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Background BCn-type Jackson integrals (q-series)
Fix q ∈ C∗ as |q| < 1. For ξ = (ξ1, . . . , ξn) ∈ (C∗)n and ν = (ν1, . . . , νn) ∈ Zn,
we set

ξqν := (ξ1q
ν1, . . . , ξnq

νn) ∈ (C∗)n.

For a function φ(z) = φ(z1, . . . , zn) on (C∗)n and ξ = (ξ1, . . . , ξn) ∈ (C∗)n, we
define

⟨φ, ξ⟩ =

∫ ξ∞

0

φ(z)Φ(z)∆(z)
dqz1

z1
· · ·

dqzn

zn

:= (1 − q)n
∑
ν∈Zn

φ(ξqν)Φ(ξqν)∆(ξqν),

where qαm = am， qτ = t and

Φ(z) :=

n∏
i=1

2s+2∏
m=1

z
1/2−αm
i

(qa−1
m zi; q)∞

(amzi; q)∞

∏
1≤j<k≤n

z1−2τ
j

(qt−1zjz
±1
k ; q)∞

(tzjz
±1
k ; q)∞

,

∆(z) :=

n∏
i=1

1 − z2i
zi

∏
1≤j<k≤n

(1 − zj/zk)(1 − zjzk)

zj
.

We call ⟨φ, ξ⟩ the BCn-type Jackson integrals if it converges. Φ(z) has the parameters
t and ai (1 ≤ i ≤ 2s+ 2, s = 1, 2, . . .).
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We denote by
Wn = {±1}n ⋊ Sn

the Weyl group of type Cn acting on (C∗)n through permutations and inversions of the
coordinates zi (i = 1, . . . , n).

For the Wn-symmetric holomorphic function φ(z) on (C∗)n，we define

⟨⟨φ, z⟩⟩ := ⟨φ, z⟩/Θ(z),

where Θ(z) :=

n∏
i=1

zsiθ(z
2
i ; q)∏2s+2

m=1 z
αm
i θ(amzi; q)

∏
1≤j<k≤n

θ(zjz
±1
k ; q)

z2τj θ(tzjz
±1
k ; q)

.

Then ⟨⟨φ, z⟩⟩ is also Wn-symmetric holomorphic function of z ∈ (C∗)n. We call this
function the regularization of ⟨φ, z⟩.

Remark (s = 1 case) [van Diejen, Publ. RIMS 33 (1997)]

⟨⟨1, z⟩⟩ =

n∏
k=1

(1 − q)
(q; q)∞(qt−k; q)∞

(qt−1; q)∞

∏
1≤i<j≤4(qt

−(n−k)a−1
i a−1

j ; q)∞

(qt−(n+k−2)a−1
1 a−1

2 a−1
3 a−1

4 ; q)∞
,

which is equivalent to the q-Macdonald–Morris identity of type (C∨
n , Cn) studied by

Gustafson (1990).
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Set

Zs,n = {µ = (µ1, µ2, . . . , µs) ∈ Ns ; µ1 + µ2 + · · · + µs = n},

where N = {0, 1, 2, . . .}. Then |Zs,n| =
(n+s−1

n

)
.

For x = (x1, x2, . . . , xs) ∈ (C∗)s and µ ∈ Zs,n we set

(x)t,µ = (x1, x1t, . . . , x1t
µ1−1︸ ︷︷ ︸

µ1

, x2, x2t, . . . , x2t
µ2−1︸ ︷︷ ︸

µ2

, . . . , xs, xst, . . . , xst
µs−1︸ ︷︷ ︸

µs

)

∈ (C∗)n.

From the viewpoint of the (Jackson) integral representation of ⟨⟨φ, z⟩⟩, it is known
that ⟨⟨φ, z⟩⟩ satisfies a q-difference system of the rank

(n+s−1
n

)
, and the q-difference

system is independent of the choice of cycles z. [Aomoto – I , Adv.Math. 221 (2009)].
The set {⟨⟨φ, (x)t,µ⟩⟩ |µ ∈ Zs,n} is regarded as a basis of the solution space of the
q-difference system. It means that ⟨⟨φ, z⟩⟩ is expressed as a linear combination in terms
of ⟨⟨φ, (x)t,µ⟩⟩ (µ ∈ Zs,n). We call this the connection formula between ⟨⟨φ, z⟩⟩ and
⟨⟨φ, (x)t,µ⟩⟩ (µ ∈ Zs,n).
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Theorem [I –Noumi, Adv.Math. 299 (2016)]．If φ(z) is Wn-symmetric holomorphic
function on (C∗)n, then ⟨⟨φ, z⟩⟩ is expanded as

⟨⟨φ, z⟩⟩ =
∑

λ∈Zs,n

cλ ⟨⟨φ, (x)t,λ⟩⟩,

where cλ =
∑

K1⊔···⊔Ks
={1,2,...,n}

s∏
i=1

∏
k∈Ki

∏
1≤j≤s
j ̸=i

θ(xjt
λ
(k−1)
j z±1

k ; q)

θ(xjt
λ
(k−1)
j (xit

λ
(k−1)
i )±1; q)

.

Here λ
(k)
i = |Ki ∩ {1, 2, . . . , k}| and the summation is taken over all index sets Ki (i =

1, 2, . . . , s) satisfying |Ki| = λi and K1 ⊔ · · · ⊔ Ks = {1, 2, . . . , n}.

Remark The connection coefficients cλ as functions of z are characterized by the
elliptic Lagrange interpolation functions of type BCn, which will be explained later.

Remark (n = 1 case). When n = 1, the connection formula is written simply as

⟨⟨φ, z⟩⟩ =
s∑

i=1

⟨⟨φ, xi⟩⟩
∏

1≤j≤s
j ̸=i

θ(xjz
±1; q)

θ(xjx
±1
i ; q)

.

In particular, if φ(z) = 1, then the above formula coincides with Slater’s very-well-poised

2rψ2r hypergeometric transformation formula. [I – Sanada, Ramanujan J. 17 (2008)]．
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Slater’s very-well-poised 2rψ2r transformation (1950)
If |ar−1qr−2/b3 · · · b2r| < 1, then, Gasper & Rahman, BHS 2nd edn, p.143, (5.5.2)

2rψ2r

[
q
√
a,−q

√
a, b3, . . . , b2r√

a, −
√
a, aq

b3
, . . . , aq

b2r

; q,
ar−1qr−2

b3 . . . b2r

]

=

(
a4, . . . , ar,

q

a4

, . . . ,
q

ar

,
a4

a
, . . . ,

ar

a
,
aq

a4

, . . . ,
aq

ar

; q
)
∞( q

b3
, . . . ,

q

b2r
,
aq

b3
, . . . ,

aq

b2r
,
a4

a3

, . . . ,
ar

a3

,
a3q

a4

, . . . ,
a3q

ar

; q
)
∞

×

(a3q

b3
, . . . ,

a3q

b2r
,
aq

a3b3
, . . . ,

aq

a3b2r
, aq,

q

a
; q

)
∞(a3a4

a
, . . . ,

a3ar

a
,
aq

a3a4

, . . . ,
aq

a3ar

,
a2
3q

a
,
aq

a2
3

; q
)
∞

×2rψ2r

[ qa3√
a
,−qa3√

a
, a3b3

a
, . . . , a3b2r

a
a3√
a
,− a3√

a
, a3q

b3
, . . . , a3q

b2r

; q,
ar−1qr−2

b3 . . . b2r

]
+ idem(a3; a4, . . . , ar).

The symbol “idem(a3; a4, . . . , ar)” after the expression above stands for the sum of the r − 3

expressions obtained from the preceding expression by interchanging a3 with each ai (4 ≤ i ≤ r).
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Set

Bs,n = {λ = (λ1, λ2, . . . , λn) ∈ Zn ; s− 1 ≥ λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0}

then |Bs,n| =
(n+s−1

n

)
. We define the Schur functions of type Cn as

χλ(z) := det
(
z
λj+n−j+1

i − z
−λj−(n−j+1)

i

)
1≤i,j≤n

/
∆(z).

Theorem (determinant formula) [Aomoto – I (2009), I –Noumi (2016)]

For generic x ∈ (C∗)s, we have

det
(
⟨⟨χλ, (x)t,µ⟩⟩

)
λ∈Bs,n
µ∈Zs,n

=
(
(1 − q)n(q; q)n∞

)(s+n−1
n )

×
n∏

i=1

[(
(qt−(n−i+1); q)∞

(qt−1; q)∞

)s ∏
1≤k<l≤2s+2(qt

−(n−i)a−1
k a−1

l ; q)∞

(qt−(n+i−2)a−1
1 a−1

2 · · · a−1
2s+2; q)∞

](s+i−2
i−1 )

×
n∏

i=1

[ n−i∏
j=0

∏
1≤k<l≤s

e(tjxk, t
n−i−jxl; q)

](s+i−3
i−1 )

,

where e(u, v; q) = u−1θ(u/v; q)θ(uv; q).

The aim of this talk is to present an elliptic analog of this formula.
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BCn elliptic hypergeometric integrals

Fix p, q ∈ C∗ as |p| < 1 and |q| < 1. We define the Wn-symmetric meromorphic
function Φ(z) as follows:

Φ(z) =
n∏

i=1

∏2r+4
k=1 Γ(akz

±1
i ; p, q)

Γ(z±2
i ; p, q)

∏
1≤i<j≤n

Γ(tz±1
i z±1

j ; p, q)

Γ(z±1
i z±1

j ; p, q)
,

where Γ(u; p, q) (u ∈ C∗) is the Ruijsenaars elliptic gamma function. Φ(z) has the
parameters t and ai (1 ≤ i ≤ 2r + 4, r = 1, 2, . . .).

For holomorphic functions f(z) and g(z) on (C∗)n we define

⟨f, g⟩ =

∫
Tn

f(z) g(z)Φ(z)ωn(z), ωn(z) =
1

(2π
√
−1)n

dz1

z1
· · ·

dzn

zn
,

where Tn = {z = (z1, . . . , zn) ∈ (C∗)n | |zi| = 1 (i = 1, . . . , n)}.

We call the integral ⟨f, g⟩ the BCn-type elliptic hypergeometric integrals.
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Theorem of this talk Fix t ∈ C∗ and ai ∈ C∗ (1 ≤ i ≤ 2r + 4) as |t| < 1

and |ai| < 1. Under the condition a1 · · · a2r+4t
2n−2 = pq, we have the determinant

formula as

det
(
⟨Eµ(x; z; p), Eν(y; z; q)⟩

)
µ,ν∈Zr,n

=

(
2nn!

(p; p)n∞(q; q)n∞

)(n+r−1
n )

×
n∏

i=1

[(
Γ(tn−i+1; p, q)

Γ(t; p, q)

)r ∏
1≤k<l≤2r+4

Γ(tn−iakal; p, q)

](i+r−2
i−1 )

[ n−i∏
j=0

∏
1≤k<l≤r

e(tjxk, t
n−i−jxl; p) e(t

jyk, t
n−i−jyl; q)

](i+r−3
i−1 )

,

where e(u, v; p) = u−1θ(u/v; p)θ(uv; p).

Remark. If r = 1, then under the condition a1 · · · a6t
2n−2 = pq,

⟨1, 1⟩ =
2nn!

(p; p)n∞(q; q)n∞

n∏
i=1

(
Γ(tn−i+1; p, q)

Γ(t; p, q)

∏
1≤k<l≤6

Γ(tn−iakal; p, q)

)
,

which is theBCn elliptic Selberg integral established by van Diejen-Spiridonov, Spiridonov,
Rains.
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Definition of the functions Eµ(x; z; p)

We denote by Tp,zi the p-shift operator with respect to zi:

Tp,zif(z1, . . . , zn) = f(z1, . . . , pzi, . . . , zn) (i = 1, . . . , n).

For each r = 1, 2, . . . we introduce the C-vector space

H(p)
r−1,n = {f(z) ∈ O((C∗)n)Wn

∣∣ Tp,zif(z) = f(z)(pz2i )
−r+1 (i = 1, . . . , n)}

of all Wn-symmetric holomorphic functions on (C∗)n with quasi-periodicity of degree

r − 1. In [Rains, Ann. of Math. (2) 171 (2010)], H(p)
r−1,n is called the space of the

BCn-symmetric theta functions of degree r − 1. It is known that the vector space

H(p)
r−1,n has the dimension

(n+r−1
n

)
,

dimC H(p)
r−1,n = |Zr,n| =

(n+r−1
n

)
.
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Recall Zr,n = {µ = (µ1, µ2, . . . , µr) ∈ Nr ; µ1 + µ2 + · · · + µr = n}.
For x = (x1, x2, . . . , xr) ∈ (C∗)r and µ ∈ Zr,n we set

(x)t,µ = (x1, x1t, . . . , x1t
µ1−1︸ ︷︷ ︸

µ1

, . . . , xr, xrt, . . . , xrt
µr−1︸ ︷︷ ︸

µr

) ∈ (C∗)n.

Theorem ([I – Noumi, Adv.Math. 299 (2016)])

Suppose x ∈ (C∗)r is generic. For the set {(x)t,µ |µ ∈ Zr,n} of the reference

points, there exists a unique C-basis {Eµ(x; z; p) |µ ∈ Zr,n} of H(p)
r−1,n satisfying the

interpolation condition

Eµ(x; (x)t,ν; p) = δµ,ν (µ, ν ∈ Zr,n)

where δµ,ν is the Kronecker delta.

we call Eµ(x; z; p) (µ ∈ Zr,n) the elliptic Lagrange interpolation functions of type

BCn and call {Eµ(x; z; p) |µ ∈ Zr,n} the interpolation basis of H(p)
r−1,n, with respect

to x ∈ (C∗)r.
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Bilinear form associated with the elliptic hypergeometric integral
With respect to the two bases p, q, for the two vector spaces H(p)

r−1,n, H
(q)
r−1,n we define

the C-bilinear form
⟨ , ⟩ : H(p)

r−1,n × H(q)
r−1,n → C

by ⟨f, g⟩ =

∫
Tn
f(z)g(z)Φ(z)ωn(z) (f ∈ H(p)

r−1,n, g ∈ H(q)
r−1,n).

Fixing generic x = (x1, . . . , xr) and y = (y1, . . . , yr), we take the interpolation bases
for these two vector spaces with respect to x and y respectively:

H(p)
r−1,n =

⊕
µ∈Zr,n

CEµ(x; z; p), H(q)
r−1,n =

⊕
µ∈Zr,n

CEµ(y; z; q).

For each pair (µ, ν) ∈ Zr,n × Zr,n, we introduce the elliptic hypergeometric integral

⟨Eµ(x; z; p), Eν(y; z; q)⟩ =

∫
Tn
Eµ(x; z; p)Eν(y; z; q)Φ(z)ωn(z) (µ, ν ∈ Zr,n),

and consider that
(n+r−1

n

)
×

(n+r−1
n

)
matrix

(
⟨Eµ(x; z; p), Eν(y; z; q)⟩

)
µ,ν∈Zr,n

,

which is the matrix representation of the bilinear form ⟨ , ⟩ with respect to the
interpolation bases.
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Remark. (Proof for the connection formula of the Jackson integral case)

Since we see ⟨⟨φ, z⟩⟩ ∈ H(q)
s−1,n, we have ⟨⟨φ, z⟩⟩ =

∑
µ∈Zs,n

dµEµ(x; z; q). From the

interpolation property Eµ(x; (x)t,ν; p) = δµ,ν we have dµ = ⟨⟨φ, (x)t,µ⟩⟩. □

In the previous setting, the connection coefficients cλ as functions of z coincide with
Eλ(x; z; q):

cλ = Eλ(x; z; q).

Explicit expression of Eµ(x; z; p) Set e(u, v; p) := u−1θ(uv; p)θ(uv−1; p).
When n = 1, the interpolation functions are parametrized by the canonical basis
ϵ1, . . . , ϵr of Nr, and given explictly as

Eϵk(x;u; p) =
∏

1≤l≤r
l ̸=k

e(u, xl; p)

e(xk, xl; p)
=

∏
1≤l≤r
l ̸=k

θ(xl/u; p)θ(xlu; p)

θ(xl/xk; p)θ(xlxk; p)
.
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Recursion formula Suppose n = k + l． For z = (z1, . . . , zn) ∈ (C∗)n we set

z′ = (z1, . . . , zk) ∈ (C∗)k and z′′ = (zk+1, . . . , zn) ∈ (C∗)l, so that z = (z′, z′′).

Recursion formula Eλ(x; z; p) =
∑

µ∈Zr,k, ν∈Zr,l
µ+ν=λ

Eµ(x; z
′; p)Eν(xt

µ; z′′; p),

where xtµ = (x1t
µ1, . . . , xrt

µr) for x = (x1, . . . , xr) ∈ (C∗)r.

Explicit expression Repeated use of the above recursion formula, we have

Eλ(x; z; p)

=
∑

(i1,...,in)∈{1,...,r}n
ϵi1

+···+ϵin=λ

Eϵi1
(x; z1; p)Eϵi2

(xtϵi1; z2; p)Eϵi3
(xtϵi1+ϵi2; z3; p) · · ·

· · ·Eϵin
(xt

ϵi1+···+ϵin−1; zn; p),

which reduces to Eϵi(x;u; p) =
∏

1≤j≤r
j ̸=i

e(u, xj; p)

e(xi, xj; p)
of the case n = 1.
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The proof of the recursion formula is due to the following:

Dual Cauchy formula The interpolation functions Eλ(x; z; p) satisfy

Dual Cauchy Kernel
n∏

i=1

r−1∏
j=1

e(zi, yj; p) =
∑

λ∈Zr,n

Eλ(x; z; p)Fλ(x; y; p),

where

Fµ(x; y) =

r∏
i=1

r−1∏
j=1

e(xi, yj; p)t,µi
for x ∈ (C∗)r, y ∈ (C∗)r−1,

and

e(u, v; p)t,i = e(u, v; p)e(ut, v; p) · · · e(uti−1, v; p) (i = 0, 1, 2, . . .).

The functions Fµ(x; y) satisfy the property Fµ(x; y; p)Fν(xt
µ; y; p) = Fµ+ν(x; y; p) ,

which is used effectively for the proof of the recursion formula.
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