Addendum to Integral Operators on Lp-spaces

Walter Schachermaver

In this note we give solutions to two problems raised in [1].

1) We shall give a negative solution to problem 11.12 of [1].
("Is the adjoint of every normal integral operator an integral

operator?"):

Proposition 1.1: There is a normal integral operator

2
(0,1)

A = Int(k) on L such that the adjoint A~ is not
integral.
The proof will be based on the following lemma, which

is inspired by Olevskii's matrix ([3], lemma 1).

Denote by {hn}

] (;esp. {wn}n 1) the normalized

Haar-basis (resp. Walsh-basis) in L2(o 1) as defined in
, .

[2], Vol. I, 1.a.4. (resp. [2], Vol. II, 1.g.3).

If (e }N_ and {f }N_ are two orthonormal sets in
n n=1 n n=1
2 o
L ©,1) we shall call the operator ng1 fn ® e the operator
N N,
that takes {en}n=1 onto {fn}n=1 .

lemma 1.2 Fix integers n,m,p such that 1 £ n < m and

R T

Let T be the operator that takes the Walsh functions
n n

% 2 . y 2

1w2n+j}j=1 onto the Haar functiors {h2m+p+j’j=1 and nS be

the operator that takes the Haar functions {h2m+p+j}§=1 onto
n

the Haar functions {h2n+j}§=1. Let t (resp. s) denote the

Kernel function of T (resp. S). Then

(1) S + T is normal. In fact, (S+T)  (S+T) = (S+T) (S+T)

is the orthogonal projection onto the space spanned by



gh v,

(hyn, 5 g U thymy 35,

(2) t 1is supported by (p/2m, (p+2n)/2m)x (0,1) while s is

supported by (0,1) x (p/2m,(p+2n)/2m).

(3) Tor y € (0,1, e,y 1 = N m/2

(4) The operator 1Int(|s|) is a partial isometry and so, in

particular, [Int(|s])] = 1.
Proof: (1): Make the following trivial (but crucial) observation.
gt 2"
It
The orthonormal sets \w2n+j}j=1 and {h2n+j}j=1 span the

2
same subspace of L (0,1) "

the functions constant on the intervals _of the

Indeed, this space consists of

n+1 n+1

form (£/2 , (£+1) /2 ) and such that the integral over every

interval of the form (K/Zn,(£+1)/2n), vanishes.
n n
2 2

j=g u {h2m+p+j}j=1 and

Hence, {W2n+j}
on
}

=1 are orthonormal bases of the same

{h U {h

2
subspace of L (©0,1)"

latter and (S+T)* conversely, form which (1) follows.
~AaN

n }2
2 +173=1
Clearlv S+7T takes the former to the

24 ptj

(2): t(x,y) = £ wyn  (y) . hym, . (x) and
gn
s(x,y) = 321 h2m+p+j(y) . h2n+j(x).
Note that h.m is supported by ((p+j-1)/2", (p+3)/2™

2 +pt]
from which the assertion for t follows. The argument for s

is symmetric.

(3): [w2n+j(y)| =1 for all y € (0,1) and
_ /2
+p+j(x)l =2
‘follows from the proof of (2) that, for everv v € (0,1),

m/2

|h2m on its support and O elsewhere. It

n-m

lt(x,v)]| = 2 on an interval of the length 2 and O

elsewhere. This gives (3).



: - .
5 = |
(4) : Note that |s]|(x,y) j§1,‘h2m+p+j(y)|' |h2n+j(x)|,
as the summands are disjointly supported. Hence 1Int(|s])
n
takes the orthonormal set {]h2m+p+j[}§=1 onto the orthonormal
n
2 ; ’
set {|h2n+j|}j=1’ which gives (4).
Proof of proposition 1.1: For i =1,2,... let m(i) = (i+1)2,
n(i) =m(i) - i and p(i) = 2" et T = Int(t,) and

Si = Int(si) denote the corresponding integral operators
defined by lemma 1.2.
As n(i+1) > m(i) we see that, for i # j, the operators
* 5
+ . .
(Si T1) and (Si + Ti) and the operators (S] + T.)

J
and (sj + Tj)* are all mutually orthogonal. Hence the operator

(Si + Ti)

is normal. We claim that A 1is integral and its kernel is

given by
o -i
k = i£1 2 (si L Ay
Let
T= .3, 27t t = .35, 27t ¢
i=1 p 1 i=1 i
s = .5, 27t s, s = .5, 2% s,.
i=1 i i=1 i

We shall show that Int(t) and 1Int(s) are integral operators
and equal T and S respectively. As regards S note that

Int(s) is an absolutely bounded integral operator. Indeed

27 s, ) = B, 277

Int(|s|) = Int(,E 1

1 Int(lsil)

is a welldefinea nositive operator. It follows easily that S

equals  Int(s).




As regards T, note that t 1is a Carleman kernel. Indeed

as the ti are supported by the disjoint strips
,2—lf1)’<(0,1), it is clear that, for every x € (0,1),

t(x,.) € L2

(271

(0,1) Hence the operator 1Int(t) makes sense
14

(a nriori with values in L But T = Int(t) is true.

O
(0,1

Indeed, if Pi denotes the multiplication operator by

-i —-i+1 in L then

X2 ;2 ) foz1)"

P.oT = 2 T, = Int(2 “t,) = P,oInt(t),
i i i i
which readily shows T = Int(t). So we have shown that
A = Int(k) 1is a normal integral operator.
But, for every y € (0,1), k(.,y) is not a member of

1

L Indeed, it follows from (3) that for y € (0,1)

(0,1)°
and i € N

s Aol
o o(iT+H1) /2
leg G i1 = 2

5 .2
hence [t (.,v) |1 = i&1 2 L A _

As for everv vy € (0,1), s(.,y) 1is in L1 (actually, it

(0,1)
is even in L®(0,1)) we infer that for every vy € (0,1)

(o) g1 = =

This of course implies that k* is not a bounded kernel and
by ([1], #h. 7.8) %hat A is not integral.

o 3d
Remark: Note the following curiosity: We have split A into
asum T + S in such a way that S is absolutelyv bounded and
T is Carleman. (Actually such a decomposition is possible for

-arbitrary integral operators on Lp, as is shown in [4].



On the other hand, for absolutely bounded integral operators
and normal Carleman operators it is true that the adjoint is
integral too ([1], 10.6 and 11.11). The crux is,

of course,

that the operator T above is not normal.



2. We now give a solution to problem 16.3 of [1]. Let (X,un)

be a finite measure space, which is not purely atomic. We
recal} the problem: "If T is an operator on Lz(u) and
if there is a positive number e such that UTU® is an
integral operator whenever U 1is a unitary operator on
Lz(u) and |U - Id| < e, - does it follow that T 1is a
Hilbert-Schmidt operator?”

We shall show that the answer is yes (see prop. 2.6
below) . It is an immediate consequence that the answer to
the second half of problem 16.3 1is no. ("If T is an
operator on Lz(u) and if T is not Hilbert-Schmidt, can
the set of unitary operators that transform T into an
integral operator have a non-empty interior?") Despite its

length, the construction is elementary. Let us sketch the

basie ideag IEf T & Lz(o']) B L2(0,1) is of the form

T = n§1 Kn("gn)'rn
where {gn}:=1 is a disjointly supported orthonormal system -
in_ L2(0’1) and {rn};=1 are the Rademacher-functions,

then T is integral iff Z[xnlz €w, 1.8, AfF T 1is
Hilbert-Schmiat. The following lemma, which is based on this
remark (and which proves this remark), gives a criterion

for an operator to be not integral. In‘the sequel we shall
show how to construct for an operator T : Lz(p) > Lz(u),
which is not Hilbert-Schmidt, a unitary transformation U

arbitrarily close to the identify such that UTU® satisfies

the criterion of the lemma.

Lemma 2.1.: Let T : L2(v) - Lz(p) be an operator such that

}CD

n=1

there is a |.|, - bounded sequence (g _in L%(v) with

n



mutually disjoint supporting sets ({B Y

and a seqguence
n n=1 el

of positive scalars An which is not sguare summable such
that Tgn/)\n =r, is bounded away from zero in measure,

i.e. there is «a. such that for all n
u{lrn| 2 a) 2 a.

Then T is not integral.

Proof: By hypothesis we may fina a positive sequence
© . 2 C e
{pn}n=1 in £ ‘such that anpn = o,
Assume now T is integral, i.e. T = Int(k) for

some kernel k. The function

<o

e .lg |

9= n§1 n n

is an element of L2(v), hence for p-a.e. xXx €Y
$Ixx,) | gly) aviy) < =.

Then we can find A ¢ X, v(X\A) < a/2, such that

A glk(x,y)l gly) dv(y) < =,

hence

of1 4 41k s aviy) <=

On the other hand, for every n € N there is a subset
An of A of measure u(An) 2 a/2 such that, for x € An'

|r_ (x)| 2 a. Hence for x € A
n : n

L lk(xy) | gly) dvly) =
n

oIy K(x,y) g (y) av(y)| 2 o .A_.a.



Integrating we obtain

AL kG| gly) av(y) =
n
2
AI é |k (x,¥)]| gly) dv(y) = pn.Kn.a I 2%
n n
As Zunﬁl = o we arrive at a contradiction. 0

What we shall actually need is the following "pertur-
bated" form of lemma 2.1, which readily follows from lemma

2:1.

Lemma 2.%a: Suppose in lemma 1 that 9, is such that there

is a bounded sequence {§n}:=1 with mutually disjoint

supporting sets {?n}n=1 and such that n§1”gn = gn” <,

Then the conclusion of lemma 1 still holds.

Our task therefore is, given a non-Hilbert-Schmidt
operator T : Lz(ﬁ) - Lz(u), to fabricate a "small" unitary
transform U for which UTU satisfies the conditions of
Lemma 2.1a.

First we need a number of technical results.

Lemma 2.2: Let (X,n) be a finite measure space which is not

purely atomic and T : Lz(u) - Lz(u) an integral operator.

Then there is a normalized sequence { §}%.q With mutually

disjoint supporting sets { BJ“;=1 such that (Tg _,9 )
tends to zero.

Proof: We shall find {gn}m

*
n=1 Such that T gnH - 0.

oo B S — — It is

clear that there is no operator of finite rank R such that

T + R 1is onto. (This follows, e.g., from the <2,1> —compact-
ness of integral operators.(c.f.[1],§13). For sharper
results on <?,i> -compactness see [4]).



*
It follows that T. restricted to any space of finite

/

- . /. 2 ; ’ ; ;
codimension’ in L"(u) 1is not an isomorphism into.

et BO be the purely atamic part of X and suppose bo,..,Bm_1 chosen so that

for bn = X \ (B U...UBn_1), ¥ restricted to any subspace
of finite codimension in L (c ,u[c is not an isomorphism
into. Find g e L2 (¢ ,u|c , HgnH = 1 such that
iT"g || < n “1. Find a partltion D,,...,D. of the set C
n 1 N n

such that for i=1,...,N

~ e o1

ﬂgn . XD." < n .

i

*
Then there is some 1 such that T restricted to any
subspace of finite codimension in L2(Di ’“'D ) is not
o i

an isomorphism into. Letting Bn = Cn.\ Dj and

o
g = 5 - § X we complete the induction and prove the
n n n Dio
lemma.
ad
Remark: Note that there are integral operators
T L2 > L2 which are isometric. Hence in the

(0,1) (0,1)
above lemma it is not possible, in general, to have HTgnH ~ 0.

Lemma 2.3: Let T : H - H be an operator on a Hilbert space

H which is not Hilbert-Schmidt. Let {Mn}n_ be a sequence

of closed subspaces such that codim (Mn) < lon. Let

1}

A, = sup {l=| : x € Mn,”x“

Then 2
n=1 "n

Proof: The lemma is wellknown, and follows e.g. from the
"Theorem on the minimax properties of eigenvalues" (c.f.

[5], p.25), applied to T T, noting that for |x| =




T T R A e

._.10..

(T¥Tx,x) = “TX“2 and noting that T is Hilbert-Schmidt

iff T*T is of trace class.

O

The following lemma is rather trivial but we prove it for

the sake of completeness.

Lemma 2.4: Let (X,r) be a probability space and {rn};=1

a sequence of Rademacher functions on X, 1i.e. a sequence

of independent Random variables taking the values + 1 with
probability 1/2. Let F be any function in L°(u). Then

%}Q p{x : |F(x) + rn(x)l > 1 - §} e 1/2.

Proof: It is well known that for measurable E < X

%ig u{x € E : rn(x) = +1} = u(E)/2.

Le? D+ = (AN EC ¢ IA11 < 1-¢}
and D_ = {X € C : IA-11 £ 1-¢}
Then it is clear that
uw{x : lF(x)+rn(x)I £ 1-e} = p{x : rn(x) = 1,F(x) € D+}

+ p{x : rn(x)=-1,F(x) ED }-

For n>~ the latter expression tends to u{F_1(D+ D )}/2.

Therefore
%;g p{x : IF(x)+rn(x)I‘> 1-¢} =

1;'ﬁ‘{F_1(D+ D_)}/2 2 1/2.

Q
Lemma 2.5: For e > O there is a > O such that for given
co =
mplex numbers o,t,|o| = [t| = 1 the orthonormal vectors
in C4
_ . 2.1/2
u1 ( (T=d") ’ o) ¢+ O,a )

SRS SR |
u, = (=a“ v/ (1-a*) 2, (1- (2a%-a%) / (1-a2)) 2, 60 7 0)

may be completed i
p to an orthonormal basis u1,u2,u3,u4 of €4



in such a way that

£, oy - e 1H1/2

(24 < &y

e denoting the unit vectors of C4.

t ut ut ut)t
177277374

the distance of U to the identity is less than € in

Hence the matrix U = (u is unitary and

Hilbert-Schmidt norm (and, a fortiori, in the operator norm).

Proof: We do not calculate u and u explicitly (this

4 4
is an elementary but horrible calculation). Rather than
dirtying our hands we prefer to give "qualitative" reasoning.

Apply to the vectors u1,u2,e3,e the Gram-Schmidt

4
orthogonalisation procedure to obtain an orthonormal basis
Uq,U, U,y It is clear that for small a the vectors
u, will be close to e, (independent of o and 1 ).

O

Proposition 2.6: Let (X,u) be a finite measure space

which is not purely atomic and T ;: Lz(u) - Lz(u) an
operator which is not Hilbert-Schmidt. Then if - > O
there is a unitary transform U : Lz(u) - Lz(u), lu - 1d] < ¢

such that UTU® is not integral.

Proof: First make the following observation: If T =S + R,
where R 1is Hilbert-Schmidt thén UTU"  is integral iff
‘USU* is integral. Hence we may-perturbate T by an
arbitrary Hilbert-Schmidt operator R and it will be
sufficient to prove for the perturbated operator T - R

thak V(T - R)U* is not integral. We may even apply
(successively) countably many Hilbert-Schmidt perturbations, -

if we make sure that the sum of their Hilbert-Schmidt norms



- 12 - o

converges. This remark will be very convenient in the sequel.
If T is not integral,there is nothing to prove as we
may take for U the identity. Hence we may assume that T

is integral.

2
) " ,
n=q in L (p) with

Find an orthonormal sequence {§n}
mutually disjoint supporting sets Bn' such that
n§1 |(T§n,§n)|2 < o (lemma 2.2). By passing to a Hilbert-
Schmidt-perturbation we may assume (Tan,gn) = 0 for all
n € IN.

We may assume that there is a divisible subset A € X

of measure up(A) = 1, and we find a sequence of Rademacher

function {? }go

_ on A (see lemma 2.4).
n n=1

We shall now construct a sequence of mutually orthogonal
5-aimensional subspaces Mk of L2(u) with orthonormal
f o~ . .
bases ‘(gk,rk, k’hk’Tgk) and unitary transformations
Uk ¢ Mk - Mk'
Suppose they are defined up to k - 1 (if k = 1 suppose

nothing). Let Ny = (M,,...,M _,T'M ,...,TM

k k k—1)'
Then Nk is a subspace of Lz(u) of codimension £ 10(k-1).

Choose f. € N

K K’ kau = 1 such that

Ire Il > suptre] = £ € n £ = 1} - 27K,

k“ = A, 1is not in 22,

Let h, be orthogonal to fk’“hk”= 1, such that . -

It follows from lemma 2.3 that ||Tf

: i 2 2
Tf, = A (o £ + ¥ h ), with {gkl +4|wk| = 1. Note that

hk is orthogonal to MyreoorMp 4.

As {8 }m

o —_— tends to zero weakly, the projection of

~

9, as well as of T§n onto the subspace spanned by

{M1"'°’Mk—1’ fk' hk} tends to zero (in norm), hence we may




- 13 -

find an integer n,, a g, € Lz(u) such that |g, - a | < 2—k
: k k k n,

and 9, as well as Tgk are orthogonal on the space described
above,(if necessary, we perturbe T by a one dimensional
operafor of norms less than Z_k). Applying once more a
one-dimensional perturbation of norm less than 2'-k we may

in addition assume (Tgk,gk) = 0.

Let r be a normalized element of Lz(u), orthogonal

k
to {M1""’Mk—1' £ r By, 9,» Tg} to be specified later on.
M, will be the space spanned by {gk,rk,hk,fk,Tgk}. Let

be the unitary transformation on Mk obtained by letting
the matrix U from lemma 2.5 act on the basis {gk,rk,hk,fk}
of Mk
The a in lemma 2.5 in chosen to be a fixed positive

and mapping Tgk onto itself.

number (depending only on <€) and the complex numbers o

—_ | = €
and 1 are chosen Oy = ¢k/‘¢xl and Ty = ¢k/|¢k| (where

0/0 = 1). We extend U to a unitary transform on Lz(u)

k
(still denoted Uk) by defining it to be the identity on

the orthogonal complement of Mk'

*

Let us calculate UkT'Uk 9y :

* _ R
Up 9y = V1l —a )gk +oa.f (

*

TO, 9y

= Vi-a®) g, + a.r (9, F + ¥,h)

2

*
UTuU, = Vﬂ—a% Tgk + Fk + a kk(okok + Wkrk)rk.

k

Here F is some function in the span of gk,fk and hk‘

k
Hence the function Gk = Vo—az)Tgk + Fp does not depend-on
the choice of r, (which is still free, provided ry R

{M1,...,Mk_1,fk,hk,gk,Tgk}) . Note that L (@kok % ‘%'krk) 2 1.




- 14 -

It follows from lemma 2.4 that for large n,

Z.Xk/z} > 1/4.

2 ~
u{IGk+a A .rn| > a

xPx

As the projection of ;n onto the space spanned by
{M1'""Mk-1’fk'hk’gk’Tgk} tends to zero we may find ry s
orthogonal to this space and close to a suitable ;nk'
such that we still have

2 2
u{le+a Kkpxrkl > a .Xk/2} > 1/4.

Recapitulating, we have shown that
w{|u TU. g /A | > a2/2} > 1/4
k""k °k’ "k ‘

Note that if U is any operator on Lz(u) such that U

- * '
ana U on M

K then we still

and U* coincide with U

k k

have
* 2
p{|uTU gk/xkl > a“/2} > 1/4.

The induction step is completed.
Finally it is clear how to define our unitary transform:

U: Let U equal U, on M, and be the identity on

k k
{Ml,MZ,...FF. Clearly |u-14d| < €.
Then {UTU* gk/xk}:=1 does not tend to zero in measure and
an appeal to lemma 2.7a shows that UTU® is not an integral
operator. O
Remark: Let us note that it is easy to refine the above
construction in such a way that UTU® has the following
stronger propeity: For every subset A<X,p(A) > 0, which
does not consist only of atoms P oUTU" is not an integral

A

operator.
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