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We show that every sequence f1, fo, - - - of real-valued random variables
with sup, ey E( f%) < 0o contains a subsequence [y, , ff,," - converging

in CESARO mean to some foo € L2 completely, to wit,

N
1
Z P(‘N Zlfk”foo‘>s) <o, Ve>0;
n—=

NeN

and hereditarily, i.e., along all further subsequences and permutations. We
also identify a condition, slightly weaker than boundedness in ]Lz, which
turns out to be not only sufficient for the above hereditary complete conver-
gence in CESARO mean, but necessary as well.

1. Introduction. The strong law of large numbers (SLLN; KOLMOGOROV [33], [34];
also [22]) is one of the pillars of probability theory. For a sequence of real-valued and inte-
grable functions fi, f2,- -, defined on a probability space (€2, F,P) and independent with
common distribution i, it states that the sample, or "CESARO", averages

LN
1 N7 n N 9
(1) anlf eN

converge P—a.e. to the ensemble average E(f1) = [ zpu(dx), as N — 0.
In 1947, HSU & ROBBINS [28] obtained a remarkable strengthening of this result. In the
same setting as above, but now under the square-integrability condition

(2) E(f7) :/ 2% p(dzr) < oo
R
and with IE( fl) = 0, they established the stronger (so-called "complete") convergence

1 N
3) Y P ‘anlfn

NeN

>e | <oo, Ve>0.

Then in 1949/50, ERDOS ([23], [24]) gave a very concise proof of the HSU-ROBBINS theo-
rem; and showed additionally that the square-integrability condition (2) is not only sufficient
for the validity of (3) but also necessary, as had been conjectured in [28].

* To the memory of Herbert Ellis Robbins (1915-2001).
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A useful juxtaposition of these results comes about, when one considers the sojourn times

“4) T _Zl{‘Zﬁlfn‘>sN} e>0
NeN

the sequence of averages in (1) spends outside e—neighborhoods of the ensemble average
E(f1) = 0. For a sequence of independent and equi-distributed fi, fa, - - -, the SLLN amounts
to the statement

(5) E(|f1]) <o < P(T.<o0)=1, Ve>0;
the HSU-ROBBINS theorem to the statement
(6) E(f) <oo = E(TI:) < oo, Ve>0;

and ERDOS’s result to the validity of the reverse implication in (6). The connection be-
tween the condition E( f12) < oo of (2), and complete convergence, was further sharpened
by HEYDE [27] (see also [40]) who showed that, under (2), the variance %= IE( f12) admits
the representation

(7 _lslfg( Z (’zfn >6N)>—151fé1( ‘]E(Ts)>.

Another classical result along a similar, yet somewhat distinct, strand of inquiry, is that
of KOMLOS [35]. Also known for a long time (60 years already) but always very striking, it
asserts that such "ergodicity" (stabilization via averaging) as manifest in the SLLN, occurs

within any sequence fi, fo,--- of measurable, real-valued functions that satisfy only the
boundedness-in-L.! condition
8) sup E (| fu]) < oo

neN

More precisely, under (8) there exist an integrable function f., and a subsequence
fk17fk27.” with

9) lim iz fr, = foo, P-ae;

and the same holds "hereditarily”, i.e., along every further subsequence of fi,, fr,,- - (this
hereditary aspect is immediate, when the fi, f2,--- are independent and equi-distributed).
Conditions slightly weaker than (8) have been identified recently in [8] as not only sufficient,
but also necessary, for the validity of the hereditary SLLN in (9) (cf. [36]).

The proof in [35] is an early application in probability limit theory of martingale tech-
niques; these were then used in [14]-[18], [26] to derive similar hereditary results for the
central limit theorem and for the law of the iterated logarithm.

1.1. Preview. Our result, a special case of which is stated succinctly as the first sentence
of the abstract and as Corollary 2.3, appears in Theorem 2.2. In the spirit of KOMLOS [35],
it provides a hereditary version for the HSU-ROBBINS-ERDOS theorem. This consists of a
sufficiency part (i), corresponding to [28] and proved in sections 4, 5; and of a necessity part
(ii), corresponding to [23] and proved in section 6.

We establish first an auxiliary sufficiency result, Proposition 2.4, under an additional re-
quirement (x) which posits the existence of a subsequence fy,, fx,, - whose squares con-
verge weakly in IL! to some bounded function. This auxiliary result is proved in section 3 via
uniform integrability arguments based on the KPR Lemma 7.1 ([29], [42]; see also [13], [30]),
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perturbation methodologies, and martingale techniques as in [35] (cf.[15], pp. 137-141).
These are reviewed in an Appendix (section 8), and are used to effect reductions to simple
martingale differences. A uniform version of the result (7), important in the present context,
is established in section 9.

We then proceed to the proof of Theorem 2.2, using Proposition 2.4 as a stepping stone.
Here, it turns out to be of crucial importance, indeed indispensable, to go beyond martingale
techniques, and to deploy arguments based on exchangeability.

1.2. Additional Aspects. The statement of Corollary 2.3 formulates, in the context of the
HsU-ROBBINS result, the heuristic "general principle of subsequences" which appears on the
first pages of CHATTERIJI [18] and of BERKES-PETER [9] (cf. [2], [16]). Its proof proceeds by
approximating appropriate subsequences of fi, fo,--- by sequences strongly exchangeable
at infinity; pioneered by ALDOUS ([1], [2]), this approach was refined in BERKES-PETER [9]
and is adapted to our L2 setting here in somewhat simplified form (section 4). Exchangeabil-
ity methods have been deployed (cf.[1], [2], [9]) to establish instances of the subsequence
principle for "almost-sure" and for distributional results; but not for complete convergence as
done here, or for convergence in probability as done in [8], [31].

An additional hereditary feature of the KOMLOS result was established in BERKES-TICHY
[7],[12]: not only does every subsequence of f,, fx,, - converge a.e.in CESARO mean to
f~ » but so do all further permutations. This holds also in our setting, and all our hereditary
results are phrased in terms of both subsequences and permutations.

Yet another noteworthy feature occurs here. BENOIST-QUINT [6] construct a bounded-
in-L? martingale-difference sequence with Y- oy P(| S n| >eN) =00 forall £ >0
(but containing, in accordance with Corollary 2.3 below, a subsequence f%,, fx,, -+ along
which, and along whose every further subsequence, ) .y IP’(‘ Zgzl fk"‘ >eN) < oo
holds for all € > 0). Thus, for proving Theorem 2.2 (i), or even its Corollary 2.3, approxima-
tion via martingale differences alone leads to a dead end; rather, one needs to approximate a
suitable subsequence by an exchangeable sequence.

That such a situation should arise, had been predicted by ALDOUS in [1], [2]; but the ar-
gument was supported there only via (very) artificial examples. Our Theorem 2.2 seems to
provide the first "concrete" instance, of an important limiting result in Probability Theory
valid for independent, equi-distributed functions, whose hereditary extension requires meth-
ods based on exchangeability.

2. A Hereditary HSU-ROBBINS-ERDOS Law of Large Numbers.

DEFINITION 2.1. The HRE Property. Consider a sequence of real-valued, measurable
functions fi, f2,--- on a probability space (€2, F,P). We say that this sequence satisfies the
HRE (HsU-ROBBINS-ERDOS) property for some real-valued, measurable function f.. , if it

contains a subsequence f,, fi,,- - - converging in CESARO mean to this f., completely, i.e.,
N
(10) ZP(‘kan—NfOO’>5N><oo, Ve>o0,
NeN n=1
and hereditarily, i.e., also along all subsequences of fi, , fx,,--- and all their permutations.

We establish in this paper the following hereditary version of the HSU-ROBBINS-ERDOS
Law of Large Numbers ([28], as well as [23], [24]).



THEOREM 2.2 (HEREDITARY HSU-ROBBINS-ERDOS LLN). On a probability space
(Q, F,P), consider a sequence of real-valued, measurable functions fi, fa,--- .

(i) Suppose that for some sequence of sets Ay, Aa,--- in F with lim, . P(4,) =1,

. the sequence f114,, f21a,, - is bounded in .2 ; while

. the sequence f114¢, fo1ag,--- converges to zero in L.

There exists then a subsequence fy,, fr,, -+ of fi, fa,--- with the HRE property for some
foo €L2.

(i) Conversely, suppose fi, fa,--- has the HRE property for some f, € L?. There exist
then a sequence Ay, Ay ,--- of sets in F with lim,_,oP(A,) =1, and a subsequence

fk17fk27”‘ 0ff1,f27"‘ ,SuChl/’lat
. the sequence [y, 14, , fk,14,,, - is bounded in L2, and

. the sequence [, 14c , fr,1ac .-+ converges to zero in L.
1 2

If all its sets Ay, Ag,--- satisfy P(A4,,) =1, Theorem 2.2 (i) amounts to the statement
that follows. This corresponds to the first sentence of the paper’s abstract, and vindicates in
the present context the heuristic principle of subsequences enunciated in [16], [18] (cf. [9]).

COROLLARY 2.3.  Every sequence of real-valued, measurable functions f1, fa,- - which
is bounded in 1.2, i.e., satisfies

(11) sup E(f,%) <00,
neN

contains a subsequence fi,, fi,, - - - with the HRE property for some f., € 2.
In section 3 we shall establish, using martingale methods, the preliminary result of Propo-

sition 2.4 below with its additional assumption (x) ; then deploy this result in sections 5, 6 as
a crucial stepping stone that allows us eventually to ascend to the generality of Theorem 2.2.

PROPOSITION 2.4. Suppose that the sequence of real-valued, measurable functions
fi, fa, - is bounded in L% as in (11), and satisfies the following condition:

%) There exists a subsequence fy,, fr., - of fi,fa,--- , whose squares f? ,fZ ,--- con-
( ) q 19 29 9 9 9 q ki Jd koo
verge weakly in L' to a function n € L>°, namely,
(12) lim E(f2 -§)=E(n-¢), V &elL™.
n— o0 "

There exist then a real-valued function f., € 1L? and a suitable (further, relabelled) subse-
quence fi,, fi,,- -+ of f1,fa,--- with the HRE property for this fo.

REMARK 2.5. Stable Convergence. The functions f.,, 1 play the roles of randomized

limiting first and second moments for the subsequence fy, , fx.,, - - - ; they are measurable with
respect to the tail c—algebra
(13) T=(\Tn, To=0(frn:Frrrr )

neN

Let us elaborate. We recall the space LY of real valued, measurable functions, endowed
with convergence in probability. As shown in § 6.1.1 here, every sequence fi, fo,- - with
the HRE property contains a subsequence fy,, fx,, -+ which is bounded in IL.° (bounded in
probability, tight): namely, with sup,,cy ]P’(‘ fkn| > )\) —0as A —o0.

Thus, for Theorem 2.2 we may assume f1, fo, - - - to contain a subsequence bounded in L.
Now, from a long line of inquiry initiated by RENYI in [41] (cf. [3]; [4]; [11], Theorem 2.2),
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such a sequence contains also a (relabelled) "determining" subsequence f%,, fx,, -, along
which the stable convergence (extended HELLY-BRAY lemma)

(14 lim P(fy, <, B) = Q(z,B) :/ H(z,w)P(dw), V BeF

holds at every point z of a countable, dense set D C R.

Here, for each x € D, the map B — Q(x, B) is a measure on F, absolutely contin-
uous with respect to P; and w +— H(z,w) a version of the RADON-NIKODYM deriva-
tive dQ(z,-)/dP, measurable with respect to the tail c—algebra 7 in (13). Whereas, for
P—ae. w € Q, the map x +— H(z,w) is a probability distribution function on the real line
(cf.[1], Lemma 2), called limit random distribution function of the determining subsequence
frys frs -+ - We denote its first (when it exists) and second moments, respectively, by

(15) foo(w):/R:UdH(x,w), n(w):/R:L"2dH(x,w), we.

The function f., : {2 — R is well-defined and integrable under the condition (8) of the KOM-
LOS theorem, and then (9) holds; whereas, 1 : 2 — [0, o0] is the function in Proposition 2.4.
These same foo(w), n(w), as well as the distribution function H(-,w) and the measure
p(w) it induces on the BOREL sets of the real line, are generated also by the sequence

f11A17 f2 11427""

REMARK 2.6.  When the distribution function « — H(z) in (14) happens to be indepen-
dent of w, the stable convergence limy,—,oc P(f4, <z, B) =H(z)P(B), V B€ F in(14)is
called mixing (e.g.,[3], [41]). The quantities of (15) are then real constants, and the condition
1 € L>° of Proposition 2.4 is satisfied trivially.

REMARK 2.7. The conditions of Proposition 2.4 hold in the original HSU-ROBBINS-
ERDOS Law of Large Numbers, when the f1, f5,--- are independent, equi-distributed and
square-integrable with E(f;) = 0; for then we can take P(A,) =1, V n € N in part (i) of
Theorem 2.2 and obtain (11) trivially, (12) with n = E( f12), and (10) with f,, =0.

2.1. Martingale-Difference Sequences. Suppose f1, fa,--- is a martingale-difference se-
quence with respect to its own filtration. If it is also bounded in P for some p > 2 (this
requirement is stronger than (19)), Theorem 3.6 in LESIGNE -VOLNY [37] shows that the
f1, fa,- -+ converge completely in CESARO mean to zero: i.e., (10) holds with f,, =0.

Our focus here, is on the HRE case p = 2. In a significant development, mentioned already
in subsection 1.2, BENOIST-QUINT construct (cf. Remark 2.3 in [6]) a martingale-difference
sequence f1, fa,--- , bounded in L2, for which the complete convergence of (10) with fs, =
0 fails; they point out that the functions f1, f2, - - - may even be independent. It is important to
stress that, in references [6] and [37], the results refer fo the martingale difference sequences
themselves, without any passage to subsequences.

2.2. Exchangeable Sequences. Suppose the fi, fs,--- are exchangeable, i.e., their
finite-dimensional marginal distributions are invariant under permutations of indices, with
E(]f1|) < co. The celebrated DE FINETTI theorem (e.g., [19], [32]) provides then a random
probability distribution function z — H(z, w), measurable with respect to the tail c—algebra
T and satisfying [, |#|dH(z,w) < oo for P—ae. w € Q, with the following property:
"Given T, the f1, fo, - are independent, with IP’[fl <z ‘ T] (w) = H(x;w), ze€R as
their common distribution function, for P—a.e. w € ." The first and second moments

(16) foo(w):E[fl‘T](w):/Rde(x;w), n(w):E[f12|7'](w):/Ra:QdH(x;w),
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of this random distribution, provide here the functions in (15), and we have E(n) = E(f2).
For exchangeable fi, fa, - -, it follows from Proposition 9.1 that E( fZ) < oo is equivalent to

a7 (’an—foo‘>5><oo, Ve>0,
NeN 1

and to the following strengthening, inspired by HEYDE’s identity (7), of (17):

w o wplpr(iEa )

0 NeN

PROPOSITION 2.8. Let fi1, fa, -+ be an exchangeable sequence of real-valued, inte-

grable functions, and let the functions f~,, 11 be as in (16).
Then (17) <= (18) <= f1 € L? <= E(n) < oc.

2.3. Uniform Integrability Considerations. For establishing the HRE property (10) in the
context of Theorem 2.2 (i), we may assume that

(19) the sequence f214,,f314,, - is uniformly integrable.

To justify this claim, let us place ourselves in the setting of Theorem 2.2 (i). The sequence
(f2-14, )nen is bounded in L}, so Lemma 7.1 provides a sequence By, Bo,--- of disjoint
sets in F such that, after passing to a subsequence, ( 21 A\B, ) nen 18 uniformly integrable.

On the other hand, the functions h,, := f,-14, 1B, , n € N are bounded in L2 and supported
on disjoint sets, hence tending to zero in the norm of L'. Invoking Proposition 7.2 (i) once
again we deduce, possibly after passing to a subsequence, that this sequence satisfies the HRE
property with f., = 0. It suffices, therefore, to establish this HRE property for the sequence
of functions ( Jn-1a,0\ Bn)n cny - Whose squares are uniformly integrable.

2.4. Ramifications. Suppose f, f1, f2,--- are independent real-valued measurable func-
tions with the same distribution, and let 0 <r < 2, p > r. BAUM & KATZ [5] proved that

(20) ZNP/T 21@(

NeN

‘>5N1/’"> < oo, Ve>0

holds if, and only if, E(| f|?) < oo; and, if p > 1, then E(f) = 0. The HSU-ROBBINS-ERDOS
result corresponds to p=2, r = 1.

In a similar vein, STOICA [43] states a hereditary version of (20) for any LL?—bounded
sequence f1, fo,--- with 0 <r <p < 2. The argument in [43] is fairly direct (it needs also
E(f.) =0 when p > 1) ; but does not cover the HRE case investigated here.

This underscores the fact that, in the BAUM-KATZ theorem, there are substantial differ-
ences among the cases p > 2 already discussed in subsection 2.1, the considerably simpler
p < 2, and the HRE case p = 2 settled in the present paper; this latter case is the most chal-
lenging, as can be seen also from the proof in [5]. For other extensions of the BAUM-KATZ
theorem to martingales (respectively, exchangeable random variables), see [39] (resp., [44]).
There is also a wide literature on limit theorems involving complete convergence even beyond
the BAUM-KATZ type, but we shall not discuss this aspect in the present paper.
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3. The Proof of Proposition 2.4. The proof of Proposition 2.4 will involve several steps,
which we have tried to outline clearly.

On the strength of assumption (%), the sequence of functions fi, fa,--- contains a (re-
labelled) subsequence, such that f2, f2,--- converges weakly in L! to 1 € L as in (12).
Passing to a further subsequence, still denoted f1, fo,--- , we may assume that this sequence
. is determining, i.e., satisfies (14) for some limit random probability distribution H(-,w)
with first and second moments f., € .2 and 1 € L*°, as in (15),

. has squares f?2, f2,--- which are uniformly integrable as in (19) of subsection 2.3, and
. converges weakly in > to f, € L2, i.e.,

1) Jim E(fn-€) =E(f-€), V¥ E€L

These properties are shared by all further subsequences of fi, fo,--, as well as by their
permutations. Without sacrificing generality, we take

(22) fo=0, |nf <1.

e We may also assume, in accordance with the perturbation arguments of CHATTERJI ([15],
pp- 137-141; also discussed here in an Appendix, section 8), and passing inductively to a
subsequence if necessary, that the fi, fo, - - - are simple, L?—bounded martingale differences
(“strongly orthogonal" in the terminology of [18]), i.e., satisfy

23)  E(fus1|Fn) =0, E(f2y|Fn) <1, P—ae., with Fpi=o0(f1, -, fn)

for every n € N and with o := {,Q}. Thus, the sequence Xy := 3" f,, NeN is
then a square-integrable martingale of the resulting filtration
(24) F:={F.}

neNg ’

with E(X%) < N. Since fo =0, it is enough to establish the HRE property (10) with e = 1
(because we can then replace the f1, fo,-- by fi/¢, fa/e,--); i.e., show that the sets

(25) By :={|xXn|>N}= {‘ifn
n=1

e We start by introducing the stopping times

> N}, NeN satisfy » P(By)<oo.
NEN
(26) TN::min{nzl,---,N:\Xn\>N/3}, NeN

of the filtration FF in (24) (with the understanding min () = c0), so that the CEBYSEV and
DooB-maximal (e.g., [22], pp. 249-250) inequalities give

N
]P’(TN < oo) = P(@%’(N‘X’l‘ > ?>
9 o1 36 oy 36
@ <77 Bl mu | < EOR) < 7

Summation over N yields a divergent series, so we need an improved estimate. In particular,
we shall try to show that ’X.,.N| is bounded by 2/N/3 with high probability; we shall do this
by estimating the possible size of the jump of X1, X9, -+ attime 7.

We note that (27) still holds for all further subsequences of fi, f2,---, as well as for
their permutations. The arguments that follow will also be designed to share these hereditary
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features. More precisely, we shall find a further subsequence, still denoted fi, fo,-- -, such
that, for all permutations f,, fx,,- - of this (and of every further) subsequence, we have
N
(28) ZP<131T?<XNU’“"’>3><OO'
NeN

e To prove (28), we prepare the ground by applying the reasoning of ERDOS on p. 287 in
[23], developed there for the I.I.D. case, but adapted here to our own situation of the more
general sequences f1, fa,--- as above. We shall only use the 1> —boundedness of such a
sequence, the uniform integrability of f12, f22, .-+, and the assumptions of (22).

Let us start this preparation by observing that, for f € L2 and with a; := ]P’(] fl> 2i) , 1€
Ng, we have

Z 92i—1,. < Z 221‘(% _ai—l—l) < E(fz) < Z 92(i+1) (ai _ ai+1) < Z 92424,
i€Ng i€Ng i€Ng i€Ng

These inequalities show that the second-moment condition E(f?) < oo is equivalent to

(29) D 2%a; <00,

1€Np
Now, for the sequence f1, fo,--- with the properties stated above, we can assume that
(30) al =P(|fy] >2"), neN

converges to some limit a;, as n — oo, for each i € Ny; and by L?—boundedness, we
have the property (29) for these limits. Whereas, by passing once more to a (relabelled)
subsequence again, we obtain for each ¢ € N the bound

(31) a < a;+27%, YV on>i.

Pretending for a moment that (31) holds for all (n,i) € N x Ny, we establish the estimate

9i+l_q 9it1_1 N |
ZA P(lglnixjv‘f"‘ >N) < Z ZP(|fn’>22)
N=27 T N=2i n=1
9i+1
SQiZa?<22i+1(ai+2_3i), VieNy,
n=1

and note that the right-hand-side is summable over ¢ € N on account of (29).

Of course, for given, fixed ¢ € Ny, we cannot guarantee the validity of (31) for all n € N;
but we can obtain a (relabelled) subsequence of fi, fo,- -+ which satisfies, for some ig € Ny,
the bound

(32) al =P(|fa| >2") <27, ¥V neN

for all integers i > ig; for otherwise the presumed uniform integrability of the fZ, f3,---
would fail. Combining the two estimates (31), (32) we deduce that a further subsequence,
again denoted f1, fa,- -+, can be selected, along which (32) holds for every i € Ny.

Now, for each i € Ny and N € N with 2! < N < 2%t!  there are at most 7 terms in the
string 1,2,--- , N for which (31) can fail. For these “offending" terms we can apply (32)
rather than (31), and obtain (without using the above italicized “pretense") the upper bound

2i+1_1
3 Y P(11<na<xN‘fn‘ >N) < 22i+1(ai+2_3i)—|—2i-i2_2i, i >,
n
N=2i ==
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which is again the general term of a convergent series.

e Returning to (28), we choose any permutation (ky,),en of a subsequence of the above-
constructed fi, fo,--- . In other words, we fix any sequence (ky),cn of distinct natural
numbers; and have to show that the “perturbed sequence" f,, fi,, - - has the HRE property,

thus finishing the proof of Proposition 2.4. To wit, with the notation Xy := fi, +--- + fxy ,

N
EN::{lgliXN’fk ‘<N}, EN::{’X'N‘>N}:{‘kan
n=1

we have to show oy IP’(E N) < 00, as in (25). But, in the light of (28), it suffices to prove

>N}, NeN

(34) > P(BynAy) <oc.
NeN
To estimate this probability, and denoting by 7 :=min{n=1,--- : ‘)Z } > N/3} the

analogue of the stopping time in (35) we observe that w € By 1mplles Tn(w) < oo and
‘XTN (@)—1(w)| < N/3. The jump XTN(w)( )—XTN( )—1(w) equals fz (. (w) and thus,
for w € Ay, we have | Xz, () (w)| < 2N/3.

Finally, we need to control the probability that ‘X N—XF, ‘ can become bigger than N/3.
For this purpose, we introduce the .2 —bounded martingale

G5 Vai= K- Kum, = (%0 X5) Apean,  n=lo N
with E [(V;, = V,-1)* | Fz,] <1, and thus also P (|Yx| > N/3| Fz,) <9/N as in (27).

This gives the desired control on the difference Yy = Xy — X5, conditionally on Fx .
Indeed, on the event {7y =n}, we may estimate now

9

P(ENQ/TN,?NZH) < ]P)(Y/N>N/3, ?N:n) < N.]P’(?N:n);
whereas, summing up over n =1,--- , N and recalling (27), we obtain the bound
9 9 36
which yields the desired convergent series as in (34). ]

4. Strong Exchangeability at Infinity; Independence. We prepare now the ground for
the proof of Theorem 2.2 (i), following the trail blazed in the seminal works of ALDOUS
[1]1-[3] and, significantly, BERKES-PETER [9]. Our path here will be straighter, as we can
work in an L2 —setting and thus measure distances between probability measures using the
quadratic WASSERSTEIN, rather than the more delicate PROKHOROV, metric. This allows
simpler arguments which we have endeavored, nevertheless, to spell out in detail.

We assume as in [9] that the underlying probability space (€2, F,P) is separable, and rich
enough to accommodate all the objects we need to place on it: in particular, a sequence
f1, fa, -+ of functions as in Theorem 2.2 (i), for which we may assume fZ14,,fs14,, -
to be uniformly integrable in (cf. (19)). As in section 3, we take f114,,f214,, - to be
simple, martingale-differences (cf. (23)); and observe from (21) that, after passing to a (re-
labelled) subsequence, we may assume also in the manner of (21), for some fo, € L2,

(36) Jim E(fnla, ) =E(fx-§), ¥ €L
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To simplify typography we shall take f., = 0 and denote, in the rest of this section and in sec-
tion 5, this simple, martingale-difference sequence f114,,f214,,--- simply by fi, fo,---.

e We recall now the filtration F = {F,, },,en, from (24); consider atoms Ag.n), j=1---,J,
of positive P—measure which generate the o —algebra F,, for each n € N; and denote the
conditional distribution of f,, , given a generic one of these atoms A with P(A) > 0, by

(37) iy () = P(fu€ - [4).

This is an element of P2(IR), the space of probability measures on the BOREL sets of the
real line with finite second moment. We endow this P (R) with the quadratic WASSERSTEIN
distance below, which renders it a Polish (i.e., complete, separable, metric; cf. [45]) space:

9\ 1/2
Wa(p,v) == <XNLH£/NVE(X—Y) ) .

Now, the assumed uniform integrability of the sequence f7, f2,--- implies that, for each
fixed atom A in (Ag.n) i7=1,--- J,,neN ), the sequence of probability measures

39 Ma = (i}

in (37) is tight: given any € > 0, there exists a compact K. C R with fR\K 2?v(dr) <e,
V v € My. Thus My is a relatively compact subset of P2(R): given any atom A, we can

find a probability measure p“ € P, (R) and a subsequence f,ﬁ, fé, -+ of f1, fa,---, with
: A A
(39) Jim W (i, i, ) = 0

(Theorem 7.12 in [45]); and eventually, by diagonalization, also an "omnibus" subsequence
fiers fieys -+ of f1, fa,--- with (39) valid for each such atom A.

This  fx,, fx,,--- is a martingale-difference sequence of the "thinned" sub-filtration
{fkn }n N of {fn}n N in (24). To ease (the already heavy) notation somewhat, we denote

these thinned subsequences as { fn}, - { uél ) oy and {Fn} o, respectively.

e We follow then again the trail from RENYI [41] (cf. [3], [11]) and obtain the existence of a
measurable mapping p : Q2 — P2(R) which aggregates the limiting probability measures in
(39), in the sense that, for each atom A as above, we have the property

@0 i) = [l P), e [ ple)tian = [ ( / @(w)u(d%w)>P(dW)

for every bounded and continuous ¢ : R — R. This aggregating probability measure p(-,w)
has x — H(z,w) of (14) as its distribution function. We define also, for each fixed n € N, an
JFpn—measurable mapping fi(, : 2 — P2(R) via

(41) iy (@,7) == piy (), weD

as in (37), with A the unique atom among Ag.n), j=1,---,J, for which w € A. In this
manner we obtain the aggregated (and relabelled) version on (39), namely,

(42) nlLH;oWQ (u,u(n)) =0, P—ae; aswellas 7}1—>Holo E [Wg (u,,u(n))] =0.
Furthermore, appealing to EGOROV’s theorem, we obtain sets £; C Ey C --- in F with
P(E,,) > 1—¢,, and lim,,_,~ | £, = 0, such that the P—a.e. convergence in (42) is uniform

on each E,,. We may assume additionally that, for each of these sets E,,, the restriction
u} . of the aggregator p in (40) is supported on a relatively compact subset of P (R).

We adapt now the notion of strong exchangeability at infinity from [9] to our L2 — setting.
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DEFINITION 4.1.  Strong L2 —Exchangeability at Infinity. Fix a sequence of functions
(gn)neN C IL2, and a sequence ¢ := {5k}k€N C (0,1) with limg_y00 L €1 =0.

We call (gn)n N strongly 1> —exchangeable at infinity with speed € if, for each k €
N, there exists a partition {A(()k),Agk), . ,Agi)} C F of Q by disjoint sets of positive
P—measure with the following properties:

@) A((]’H'l) - A(()k) , and (Ag.kﬂ), j=0,1,--- ,Jk+1) refines (Agk), j=0,1,--- ,Jk) ;
. k
i) P(AS) <ep, suppey E(g2 - 1) < ek;

(iii) For each A among the A(lk), e ,AS’Z) , there exist independent, square-integrable func-
tions hfﬂ ,hﬁH , +++, with common distribution ;1 as in (39) and the sentence preceding

it, and with the property EF* [ (gn — hﬁ)2] < e, Yn>k+ 1 under the conditional prob-
ability measure

(43) PA(-) :==P(-NA)/P(A).
Here is an analogue of Theorem 1 in [9], tailored to our LL?2— setting. It approximates

(subsequences of) martingale-difference sequences by exchangeable ones, in a "progressively
improving" manner.

THEOREM 4.2.  Fix a sequence of functions f1, fo,- - as in this section; and a decreas-
ing sequence € := {ek}keN C (0,1) with limy_, L e =0.

There exist then a subsequence fy,, fo,,--- and, for each k € N, exchangeable square-
integrable functions h,(ﬁl, h,(;?Q, -+, 50 that we have

@4 E[(fo, — B | F] <en, Vn>k+1 with Fyi=o0(fo,frfo,)-

In a similar spirit, we formulate an analogue of Theorem 2 in BERKES-PETER[9], dealing
with strong exchangeability and tailored once again to our L2 —setting. Just as in [9] (whose
Theorem 1 follows from Theorem 2 there), Theorem 4.2 right above is a direct consequence
of our next result, Theorem 4.3; this is proved in subsection 4.2 below.

THEOREM 4.3. Fix a sequence fi, fo, -+ as in this section; and a decreasing sequence
e:={er} ey C (0,1) with limy,_o0 L&, =0.
There exist then a subsequence fy,, fe,, - of fi, f2, -, and a sequence (gn)n en © L2

strongly 1L?—exchangeable at infinity with speed €, so that the analogue of (44), namely,
E[(fgn —gn)2 ‘fk] < &g, holds for (n,k) e N2 with n >k +1.

We deduce in the next subsection some important consequences of this result. We start by
casting it in an equivalent but more detailed and operational form, recalling Definition 4.1.

COROLLARY 4.4. In the setting of Theorem 4.3, there exist a subsequence fy,, fo,, - of

the given sequence f1, fo,- -, and a double array (Ag-k), j=0,1,--- ,Jk) of row-wise

keN
disjoint sets with P(A§k)) > 0, such that, for each given k € N, we have:

) A(()kﬂ) =0\ Ujg; A§k+1) CQ\ U;-]il Ag-k) =: Aék) , and the partition (A§ , Jj=
0,1,--- ,Jk+1) is a refinement of the preceding partition (Aé.k), 7=0,1,--- ,Jk) ;
i) P(AS) <eii supen B(f7 1y ) <2

k

(iii) the o —algebra Fy, of (44) is included in Gy, = U(A; ) ,7=0,1,--- ,Jk) ;and



12

(iv) for each set A among the Agk),-- A(k), there exist square-integrable functions
h;? 11 7hk 9", independent and with common distribution ,uA as in (39) under the proba-

bility measure IP’A of (43), which satisfy EP* (fgn — hﬁ)2 <er,Vn>k+1;ie,
AN 2 (k) ‘
(45) E[(fg"—hn’ ) 1A<k>}ggkp(z4j ), Vi=l,Jk, n=k+1,k+2,--

4.1. Approximation by an Omnibus Sequence. Corollary 4.4 casts Theorem 4.3 in terms
of a "progressively improving" (i.e., with diminishing error ¢}, | 0) . —approximation of an

ACENCEN

appropriate subsequence fy,, fs,,--- of fi, fa,-- -, using double arrays ( JASTRUNSRE )keN

of row-wise independent functions in I.? with common distribution.
This setup is almost exactly that of [9]; it imposes only ‘tightness’ on the fi, fo,--- , and
uses PROKHOROV distances. But it comes at a price: at each level k € N | it has to start a new

(k)

register k + 1, k4 2,-- -, and discard an exceptional set A, of small P—measure.

For our purposes, we shall need only LL?—bounded, as apposed to IL2—small-and-
diminishing, approximations of the terms in the subsequence fy,, fo,,- - . The fact that we
have already proved Proposition 2.4 will afford us this small luxury; and will enable us to
put together, instead of a double array ( h,(f JZP h,(ﬁzQ, . ) wen as in Corollary 4.4, a single,
omnibus sequence hi,hs,--- of independent, centered functions,

(a) whose conditional distributions, given each set in a partition of {2, are the same; and
(b) which approximates, in a good L?—sense, a sequence f;, f5,--- suitably close to the
subsequence fy,, fe,, - -

In this manner we will not have to restart a new exchangeable sequence hgﬁl, hgﬂz, .-
at each level k € N of approximation.

e We put together now this omnibus sequence hi,ho,---. We construct the subsequence
fe,s fe,, -+ and the partitions Ak) = (A;k), j=0,1,--- ,Jk) , k € N by induction:

(i) Suppose that indices ¢y,---,¢;_; and atoms A" = (Ag.”), j=0,1,--+,Js), k=
1,---,k — 1, have been selected.

(ii) Now define ¢;, and A%) by splitting the "exceptional atom" A(()kfl) into disjoint sets
(Agk), j=0,1,--- ,Mk) such that, for each given j=1,---, M}, and with A= A§k) , there
are independent hfk , hfk 41, supported on A, with the same distribution, and satisfying

(46) 1 = fallpa@ay <1, V=4

(iii) As for Aé ), we require IP’(A( )) < 2~ (k+1) an 140 HLZ < 27 k+2) oy >
whereas, on the strength of this relation for the precedmg step k — 1 we may assume also

A
(47) 3 b < 2=kt
j=1 L2(P)
(iv) Regarding the remaining atoms (Ag.k_l), j=1,-- ,Jk_1) of the partition A*—1  we

do not split them any further; rather, we keep them in the partition AW but relabelled,
namely as (A§k), j=Mg+1,--+,Ji),sothat My + Jx_1 = J.

Continuing in an obvious manner, we obtain a subsequence fgl , ng, - as well as a count-
able partition B consisting of those atoms which appear as A ) e A®) for some (j,k) € N?
(thus also as elements of A™) for m > k). Fixing an atom B of this countable partition B,



HEREDITARY HSU-ROBBINS-ERDOS LLN 13

we choose a sequence h¥ h, ... of independent and equi-distributed functions, supported
by B and satisfying, with #(B) the smallest integer k for which B € A®) | the following
bound, which provides the desired estimate for integers n > k(B):

(48) 1 = fullaeey <1, Vn=w(B).

But what about integers n < k(B)? To take care of these, we modify the sequence
fe,s fe,,- -+, and obtain a new approximating sequence f7, f5,--- as follows: For B € B we
define f;; 1p =hE forn < k(B),sothat [|hF — fx HLZ 5y = 0 < L holds trivially. Whereas,

using (46)—(48), the estimate E[(fs, — f;)*] <27 holds.

In this manner, the sequence fy,, fo,,--- satisfies (10) with fo = 0 (together with all its
subsequences and permutations) if, and only if, the so-constructed approximating sequence
i, f5,--- does. We reprise all the above by formulating the central result of the present
section, an omnibus version of Theorem 4.3 and of Corollary 4.4.

THEOREM 4.5.  An Omnibus .2 — Approximation. For a sequence of functions f1, fa,---
as in this section, there exist
. a subsequence [y, fo,,--- of fi, f2, - ;
. an approximating sequence (f;)nEN cL? with E [(fgn — f;:)2] < 27" for each n € N;
. a countable partition B={By,Ba,---} of Q by sets in F with positive P—measure; and
. square-integrable functions hi,hso,--- which are independent and identically distributed
under the conditional probability measure PB as in (43), for each set B € B, and satisfy

49 ET[(fi-h)*) <1, thais, E|(fi-ha)’ 1z | <P(B), VneN.

The omnibus sequence of square-integrable functions hq,he,--- in this Theorem has
properties particularly well-suited to our context, as the following result demonstrates
(cf. Theorem 1 in [44]).

PROPOSITION 4.6. Suppose the functions f1, fo,--- are square-integrable, and that
B ={DBi, By, -} is a partition of Q) by sets in F of positive measure such that, conditioned
on each By, , the f1, fo,--- are independent and equistributed, with zero mean.

Then the f1, fo,--- satisfy the HRE property (10) with foo =0.

Proof: As already observed, it suffices to establish (17) for € = 1. The uniform version of
the representation (7) in Proposition 9.1, provides a universal constant C' > 0 such that

see (|3

NeN n=1

>N>gc(a;v1), Vv meN

holds with o2, := EF”™" (f2), for fi, f2,--- and all its subsequences and permutations, be-
cause of independence and common distribution under the probability measure P %~ . Multi-
plying by P(B,,), then summing up over m € N, we obtain from the law of total probability

ZP()ijlfn

NeN

>N> < CY P(By) (02 v1) < C(1+EF(f7)) <o

meN

for f1, f2,--- and all its subsequences and permutations. O



14

4.2. Proof of Theorem 4.3 and of Corollary 4.4. Following the trail of [9], we fix the
subsequence f%,, f,,- - of simple functions from the construction leading to (39), and re-
label it f1, fa,--- for simplicity. This sequence is adapted to the filtration F of (24), and a
martingale difference with respect to it. We recall also the EGOROV sets £y C F5 C -+ in
F from below (42); and assume P(Ey) > 1 — e, sup,ey E(f7 - 1oyg,) < ex, VEeN.

In the next two subsections we shall construct a subsequence fy, , fo,, - - of the relabelled
f1, fa,--- which is strongly . —exchangeable at infinity, with speed & = (e ), -

4.2.1. The Induction Step. We establish here Corollary 4.4, which is a rephrasing of
Theorem 4.3. We proceed by induction on k.

Starting with A(()O) = (2 for k = 0, suppose that the partition (Ag-k_l), j=0,1,--- Jk_l)
has been constructed, as well as f,,, fr,, -+, fr,_, with the desired properties. We construct
the next partition level (Agk), j=0,1,---,Jy) as follows:

Let A(()k) = A(()k_l) N (©2\ Ex) . Using the uniform W,—convergence of (f(,)), o s in
(40)-(42) to the “aggregator” p : Q2 — Pa(R), whose restriction to Ej, has relatively compact
range, we find an integer J;, > Jj,_1 , and a partition (Ag.k), j=0,1,---,J;) of Q which
. has A(()k) as first element;

. refines the previous-level partition (Ag-k_l), 7=0,1,--- ,Jk,l) and the o—algebra Fj,_;
of (44); and is such that

. for every j = 1,--- Ji, the restrictions to Ak

J
(,u(n))n>£k and p, all lie in a set Mgk) C P2(R) of Wa—diameter less than |/} .

) of the measure-valued mappings

Furthermore, we may (and do) assume the functions fy,, fe,, -, fe,_, to be measurable
with respect to the o—algebra generated by the partition (Agk), j=0,1,--- ,Jk). Conse-
quently, and in the notation of (37), (39), we may find an integer ¢ > £;,_; with the property

AR (k) .
WQ('U(TZ)’MAJ )SVeka vnzﬁka]::l??*]k
Results of BERKES-PHILIPP ([10], Theorems 1, 2) along with the assumed richness of the

o—algebra F and properties of the quadratic WASSERSTEIN distance (the “joining step”
() (k)

in §4.2.2), prox(zj)de now a sequence of independent functions( k)hk il, h?iQ , with common

distribution p“% " as in (39) under the probability measure P45 of (43), and the property

PAg'k) AP 2 .
E (hnj _ffn) Sgk’a VnZ&m]:lank

4.2.2. The Joining Step. The above arguments need the following simple property of the
WASSERSTEIN distance.

Suppose two measures (1, v in P2(R) satisfy W22 (u, 1/) < €, and that a given function f €
L%(Q, F,P) has distribution p. With (Q,F,P) := ([0,1] x Q, B([0,1]) ® F,Leb ® P),
there exists a function g € L2 (ﬁ, F, @) with distribution v , and such that E (f - g)2 <e.

The verification of this property is particularly straightforward, when the function f
is simple. As we only need this case, we take f = Z;VZI a; 14, for some real num-
bers «i,a9,---,an and a finite partition Ap, Ao, .-, Ay of 2. By definition of the
WASSERSTEIN distance, there are probability measures ki,kg,---,ky in Po(R) with

v=3""0  P(A) ky, YN P(A) WE(8a, ,kj) < €.
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Now, for every j=1,---, N, there exists a function g; € LQ([O, 1], B([0,1]), Leb) with
distribution r;; we use these to define g(t,w) := Z;VZI gi(t)14,(w), (t,w)€[0,1] x Q.
This new function g has the desired property E ( f— 9)2 <e. O

5. The Proof of Theorem 2.2 (i). We recall subsection 2.3 and the first few paragraphs
of section 4. On their strength, it is enough to consider functions f1, fo, -+ whose squares are
uniformly integrable; and reasoning as in the preamble of section 3 (cf. section 8), assume
these are simple, centered martingale differences with f,, = 0. We appeal now to Theo-

rem 4.5, recalling its bounded-in-IL? approximating and omnibus sequences f;, f3,--- and
hi,ho,-- -, respectively, and to subsection 2.3; we introduce also the functions

(50) &n = fr—hn, neN.

Denoting by ¢ € L! the weak-LL! limit of 5%, f%, -+ - in the manner of (12), we observe from

(49) the bound E[fﬁ ’ B] <1, valid for every n € N and leading to IP’(O <¢< 1) =1.

At this point, Proposition 2.4 takes over: after passing once again to a (relabelled) subse-
quence, Proposition 2.4 applies to the sequence £1,&2,--- (and to all its subsequences and
permutations) and gives

1 N
(51) > P(‘N;@

NeN

>Z><oo, Ve>0.

The omnibus sequence hi, ho, - - - satisfies the tenets of Proposition 4.6, as do all its subse-
quences and permutations, thus also its conclusion Y vy P(] Zflvzl hn| > eN/4) < o0,
which leads to

>;><oo, Ve>0

1
S r(|lys

NeN

on account of (50)—(51). Therefore, and in the context of Theorem 4.5 again, in order to
establish the HRE property >y P (‘ Zﬁ/:l fo. ‘ >eN ) < 00, € > 0 (for the subsequence

fons fe., ) itsuffices to show Y e P (Do [ fe. — fi] > eN/2) < oo

But the elementary “layered representation of the expectation"

52 > P(Z>N)<E(2) :/ P(Z>t)dt< > P(Z>N), VZell,
NeN 0 NeN,
leads to the bounds

;ZP<Z‘fen—f;i

NeN neN

o\ 1/2
SZ(E‘fen—f;{ ) <00
neN

on account of E ( fo, — f;;) 2 < 27" from Theorem 4.5, and completes the argument for the
proof of Theorem 2.2 (i). ]

6 *
>2N> SE%‘fén_fn

6. The Proof of Theorem 2.2 (ii). We turn now to Part (ii) of Theorem 2.2. Namely,
we consider a sequence fi, fo,--- of measurable, real-valued functions satisfying the HRE
property (10) for some f., € L2, i.e.,

>e(

N
kan—Nfoo‘>eN> <oo, Ve>0
NeN

n=1
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along some subsequence f,, fr,, - and all its subsequences and permutations. Here, we
may assume fo, =0.

Indeed, fix, — foo, fk, — foo, - - satisfies the property (10) with limiting function identi-
cally equal to zero. Clearly, the sequence (fi, — foo) 14, (fi, — foo) 14,, -+ is bounded in
L% if, and only if, fi, 14,, fk, 14,,--- is; and likewise, (fi, — foo) Lac, (fi, — foo) Lag, - -
converges to zero in L1 if, and only if, fx, 14, fx, 1ag, - does.

Because complete convergence implies convergence a.e., this leads to the a.e. convergence
of the CESARO averages in (9) to fo, = 0, also hereditarily. Whereas, passing to fx, /¢, fx,/¢,

-, it is enough to require these hereditary properties only for € = 1, namely,

N
(53) P < > f,
n=1

NeN

We shall show that there exist sets Ay, Ag,--- in F with lim,, . P(A4,) =1 (cf.(61) be-
low), as well as a further, relabelled subsequence f, , fk,, -, such that fx, 14, , fr,14,, -
is bounded in 1.2, while f;, 1 Az » fralag -+ converges to zero in L.

>N> < 00.

6.1. The Plan. This program will be carried out in four distinct steps.
Step 1: The fy,, fx,,- - may be taken bounded in 1LV : limy_, oo sup,cy P(| fr,| > A) — 0.
Step 2: The f,, fk,,-- may be assumed integrable.
Step 3: The function n: Q — [0, 00] of (15) satisfies E(n) < co.
Step 4: Steps 1-3 lead to the claims in Part (ii) of Theorem 2.2.
6.1.1. Step 1. Assume the f,, fx,, -+ were not bounded in LY. Then for some constant

a > 0 and (relabelled) subsequence we would have }P’(’ ka‘ > 2N ) >a, VN eN; and
reasoning as in ERDOS [23], also
>N}U{

N N—-1
> f, > f.
n=1 n=1

This then implies Y- o P(] SN | > N) = 0o, contradicting the HRE property.

(54) {\ka} >2N} - {

>N—1}, VN>2.

6.1.2. Step 2. The HRE property (53) for fi,, fk,, - , gives

ZP<§:fkn>N><0°a > P(f:fkn>1\7><00,

NeN n=1 NeN,N>2 n=2

thus also ZNGN,N22 P (fk1 > 2 N) < 00 . Applying the same reasoning to — fx,, — fx,, - ,
and adding, we are led to >y oy P (‘fkl ‘ > 4N) < 00, thus also via the "layered represen-
tation" (52) to E(|f, |) < oo. Similar arguments lead to E(|f, |) < oo forall n € N.

6.1.3. Step 3. On the strength of Step 1, and after passing to an appropriate subse-
quence, we may assume that the functions fi, fo,--- are "determining", in the sense of
satisfying for P—a.e. w € €} the stable convergence (14) for some limiting probability dis-
tribution function H(-,w) and corresponding random measure p(w). As in (15), we let
n(w) = [ #* dH(z,w) < co.

We consider at this point a sequence g1, go, - -- of random variables, conditionally inde-
pendent and with common distribution g, given the sigma-algebra o(u) (cf.[1], p.72 for
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the requisite construction). We recall also the following important complement to (14), due to
DACUNHA-CASTELLE [20] (cf. [1], Corollary 8; [2], p. 122): For every M € N, and passing
again to a suitable subsequence of f1, fa,--- , the random vector

(55) (fk+1, e ,fk+M) converges in distribution as k — oo to (gl, e ,gM).

e For expository reasons, we consider a special case first. Assume the following sharpened
version of the HRE property (53): namely, that there exists a constant K € (0,00) with

(56) 3 P(’XN:fkn‘ >N) <K
n=1

NeN

valid for every subsequence fx,, fk,, - of fi,f2,---. With R € Ny fixed, we obtain then

N M N
ZP(ZfR+n >N>§K; thus also ZP(ZfR+n >N>§K,
NeN n=1 N=1 n=1
for every given M € N. Letting R — oo and recalling (55), we obtain
M N N
ZP(Z% >N>§K, VMeN,  thus ZP(Zgn >N>§K.
N=1 n=1 NeN n=1

But when conditioned on the sigma-algebra o(u), the functions gi, go,--- are indepen-
dent with common random distribution function H(-,w). For this sequence, applying
(77) of Proposition 9.1 conditionally on o(p) and taking expectations, leads to K >
Y nNen P (| 25:1 gn‘ > N) > c-E(gf) with a suitable universal constant ¢ > 0. We have
thus shown that, under (56), the “randomized second moment" w — n(w) = [, 2* dH(z,w)
€ [0,00] in (15) is integrable, namely, satisfies E(n) = E(g?) < co.

A similar argument establishes Proposition 2.8 as well.

e We drop now the condition (56); assume only (53),i.e., > yep P ZnNzl fra| > N) < oo,
for every subsequence f,, fk,, -+ of fi, f2,---; and show that this leads to E(n) < co.

We argue this by contradiction: namely, assume [E(n) = oo, and work toward finding
a subsequence fy,, fr,,-- of fi,fs,--- and an increasing sequence of integers 1 < M; <
My < --- with

M; N
(57) P < > fe,
N=1 n=1

this will then contradict the assumed HRE property (53) for the sequence fy,, fr,,- - .

As a first reduction step, we may assume that each f, is bounded, i.e., f, € L*°. In-
deed, as each f,, can be assumed integrable on the strength of Step 2, we may find f; € L*>°
with an — f;Hl < 27" Now f{, f5,--- inherits the HRE property from fi, f2,---, as
{ fn— 1 }n cy satisfies this property on the strength of Proposition 7.2 (i); and fiofo, - 1s
still determining, with the same exchangeable sequence g1, go,--- as the original sequence
f1, fa,---. In conclusion, we shall assume that fi, fs,--- are all in IL.°°,

>N>2j—1, VjeN;

Next, we return to the task of finding a subsequence fy,, fs,, - of fi, fa,--- with the
properties spelled out in the previous two paragraphs; and proceed to prove (57) via an in-
duction (on j € N).

The first step j = 1 of this induction is clear. We then assume that (57) holds for some
J € N and natural numbers M; < My < --- < Mj, £ </{y <--- </ . For the function

F; .= Zi\f:’l fe, € L, we can find a real constant C; > 0 so large, that ’Fj| < Cj holds
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a.e. Summoning the sequence gi, go2,--- of random variables which are conditionally inde-
pendent and with common distribution g given the sigma-algebra o(u), applying Lemma
9.2 conditionally on o (), taking expectations, and using monotone convergence as well as
the standing assumption E(n) = 0o, we obtain

NZ:EN]P’( ign

n=M;+1
N>M;+1

>N—|—Cj> >c-E(n)—1=c.

We extend now the string (fl, e ,EMJ.) to the increasing string (61, S JM]"E]I\%@H» cee
E&JFK) = (fl,--- v, R+1,-- ,R+K) , with £, < R and K € N fixed, so that the

random vector ( fer TR , fer
J

r +K) converges in distribution, as R — oo, to the random
J

> )

M,;+K

Z fer

vector (gMjH, e ,gMj+K). This yields
M;+K

lim lim E P (
K—o00 R—0c0

M;+K

M;
D fet D
n=1

M;+K

> lim lim P
~ K—o0o R—00 Z <
N=M,;+1

>N + CJ>

M;+K

-am >

N=M;+1

M;+K

Y 9n

n=>M;+1

>N+ C]> =00.
Taking R and M large enough, we define (Car, 41, -+ ,ln;,,,) = (Bf/[jﬂ, e ,61\%“) to
. M,
obtain 370, 4 P (] SN fo,|>N) > 1.
This is the inductive step j — j + 1 needed for the claim (57), and completes Step 3.
6.1.4. Step4. From Step 1, we may assume the sequence f1, fo, - - to be determining; in

this manner, lim, o P(fn < ) = H(z) := [, H(z,w)P(dw), ¥ € D holds from (14)
with B =R . Whereas, Step 3 gives

[7K’K]

n—oo

= E/ 2? dH(z,w) < E(n) =t M < o0
[7K7K]

provided + K € D. We select now a sequence 0 < K1 < Ky < --- with £ K, € D and
59 P(fal>En) <27, E(|fa] Lgppskg) <27, VY neN

(the latter because the f1, fa,- -+ can be assumed integrable, on the strength of Step 2). Thus,
after passing again to a subsequence, (58) gives

(60) E[f3 1 <k, ] <2M forallneN.
We introduce at this point the sought-after sets
(61) Ap:={|fal <K,} for neN, whichsatisfy P(A4,)>1-2""

(passing to Kn = ﬂmzn Ay, if necessary, we may assume that these Ai, Ao, - -- are increas-
ing). From (60), the sequence fi14,,fo1a,, - is bounded in L2, as posited in Theorem
2.2 (i1); whereas f1 1 4¢, fo 145, -+ converges to zero in L', from the second display in (59).

Step 4 is thus established, and the Proof of Theorem 2.2 (ii) is complete. O
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7. Appendix: Functions Supported on Disjoint Sets. We recall from [13], Lemma
2.1.3 (cf. [29]; [30], Lemma A.44;[42]) the important "KPR Lemma".

LEMMA 7.1 (KADEC-PELZYNSKI-ROSENTHAL). Every bounded—in-1." collection of

real-valued functions contains a sequence fi, fa,--- of the form f, = hy, 4+ gn, n € N,
where the hyi, hs,--- are integrable functions supported on disjoint sets By, Bo,--- , and the
g1, 92, - - are uniformly integrable functions.

The following result shows that fast convergence to zero in L', is sufficient for the HRE
property; as well as necessary, after passage to an appropriate subsequence, for functions
with disjoint or "essentially disjoint” (in a manner reminiscent of Lemma 7.1) supports.

PROPOSITION 7.2. Conditions Sufficient, and Necessary, for the HRE Property.
Consider a sequence of real-valued, measurable functions hi, ho,---.
(i) The condition of fast convergence to zero in ', namely,

(62) > E(|hn]) < o0
neN
implies, for hi,ho,--- and all its subsequences and permutations, the complete convergence

(63) Z]P’( ><oo, Ve>0.

NeN n=
(i) Conversely, if the hi,ho,--- are supported on disjoint sets B1, Bo,--- in F, then, after
passing to an appropriate subsequence, the validity of (63) implies

(64) lim,, ,. E(|hn|) =0,

thus also (62) along an appropriate subsequence and all its subsequences and permutations.
(iii) More generally, with hy,hs,--- as in (ii), consider a sequence of measurable functions
91,92, - with each g, supported on the set T'y, :=J,,~,, Bm € F.

Then, after passing to an appropriate subsequence, a necessary condition for the sequence
h1 4 g1, ho + g2, - -+ to contain a subsequence converging completely in CESARO mean to
zero, is again (64); which leads to (62) along a (relabelled) subsequence and all its subse-
quences and permutations.

7.1. The Proof of Proposition 7.2. Proof of Part (i): This follows from (52), which

gives 3 yen P(| 001 on| > N) € Enen P(Xpen [pn] > N) € Zen E([n]) < o0
This applies also to every subsequence.

Proof of Part (ii) : We argue by contradiction. Suppose that (64) fails; to wit, that after passing
to a subsequence, we have E(|hn}) >203, VnéeN for some S > 0. Then, passing to a
subsequence once again and recalling that the hj, hg,-- - are supported on disjoint sets,

(65) E(|hn| - Lgpom) > 8, VneN

may also be assumed. Now, for fixed m € N, we note

©6) > (|| > N) = B[] - Lpgomy) = D P(|hm| > N)
N>m N>m

= 2 P({h| > N) =B(lhm| >m) = 3 P([hm| > N) = P(Bn)

N>m N>m
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(for the first two inequalities, recall (52)), as well as

©n > IP’(’ i I,
NeN n=1

from (65), (66). We sum now in (67) over the disjoint sets B,,, , m € N, and deduce

(68) 3 P((i;hn

NeN

g, >N) = 3" P(|hn| > N) = E(}hm\ : 1{‘hm‘>m}) >3
N>m

>N> =00;

i.e., that (63) fails for € = 1, thus for all ¢ > 0 by scaling. This yields the contradiction.

Proof of Part (iii): We argue again by contradiction: assume lim %mE(’hnD > 0, and
show that the following analogue of (68) has then to hold along some subsequence:

(69) ZP(‘i(hkz—i—g;w)‘>N>—oo.

NeN /=1

More precisely, we suppose again that E(‘hnD > 2, Vn €N holds for some 3 > 0; also,
without loss of generality, that P(B,,) < n~ holds for all n € N.

We construct now inductively a sequence of integers 1 = k1 < kg < --- witheach k,, n >
2 equal to either 2n — 1 or 2n, as follows. For n = 1, we take k; = 1 as already mentioned,
so that, with the help of (52),

> z (e +00.) 15,

N

>N) :%P(]hl\ > N) > E(|h])—P(B1) > 26—P(By)

holds; and note that this is valid also along any subsequence ki, ko, --- with k; = 1.
Proceeding with the induction, suppose that 1 = k; < ko < --- < k,, have been chosen so
that, for each j =1,--- ,n, the expression
> N>

N NAn
3 IP’<’Z (k. + 90 ) 152, >N> =3 IP(‘ > (e +90.) 1.,
/=1 NeN (=1

NeN
dominates the quantity 25 — (2 j — 1) . P(ng,l). We pair the function hs, 1 with the sum
> v—19k - 1B,,,, , and distinguish two possibilities:
)>

o If
NA(n+1)
>N>:ZIP’ <hkz+gk’e>132n+1 >N
NeN /=1

n
(70) E (‘ h2n+l + nge : 132n+1
/=1

holds, we set k41 :=2n + 1 and proceed to estimate

> op (’ i (hk:e +9k5)132n+1

NeN (=1

Z Z P (‘ <h2n+1 + ngz> ]-BQn-H

> N) —n-P(Bans1) > B—n-P(Bans1) -
NeN =1
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e If, on the other hand, (70) fails, we have E ‘ >t 9k - 1B, +1‘ > [ on account of the
assumption ]E(‘hQn_A'_l }) > 2[3; take kyy1:=2n+ 2; and obtain

N NA(n+1)
Z ]:P) (’Z (hke +gk5)1an,+1 >N> - Z ]PJ Z <hk24 +gke>132n+1 >N
NeN =1 NeN =1

n
Z Gk 1By iy

(=1

zZIP’(

NeN

> N) —n-P(Bans1) = B—n-P(Bans1) -

Since Y, oy M- ]:P(BQn+1) < 0o holds by assumption, we conclude by summing up in the
above display over the sets B,, , m € N, and arrive at the desired (69). ]

8. Appendix: Approximation by Simple Martingale Differences. We illustrate here
how to approximate bounded-in-IL? sequences of functions by simple, square-integrable mar-
tingale differences, in the manner of KOMLOS [35] and CHATTERJI ([15], [16]).

Let us consider then a sequence fi, fo,--- satisfying (11); this contains a (relabelled)
subsequence converging weakly in L2 to some f., € L2, as in (21). We take f.. =0 for
concreteness; and approximate each f,, by a simple function h,, € > with

(71) E|fn—ho|? <477, VneN;
(72) E(Z‘fn—hnogz\/mgzrn:l;
neN neN neN

thus also > ‘ fn— hn‘ < 00, P—a.e. In addition, for every test function & € .2 we have
E(hy - &) =E(fn-&) —E((frn — hn) -§) — 0, as n — oo from (21), (71). It devel-
ops that the sequence of simple functions hy, hg, - - - is bounded in IL.? (since the inequality
| hmll2 < I fmll2 + | frn — hmll2 < suppen || frll2 + (1/2) < oo holds for all m € N), and as
such contains a (relabelled) subsequence converging weakly in .2 to f, = 0.

We construct now inductively a sequence 1 = k1 < ko < --- of integers k, > n such that
(73)  On = E(hy, | Hno1) with  Hp-1:=0(hg,,  hi, ), n=2,3,---,
which are simple functions, satisfy the bound ‘ v, ‘ <27 P—ae.

This is done as follows: the function hy, = h; is simple, so the conditional expectation

of a generic h,,, given h1, is also simple: E(hn ‘ hl) = Z}le 7](ﬁ) - 14, . Here, the disjoint
sets Ay,---, Ay form a partition of 2; each of them has positive measure; and for every
j=1,---,J, we have 7§n) = (P(Aj))_l 'E(hn . 1,4].) — 0, asn— 0.

We can select, therefore, k3 > 1 = k; so that "y](-k2)} <272, j=1,---,J holds; thus also
92| = | E (i | e, ) | = ijl |73(‘k2)’ 14, <272, P—ae. Now, we keep repeating this
procedure; at each of its stages, the vector of simple functions (hkl o ,hknfl) generates a
finite partition of €2, and we arrive inductively at the claim ! U, ‘ <27, P-ae. 0

We have now the following result.

PROPOSITION 8.1. For the integers 1 = k1 < ko < --- with k, > n as above, the sub-
sequence fi,, fr,,--- of the original bounded—in—1.? sequence fi,fs, -+ has the HRE
property (10) with fo = 0 if, and only if, this is true for the simple martingale-differences

(74) By = hi, —On = hi, —E(hy, | by, hi, ), neN,
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which are generated by the simple functions hy,, hy,,- - in (71)=(73) and satisfy
(75) | fe, = Bnll, <2, V neN.

Proof: For the "if " part, we note the inequality

ZP(ka >N><ZIP’<Z( 19”)

NeN NeN n=1

SN

We recall also the bound (52), valid for measurable Z > 0 ; in conjunction with ’ I, | <277
and the resulting ’ Y neN 19n} <1, as well as (71), this leads to ) yyP(On) <4 and
> nenP(®n) < 4. On account of the above inequality, the "if " part of the claim is thus
established; whereas, repetition of the same argument establishes the "only if " part, via

ZIP’( (e, —9) >N>§]%P<n ) > (P(en) +P(6n)).

NeN NeN

As for (75), this follows from (71), the bound ‘ I | < 27" and the triangle inequality. [

with

9. Appendix: Quantitative Results of HSU-ROBBINS-ERDOS Type. The proof of
Theorem 2.2 uses the following uniform sharpening of the HSU-ROBBINS-ERDOS theorem.
This extends a result of HEYDE [27], on which the characterization (7) is based.

PROPOSITION 9.1. Let fi, fo, -+ be a sequence of independent copies of a random
variable f € L' with E(f) =0, 02 := E(f?) < 0o. For some constants 0 < ¢ < C; < oo,
0 < Cy < 0o which are universal (i.e., do not depend on the distribution of f), we have then

(76) coo <ZIP’(’an

n=1

>N)+1<C1 o +02,

as well as the scaled version

(I7) c¢-o? <52<Z IP><

NeN

N
>

n=1

>5N>+1> <Cr-0*4Cy-e%, Vee(0,1].

Proof: The proof of the upper bound in (76) follows from the inequality (47) in FUK-
NAGAEV [25] (see also [27], p. 175), which gives

N
(78) ]P’(
n=1

adding over IV € N, we obtain the upper bound in (76) for some universal constants C >0,
C5 > 0. The lower bound follows from the next result; the scaled version (77) is obvious. [

128 (1 + 2¢*
N)+8( 20 v ven

>N>§N]P’<]f\> e ,
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LEMMA 9.2.  There is a universal constant c € (0,00) such that, for independent copies
fi, fa,-- of a random variable f with arbitrary distribution which is symmetric (i.e., —f
has the same distribution as f), and with o2 :=E(f?) < 0o, we have

N
(79) ZIP’(an>2N>+IZc-02.

NeN n=1

Whereas, if we drop the symmetry assumption on f, we still have for a (possibly different)
universal constant ¢ € (0,00), the bound

(80) > P( fjfn

NeN n=1

>N>+126-02.

Proof: (I) We argue first (79), which pertains to the symmetric case. By analogy with [23],
p- 289, and using the symmetry assumption, we obtain for fixed /N € N the inequalities

P(ifnﬂN) >P[pl<{fn>2N}ﬁ{§;fk>0}>]

k#n

(81) zi[]P’(fn>2N,§;kaO)—]P’<’le{fn>2N}ﬂ{fk>2N}>]

n=1
k#n k<n

> ij:l <;P(f>2N) ~N- (P(f>2N))2>+.

We distinguish at this point two cases:
(a) If E(|f]) < oo, we have limy_o0 (N - P(|f| > N)) =0 and thus P(f > 2N)

1/(4N) for all N > Ny with Ny sufficiently large; then (81) gives P( 22[21 fn>2N)
(N/4)-P(f >2N), thus also, for some universal real constant K > 0, the bound

E(f?) gK.Z]Z.P(f>2N)§K.ZP(ifn>2N).

NeN NeN n=1

(b) On the other hand, if E(|f|) = oo, the HRE property fails for the sequence fi, fo,---,
ie., wehave E(f2) =oco=P( XN | f,>2N).

<
>

In either case, 02 < K - Yy P(| 02, fo| > 2N) holds for 02 =E(f?) > 1 and
some universal real constant K > 0; so (79) holds with ¢ =1/K after noting that, for o? <
1, it is satisfied trivially. We observe also that this proof gives, possibly with a different
universal constant ¢ > 0, the inequality

(82) ZP(ifn>2N>Zc-a2.

NeN n=1

(II) For the general, non-symmetric case, we argue as follows. We let ( f,jf)n oy be inde-
pendent copies of the sequence ( f")n oy and set gp = i — f, neN; these (gn)n N
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are independent, identically distributed with variance 202 = 2E(f?), and symmetric, so we
obtain from (82) the bound

(83) E]P’(ign>2]\7> > ¢ B(g?).

NeN n=1

As in [23], we note {Zivzlgn >2N} C {’Zivzlfﬂ >N} u {’Zi\;lfﬂ >N},
therefore also IP( 27]1\721 gn >2N ) <2. IP’( ‘ Zgzl fn’ >N ) ; consequently, for some new
universal constant ¢ > 0, we have in conjunction with (82) also the bound

EP(‘f:fn >N>2(1/2)-2P(ign>2]\7>ZcE(fQ). O

NeN n=1
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