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ELLIPTIC HYPERGEOMETRIC INTEGRALS

Definition (V.S., 2003), univariate case: contour integrals

I =

∫
ρ(z)

dz

z
, ρ(qz) = h(z; p)ρ(z), h(pz) = h(z),

where h(z) is an elliptic function. Theorem:

h(z) =

m∏
k=1

θ(tkz; p)

θ(wkz; p)
,

m∏
k=1

tk =

m∏
k=1

wk,

θ(z; p) = (z; p)∞(pz−1; p)∞, (z; p)∞ =

∞∏
j=0

(1− zpj).

Since the equation

Γ(qz; p, q) = θ(z; p)Γ(z; p, q)

is satisfied by

Γ(z; p, q) =

∞∏
j,k=0

1− z−1pj+1qk+1

1− zpjqk
, |p|, |q| < 1,

⇒

I(t, w; p, q) =

∫ m∏
k=1

Γ(tkz; p, q)

Γ(wkz; p, q)

dz

z
,

m∏
k=1

tk =

m∏
k=1

wk.

NB: in d = 4 QFT I(t, w; p, q) ' superconformal indices ⇒
h(pz) = h(z) is equivalent to the absence of gauge anomalies.



A QUANTUM MECHANICAL n-BODY PROBLEM

Hamiltonian of the van Diejen (1994) (a generalized elliptic Rui-
jsenaars) model

D =

n∑
j=1

(
Aj(z)(Tj − 1) + Aj(z

−1)(T−1
j − 1)

)
,

where Tjf (. . . , zj, . . .) = f (. . . , qzj, . . .), and

Aj(z) =

∏8
m=1 θ(tmzj; p)

θ(z2
j , qz

2
j ; p)

n∏
k=1
6=j

θ(tzjz
±1
k ; p)

θ(zjz
±1
k ; p)

with the constraint t2n−2
∏8

m=1 tm = p2q2.
The standard eigenvalue problem Dψ(z) = λψ(z). For n = 1:∏8

j=1 θ(tjz; p)

θ(z2, qz2; p)
(f (qz)− f (z))

+

∏8
j=1 θ(tjz

−1; p)

θ(z−2, qz−2; p)
(f (q−1z)− f (z)) = λf (z).

For a special choice of the parameters and λ one gets the elliptic
hypergeometric equation (V.S., 2004) solved by an elliptic analogue
of the Euler-Gauss hypergeometric function:

V (t; p, q) =

∫
T

∏8
j=1 Γ(tjz

±1; p, q)

Γ(z±2; p, q)

dz

z
,

8∏
k=1

tk = p2q2.



For general rank n model, introduce the scalar product

〈ϕ, ψ〉 =

∫
Tn

∆(z, t)ϕ(z)ψ(z)
dz

z
,

such that 〈ϕ,Dψ〉 = 〈Dϕ, ψ〉. Then the eigenfunction ψ(z) = 1
(with zero eigenvalue) has the norm

‖1‖2 =

∫
Tn

∏
1≤j<k≤n

Γ(tz±1
j z±1

k )

Γ(z±1
j z±1

k )

n∏
j=1

∏8
m=1 Γ(tmz

±1
j )

Γ(z±2
j )

dzj
zj
,

where t2n−2
∏8

m=1 tm = p2q2. (V.S., 2004)

More on such models ⇒ Ruijsenaars, Razamat, ... talks.



BAILEY LEMMA

Rogers-Ramanujan identities:

∞∑
n=0

qn
2

(q; q)n
=

1

(q; q5)∞(q4; q5)∞
=

1

(q; q)∞

∞∑
n=−∞

(−1)nqn(5n−1)/2,

and
∞∑
n=0

qn
2+n

(q; q)n
=

1

(q2; q5)∞(q3; q5)∞
=

1

(q; q)∞

∞∑
n=−∞

(−1)nqn(5n−3)/2.

The second equalities follow from the Jacobi triple product identity
∞∑

n=−∞
(−1)nqn(n−1)/2xn = (q; q)∞θ(x; q).

Bailey (1949): sequences αn, βn form a Bailey pair
( c© G. Andrews), if

βn =

n∑
k=0

αk
(q; q)n−k(aq; q)n+k

.

Lemma. Given an above BP of sequences ⇒
∞∑
n=0

anqn
2
βn =

1

(aq; q)∞

∞∑
n=0

anqn
2
αn.

Follows from the q-Gauss summation formula.



For a = 1 and α0 = 1, αn = (−1)nqn(3n−1)/2(1 + qn) one gets
βn = 1/(q; q)n ⇒ the first RR-identity.

Further extension (G. Andrews, 1984; P. Paule, 1985): infinite
chains of Bailey pairs.

Elliptic case: (V.S., 2001; p = 0, Andrews, 2000)

αn(a, k), βn(a, k) is an elliptic Bailey pair w.r.t. a and k, if

βn(a, k) =
∑

0≤m≤n
Mnm(a, k)αm(a, k), or β(a, k) = M(a, k)α(a, k)

with

Mnm(a, k) =
θ(k/a)n−mθ(k)n+m

θ(q)n−mθ(aq)n+m

θ(aq2m; p)

θ(a; p)
an−m,

where

θ(a)n = θ(a; p)θ(aq; p) . . . θ(aqn−1; p) =
Γ(qnz; p, q)

Γ(z; p, q)
.

Denote
Dnm(a; b, c) = Dm(a; b, c)δnm,

Dm(a; b, c) =
θ(b, c)m

θ(aq/b, aq/c)m

(aq
bc

)m
.

Lemma. Given BPs α(a, t) and β(a, t) w.r.t a and t,

α′(a, k) = D(a; b, c)α(a, t),

β′(a, k) = D(k; qt/b, qt/c)M(t, k)D(t; b, c)β(a, t),

where qat = kbc, are new BPs w.r.t. a and k.



From β′(a, k) = M(a, k)α′(a, k) ⇒ the matrix identity

M(a, k)D(a; b, c)M(t, a) = D(k; qt/b, qt/c)M(t, k)D(t; b, c)

⇔ the Frenkel–Turaev sum.

Mnm(k, k) = Dnm(bc/q; b, c) = δnm ⇒ M(a, k)M(k, a) = 1.

ELLIPTIC FOURIER TRANSFORMATION

Definition of an integral transformation (V.S., 2003)

β(w, t) = M(t)wzα(z, t)

=
(p; p)∞(q; q)∞

4πi

∫
T

Γ(tw±1z±1; p, q)

Γ(t2, z±2; p, q)
α(z, t)

dz

z
.

Integral Bailey lemma:

α′(w, st) = D(s;u,w)α(w, t), D(s;u,w)D(s−1;u,w) = 1,

D(s;u,w) := Γ(
√
pqs−1u±1w±1; p, q),

β′(w, st) = D(t−1;u,w)M(s)wxD(st;u, x)β(x, t).

From β′(w, st) = M(st)wzα
′(z, st)⇒

M(s)wxD(st;u, x)M(t)xz = D(t;u,w)M(st)wzD(s;u, z).

Braid (MDM = DMD) or operator star-triangle relation (STR)



Equivalent to the elliptic beta integral (V.S., 2000)

(p; p)∞(q; q)∞
4πi

∫
T

∏6
j=1 Γ(tjz

±1; p, q)

Γ(z±2; p, q)

dz

z
=

∏
1≤j<k≤6

Γ(tjtk; p, q),

where
∏6

j=1 tj = pq, |tj| < 1.

Inversion relation t→ t−1: (V.S., Warnaar, 2004)

M(t−1)wzM(t)zxf (x) = f (w).

Inversion = sign change (like in the Fourier transformation)

Ell. beta int. ⇒ an explicit example of BP β(w, t), α(z, t). From
β′ = Mα′ ⇒ W (E7)-symmetry for V (t; p, q). (V.S., 2003)

Take t = (t1, t2, t3, t4) and consider S4-group generators:

s1(t) = (t2, t1, t3, t4), s2(t) = (t1, t3, t2, t4), s3(t) = (t1, t2, t4, t3).

Define

[S1(t)f ](z1, z2) := M(t1/t2)z1zf (z, z2),

[S2(t)f ](z1, z2) := D(t2/t3; z1, z2)f (z1, z2),

[S3(t)f ](z1, z2) := M(t3/t4)z2zf (z1, z).

Take the twisted multiplication rule SjSk := Sj(sk(t))Sk(t)

⇒ The Coxeter relations

S2
j = 1, SiSj = SjSi for |i− j| > 1, SjSj+1Sj = Sj+1SjSj+1.



Ell. beta integral = star-triangle rel. = Coxeter rel.

BAILEY LEMMA ON ROOT SYSTEMS
The An-operator (SU(n + 1) group) (V.S., Warnaar, 2004)

M(t)wzf (z) :=
(p; p)n∞(q; q)n∞
(2πi)n(n + 1)!

×
∫
Tn

∏n+1
j,k=1 Γ(twjz

−1
k )f (z)

Γ(tn+1)
∏

1≤j<k≤n+1 Γ(zjz
−1
k , z−1

j zk)

n∏
k=1

dzk
zk
,

where
∏n+1

k=1 zk = 1.
Bailey lemma. Given BPs α(z, t), β(w, t) related by

β(w, t) = M(t)wzα(z, t),

the functions

α′(w, st) = D(s, t−
n−1
2 u)wα(w, t),

D(t, u)z :=

n+1∏
j=1

Γ(
√
pqt−

n+1
2
u

zj
,
√
pqt−

n+1
2
zj
u

), D(t−1) = D(t)−1,

β′(w, st) = D(t−1, s
n−1
2 u)wM(s)wzD(ts, u)zβ(z, t)

form a new BP

β′(w, st) = M(st)wzα
′(z, st).

The proof is based on the operator identity

M(s)wzD(st, u)zM(t)zx = D(t, s
n−1
2 u)wM(st)wxD(s, t−

n−1
2 u)x,



equivalent to the An-elliptic beta integral (V.S., 2003)

(p; p)n∞(q; q)n∞
(2πi)n(n + 1)!

∫
Tn

∏n+1
j=1

∏n+2
k=1 Γ(skzj, tkz

−1
j ; p, q)∏

1≤j<k≤n+1 Γ(zjz
−1
k , z−1

j zk; p, q)

n∏
j=1

dzj
zj

=

n+2∏
k=1

Γ
(S
sk
,
T

tk
; p, q

) n+2∏
k,l=1

Γ(sktl; p, q),

S =
∏n+2

j=1 sj, T =
∏n+2

j=1 tj, ST = pq, |ti|, |si| < 1.

Complete proofs: Rains, 2003, V.S., 2004

⇒ Applications to quiver gauge theories: Brünner, V.S., 2016



SOLUTION OF THE YANG-BAXTER EQUATION
The Yang-Baxter equation

R12(u− v)R13(u)R23(v) = R23(v)R13(u)R12(u− v)

Rjk acts in Vj ⊗ Vk ⊂ V1 ⊗ V2 ⊗ V3 ⊂ Φ(z1, z2, z3), zj ∈ C.

Each V⇔ u (spectral parameter) and g (spin, ∝ 2`+ 1 for rank
1 algebras). Define:

u1,2 =
u± g1

2
, v1,2 =

v ± g2

2
, w1,2 =

w ± g3

2
.

and

R12 := P12 R12(u1, u2|v1, v2), P12 Φ(z1, z2) = Φ(z2, z1), etc.

Then YBE takes the form:

R23(u1, u2|v1, v2) R12(u1, u2|w1, w2) R23(v1, v2|w1, w2)

= R12(v1, v2|w1, w2) R23(u1, u2|w1, w2) R12(u1, u2|v1, v2).

Theorem: (Derkachov, V.S., 2012)

R12(u) := S2S1S3S2 = S2(s1s3s2u) S1(s3s2u) S3(s2u) S2(u),

where Sj are the Bailey lemma entries:

Sj(u)⇔ Sj(t) with t1,2 = e2πiu1,2, t3,4 = e2πiv1,2, z → e2πiz.



Analogously, R23(u) = S4S3S5S4. Proof:

S4S3S5S4 · S2S1S3S2 · S4S3S5S4 = S2S3S1S2 · S4S3S5S4 · S2S1S3S2,

i.e. YBE is a word identity in S6.

The formalism: Derkachov, 2006; Derkachov, Manashov, 2006 ...

This R-operator can be reduced to:
• Baxter’s (1972) 8-vertex model R-matrix: Vj = C2,

R12(u) =

3∑
a=0

wa(u)σa ⊗ σa, wa(u) =
θa+1(u + η|τ )

θa+1(η|τ )

• Sklyanin’s (1982) L-operator: V1 = V2 = C2, dimV3 =∞,

L(u) :=

3∑
a=0

wa(u)σa ⊗ Sa,

Sα Sβ − Sβ Sα = i
(
S0 Sγ + Sγ S0

)
,

S0 Sα − Sα S0 = iJβγ
(
Sβ Sγ + Sγ Sβ

)
,

(α, β, γ) = a cycle of (1, 2, 3), J12 =
θ21(η)θ24(η)

θ22(η)θ23(η)
, etc.

Sklyanin: Sa = Sa(g; η, τ ) = 2nd order difference operators.

The detailed reduction analysis: ⇒ Chicherin’s talk.



Intertwining relations. For p = e2πiτ , q = e4πiη, t = e−2πig,

M(t) Sa(g) = Sa(−g) M(t).

Equivalently, `→ −1− ` or u1 → u2.

Uniqueness of M(t) (from this rel.) ? Iff: analyticity in e2πizj

and ∃ the elliptic modular double (V.S., 2008)

M(t) is p, q symmetric (τ ↔ 2η) ⇒ a second Sklyanin algebra:
S̃a(g; η, τ ) := Sa(g; τ/2, 2η) and

M(t) S̃a(g) = S̃a(−g) M(t).

The cross-commutation relations

SaS̃b = S̃bSa, a, b ∈ {0, 3} or a, b ∈ {1, 2},
SaS̃b = −S̃bSa, a ∈ {0, 3}, b ∈ {1, 2} or a ∈ {1, 2}, b ∈ {0, 3}.

Faddeev’s (1999) modular double: Uq(sl(2))⊗ Uq̃(sl(2))

The explicit R-operator

[R12(u)f ](x1, x2) = Γ(
√
pqx±1

1 x±1
2 e2πi(v2−u1); p, q)

×
∫
T2

Γ(e2πi(v1−u1)x±1
2 x±1, e2πi(v2−u2)x±1

1 y±1; p, q)

Γ(e4πi(v1−u1), e4πi(v2−u2), x±2, y±2; p, q)

× Γ(
√
pqe2πi(v1−u2)x±1y±1; p, q)f (x, y)

dx

x

dy

y
.



Related 2d lattice model
Act by the operator STR on a δ-function (a localized spin) ⇒∫ 2π

0

ρ(u)W (ξ − α;x, u)W (α + γ; y, u)W (ξ − γ;w, u)du

= χW (α; y, w)W (ξ − α− γ;x,w)W (γ;x, y),

where

W (α;x, y) = Γ(e−αei(±x±y); p, q)

ρ(u) =
(p; p)∞(q; q)∞

4π
θ(e2iu; p)θ(e−2iu; q),

χ = Γ(e−α, e−γ, eα+γ−ξ; p, q), e−ξ =
√
pq.

⇒ ell. beta integral = functional star-triangle relation
(Bazhanov, Sergeev, 2010)

Ising type models: circles carry spins z, w, . . ., edges carry Boltz-
mann weights W , black circle = integration (summation) over z-
spin values.
W ∝ kernel ofM(t) (even forAn-case, Bazhanov-Sergeev, 2011).



Honeycomb, triangluar, and square lattices:

Asymptotics of the Ising partition function⇒ a Mahler measure
A more detailed consideration ⇒ Gahramanov, Kels, Yagi talks



SUPERCONFORMAL INDEX

Four-dimensional N = 1 SUSY gauge field theory:
Gfull = SU(2, 2|1)×G× F

Ji, J i (SU(2) subgroup generators, or Lorentz rotations),
Pµ, Qα, Qα̇ (supertranslations), α, α̇ = 1, 2
Kµ, Sα, Sα̇ (special superconformal transformations),
H (dilations) and R (U(1)R-rotations).
Internal symmetries: gauge group Ga, flavor symmetry Fk.

Superconformal algebra su(2, 2|1):

M B
A =

(
M β

α + 1
2δ
β
αH

1
2Pαβ̇

1
2K

α̇β M
α̇
β̇ − 1

2δ
α̇
β̇
H

)
,

QA =

(
Qα

S
α̇

)
, QB =

(
Sβ, Qβ̇

)
[M B

A ,M D
C ] = δBCM D

A − δDAMB
C ,

[M B
A ,QC] = δBCQA −

1

4
δBAQC, [M B

A ,Q
C
] = −δCAQ

B
+

1

4
δBAQ

C
,

[R,QA] = −QA, [R,QB] = QB,
{QA,Q

B} = 4MB
A + 3δBAR, {QA,QB} = 0, {QA,QB} = 0,

δBA =

(
δβα 0
0 δα̇

β̇

)
.



For Q = Q1 and Q† = −S1, one has Q2 = (Q†)2 = 0 and

{Q,Q†} = 2H, H = H − 2J3 − 3R/2

The superconformal index: (KMMR, Romelsberger, 2005)

I(y; p, q) = Tr
(

(−1)FpR/2+J3qR/2−J3
∏
k

y
Fk
k e−βH

)
,

R = H −R/2 and F is the fermion number,
p, q, yk, e

−β are group parameters (fugacities).

It counts BPS statesH|ψ〉 = 0 or cohomology of Q, Q† operators
(hence, no β-dependence).

“Physical” (not rigorous) computation yields a matrix integral:

I(y; p, q) =

∫
G

dµ(z) exp

( ∞∑
n=1

1

n
ind
(
pn, qn, zn, yn

))
with the Haar measure dµ(z) and single particle states index

ind(p, q, z, y) =
2pq − p− q

(1− p)(1− q)
χadjG(z)

+
∑
j

(pq)Rj/2χrF ,j(y)χrG,j(z)− (pq)1−Rj/2χr̄F ,j(y)χr̄G,j(z)

(1− p)(1− q)
.

χRF ,j(y) and χRG,j(z) are characters of the respective represen-
tations, and Rj are R-charges of fields.



A single chiral field contribution with F = U(1):

I = exp
( ∞∑
n=1

yn − (pqy−1)n

n(1− pn)(1− qn)

)
= Γ(y; p, q).

For the unitary group SU(N), z = (z1, . . . , zN),
∏N

a=1 za = 1,∫
SU(N)

dµ(z) =
1

N !

∫
TN−1

∆(z)∆(z−1)

N−1∏
a=1

dza
2πiza

,

∆(z) =
∏

1≤a<b≤N

(za − zb), the Vandermonde determinant.

Where is the elliptic beta integral ?

The left-hand side: G = SU(2), F = SU(6), representations

1) vector superfield: (adj, 1),

χSU(2),adj(z) = z2 + z−2 + 1,

2) chiral superfield: (f, f ),

χSU(2),f(z) = z + z−1, Rf = 1/3,

χSU(6),f(y) =

6∑
k=1

yk, χSU(6),f̄(y) =

6∑
k=1

y−1
k ,

6∏
k=1

yk = 1,

and tk = (pq)1/6yk, k = 1, . . . , 6. Balancing = SU(6)-unitarity.



The right-hand side: G = 1, F = SU(6) with the single chiral
superfield TA : Φij = −Φji,

χSU(6),TA(y) =
∑

1≤i<j≤6

yiyj, RTA = 2/3.

A Wess-Zumino type theory for the confined colored particles.

The elliptic beta integral describes the confinement
phenomenon in the simplest 4d supersymmetric quan-
tum chromodynamics.

Seiberg, 1994; Dolan-Osborn, 2008.

The process of integrals’ evaluation = transition from
UV (weak coupling) to IR (strong coupling) physics.

EHIs = new matrix models
EHIs = new computable path integrals in 4d QFT
Symmetries of EHIs = general Seiberg dualities.



Seiberg duality:

“Electric” theory:

SU(Nc) SU(Nf)l SU(Nf)r U(1)B U(1)R
Q f f 1 1 Ñc/Nf

Q̃ f 1 f -1 Ñc/Nf

V adj 1 1 0 1

“Magnetic” theory:

SU(Ñc) SU(Nf)l SU(Nf)r U(1)B U(1)R
q f f 1 Nc/Ñc Nc/Nf

q̃ f 1 f −Nc/Ñc Nc/Nf

M 1 f f 0 2Ñc/Nf

Ṽ adj 1 1 0 1

Ñc = Nf −Nc

Seiberg conjecture: these two N = 1 SYM theories have the
same physics at their IR fixed points



The electric theory index:

IE = κNc

∫
TNc−1

∏Nf
i=1

∏Nc
j=1 Γ(sizj, t

−1
i z−1

j )∏
1≤i<j≤Nc Γ(ziz

−1
j , z−1

i zj)

Nc−1∏
j=1

dzj
zj
,

Nc∏
j=1

zj = 1, κN =
(p; p)N−1

∞ (q; q)N−1
∞

N !(2πi)N−1
.

The magnetic theory: IM = κÑc
∏Nf

i,j=1 Γ(sit
−1
j )×

×
∫
TÑc−1

∏Nf
i=1

∏Ñc
j=1 Γ(S

1
Ñcs−1

i xj, T
− 1
Ñc tix

−1
j )∏

1≤i<j≤Ñc Γ(xix
−1
j , x−1

i xj)

Ñc−1∏
j=1

dxj
xj
,

where
∏Ñc

j=1 xj = 1, Ñc = Nf −Nc,

S =
∏Nf

i=1 si, T =
∏Nf

i=1 ti, ST−1 = (pq)Nf−Nc.

Theorem: IE = IM

For Nc = 2, Nf = 3, 4 and Nf = Nc + 1 (V.S., 2000-2003), for
general Nc, Nf (Rains, 2003)



Partial summary of the results.
Joint work with G.S. Vartanov (2008–2014):
• Systematic construction of SCIs for known dualities ⇒ about

50 conjectural identities for EHIs
• Systematic physical interpretation of mathematical EHI iden-

tities ⇒ about 20 new Seiberg dualities
• “Vanishing” (delta function behavior) of SCIs/EHIs←→ chiral

symmetry breaking
• SL(3,Z)-modularity of EHIs←→ ’t Hooft anomaly matching

conditions

Gadde, Pomoni, Rastelli, Razamat, Yan, Gaiotto, 2009-..:
• 4d N = 2 SCIs and 2d topological field theories, Y p,q-quiver

gauge theories
• Relations to Macdonald polynomials, insertion of surface de-

fects, Ruijsenaars type integrable systems, ... ⇒ Razamat’s talk

Dolan, Vartanov, V.S., Gadde, Yan, Imamura, 2011:
• 4d SCIs → 3d squashed sphere partition functions (EHIs →

hyperbolic integrals)

V.S., 2010:
• 4d SCIs for quiver theories describe partition functions of 2d

lattice spin systems. Seiberg duality ' Kramers-Wannier type
duality. Similarly, 3d quiver gauge theories ⇒ Faddeev-Volkov
type models



Kim, Imamura, Yokoyama, KSV, Kapustin, 2011; Gahramanov,
Rosengren, Kels,...
• 3d SCIs ' bilateral sums of q-hypergeometric integrals

STRONG DEPENDENCE ON THE TOPOLOGY OF CURVED
SPACES

Flat space-time R4 → S3×R→ S3× S1 'Mp,q = C2/{0, 0} :
(z1, z2) = (pz1, qz2), the Hopf surface.

Further deformations:
Benini, Nishioka, Yamazaki, Razamat, Willet, Kels, V.S., ...:
• SCIs for lens space theories (S3/Zr)× S1, relation to 3d SCIs,

finite sums of EHIs, new EHI identities

Kallen, Qui, Zabzine, Winding, Imamura, Kim2-Lee, ...
• SCIs for 5d and 6d theories ⇒ higher order hyperbolic and

elliptic gamma functions.

Assel, Cassani, Martelli, Di Pietro, Komargodski, Lorenzen, Sparks,
2014,...
• computation of the partition function for the Hopf surface

Z(Mp,q) =

∫
[dφ]e−S[φ] = e−βECasI(t; p, q) ' SCI.

ECas = the Casimir energy, t ' background gauge fields.
A completely different interpretation of EHI parameters !

+ Many other results and names (sorry for not mentioning)



The modified elliptic gamma function (V.S., 2003)
Take ω1, ω2, ω3 ∈ C and define

p = e2πiω3/ω2, q = e2πiω1/ω2, r = e2πiω3/ω1

τ → −1/τ modular transformations

p̃ = e−2πiω2/ω3, q̃ = e−2πiω2/ω1, r̃ = e−2πiω1/ω3

Elliptic gamma functions: special solutions of the finite difference
equation

f (u + ω1) = θ(e2πiu/ω2; p)f (u). (∗)
A particular solution for |q| < 1: f (u) = Γ(e2πiu/ω2; p, q)

This f (u) satisfies two more equations

f (u + ω2) = f (u), f (u + ω3) = θ(e2πiu/ω2; q)f (u)

defining it uniquely (for
∑3

i=1 niωi 6= 0, ni ∈ Z) up to a multipli-
cation by constant.

Another elliptic gamma function (well defined for |q| = 1):

G(u;ω) := Γ(e2πiu/ω2; p, q)Γ(re−2πiu/ω1; q̃, r).

Satisfies (*) and two other equations

G(u+ω2) = θ(e2πiu/ω1; r)G(u), G(u+ω3) = e−πiB2,2(u,ω1,ω2)G(u),

B2,2 is a 2nd order Bernoulli polynomial

B2,2(u, ω1, ω2) =
u2

ω1ω2
− u

ω1
− u

ω2
+
ω1

6ω2
+
ω2

6ω1
+

1

2
.



A different representation (following from an SL(3,Z) modular
transformation, Felder, Varchenko, 1999):

G(u;ω) = e−
πi
3 B3,3(u;ω)Γ(e−2πiu/w3; r̃, p̃),

where B3,3 is a 3rd order Bernoulli polynomial

B3,3(u;ω) =
1

ω1ω2ω3

(
u− 1

2

3∑
k=1

ωk

)(
(u− 1

2

3∑
k=1

ωk)
2− 1

4

3∑
k=1

ω2
k

)
Multiple Bernoulli polynomials:

xmexu∏m
k=1(eωkx − 1)

=

∞∑
n=0

Bm,n(u;ω1, . . . , ωm)
xn

n!

Modified EHIs: Imod := I(t; p, q) [after Γ(z; p, q)→ G(u;ω)].

It turns out: Imod = eϕI(t; p, q) [afterω2, ω3 → −ω3, ω2]
(van Diejen, V.S., 2003)

“Duality”: ImodE = ImodM ⇐⇒ ϕE = ϕM
⇒ ’t Hooft anomaly matching (Vartanov, V.S., 2012)

Equivalently, a set of 7 Diophantine equations of different forms

⇒ relation to the Casimir energy ϕ ' −βECas for β → ∞:
Brünner, Regalado, V.S., 2016

CONCLUSION: interesting special functions emerge from ap-
plications and live in applications.


