [Assumptions 1.2} Recall that (W”(t));>s, denotes the P?-Brownian motion (in

the forward direction of time) defined in|(3.11)]

Proposition 4.6. Under the [Assumptions 1.2, we let tg > 0 and T > tg. The process

W (T = 5) = WH(T — 5) = WH(T /v1ogp( o, X(T — ) du (4.22)

for 0 < s < T —to, is a Brownian motion of the backwards filtration (G(T — s))o<s<r—t, under
the probability measure PP.  Furthermore, the semimartingale decomposition of the time-reversed
canonical coordinate process (X (T — s))o<s<T—t, 1S given by

dX(T —s) = (V log p? (T — 5, X (T — 8)) + (V¥ + B) (X ) ds + W™’ ) (4.23)

= (V log £9(T — 5, X(T — 5)) — (V¥ — 3)(X ) ds + ™’ —s), (4.24)
for 0 < s < T — ty, with respect to the backwards filtration (G(T — $))o<s<T—t -

——PB —
We note next, how the Brownian motions (W]P (T —s and (W]P(T -5 in

reverse-time, are related.

))ogng—to ))ogng—t(y

Lemma 4.7. Under the |[Assumptions 1.2}, we let tg = 0 and T > ty. For 0 < s < T — ty, we have

AW WY T - 5) = <,8(X(T —5)) + Vlog (p: ((TT__:Q(ZT__;))))) ds (4.25)

BT — s —S
= <6(X(T —s)) + Vlog (gg((TT_ ; ;{((g_ S))))>> ds. (4.26)

Proof. Tt suffices to compare the equation |(4.6)| with |(4.23)| O

Remark 4.8. Later we shall apply [Lemma 4.7 to the situation when s is close to T — ty. In this case
the logarithmic gradients in [(4.25)] and [(4.26)] will become small in view of p®(to, -) = p(to, -), s0
that these logarithmic gradients will disappear in the limit s T T — ¢g; see also below.
By contrast, the term S(X (7 — s)) will not disappear in the limit s T 7' — tp. Rather, it will tend
to the random variable 5(X (t9)), which plays an important role in distinguishing between and
[(3.54)| in [Proposition 3.14] o

Next, by analogy with [Subsection 4.3] for ¢t > tg, we write the perturbed Fokker-Planck equation

] as

0’ (t.) = 3Ap° (t ) + (V7 (t,2), V() + B(2)) . + 97 (8, 2) (AU (2) + div B(2)).  (4.27)

24



Using the relation
PPt ) = 00 (t,x) q(z) = £ (t, ) 2Vt > 1, (4.28)

determined computation shows that the perturbed likelihood ratio function Kﬁ(t, x) satisfies
O’ (t,x) = $AL°(t,2) + (VI (t,2), B(x) — VI(2))pn

(4.29)
+ Eﬁ(t,:n) (divﬁ(x) —2(B(x), V\I'(x)>Rn), t > to;

this is the analogue of the backwards Kolmogorov equation [(4.17)|in this “perturbed” context.

With these preparations, we obtain the following stochastic differentials for our objects of interest.

Lemma 4.9. Under the |Assumptions 1.2], we let tg > 0 and T > ty. The time-reversed perturbed
likelihood ratio process|(4.21)| and its logarithm satisfy respectively the stochastic differential equations

AP (T — s, X(T — s))
(T — s, X(T — s))

= ((8,2V0), —divB)(X(T — 5)) ds

(4.30)
2
|V (T — s, X(T — s)l] <V£B(T_— s, X(T_— s)) | 7 (T s)>
08(T — 5, X(T — 5)) (T — 5, X(T - 5)) R
and
dlog 0°(T — s, X (T — 5)) = ((ﬁ, 2V, — div ﬁ) (X(T = s)) ds

1 |V (T — 5, X(T — s)) ]2 <V€B(T — 5, X(T —s)) e’ T s)> (4.31)
2 (B(T — s, X(T — 5))° (T — 5, X(T—s)) -

for 0 < s < T —ty, with respect to the backwards filtration (G(T — $))o<s<T—t, -

Proof. The equations |(4.30)}, [(4.31)| follow from It6’s formula together with [(4.24)] [(4.29) O
We have assembled now all the ingredients for the proof of [Theorem 3.8

Proof of [Theorem 3.8 Formally, the stochastic differential in of the time-reversed per-
turbed likelihood ratio process amounts to the conclusions [(3.27)] - [(3.29)] of [Theorem 3.8
But we still have to substantiate the claim, that the stochastic process (M?(T — s))o<s<T—t, de-
fined in with representation , indeed yields a PA-martingale of the backwards filtration
(G(T — 5))o<s<T—ty, Which is bounded in L?(IP?).

In order to do this, we split the perturbed Fisher information process (F#(T — s))o<s<T—¢, defined
in into two parts. First, we define the process

FOL(T — g) = /0 (8. 2V W), — div ) (X(T - u)) du (4.32)
for 0 < s <T —tg. The letter L stands for “Lipschitz”, as the process |(4.32)| satisfies
HFB’L(T —51) = FPH(T - 32)HL°°(IPB) < Lsi — s (4.33)

for 0 < s1,80 < T — ty. Here the constant L € (0,00) only depends on the vector field 5 and
the restriction of the potential ¥ to the compact support of 3. Consequently, the process |(4.32)]
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has uniformly Lipschitz continuous paths. The remaining part of the perturbed cumulative Fisher
information process|(3.27)} is the difference

s 1|V (T — u, X(T —uw))|?
§| B(_ - g| du, 0<s<T—tp, (4.34)
(T — u, X (T — u))

FS(T —s)— FPH(T —5) = /
0

and we define
M7 —5) = (log 07 (T—s, X (T—s)) ~log (*(T, X(T)) ) = F*(T'—=s),  0< s < T—to. (4.35)
Invoking[(4.31)} this process (M?S" (T —s))o<s<r_t, is seen to be a submartingale, as it has dynamics

V(T — 5, X(T — s))
(T — s, X(T — s))

2
1|VeT — 5, X(T - s)g| ds, (4.36)
R (T — s, X(T —s))
for 0 < s < T — tp, with respect to the backwards filtration (G(T — s))o<s<T—t,- According to
condition of [Assumptions 1.2 the perturbed likelihood ratio function ¢°(t, x) is continuous in the

time variable ¢ > to for each x € R™. Therefore the above equation |(4.36)| implies that the process
(MBS (T — 5))ocscT—t, is a local PA-submartingale.

AMPS (T — ) — < A (T — s)>

Finally, we show that the process (M2 (T — s))o<cs<r_¢, is a PP-submartingale of the backwards
filtration (G(T — s))o<s<T—t,, Whose martingale part is bounded in L?(IP?) and whose drift part is
bounded in L'(IP?). Because it is a local PA-submartingale, we can choose a non-decreasing sequence
of stopping times (7,,)n>0 With 7, T T —to, such that the stopped process ((M?5%P)™ (T — s))ocs<T—1t,
is a uniformly integrable P#-submartingale of the backwards filtration (G(T — s))o<s<T—t,, for every
n € INy. Consequently, after taking expectations with respect to the probability measure P? in
at time s = 7,,, we obtain

n BT —u —u)?
HPT =) Q) - HP)1Q) =B | [ 115 e o
+ Eps [/OT” (</37 2VU) L, —div ﬁ) (X(T — u)) du] . (4.38)
Passing to the limit as n — oo yields
—to BT —u —u)?
H(P (1) | Q) — H(PP(T)| Q) = Eps [ [ 'Zf; (;T_ - ’éf_ u)))l| du] (4.39)
By, [/OT—to (<ﬁ, 2VU), —div ﬁ) (X(T —u)) du] ) (4.40)

Recall that the relative entropy H(P”(t9) | Q) = H(P(to)| Q) is finite, and that H (P?(T)| Q) cannot
take the value —oo; see[Lemma 3.3land[Appendix C| Furthermore, the quantity in|(4.40)|is finite, due

to the compact support of the smooth perturbation 3. Hence both H(P?(T)|Q) and the expression
on the right-hand side of must be finite, i.e.,

T—to 1 |[VO3(T — u, X(T —u)) |
2 08T —u, X(T — u))2

From [(4.41)| we deduce that the process (M?S" (T — s))o<s<r—1, is a L2(PP?)-bounded submartingale.

Summing up, we conclude that the stochastic process (M?(T — s))o<s<T—t,, defined in [(3.28)] and
admitting the [(3.29)] yields a P#-martingale of the backwards filtration (G(T — s))o<s<T—t,- This
martingale is bounded in L?(IP?). O

Eps [FP(ty)] = Eps l /0 du] < 0. (4.41)
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4.5. SOME USEFUL LEMMAS

In this subsection we collect some useful lemmas, which are needed in order to complete the proofs
of |Corollary 3.11| and [Proposition 3.14]

First, let us recall the probability density function (¢, x) +— p(t,x) from|(4.16)} its perturbed version
(t,x) — p°(t,x) from [(4.28)] and the respective likelihood ratios

t At
o) = BET gy o D) (4.42)
q(x) q(x)
from respectively. We introduce the “perturbed-to-unperturbed” ratio
0ot At
Yot 2) = D) P 2) (t,7) € [to, 00) x R™. (4.43)

(tx)  p(to)’
We recall the backward Kolmogorov-type equations|(4.17)] |(4.29)l These lead to the partial differen-

tial equation

0 YP(t,x) = $AYP(t, ) + (VYP(t,2), B(z) + Viegp(t, z) + VI (2))pn
(4.44)
+YA(t, ) (divﬂ(:n) +(B(x), Vlogp(t,:n)>]Rn), t > to,

with Y#(tg, -) = 1, for the ratio in [(4.43)] In conjunction with [(4.6)] this equation leads to the
following backward dynamics.

Lemma 4.10. Under the [Assumptions 1.2 we let tg > 0 and T > tg. The time-reversed ratio
process (YP(T — s, X (T — s))) and its logarithm satisfy respectively the stochastic differential
equations

0<s<T—tg

dY (T — 5, X(T — s)) VYA(T — 5, X(T — s))
YB(T — s, X(T — s)) <

—P
_ YR s X(T %) ,dW (T—s)—,B(X(T—s))ds>

B (4.45)
_ (divﬂ(X(T —3s)) + <,8(X(T —5)),Viegp(T — s, X(T — s))>}Rn) ds

and

VYP(T — 5, X(T — s))
YB(T — s, X(T — 5))

dlog YP(T — 5, X(T — s)) :< AW (T — 5) — B(X(T = 5)) ds>

R
_ (divﬂ(X(T —35)) + <,8(X(T —5)),Viegp(T — s, X(T — s))>]Rn) ds (4.46)

L|VYB(T — 5, X(T — 5))|”
9 2

ds,
2 YB(T —5,X(T —5s))

for 0 < s < T —ty, with respect to the backwards filtration (G(T — s))o<s<T—t, -

We also need a preliminary control on Y#(-, -), which will be refined in [Cemma 4.11] below.

Lemma 4.11. Under the[Assumptions 1.2], we let tg > 0 and T > tg. There is a real constant C > 1
such that

é <YPta)<C,  (ta)€ [to,T] x R™. (4.47)
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Proof. In the forward direction of time, the canonical coordinate process (X (t))¢,<t<7 on the path
space @ = C([to, T];R™) satisfies the stochastic equations [(2.1)| and |(3.11)| with initial probability
distribution P(t) under the probability measures P and P?, respectively. Hence, the P-Brownian
motion (W (t)),<t<r from can be represented as

W(t) — W(to) = WP(t) — Wh(tg) — /tﬂ(X(u)) du, to<t<T, (4.48)

to

where (W5 (t))y,<i<r is the PP-Brownian motion appearing in [(3.11)} By the Girsanov theorem, this
amounts to

B t t 9
2 =] oo (- [ xen awea), 4 [sxfan)

to
for tg <t <T.
Now, for each (t,x) € [to,T] x R", the ratio Y?(t,x) = p?(t,x)/p(t,z) equals the conditional
expectation of the random variable |(4.49)| with respect to the probability measure P, where we
condition on X (t) = z; to wit,

YP(t,x) =Ep[Z(t)| X(t) =z],  (t,x) € [to,T] x R™. (4.50)

Therefore, in order to obtain the estimate , it suffices to show that the log-density process
(log Z(t))ty<t<T is uniformly bounded. Since the perturbation f is smooth and has compact support,
the Lebesgue integral inside the exponential of is uniformly bounded, as required. In order
to handle the stochastic integral with respect to the P-Brownian motion (W (u)),<u<: inside the
exponential we invoke the assumption that the vector field 5 equals the gradient of a potential
B: R™ — R, which is of class C*°(R"™;R) and has compact support. According to It6’s formula and

we can express the stochastic integral appearing in as
t t
/to (BEC@), AW ) = BOXW) = BEX () + [ ({8, V¥)g, — Jdivs) (X(w)du (451)

for tg <t <T. At this stage it becomes obvious that the expression of |(4.51)|is uniformly bounded.
This completes the proof of [Lemma 4.11] O

The following [Lemma 4.12 provides the crucial estimates [(3.36)| and [(3.37) needed in the proof of
Corollary 3.11] from [Theorem 3.8| and of [Proposition 3.14]

Lemma 4.12. Under the [Assumptions 1.2, we let tg > 0 and T > tg. There is a constant C > 0
such that

YT —s,2) = 1| < C(T — tg — s), (4.52)

as well as

<C(T —tg—s)?, (4.53)

T—t 2
Elpl/ O‘VlogYB(T—u,X(T—u))’ du | X(T—s) ==

hold for all 0 < s < T —tg and x € R™. Furthermore, for every tg > 0 and x € R™ we have the
pointwise limiting assertion

log YA(T — s,z)
m
stT—to T—1ty—s

= divA(z) + <ﬁ(m), Vlog p(to,:v)>Rn, (4.54)

where the fraction on the left-hand side of |(4.54)| is uniformly bounded on [0,T — to] x R™.
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Remark 4.13. The pointwise limiting assertion |(4.54)|is the deterministic analogue of the trajectorial

relation|(3.55)|from [Proposition 3.14] In[Subsection 4.61below we will prove that the limiting assertion
(3.55)| holds in the norm of L' under both P and P?, and is valid for all tg > 0. o

Proof. AslogY? = log(? —log ¢, we obtain from [(4.20)] [(4.41)| and [(4.47)] that the martingale part
of the process in is bounded in L?(P), i.e.,

du

[/T—to IVYB(T — u, X(T — )| . (4.55)
0

YB(T — u, X(T — u))*

Once again using [(4.47)] we compare VY?/Y? with VY? to see that [(4.55)| also implies

T—t()
/
0

According to [(4.45)] the time-reversed ratio process (YA(T — s, X(T — 5))) o< s <7y, Satisfies the
stochastic differential equation

2
VYA (T — u, X(T — u))‘ du] < 0. (4.56)

n

AV (T = 5, X(T = 5)) = (VY(T = 5, X(T — 5)), dW" (T = 5) = B(X(T — 5)) ds>]R

—YB(T—S,X(T—S))<div5(X(t—8)) + <6(X(T—s)),Vlogp(T—s,X(T—S))> )ds

Rn
(4.57)
for 0 < s < T — to, with respect to the backwards filtration (G(T — s))o<s<r—t,- In view of[(4.56)] the
martingale part in is bounded in L?(IP). As regards the drift terms of this equation, we observe
that it vanishes when X (7 — s) takes values outside the compact support of the smooth vector field
B. Consequently, the drift terms are bounded, i.e., the constant

B
Cri= sup |~ YP(ty)( divB) +  Bw), Tlog p(t,y) + g L) (458)
tongT, YP(t,y) R~
ye n

is finite, and the processes
YA(T — 5, X(T —s)) +Cy s and YA(T — 5, X(T —s)) — Cy s (4.59)
for 0 < s < T — ty, are a sub- and a supermartingale, respectively. We conclude that
YT — 5,2) = B [Y7(to, X (t0)) | X(T—5) =] | <C1(T—tg ) (4.60)
holds for all 0 < s < T —tg and # € R™. Since Y#(tg, -) = 1, this establishes the first estimate
YT —s,2) = 1| < CL (T —tg — 5). (4.61)

Now we turn our attention to the second estimate |(4.53)] We fix 0 < s < T —tp and = € R". By
means of the stochastic differentials in |(4.46)[ and |(4.57), we find that the expression

T—to 2
%Epl/s ‘VlogYB(T—u,X(T—u))‘ du

X(T—s)= x] (4.62)
is equal to

T—to
logYP(T — s,2) = YP(T — 5,2) + 1 + Ep / G(T —u, X(T — u)) du

X(T—s)= x} , (4.63)
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where we have set

8
G(t.y) = (Y7(t.y) - 1) (div Bly) + <ﬁ(y) , Vg p(t, y) + Lyi(it;;)> ) (4.64)
Y IR"

for tg <t < 7T and y € R™. Introducing the finite constant

_ VYB(t,
Coim sup |div i) + { By), Vlogplt,y) + o o) (4.65)
to<t<T, YP(t,y) R
yeR"

and using the just proved estimate|(4.61)} we see that the absolute value of the conditional expectation
appearing in [(4.63)| can be bounded by C; Cy (T' — to — s)?. In order to handle the remaining terms
of |(4.63)}, we apply the elementary inequality logp < p — 1, which is valid for all p > 0, and obtain

log YA(T — s,2) = YP(T —s,2) +1 <0. (4.66)

This implies that the expression of is bounded by Cy Co (T — to — s)?, which establishes the
second estimate We also note that the elementary inequality in conjunction with the
estimate [(4.61)| shows that

log YA(T — s,2) < Cy (T — tg — ) (4.67)

for all 0 < s < T —tp and = € R"™; this implies that the fraction on the left-hand side of is
uniformly bounded on [0,7 — to] x R™.

Regarding the limiting assertion ((4.54)| we fix tp > 0, z € R™ and 0 < s < T — tg, and take
conditional expectations with respect to X(T' — s) = x in the integral version of the stochastic
differential |(4.46)] On account of |(4.55) the stochastic integral with respect to the PP-Brownian

motion (W(T — 5))o<s<r in [(4.46)] vanishes. Dividing by T — ty — s and passing to the limit as
s T T — ty, we can use the estimate @ to observe that the expression in the third line of
vanishes in the limit. After applying the Cauchy—Schwarz inequality, we note that the perturbation
[ appearing in the first line of can be uniformly bounded. The remaining term of this line is

1 T—to
T—tQ—SL

By conditions of [Assumptions 1.2, the function (t,z) — VlogY?(t,z) is continuous on
(0,00) x R™, thus the expression in is uniformly bounded on the rectangle [0, T — ¢y] X supp .
As log YP(tg, -) = 0, it converges P-almost surely to zero, hence also

1 T—tg
lim Ep|—
ATy, P T—to—S/s

Finally, using continuity and uniform boundedness once again, the conditional expectations of the
normalized integrals over the second line of |(4.46)| converge to the right-hand side of [(4.54)] as
claimed. O

Vieg V(T — u, X (T — u))‘ du. (4.68)

VlogYB(T—u,X(T—u))‘du

X(T—-s)= x] =0. (4.69)

Remark 4.14. The above [Lemma 4.12] justifies the estimates [(3.36)| and [(3.37) which we have used
in the proof of [Corollary 3.11] They were the crucial ingredients in the effort to show that the
exceptional sets considered for the relevant limits do not change when passing from the unperturbed
to the perturbed equations. It is now time to come back to this technical issue.

As a general observation, we stress that no worries about limits of difference quotients arise as
long as we remain in the realm of an integral formulation of our results, as opposed to passing to a
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differential formulation. 1t is precisely the spirit of our basic trajectorial [Theorems 3.6l and B8] that
they are naturally formulated in integral terms.

We also remark that the problem of exceptional points does not arise if we impose regularity
assumptions strong enough, so that the limiting assertions |(3.31)| and [(3.34)| are valid for all ty > 0,
or even for all tyg > 0, instead of for Lebesgue-almost every ty > 0. For example, this follows if we
impose, in addition to[Assumptions 1.2] the a priori assumption that the relative Fisher information
function ¢ — I(P(t)| Q) is continuous on (0, 00), or continuous on [0, 00), respectively.

Having made these general observations, let us now be more technical and have a precise look at
the exceptlonal sets in the framework of the regularity codified by [Assumptions 1.2} In the proof of
we have deduced from the Lebesgue differentiation theorem that the generalized de
Bruijn 1dent1ty is valid except for a set of Lebesgue measure zero. We denote by N the set of
exceptional points to > 0 for which the the one-sided limiting assertion from the right, corresponding
to fails. We have shown in the proof of that the limiting assertion is
valid if and only if ¢y € Ry \ N*. In other words, the limits from the right in [(3.31)] and [(3.34)| have
the same exceptional sets. Furthermore, in the proofs of [Propositions 3.12] and [B.14] we have seen
that the limiting assertions therein are valid for to € Ry \ N*. o

Remark 4.15. Let us now pass to the limits of the difference quotients pertaining to the Wasserstein
distance. We denote by NW the set of exceptional points ¢y > 0 for which the the one-sided limiting
assertion from the right, corresponding to [(3.32)] fails. In other words, for to € Ry \ N we have

lim W2(P(t)7p(t0)) _ % (EIP[ ’V@(to, 2‘2 ‘|> ) (470)
E(t(])X(tO))

tlto t—1tp

The validity of |(4.70)| follows from the validity of the limiting assertion

- t 1M> ] 1 llvato, >|2]
i Tt EIP“%( 2 0(u, X ()" — b 0(to, X (to))” (4.71)
as well as
lm = (& thu v iy 2(P(1), Plto)) (4.72)
tlto 2 \ t — 1o v to E(U,X(u))2 tto t—to . .

The limiting assertion is tantamount to the the one-sided limiting assertion from the right,
corresponding to i.e., to the assertion that to € Ry \ N. In the proof of
we have seen that these equivalent statements are invariant under perturbations £, in the sense
that the corresponding perturbed limiting assertion continues to be valid for the same points
to € Ry \ N. One can apply the estimates of [Lemma 4.12] to show that the limit in has the
same exceptional points as the limit in Put another way, for to € Ry \ N W we have

91 1/2
[) - am

Summing up, not only the limiting assertions|(3.31)] [(3.32) hold for ¢ty € R*\ N, where we have set
N := NHUNW, but also the limiting assertions belonging to the perturbed situation
are valid for those points tg. o

Wa(PP(t), PP (1) (EP[ ‘M +26(X (1)

li =1
tlftrol t—to 2 f(to,X(to))
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4.6. COMPLETING THE PROOF OF [PROPOSITION 3.14]

On account of the preparations in [Subsection 4.5 above, we are now able to complete the proof of
[Proposition 3.14] by establishing the remaining limiting assertions |(3.54)| and |(3.55)| therein.

Proof of the assertion |(3.55)| in [Proposition 3.1]: Let ty > 0 and select T' > ty. Using the notation
of |(4.43)| above, we have to calculate the limit

log YA(T — 5, X(T — s))

4.74
stT—tg T—ty—s ( )

Fix 0 < s < T —tp. According to the integral version of the stochastic differential the fraction
in is equal to the sum of the following four normalized integral terms, whose behavior as
s T T — ty we will study separately below. By conditions of [Assumptions 1.2} the function
(t,x) — V1og YA(t,z) is continuous on (0,00) x R™, thus the first expression

1

L /ST—to (divﬂ(X(T —u)) + <ﬂ(X(T —u)),Viegp(T —u, X (T — u))>Rn) du  (4.75)

is uniformly bounded on [0, T — o] x supp 5. Using continuity and uniform boundedness, we conclude
that converges P-almost surely as well as in L' (IP) to the right-hand side of as required.
Thus it remains to show that the three remaining terms converge to zero. Using continuity and
uniform boundedness once again, we see that the second integral term

1 T—to [VYP(T — u, X(T — u))
T—to—s/s < YB(T —u, X (T — u))

L B(X(T — u))> du (4.76)

R

converges to zero P-almost surely and in L'(IP). Since log Y#(tg, -) = 0 and because the integrand is
continuous, we see that the third expression

du (4.77)

1 /T—to 1 ’V}fﬁ(T—u,X(T—u)H2
T—to—s/)s 2 YB(T —u,X(T —u))’

converges P-almost surely to zero. Furthermore, owing to [Lemma 4.12] there is a constant C' > 0
such that

Ep

1 /T—to ’VYB(T —u, X(T — u))}2
T—ty—sJs Y8(T —u, X(T — u))?

holds for all 0 < s < T — tg, which implies that [(4.77)] converges to zero also in L'(P). The fourth
and last term is the stochastic integral

1 T—to [VYP(T —u, X(T — u))
T—to—s/s <Y5(T—u,X(T—u))

du} <C(T—ty—s) (4.78)

, AW (T — u)> . (4.79)
]Rn
The expression |(4.77)| converges to zero P-almost surely, and according to [(4.78)| we have

2

du| < C. (4.80)

1 /T—to }VYB (T —u, X(T — u))]

EP[(T—to—S)2 YB(T - u, X(T — u))?

By means of the It6 isometry, we deduce that

2

. EIPl(; /T—to <VY5(T—u,X(T—u)) 7dWIP(T_u)> ) 1 _0. (481)
S R»

sTT—to T—ty—s YB(T —u, X (T — u))
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In other words, the normalized stochastic integral of converges to zero in L2(P).

Summing up, we have shown that the limiting assertion holds in the norm of L'(P) and
is valid for all ¢ty > 0. As we have seen in [Cemma 4.11] the probability measures P and P? are
equivalent, the Radon-Nikodym derivatives % and dC}TI% are bounded on the o-algebra F(T') = G(0),
and therefore convergence in L'(PP) is equivalent to convergence in L'(IP?). This completes the proof

of the limiting assertion |(3.55)| O

Proof of the assertion |(3.54)| in [Proposition 3.1]: This is proved in very much the same way, as as-
sertions |(3.53)} |(3.55)l The only novelty here, is the use of |(4.25)|to pass to the P-Brownian motion
_ —_pB

(VV]P (T_S))O<5<T—to from the P#-Brownian motion (VVIP (T_S))O<5<T—to’ and the reliance on|(4.41)|
to ensure that the resulting stochastic integral is a (square-integrable) PP-martingale. We leave the
details to the care of the diligent reader. O

4.7. THE DYNAMICS IN THE FORWARD DIRECTION OF TIME

For the sake of completeness, we calculate now the stochastic differentials of the relative entropy
process and its perturbed counterpart of also in the forward direction of time, under the measures
P and P?, respectively. It will turn out that we are able to derive [Theorems 3.1] and [34] also by
applying Itd’s formula in the forward direction of time. But the relations between these theorems
and the stochastic differentials will become less transparent than in reverse time. One may still
take expectations, but to obtain [Theorems 3.1l and 3.4l one also has to rely on integration by parts.
Furthermore, the second derivatives A¢ and A¢? show up in the forward direction of time, which on
the contrary did not appear in the backward direction.

We first compute the differentials of the likelihood ratio process

0t X (1)) = X)) >0 (4.82)

q(X(t)

and its logarithm in the forward direction of time. We start by recalling the backwards Kolmogorov
equation With its help, we can compute the forward dynamics of the likelihood ratio process
(4.82)|in the following manner.

Lemma 4.16. Under the[Assumptions 1.2], the likelihood ratio process|(4.82)| and its logarithm satisfy
respectively the stochastic differential equations

de(t, X (1)) = AL(t, X (1) dt + ( VO(t X (1), dW (1) - 2VU(X (1)) dt >Rn (4.83)

and

[ AUEX@) 1[Ves X))
dlog@(t,X(t))-( 0 X () 3 E(t,X(t))2 )dt

(4.84)
B <W(t,X(t))

0 X0) ,2V\P(X(t))> dt +

Rn

<W(t,X(t))

LX) dw“)> ’

Rn
for t >0, with respect to the forward filtration (F(t))i=o.

Proof. The canonical coordinate process (X (t));>0 satisfies the stochastic equation |(2.1)} Applying
It6’s formula, using [(2.1) and |(4.17), we obtain |(4.83)l One more application of Itd’s formula leads
t0|(4.84)| O
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In order to deduce [Theorem 3.1] from [Lemma 4.T6] — at least formally — we take expectations in
(4.84)| and observe that integration by parts shows that

E AL(t, X (1)) Vet X(t))
“’l ((t, X (1) _< (t, X (1))

,2V\P(X(t))> ] — 0. (4.85)
R

But as opposed to the backward direction of time, the identity |(4.85)| does not hold any more when
we take expectations conditionally on X ().

Next, we calculate the differentials of the perturbed likelihood ratio process

pB (t’ X(t))
a(X(t))

and its logarithm, again in the forward direction. With the help of the “perturbed” backwards
Kolmogorov equation |(4.29)] we obtain the forward dynamics of the perturbed likelihood ratio process

(4.86)}, as follows.

Lemma 4.17. Under the [Assumptions 1.2} let to > 0. The perturbed likelihood ratio process |(4.86)|
and its logarithm satisfy respectively the stochastic differential equations

X)) = . t>=t (4.86)

M - < M+divﬁ(X(t)) > dt

GLxX@)  \ P X)
(4.87)
08 (¢, 08 (¢,
(T oo 2veerin) e (SR avo)
and
APB B 2
dlog °(t, X (t)) = ( % div B(X(t)) — %% > dt
’ (4.88)
VA (t, X (1)) VA (¢, X (1))
—<7€B X0 +ﬁ(X(t)),2V\I’(X(t))>RSt + <7£B(tj X0) ’dWﬁ(t)>Rn’

for t > to, with respect to the forward filtration (F(t))i=t,-

=

Proof. The canonical coordinate process (X (t))>0 satisfies the stochastic equation |(3.11)] Together
with |(4.29)| and 1t6’s formula, this yields the stochastic equations |(4.87)| and |(4.88)| O

Similarly as described after [Lemma 4.16] taking expectations in [(4.88)| and integrating by parts
allows to derive [[Theorem 3.4 from [Lemma 4.17] at least on a formal level.

5. THE WASSERSTEIN TRANSPORT

For the convenience of the reader we review in this section some well-known results on quadratic
Wasserstein transport, in order to establish the limits |(3.32)| and |(3.35)[ and complete the proofs of
[Corollaries 3.10l and 3.1T1

We recall below the definitions of the quadratic Wasserstein space &5(R"), and the quadratic
Wasserstein distance Wy. We follow the setting of [AGSO0§|, from where we borrow most of the
notation and terminology used in this section. Thus, for unexplained notions and definitions, the
reader may consult this beautiful book.

34



We denote by &Z(R™) the collection of probability measures on the Borel sets of R”. The quadratic
Wasserstein space Po(RR™) is the subset of Z2(R™) consisting of the probability measures with finite
second moment, i.e.,

Po(R") = {P c P(R"): /}R 22 dP(z) < oo}. (5.1)

If p: R™ — [0,00) is a probability density function on R", we can identify it with the probability
measure P € Z(R™) having density p with respect to Lebesgue measure on R". In particular, if p is
a probability density with finite second moment, i.e.,

/]R" 122 p(z) dz < oo, (5.2)

then we can identify p with an element of Z5(R").

We denote by I'( Py, P;) the collection of Kantorovich transport plans, that is, probability measures
~ in Z(R™ x R™) with given marginals P, P, € Z(R"). More precisely, if 7°: R® x R® — R" are
the canonical projections, then ﬂ;ﬁ = P, for i € {1,2}. The quadratic Wasserstein distance between
two probability measures P;, P» € &5(R") is defined by

W2(Py, Py) == inf { /]R |z —y2dy(z,y): ~v € F(Pl,Pg)}. (5.3)

nxR"

The quadratic Wasserstein space &5(RR™), endowed with the quadratic Wasserstein distance Ws just
introduced, is a Polish space [AGS08, Proposition 7.1.5].

In this section we consider the solution (p(t))i=o of the Fokker-Planck equation with initial
condition as a curve in the quadratic Wasserstein space Z5(RR™). This is justified by [Lemma 2.1]
which tells us that the [Assumptions 1.2] guarantee that p(t) € F5(R™) for all ¢ > 0. For fixed
T € (0,00), we define now the time-dependent velocity field

1Vp(t,x) 1Vt )
2 p(t, x) + ( )) 2 (L)

Then the Fokker-Planck equation satisfied by the curve (p(t))o<t<r in P2(RR™) of probability
density functions, can be written as a continuity equation, namely,

[0,7] x R" 5 (t,z) —> v(t,x) = —( € R". (5.4)

Op(t, ) + div (v(t,z) p(t,x)) =0, (t,x) € (0,T] x R". (5.5)
According to we have

2/0T </ lo(t, )2 plt, ) d:z:) dt < oo, (5.6)

since the expressions in |(4.20)|and |(5.6)| are simply the same. In particular, implies that we have
o) 1 (& p(r)) € L0, T], and we can apply [AGS08, Lemma 8.1.2] in order to choose a continuous
representative. In other words, there exists a narrowly continuous curve (p(t))o<i<r in P2(R™) such
that p(t) = p(t) for Lebesgue-almost every t € [0,7]. For convenience, we denote the continuous
representative (p(t))o<t<r again by (p(t))o<i<r-

As (p(t))o<t<r is a narrowly continuous curve in Z5(RR™) satisfying the continuity equation
and [[v(t) || 22 @mr p(r)) € L'[0,T], according to we can invoke the second implication of [AGS08|,
Theorem 8.3.1]. The cited theorem relates absolutely continuous curves and the continuity equation.
In particular, it tells us that the curve (p(t))o<t<r is absolutely continuous [AGS08|, Definition 1.1.1].
As a consequence, for Lebesgue-almost every t € [0, T, its metric derivative [AGS08, Theorem 1.1.2]

1(8) 1= tim 22(8)2(0)

s—t |S—t|

(5.7)
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exists. Furthermore, [AGSO8, Theorem 8.3.1] provides for Lebesgue-almost every ¢ € [0,7] the
estimate

P'[(t) < lv(@®)ll 2mn pie))- (5.8)

On the other hand, the time-dependent velocity field v: [0,7] x R™ — R"™ of |(5.4)| is a gradient,
and therefore an element of the tangent space [AGS08| Definition 8.4.1] of Z2(R™) at the point
p(t) € Z2(R"), ie,

n L2(R™ (1))
v(t) € Tanyy Zo(R") == {Vp: g eCx®M}) . (5.9)

Since (p(t))o<t<r is an absolutely continuous curve in ZP2(R™) satisfying the continuity equation
for the time-dependent velocity field v(t) = v(t, - ), which is tangent to the curve, we can apply
[AGSO08|, Proposition 8.4.5]. This result characterizes tangent vectors to absolutely continuous curves,
and entails for Lebesgue-almost every ¢ € [0, 7] the inequality

o)l 2 peyy < 1) (5.10)

Combining [(5.8)| and |(5.10)| we obtain for Lebesgue-almost every ¢ € [0, 7] the equality

P'[(t) = lv(@) | L2(mm p(e))- (5.11)

This relates the strength of the local velocity field v in to the rate of change, or “metric
derivative” as in |(5.7)] of the Wasserstein distance along the curve (p(t))o<t<r — justifying in this
manner the introduction and the relevance of the Wasserstein distance in this context.

Using the metric derivative |(5.7)| of the curve (p(t))o<t<T, We can compute the arc length L of the
curve with respect to the quadratic Wasserstein distance Wy by

L— /OT () dt. (5.12)

This arc length L is nothing other than the quadratic Wasserstein distance between p(0) and p(7T)
along the curve (p(t))o<i<r. Let t1,to > 0. Motivated by [(5.12)] we define the Wasserstein trans-
portation cost of moving p(t1) to p(t2) along the curve (p(t))e=0 as

Tt pie) = [ 10 5.1

t1

so that, in particular T¢(p(0),p(T)) = L is the quantity of [(5.12)] According to |(5.11)] this trans-

portation cost can be computed as
t ) 1/2
Tt p(e)) = [ [ leta)Ppta)de) (5.14)
1 n

Furthermore, we note that
Wa(p(t1),p(t2)) < Te(p(t1), p(t2)) (5.15)

for 0 < t1 < tg, see [AGS08, p. 186].

We rephrase these well-known results as follows.

Theorem 5.1. Under the [Assumptions 1.2] for Lebesgue-almost every tg = 0 we have the local
behavior of the Wasserstein distance

o WpD.p(t) ( [ [Ve(to, X(t0) D/
fim t—to] 2 b 0(to, X (to))? ' (5.16)
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Furthermore, for ti,ts > 0, the Wasserstein transportation cost of moving p(t1) to p(t2) along the
curve (p(t))e=0 amounts to

to )2 1/2
Tt =3 [ [ St stenae) .17

Proof. The identity [(5.16)| is just another way of phrasing the equality (5.11)] The Wasserstein
transportation cost |(5.17)| was derived in |(5.14)| O

Now we consider the solution (p?(t))¢s¢, of the perturbed Fokker-Planck equation with initial
condition . Again, according to [Lemma 3.3, this solution can be viewed as a curve in the
quadratic Wasserstein space &5(RR™). Similarly as before, we define the time-dependent perturbed
velocity field

1Vp°(t,x)

lto, T] x R” 3 (£, ) — vP(t, 2) == _(2 s

+ V() + ,3(3;)) cR™. (5.18)

Then the perturbed Fokker-Planck equation [(3.9)] satisfied by the perturbed curve (p®(t))s<i<7, can
be written as
o’ (t,x) + div (vP (¢, x) pP(t,2)) = 0, (t,x) € (to, T] x R™. (5.19)

To follow the same reasoning as above, we need that v(¢, - ) be a gradient, and this is why we have
required the perturbation 5: R™ — R"™ to be a gradient vector field, i.e., of the form 8 = VB for some
potential B: R™ — R. Now, by the same token as above, and using the regularity assumption that
the gradient vector field 8 is compactly supported and of class C*°(R™; R™), we obtain the following
result.

Theorem 5.2. Under the [Assumptions 1.2| for Lebesque-almost every tg > 0 we have

9 7\ 1/2
[} ow

Moreover, for ty,ty > to, the Wasserstein transportation cost of moving p®(t1) to p®(t2) along the
perturbed curve (pP(t))i=4, amounts to

Te(p’ (t1), 0" (t2)) = %/: (/]Rn

Remark 5.3. Since X (to) has the same probability distribution under P, as it does under P?, the
expectation Ep appearing in |(5.20)| can be replaced by Eps. o

Wo (PP (1), p%(t0)) (EPl 'w +2B(X (to))

I _1
tilg(} t—1p 2 f(to,X(to))

VO (t, x) L 28() 2

1/2
08(t, x) p(t, ) dw) dt. (5.21)
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APPENDICES

A. BACHELIER'S WORK RELATING BROWNIAN MOTION TO THE HEAT EQUATION

In this section, which is only of historical interest, we point out that Bachelier already had some
thoughts on “horizontal transport of probability measures” in his dissertation “Théorie de la spécula-
tion” [Bac00l Bac06], which he defended in 1900.

In this work he was the first to consider a mathematical model of Brownian motion. Bachelier
argued using infinitesimals by visualizing Brownian motion (W (t));>0 as an infinitesimal version of a
random walk. Suppose that the grid in space is given by

ey T2, Tp—1, Ty, Tpil, Tni2, --- (A1)

having the same (infinitesimal) distance Az = z,, — x,,—1, for all n, and such that at time t these
points have (infinitesimal) probabilities

<oy Phe2s Pty Dy Pnits Phgas - (A.2)
under the random walk under consideration. What are the probabilities

A A A A
L] pz—tQtv pz—tlt) pz‘rAtv p:;:-ltv pi:-Qt) e (A3)
of these points at time ¢ + At?
The random walk moves half of the mass pf, sitting on x,, at time ¢, to the point x,,11. En revanche,
it moves half of the mass pf,  , sitting on z,11 at time ¢, to the point z,,. The net difference between
pt/2 and pt,, /2, which Bachelier has no scruples to identify with

5 (1) (wn) Az = —§ (p) (wns1) Ae, (4-4)

is therefore transported from the interval (—oo, x,]| to [2,41,00). In Bachelier’s own words, this is
very nicely captured by the following passage of his thesis:

“Each price x during an element of time radiates towards its meighboring price an amount of
probability proportional to the difference of their probabilities. I say proportional because it is necessary
to account for the relation of Ax to At. The above law can, by analogy with certain physical theories,
be called the law of radiation or diffusion of probability.”

Passing formally to the continuous limit and denoting by

X

P(t,z) = / p(t, z)dz (A.5)
— 0o

the distribution function associated to the Gaussian density function p(t,x), Bachelier deduces in an

intuitively convincing way the relation
oP 10p

ot 20z
where we have normalized the relation between Az and At to obtain the constant 1/2. By differen-
tiating [(A.6)| with respect to x one obtains the usual heat equation

(A.6)

op 10%p

o 2022 (A7)

for the density function p(t,z). Of course, the heat equation was known to Bachelier, and he notes
regarding |(A.7)} “C’est une équation de Fourier.”
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But let us still remain with the form |(A.6)| of the heat equation and analyze its message in terms
of “horizontal transport of probability measures”. To accomplish the movement of mass —% P (t,x)dx
from (—o0,x] to [x,00) one is naturally led to define the flow induced by the velocity field

/

u(t,z) == —% p (t,a:)’
p(t, )
which has the natural interpretation as the “speed” of the transport induced by p(t,x). We thus
encounter in nuce the ubiquitous “score function” Vp(t, z)/p(t, x) appearing throughout all the above
considerations. We also note that an “infinitesimal transport” on R is automatically an optimal
transport. Intuitively this corresponds to the geometric insight in the one-dimensional case that the
transport lines of infinitesimal length cannot cross each other.

(A.8)

Let us go one step beyond Bachelier’s thoughts and consider the relation of the above infinitesimal
Wasserstein transport to time reversal (which Bachelier had not yet considered in his lonely explo-
ration of Brownian motion). Visualizing again the grid and the corresponding probabilities
[(A.2)] and [(A.3)], a moment’s reflection reveals that the transport from p!T2¢ to pf, i.e., in reverse

direction, is accomplished by going from z,, to z,11 with probability % + 202 45 and from Tp+1 tO

p(t.x)
’;((f’f)) dz, with the identifications = = z,, = 41, and do = Az. In other

words, the above Brownian motion (W (t)):>0 considered in reverse direction (W (T — s))o<s<r is not
a Brownian motion, as the transition probabilities are not (1/2,1/2) any more. Rather, one has
to correct these probabilities by a term which — once again — involves our familiar score function
Vp(t,z)/p(t,x) (compare above). At this stage, it should come as no surprise, that the passage
to reverse time is closely related to the Wasserstein transport induced by p(t, ).

x, with probability % —

Let us play this infinitesimal reasoning one more time, in order to visualize the Fontbona-Jourdain
result (Theorem 4.2]). Arguing in the reverse direction of time, we may ask the following question:
how do we have to choose the transition probabilities to go from x at time ¢ + At to either x 4+ dx
or x — dx at time ¢, so that the density process p(t,z) becomes a martingale in reverse time under
these transition probabilities? As the difference between the probabilities p(¢, x +dz) and p(t, z —dx)
equals 2p/'(t, z) dz (up to terms of smaller order than dz) we conclude that the transition probabilities
have to be changed from (1/2,1/2) to

1 Pz 1 pta)

in order to counterbalance this difference of probabilities (again up to terms of smaller order than
dz). In other words, we have found again precisely the same transition probabilities which we had
encountered in the context of the reversed Brownian process (W (T — s))o<s<r. This provides some
intuition for the Fontbona-Jourdain assertion that (p(T' — s, W(T — s))o<s<r is a martingale in the
reverse direction of time.

We finish the section by returning to Bachelier’s thesis. The rapporteur of Bachelier’s dissertation
was no lesser a figure than Henri Poincaré. Apparently he was aware of the enormous potential of
the section “Rayonnement de la probabilité” in Bachelier’s thesis, when he added to his very positive
report the handwritten phrase: “On peut regretter que M. Bachelier n’ait pas développé davantage
cette partie de sa these.” That is: One might regret that Mr. Bachelier did not develop further this
part of his thesis.

B. THE PROOFS OF [LEMMAS 2.1] AND [3.3]

Proof of [Lemma 2.1. Let the real constants ¢, R > 0 be as in condition (iii)| of [Assumptions 1.2 and
denote

= a1, 299,

< 00, T :=inf {t > 0: |X(¢)| > k} (B.1)
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for integers k > R. It6’s formula gives

dxX P = (1- (X, 2V\IJ(X(t))>Rn) dt + (2X (), AW (1)) s (B.2)

for t > 0. We define @i (t) := Ep[|X(t A 7)?] and ¢(t) := Ep[|X(¢)|?]. Taking expectations in

(B2 yields

(pk(t) _ (’D(O) Ep /Ot/\Tk (1 _ <X(u) , 2 V\IJ(X(U))>R7L ) ﬂ{\X(u)KR} du:| (B3)
+ EIP /Ot/\ﬂc (1 - <X(u) s 2 V\P(X(u))>Rn ) ]l{\X(u)\>R} du (B4)
< ¢(0) +mrBplt A + Ep| [ T 2e X (w)) du (B.5)
< gD(O)—|—(1+mR)t+20/tcpk(u)du. (B.6)
0
The Gronwall inequality gives now
or(t) < gt):==p0)+ (1 +mpg)t+2 c/ot (2(0) + (1 + mp)u) ¢ du, (B.7)

According to the second-moment condition in [(1.11)} the quantity g(¢) is finite for all ¢ > 0, and
independent of k; letting k 1 oo in |(B.7), we get

p(t) =Ep[|X(#)*] <g(t) <oo, ¢

WV
o

(B.8)
In other words, we have that P(t) € Z(R"™) for all ¢ > 0. O

Proof of [Lemma_3.3. The proof of [Lemma 3.3]follows by analogy with the proof of [Lemma 2.I]above.
Indeed, one just has to add the perturbation 8 to the gradient VWV in the expressions -
write WP (t) instead of W (t) in and replace all the P-expectations by expectations with respect
to the probability measure P?. Then the constant mpg in is still finite and, because of its
compact support, the perturbation 8 in the expression @ vanishes, provided R is chosen large
enough. Hence, by the same token as above, we conclude that P?(t) € 2, (R") for all t > t,. O

C. RELATIVE ENTROPY WITH RESPECT TO A 0-FINITE MEASURE Q

For two probability measures P and Q on the Borel sets of R™, the relative entropy of P with respect
to Q is defined as

dP
H(P|Q) = / log (—) dP € [0,00] (C.1)
Rr dQ
if P is absolutely continuous with respect to Q, and as H(P | Q) := oo if this is not the case.
Let us consider the o-finite measure Q on the Borel sets of R™ with density ¢(z) = e¢=2¥(®) for

z € R", introduced in Following the approach of [Léol4, Section 2], we shall demonstrate
that the same definition of relative entropy H (P |Q) applies to the reference measure Q, provided
that the probability measure P is an element of &5(RR™), with the only difference that the quantity

(C.1)|now takes values in (—oo, c0].

To this end, we let P be a probability measure in &5(R"™) having density p: R — [0,00) with
respect to Lebesgue measure. The non-negativity of the potential ¥ implies that for the function
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f(@) == e 2 € R, we have Eq[f] € (0,00). According to [Léold, Section 2], we let Q be the
probability measure on the Borel sets of R™ having probability density function f/Eq[f] with respect

to the measure Q, so that
dpP f dpP

dQ  Eq[f]dQ’
Taking first logarithms and then expectations with respect to P on both sides of this equation yields
the formula

(C.2)

HP|Q) = H(P|Q) - [ pla)laPdo—tog( [ o2 ar), (©3)

which is justified by and the fact that P € Z3(R") as well as Eq[f] € (0,00). In particular,
we see that the right-hand side of takes values in the interval (—oo,00]. Summing up, we can
define well the relative entropy H(P|Q) as in provided that P € Z23(R"), even when the
o-finite measure QQ has infinite total mass.

Remark C.1. Wherever in this paper the relative entropy H (P |Q) is considered for some o-finite
measure  on the Borel sets of R™ with density ¢(z) = e 2¥(®) 3 ¢ R", the probability measure P
will always be assumed to belong to &5(IR™). This is in accordance with [Lemmas 2.1 and 3.3} as well
as[Lemma 3.190 In the latter, the constant-speed geodesic (P;)o<i<1 joining two probability measures
Py and P; in &5(R™) is considered. Therefore, in all situations relevant to us, the relative entropy
H(P|Q) is well-defined and takes values in the interval (—oo, o). o

D. A MEASURE-THEORETIC RESULT

In the proofs of [Propositions 3.12] and [3.14] we have used a result on conditional expectations, which
we will formulate and prove below. We place ourselves on a probability space (€2, F,P) endowed with
a left-continuous filtration (F(t))i>0. We first state the following result, which is known as Scheffé’s
lemma [Wil91], 5.10].

Lemma D.1 (SCHEFFE’S LEMMA). For a sequence of integrable random variables (X, )nen which
converges almost surely to another integrable random wvariable X, convergence with respect to the
norm of L*(P) (i.e., lim, o E[| X, — X|] = 0) is equivalent to convergence of the L*(P)-norms (i.e.,
lim, 00 B[ Xy ] = E[| X]]).

Proposition D.2. Let (B(t))o<i<T be a continuous, adapted, non-negative process. Define the process
(A(t))o<t<T as its primitive, i.e.,

At) = /OtB(u) du, 0<t<T (D.1)

and assume that E[A(T)] is finite. By the Lebesgue differentiation theorem, for Lebesgue-almost every
to € [0,T], we have

lim E[M] = lim E[ ! tB(u) du] = E[B(to)]. (D.2)
t=to t—to t—to t—to Jio

Now fiz a “Lebesgue point” to € [0,T] for which |(D.2)| does hold. Then we have the analogous limiting
assertion for the conditional expectations, i.e.,

o E[AL0) = AW | F(O] _ | E[A() — A(to) | F(to)]
tto to—1t tlto t— 1o

= B(t())v (D3)

where the limits exist in the norm of L'(IP).
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Proof. Fix a Lebesgue point tg € [0,7] for which [(D.2)| does hold. As the process (B(t))o<t<T is
continuous, the fundamental theorem of calculus ensures that the limit

m A=Al 1 /tB(u) du = Bl(to) (D.4)

t=to t —to ito t—tg g

exists almost surely. Since the random variables appearing in are integrable, and we already
have the convergence of the L'(P)-norms from [(D.2)] Lemma D1l allows us to conclude that the
convergence of |(D.4)[ holds also in the norm of L*(P), i.e.,

[A(t) — Alto)
t—to

lim E

t—to

- B(to)} 0. (D.5)

From [(D.5)|we can deduce now the L!(P)-convergence of[(D.3)]as follows. Regarding the second limit
in|(D.3)} for ¢ > ty, we find

HE[A(t) —Alto) | Fto)] Blto) _ HE[M — B(to) ’ ]—“(to)] (D.6)
t—to @) t=to L1 (P)
A(t) — A(to) .
< Hﬁ — B(to) L) ; (D.7)

and because of (D.5)| the expression in converges to zero as t | tg. Similarly, to handle the first
limit in |(D.3)| we use for t < t( the estimate

H M EAU B(to) < HM — Bl(to) (D.8)
ot Li(w) o=t Li(w)
BB | F0) - Bl (D9)

As t T tg, the expression on the right-hand side of converges to zero as before. The same is
true also for the term in on account of [Chu0I, Theorem 9.4.8] and the left-continuity of the
filtration (F(t))o<t<r- This completes the proof of [Proposition D.2] O

E. THE PROOF OF THE FONTBONA-JOURDAIN THEOREM

Proof of [FJ16]. For 0 < s < T, we define the random variable M (T — s) as the condi-
tional expectation of the random variable

p(0,X(0)
(0, X(0)) = e L1(Q E.1
with respect to the backwards filtration (G(T" — s))o<s<T, i-€.,

M(T - 5) :=Eq|((0,X(0) | (T —s)|, 0<s<T. (E.2)

Obviously the process (M (T — s))o<s<r is a martingale of the backwards filtration (G(T — $))o<s<T
under the probability measure ). Now we make the following elementary, but crucial, observation: as
the stochastic process (X (t))o<t<7, which solves the stochastic differential equation is a Markov
process, the time-reversed process (X (1" — s))o<s<7 is a Markov process, too, under the probability
measure P as well as under Q. Hence

N

M(T — 5) = Bg[(0,X(0)) | X(T'—5)], 0<s<T. (E.3)
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We have to show that this last conditional expectation equals ¢(T" — s, X (T — s)). To this end, we
fix s € [0,T] as well as a Borel set A C R", and denote by 7(T — s;x, A) the transition probability
of the event {X (T — s) € A}, conditionally on X (0) = z. Note that this transition probability does
not depend on whether we consider the process (X (t))o<t<r under P or under Q. Then we find

p(0, X(0)) _ [ p(0,x) . _
Eq [W La(X(T — s))] _ / i) T s Aa()dr = PT 94l (B4)

Note also that

2 [p(Tq(‘;gffTs)‘) Dy xr - s>>] — P(T - 5)[A) (E5)
Because the Borel set A C R" is arbitrary, we deduce from |(E.4)[and |[(E.5)| that
p(O,X(O)) _p(T_SvX(T_S)) _ B B
[W ’ X(T - 3)1 ST IXT—) 0T — s, X(T —s)). (E.6)
This completes the proof of [Theorem 4.2 O

F. THE PROOF OF [LEMMA 3.19|

Proof of [Lemma 3.19. In order to show we recall the notation of and consider the
time-dependent velocity field

0,1] x R™ 5 (£, 2) — vy(z) = fy((Tg)‘l(g;)) e R", (F.1)

which is well-defined Pi-almost everywhere, for every ¢ € [0,1]. Then (v;)o<t<1 is the velocity field
associated with (T} )o<i<1, i-e.,
% T} (z) = v (T} (x)). (F.2)

Let p;(-) be the probability density function of the probability measure P; in|(3.59) Then, according
to [Vil03, Theorem 5.34], the function p;(-) satisfies the continuity equation

Opi(x) + div (ve(z) pe(z)) = 0, (t,z) € (0,1) x R", (F.3)
which can be written equivalently as
— Orpi(x) = div (vy(x)) () + (ve(x) , VDe(2)) g (t,r) € (0,1) x R™. (F.4)

Recall that X is a random variable with probability distribution Py on the probability space (S, S, v).
Then the integral equation

t
X = Xo —l—/ ’Ug(X@)d@, 0<tg1 (F5)
0

defines random variables X; with probability distributions P, = (1})x(F) for ¢t € [0,1]. We have
now

dpt(Xt) = Otpt(Xt) dt + <th(Xt) s dXt>]Rn = _pt(Xt) div (’Ut(Xt)) de¢ (FG)
on account of (F.5)} thus also
dlog pi(Xy) = —div (v(Xy)) dt, 0

N
~
N
—_

(F.7)
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Recall now the function g(z) = e=2¥(®) for which
leg Q(Xt) = —<2 V\I/(Xt) s dXt>]Rn = —<2 V\P(Xt) N Ut(Xt)>Rn dt. (FS)

For the likelihood ratio function #(-) of[(3.61)] we get from [(F.7)] and [(F.8)] that

leg Et(Xt) == <2 V\P(Xt), Ut(Xt)>]Rn dt - le (’Ut(Xt)) dt, 0 < t < 1. (Fg)
Taking expectations in the integral version of |[(F.9)l we obtain that the difference
H(P|Q) — H(I | Q) = Ey [log £4(Xy)] — Ey[log £o(Xo)] (F.10)

is equal to
]EVUO (<2 VU(Xp), v9(Xp))p — div (’L)Q(Xg))) de] (F.11)

for t € [0, 1]. Consequently,

lim AP Q) ; HRQ) g [<2 VU(Xo), v0(Xo))p — div (UO(XO))]. (F.12)

Integrating by parts, we see that
E, [div (1(X0))] = [ div (w(a)) po(e)do =~ [ (@) Vpo(a))yde  (F13)
= —(Vlogpo(Xo) , 10(X0)) 12, (F.14)

Recalling |(F.12)| and combining it with the relation Vlog/¢;(z) = Vlogpi(z) +2V¥(x), as well as
with |[(F.13)| and |(F.14)| we get

H(P|Q) - H(b|Q)

ltlJ%l ; = <V log EO(XQ) s UO(XO)>L2(V)’ (F15)
Since vy = 7, this leads to|(3.62)| O

G. TIME REVERSAL OF DIFFUSIONS

We review in the present section the theory of time reversal for diffusion processes developed by
Follmer [Fol85, [F6186], Haussmann and Pardoux [HP86], and Pardoux [Par86]. This section can be
read independently of the rest of the paper; it does not present novel results.

G.1. INTRODUCTION

It is very well known that the Markov property is invariant under time reversal. In other words,
a Markov process remains a Markov process under time reversal (e.g., [RW00al Exercise E60.41, p.
162]). On the other hand, it is also well known that the strong Markov property is not necessarily
preserved under time reversal (e.g., [RW00a, p. 330]), and neither is the semimartingale property
(e.g., [Wal82]). The reason for such failure is the same in both cases: after reversing time, “we may
know too much”. Thus, the following questions arise rather naturally:

Given a diffusion process (in particular, a strong Markov semimartingale with continuous paths)
X = (X(t))o<t<T with certain specific drift and dispersion characteristics, under what conditions
might the time-reversed process

X(s):=X(T—s), 0<s<T, (G.1)
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also be a diffusion? if it happens to be, what are the characteristics of the time-reversed diffusion?

Such questions go back at least to Boltzmann [Bol96), Bol98al, [Bol98b|, Schrodinger [Sch31l, [Sch32]
and Kolmogorov [Kol37]; they were dealt with systematically by Nelson [Nel01l] (see also Carlen
[Car84]) in the context of Nelson’s dynamical theories for Brownian motion and diffusion. There is
now a rather complete theory that answers these questions and provides, as a kind of “bonus”, some
rather unexpected results as well. It was developed in the context of theories of filtering, interpolation
and extrapolation, where such issues arise naturally — most notably Haussmann and Pardoux [HP86],
and Pardoux [Par86]. Very interesting related results in a non-Markovian context, but with dispersion
structure given by the identity matrix, have been obtained by Follmer [F6185] [F6I86]. Here, this theory
is presented in the spirit of the expository paper by Meyer [Mey94].

G.2. THE SETTING

We place ourselves on a filtered probability space (2, F,P), F' = (F(t))o<t<r rich enough to support
an R%valued Brownian motion W = (W7i,...,Wy)" adapted to F, as well as an independent F(0)-
measurable random vector £ = (£1,...,&,) : @ — R™. In fact, we shall assume that I is the filtration
generated by these two objects, in the sense that we shall take

Fit)=0c(,W(@): 0<0<Lt), 0<t<T,

modulo P-augmentation. Next, we assume that the system of stochastic equations

t d
b= & +/ bi(6, X (9)) d6 + Z/ 50 (0,X(0)) AW, (0),  0<t<T, (G.2)
0 =170
for i = 1,...,n admits a pathwise unique, strong solution. It is then well known that the resulting

continuous process X = (X1,...,X,)" is F-adapted (the strong solvability of the equation [(G.2))),
which implies that we have also

Ft) = o(X(0),W(0): 0<0<t)=a(X(0),W(t)—W(0): 0<0<t) (G.3)

modulo P-augmentation, for 0 < ¢t < T'; as well as that X has the strong Markov property, and is
thus a diffusion process with drifts b;( -, -) and dispersions s;, (-, -), i =1,...,n, v =1,...,d. We
shall denote the (i, 7)™ entry of the covariance matrix a(t,z) := s(t,z)s'(t, ) by

d
a;j(t,x) st (t,x)su(t,x), 1<e,j<n
v=1

These characteristics are given mappings from [0,7] x R"™ into R with sufficient smoothness; in
particular, such that the probability density function p(¢, -): R™ — (0,00) in

P[X(t) € A] = /A p(t,z)dz,  AeB(RY),

is smooth. Sufficient conditions on the drift b;(-, -) and dispersion s;,(-, -) characteristics that
lead to such smoothness, are provided by the Héormander hypoellipticity conditions; see for instance
[Bel95], [Nua06] for this result, as well as [Rog85] for a very simple argument in the one-dimensional
case (n = d = 1), and to the case of Langevin type equation for arbitrary n € IN. We refer to
[Exi75], [RWO0OD] or [KS91] for the basics of the theory of stochastic equations of the form [(G.2)]

The probability density function p(t, -): R™ — (0,00) solves the forward Kolmogorov [Kol31]
equation [Fri75l p. 149]

Op(t, x) Z D (ai;(t, ) p(t,x)) — ZDi(bi(t,lﬂ)p(t,lﬂ)), (t,x) € (0,T] x R™. (G.4)

4,j=1 i=1
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If the drift and dispersion characteristics do not depend on time, and an invariant probability measure
exists for the diffusion process of(G.2)], the density function p( -) of this measure solves the stationary
version of this forward Kolmogorov equation, to wit

%MZZI ij (aij(z) p(x)) = ;Di (bi(z) p(x)), x € R"™. (G.5)
G.3. TIME REVERSAL AND THE BACKWARDS FILTRATION
Consider now the family of o-algebras (F(t))o<i<r given by
F(t)=0o(X(0),W(O)—W(t): t<0<LT), 0<t<T. (G.6)
It is not hard to see that the o-algebra in is expressed equivalently as
Ft)=o(X(t),W(O)—W({t): t<OLT)=0(X(t),W(®) —W(T): t<0<T)
=o(X(T),W(@)—W(@): t<O<LT)=0c(X(T))VH). (G.7)
Here, the o-algebra generated by the Brownian increments after time ¢, namely,

H(t):=c(W(O)—W(t): t<0<T), 0<t<T, (G.8)

is independent of the random vector X (t). The time-reversed processes X as in[(G.1)] as well as

W(s):=W(T —s)—W(T), 0<s<T, (G.9)
are both adapted to the backwards filtration T := (F(T — s))_, _p, where
F(T —s)=o(X(T —u), W(T —u) = W(T —5): 0<u<s)
o _ (G.10)
=0o(X(u),W(u)—W(s): 0<u<s)
from Note that, by complete analogy with we have also
F(T —5)=o(X(T),W(T —u) = W(T —s): 0<u<s)=a(X(0)VHT - s) (G.11)
on account of where
H(T —s)=a(W(T —u) —W(T —s): 0<u<s)=oc(W(u)—W(s): 0<u<s). (G.12)

In words: the o-algebra F (T — s) is generated by the terminal value X (7') of the forward process
(i-e., by the original value X (0) of the backward process) and by the increments of the time-reversed
process W on [0, s]; see the expressions right above. Furthermore, the o-algebra F (T — s) measures
all the random variables X (u), u € [0, s].

Remark G.1. In fact, the time-reversed process W is a Brownian motion of the backwards filtration
H:= (H(T—5))ocs<r C IF as in[(G.12)] generated by the increments of W after time T'—s, 0 < s < 7.
This is because it is a martingale of this filtration, has continuous paths, and its quadratic variation is
that of Brownian motion (Lévy’s theorem [KS91, Theorem 5.1]). In the next subsection we shall see
that the process W is only a semimartingale of the larger backwards filtration F = (]? (T — s))o <s<T
and identify its semimartingale decomposition. o
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G.4. SOME REMARKABLE BROWNIAN MOTIONS

Following the exposition and ideas in [Mey94], we start with a couple of observations. First, for every
t € [0,T] and every integrable, F(t)-measurable random variable K, we have

E[K|F(t)] =E[K|X(t)], almost surely. (G.13)
Secondly, we fix a function G € C§°(R") and a time-point ¢ € (0,77, and define
g(0,z) =E[G(X(t) | X() = «], (0,z) € [0,t] x R".
Invoking the Markov property of X, we deduce that the process
9(0.X(0)) = B[G(X(1)) | X(0)] = E[G(X(1) | F#)]. 0<0<1
is an IF-martingale, and obtain

GX(0) — 9(0.X(6)) = g(t. X() — (0. X(0) = 32" [ Diglo. X0) s v, X(0) AW, o).

i=1v=1

For every index v = 1,...,d this gives, after integrating by parts,

E[(W, (t) = W, (8)) - G(X(1)] = E[(Wi () = W, (0)) - (g(t, X (£)) — 9(6, X(6)))]
_E[Z/ Dig(v, X (v)) siv (v, X (v dv] Z/ / D;g - siv) (v, 2) p(v, z) de dv

:_Z/ /n v,z) D; (p(v, z) sip (v, z)) dedv = — // (v,z) div (p(v, )5, (v, z)) dz dv

t div(ps,)
p

B _/;E|:Q(U,X(U)) . M(U,X(v))] dv = —]E[G(X(t)) /@

p

(v, X (v)) dv}

Here §, (v, -) is the v column vector of the dispersion matrix. Comparing the first and last expres-
sions in the above string of equalities, we see that with 0 < 6 < ¢ we have

]E[G(X(t)) - (Wu(t) —W(0) + /; %@(U,X@)) dv)} —0 (G.14)

for every G € C3°(R"™), and thus by extension for every bounded, measurable G: R" — R.

Theorem G.2. The vector process B = (By,...,By) defined as

_ s div(p§, .
By(s) == W, (s) — / %S)(T —u, X (u)) du (G.15)
0
T d. —
— W, (T — 5) — W, (T) — / %SV)(’U,X(’U)) dv, 0<s<T, (G.16)
T—s
forv=1,...,d, is a Brownian motion of the backwards filtration F = (.7?(T — 3))0<5<T'

Remark G.3. The Brownian motion process B is thus independent of F(T), and therefore also of the
F(T')-measurable random variable X (T ). A bit more generally,

{B(T - 6)— B(T —t): <t} is independent of  F(t) D o(X(v): t <v < T).
Note also from |(G.16)| that

t M(U,X(U)) dv, 0

N
>
N
~
<&

BT =) = B(T =1) = W (0) = W,(t) — [ =2
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Reversing time once again, we obtain the following corollary of [Theorem G.2]

Corollary G.4. The F-adapted vector process V.= (Vi,...,Vy)" with components
t div(ps,)
Vi (t) = Bo(T —t) — B,(T) = W, (1) +/ S 0, X@) v, 0<E<T, (G.17)
0

forv=1,...,d, is yet another Brownian motion (with respect to its own filtration BV C ). This
process is independent of the random variable X(T'); and a bit more generally, for every t € (0,T],
the o-algebra

FV(t):=a(V(0): 0<0<t) (G.18)

generated by present-and-past values of V', is independent of o(X(v): t < v < T), the o-algebra
generated by present-and-future values of X.

Proof of [Theorem G.2. Tt suffices to show that each component process B, is a martingale of the
backwards filtration IAE‘; because then, in view of the continuity of paths and the easily checked
property (B, B)(s) = sd,¢, we can deduce that each B, is a Brownian motion in the backwards
filtration IF (and of course also in its own filtration), and that B,, By are independent for ¢ # v, by
appealing to Lévy’s theorem once again.

Now we have to show E[(B,(T —6) — B,(T' —t)) - K] =0 for 0 < § < ¢t < T and every bounded,
F (t)-measurable K; equivalently,

E[E[IC]]—"(t)] . (Wy(t) _W,(0)+ /; @@,X@)) dvﬂ 0,

as the expression inside the curved braces is F(t)-measurable. But recalling (G.13)| we have that
E[K|F(t)] = E[L|X(t)] = G(X(t)) for some bounded, measurable G: R" — R, and the desired
result follows from |(G.14)| O

G.5. THE DIFFUSION PROPERTY UNDER TIME REVERSAL

Let us return now to the question, whether the time-reversed process X of - is a diffusion.
We start by expressing X; of |(G.2)] m in terms of a backwards Itd integral (see S]]bsﬁcmgn G.6l) as

t d ¢
Xi(t)—gi—/o bi(0, X(6)) 49 = Z/O 53, (60, X(0)) AW, (0)
v=1

Z (/ siw (0, X (0)) « AW, (60) - <sw<-,X>,Wy><t>).

From |(G.2), we have by It6’s formula that the process

n d .
Si( X) —s0,(0,6) = 3 /0 Disin (6, X(8)) - 3 (8, X (6)) AW, (6)

j=1kr=1

n_ot
is of finite first variation, therefore (s;,(-,X), W, )(t) = Z/ sju(0,X(0)) Djsin(0,X(0))do. We
j=1"0

conclude

+ n d d t
X,(#) :gz-—/o (Z ) sjVDjsw—bi> 6, X(0)) d9+;/0 510 (0, X (60)) o AWV, (8).

j=lv=1
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Evaluating also at t = T', then subtracting, we obtain

X(t) = X,(T) +/tT (jzi:lyzd::lsjypjsw—bi> (0, X(0)) de—yij;/thw(e,X(e)) o IV, (0),
as well as
Xi(s +/ (ZZSJV s,,,—i)( T —u, X(u du—i—Z/ siv(T —u, X ))dW()

j=lv=1

by reversing time. It is important here to note that the backward Ito integral for W becomes a
forward It6 integral for the process W, the time-reversal of W in the manner of |(G.9)|
But now let us recall [(G.15) on the strength of which the above expression takes the form

d R
Ri(s) = K(0) + 3 /0 53 (T — u, X (u)) dB, (u)
v=1

+/ (ZZSJV sw+zd:st—b>( w, X(u)du,  0<s<T.

j=1lv=1

But in conjunction with [Theorem G.2] this means that the time-reversed process X of [(G.1) m m

is a semimartingale of the backwards filtration F = (]—" (T — ))0 < s With decomposition

~

d . R
5(2-(3):5(2-(0”/0 5 (T — u, X (u)) du—i—Z/O siu (T — u, X (u)) dB, () (G.19)
v=1

for 0 < s < T, where, for each : = 1,...,n, the function EZ( -, +) is specified by

div (p(t, )5, (¢, x))

d
sjv(t,z) Djsip(t,z) + > si(t, )

NE
M=~

bi(t, ) + bi(t,z) =

j=1lv=1 v=1 p(t,x)
n d d n
= Z Z sju(t, ) Djsi(t, x) + Z <Z p(t,x)s;,(t x)))
j=1v=1 =l j=1

(Djay;(t, ) + a;;(t,x) - Djlogp(t, z)).

I

<
Il
-

Theorem G.5. Under the assumptions of this section, the time-reversed process X of - -
is a diffusion in the backwards filtration F = (F(T = 5)) g yeps with characteristics as in [(G.19)]

namely, dispersions s;, (T — s,x) and drifts bi( — s,x) given by the generalized Nelson equation

b(tx ) + bi(t, x) Z(D ai;j(t, ) + a;(t,x) - Djlogp(t,x)), i1=1,...,n. (G.20)

.
[y

Equivalently, and with div (a(t,z)) := (X271 Djai;(t,2)), ., We write

b(t, ) + b(t, x) = div(a(t, z)) + a(t, z) - Vg p(t, z). (G.21)

Remark G.6. This result can be extended to the case where the sums of the distributional derivatives
i1 Dj(aij(t, =) p(t,z)), i = 1,...,n, are only assumed to be locally integrable functions of 2 € R";
see [MNS89, RVWO1]. o
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Remark G.7 (SOME FILTRATION COMPARISONS). For an invertible dispersion matrix s(-, -), it fol-
lows from [(G.19) m )| that the Brownian motion B is adapted to the filtration generated by X that
is,

FB(s) CFX(s) = o(X(u): 0<u<s)=o(X(T—w): 0<u<s), 0<s<T. (G.22)

~

Now recall |(G.15) in its light, the filtration comparison in |(G.22)| implies F VT/(S) C FX(s), thus
H(T — 5) € FV(s) C FX(s) from[(G.12)} for 0 < s < T, and from [[G.11)| also

F(T—s)CFX(s), 0<s<T. (G.23)

But we have also the reverse inclusion ]—")?(s) C F(T — s) on account of [[G.10)| and [(G.22)} therefore,
FX(s) = F(T — s) holds for all 0 < s < T when s(-, -) is invertible. These considerations inform
our choice of backwards filtration G(T — s) = FX(s), 0 < s < T, in [(3.21)] o

G.6. THE BACKWARDS ITO INTEGRAL

For two continuous semimartingales X = X(0)+M +B and Y = Y (0)+ N+ C, with B, C continuous
adapted processes of finite variation and M, N continuous local martingales, let us recall the definition
of the Fisk-Stratonovich integral in [KS91, Definition 3.3.13, p. 156], as well as its properties in [KS91),
Problem 3.3.14] and [KS91), Problem 3.3.15].

By analogy with this definition, we introduce the backwards Ité integral

/()'Y(t) /Y £)dM(t /Y £)dB(t) + (M, N, (G.24)

where the first (respectively, the second) integral on the right-hand side is to be interpreted in the
It6 (respectively, the Lebesgue-Stieltjes) sense.
If IT = {to, t1,...,tm} is a partition of the interval [0,7] with 0 =ty < t; < ... < t,, =T, then the

sums

mZ (tj+1) (X (t41) — X(25)) (G.25)

converge in probability to fo e d X (t) as the mesh ||II|| of the partition tends to zero. Note that
the increments of X here * stlck backwards into the past”, as opposed to “sticking forward into the
future” as in the Itd integral.

For the backwards Itd integral we have the change of variable formula
F(X) = F(X(0) + Z/O Dif(X(t)) e dX;(t Z / D, ) d(M;, M;)(t), (G.26)
i=1 1,j=1

where now X = (Xi,...,X,)" is a vector of continuous semimartingales Xi,...,X,, of the form
X; = X;(0) + M; + B; as above, for i = 1,...,n. Note the change of sign, from (+) to (—) in the last,
stochastic correction term.
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