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ELLIPTIC HYPERGEOMETRIC INTEGRALS

Definition (V.S., 2003), univariate case: contour integrals
dz
= (o5, o) = happlz), hp2) = o),

where h(z) is an elliptic function. Theorem:
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NB:ind =4 QFT ](t, w;p,q) ~ superconformal indices =
h(pz) = h(z) is equivalent to the absence of gauge anomalies.



A QUANTUM MECHANICAL n-BODY PROBLEM

Hamiltonian of the van Diejen (1994) (a generalized elliptic Rui-
jsenaars) model
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where T5f (..., 2;,...) = f(...,qzj,...), and
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with the constraint ¢>"—2 an:l tm = P°Q°.
The standard eigenvalue problem D(z) = Ap(z). For n = 1:
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For a special choice of the parameters and A\ one gets the elliptic
hypergeometric equation (V.S.; 2004) solved by an elliptic analogue
of the Euler-Gauss hypergeometric function:

H 1 t Zj:lapa
V(t:p,q) /ﬁj = IIk—pq

Dy q




For general rank n model, introduce the scalar product

o) = [ e telne 2,

z

such that (@, DY) = (D, ). Then the eigenfunction 1 (z) =
(with zero eigenvalue) has the norm

) :I:l :I:l) n anzl F( )dzj
o / S

Z.
1<j<k<n % k) G5 J J

where t2"2 _tm=Dp q2. V.S., 2004
m=1

More on such models = Ruijsenaars, Razamat, ... talks.



BAILEY LEMMA

Rogers-Ramanujan identities:
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The second equalities follow from the Jacobi triple product identity

D (=1 IR = (g q)ocb(: q).

n=—oo

Bailey (1949): sequences «,, 8, form a Bailey pair
(© G. Andrews), if

n
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Lemma. Given an above BP of sequences =

aq; q)oo T,

Follows from the q-Gauss summation formula.




Fora=1and ag = 1, o, = (=1)"¢"B""V/2(1 + ¢") one gets
Bn = 1/(q;q), = the first RR-identity.

Further extension (G. Andrews, 1984; P. Paule, 1985): infinite
chains of Bailey pairs.

Elliptic case: (V.S., 2001; p = 0, Andrews, 2000)
an(a, k), Bnu(a, k) is an elliptic Bailey pair w.r.t. a and k, if

Bala k) = Y Myn(a, k)om(a, k), or Bla, k) = M(a, k)a(a, k)

0<m<n
with
Mym(a, k) = e(k/a)n—me(k)mrmQ(CLQQmSp) am
0(@)n-mb(aq)psm 0(a;p)
where
bla), = B(a:p)olag:p) ... Olag" " p) = L)
['(z;p,q)
Denote

Dym(a; b, ¢) = Dyy(a; b, ¢)0pm,

6(b, c)m ag\™
D, (a;b,c) = —) .
(a;5, ¢) 0(aq/b,aq/c)m (bc)
Lemma. Given BPs a(a,t) and B(a,t) w.r.t a and t,

a'(a, k) = D(a;b,c)a(a,t),
B'(a, k) = D(k; qt/b,qt/c)M(t, k)D(t; b, c) B(a, ),

where gat = kbc, are new BPs w.rt. a and k.




From f'(a, k) = M(a, k)d/(a, k) = the matrix identity

M(a,k)D(a;b,c)M(t,a) = D(k;qt/b,qt/c)M(t, k)D(t; b, c)
& the Frenkel-Turaev sum.

Mk, k) = Dy (be/q; b, ¢) = 6 = M(a, k)M (k,a) = 1.

ELLIPTIC FOURIER TRANSFORMATION

Definition of an integral transformation (V.S., 2003)

Blw,t) = M(t)y.(z,1)

t)—.
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Integral Bailey lemma:
o' (w, st) = D(s;u,w)a(w,t), D(s;u,w)D(s ' u,w) =1,
D(s;u,w) = T(y/pgs™'u™w™; p, q),

B (w, st) = D(t_l; U, W) M (8)we D(st;u, x)5(x, t).
From f'(w, st) = M(st),.(z, st) =

M (8)yeD(st;u, £)M(t),. = D(t;u, w)M(st),.D(s;u, 2).
Braid (M DM = DM D) or operator star-triangle relation (STR)



Equivalent to the elliptic beta integral (V.S., 2000)
(p; p q q)oo HJ Dtz p,q) dz _
Z:t27p7 H F t tk p?

q 1<j<k<6
where H?:1 t; =pq, |t;] < 1.

Inversion relation ¢ — ¢~ (V.S., Warnaar, 2004)

Mt )w:M(t)erf () = flw).
Inversion = sign change (like in the Fourier transformation)
Ell. beta int. = an explicit example of BP g(w, t), a(z,t). From
pf'= Mo = W(E;)-symmetry for V (¢;p, q). (V.S., 2003)

Take t = (1, 2, t3, t4) and consider Sy-group generators:
Sl(t) — (t27 tl) t37 t4)7 SQ(t) — (tb t37 t27 t4)7 83(t) — (t17 t27 t47 t3)
Define
[S1(8) f1(21, 22) = M (t1/t2),.f (2, 22),
[S2(t) f](21, 22) := D(ta/t3; 21, 22) f (21, 22),
[S3(t) f1(21, 22) == M (t3/t4) 2. f (21, 2).
Take the twisted multiplication rule S;Sy = S;(sx(t))Sk(t)
= The Coxeter relations

S? =1, SZSJ = SJSZ for ‘Z — ]’ > 1, Sij_HSj = Sj+1Sij+1.



Ell. beta integral = star-triangle rel. = Coxeter rel.

BAILEY LEMMA ON ROOT SYSTEMS
The Aj-operator (SU(n + 1) group) (V.S., Warnaar, 2004)

Mithcf () = SR

) [0 Dtwy () frda
™" r(tn—H)

H1§j<k§n+1 NETE Zj_lzk) k1 k
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where []}27 2z = 1.
Bailey lemma. Given BPs a(z,t), B(w, t) related by
Blw,t) = M(t)y.(z,1),
the functions

& (w, st) = D(s,t"T u)ye(w, 1),

n+1
_n+l U _n+l 25 _ _
D(t,u). == | [ (v/pat™ —v/patm ), D =D,
j=1 ’

form a new BP
B'(w, st) = M(st),./(z, st).
The proof is based on the operator identity

n—1

M (8)-D(st, ). M(t)-p = D(t, "7 1), M (st)us D5, ™7 w),.



equivalent to the A,-elliptic beta integral (V.S., 2003)

(p'p)n (Q' q)n Hn+1 n+2 (skzj, tkz D, q ﬁ dzj
27ri)*(n + 1)! Jn Hl<]<k<n+1r<zjzk  zy 2k, q j:1 2
n+2 n+2
- F( — P, q ) F Sk’tl P, q
H sk k;lz_[1

S = Hn+25], T =117t ST = pq. [t], |si| < 1.
Complete proofs: Rains, 2003, V.S., 2004

= Applications to quiver gauge theories: Brinner, V.S., 2016



SOLUTION OF THE YANG-BAXTER EQUATION
The Yang-Baxter equation

ng(u — U) ng(u) Rgg(v) = Rgg(?}) ]ng(u) ]ng(u — U)

Rjk acts 1n Vj RV, CV, 0V, ®V; C (I)(Zl,ZQ, 23), Zj € C.

Fach V < u (spectral parameter) and g (spin, oc 24 1 for rank
1 algebras). Define:

u =+ q v £ go w =+ g3

V12 = Wi2 = .
2 2 2

U2 =
and
Ryg := P1o Rio(ug, us|vy, v2), Pro®P(z1, 20) = P29, 21), etc.
Then YBE takes the form:
Ras(u1, U2’U17 v2) Ria(u1, U2’w17 wa) Roz(v1, 02\101, ws)

= Ryao(v1, vo|wy, we) Rog(uy, ug|wy, wa) Rig(uy, us|vy, v9).

Theorem: (Derkachov, V.S.; 2012)

ng(u) = 82818382 = 82(81838211) 81(838211) 83(8211) Sg(u),
where S; are the Bailey lemma entries:



Analogously, Rog(u) = S4535554. Proof:
S4539554 52519352 + 54535554 = 525935152 + 545359554 + 52519352,
i.e. YBE is a word identity in Sg.
The formalism: Derkachov, 2006; Derkachov, Manashov, 2006 ...

This R-operator can be reduced to:
e Baxter’s (1972) 8-vertex model R-matrix: V; = C?,

3

B w1 o o w. (U :9a+1<u+n‘7)
R12(u)—az:; o(u) oq ® oy, a(u) O (0]7)

e Sklyanin’s (1982) L-operator: Vi =V, = C?, dim V3 = oo,

3
L(u) = Z we(u) o, @ S,
a=0
S*S” —878*=i(s"S"+578") ,
S’S* —8°8" =iJs, (S”S"+878),

_ IAGAD)
(ar, B,7v) = acycle of (1,2,3), Jio = L ete.

Sklyanin: S* = S%(¢;n, 7) = 2nd order difference operators.

The detailed reduction analysis: = Chicherin’s talk.



Intertwining relations. For p = e*™7, ¢ =e*™, ¢

M(t) 8"(g) = S*(—g) M(t).
Equivalently, £ — —1 — £ or w1 — us.

— e—27mg7

2mzj

Uniqueness of M(t) (from this rel.) 7 Iff: analyticity in e
and 3 the elliptic modular double (V.S., 2008)

_M(t) is p,q symmetric (7 <> 2n) = a second Sklyanin algebra:
S“(gim,7) == S"(g;7/2,2n) and
M(t) S%(g) = S"(—g) M(t).
The cross-commutation relations
SeSb = S8, a,b e {0,3}ora,b e {1,2},
sSSP = —§°S*, a4 e {0,3}, be {1,2} ora € {1,2}, b € {0,3}.

Faddeev’s (1999) modular double: U,(sl(2)) ® U;(sl(2))
The explicit R-operator

[Riz(w) (1, 22) = D(y/pgay ey €2 p,q)

y 1—‘(627Ti(1}1 “ﬂxétlxil 27r1(v2 u2)xi|:1y:|:1; D, q)
T2 F(€47ri(vl ul)7 edmi(va— u2)7 x:l:27 yiQ; D, q)

mi(v]—u d.fl? dy
x ['(y/pge*™ = 2)aFy = p ) f(a, v,




Related 2d lattice model
Act by the operator STR on a d-function (a localized spin) =

2w
| pWie — iz Wi + i W€ = 95w, 0)du
0
where
W(e;z,y) = D(e &) p, q)

PiP)oo(T Voo ) i _oiu
mw:( %é )9@;MW€2n%
x=T(e%e e Cpq), e =pq

= ell. beta integral = functional star-triangle relation
(Bazhanov, Sergeev, 2010)

[sing type models: circles carry spins z,w, ..., edges carry Boltz-
mann weights W, black circle = integration (summation) over z-
spin values.

W o kernel of M (t) (even for A,-case, Bazhanov-Sergeev, 2011).



Honeycomb, triangluar, and square lattices:

—

—o

Asymptotics of the Ising partition function = a Mahler measure
A more detailed consideration = Gahramanov, Kels, Yagi talks



SUPERCONFORMAL INDEX

Four-dimensional N/ = 1 SUSY gauge field theory:
Gfull = SU(Q,QH) x G xF

J;, Ji (SU(2) subgroup generators, or Lorentz rotations),

P,, Qa, Q) (supertranslations), o, =1,2

K, Sa, Sa (special superconformal transformations),
H (dilations) and R (U(1)g-rotations).
Internal symmetries: gauge group G, flavor symmetry Fj.

Superconformal algebra su(2,2|1):

B4 156 1p .

Mf_ Ma +25aH ‘2Pa6

- 1 7o are. 1 ¢ov )
SKY M - YoSH

- (%) o= (5 @)

MEMP) = EMP - GME,
1 —5 1
M, Q) = 0§ Qu— 105Qc.  IMF. Q7= 050" + 040",
=B

[Ry Q.A] — _QA7 [R7@B] — Q ;
{QA;@B} = 4ME5 +305R,  {Q4, O} =0, {@A,QB} =0,

57 0
5ﬁ_(<¥d>.
0 o



For Q@ = @, and Q' = —S, one has Q* = (Q")?> = 0 and
{0,y =21, H=H-2J;—3R/2
The superconformal index: (KMMR, Romelsberger, 2005)

_ F.
I(y;p,q) :Tr<(—1)FpR/2+J3qR/2 S A 5%)7
k

R = H — R/2 and F is the fermion number,
D, q, yp, e P are group parameters (fugacities).

It counts BPS states H|t)) = 0 or cohomology of @, Q' operators
(hence, no B-dependence).
“Physical” (not rigorous) computation yields a matrix integral:

o0

1,
I(y;p.q) = /Gdu(Z) eXP(ZEmd(p”,q”,z”,y”))
n=1

with the Haar measure du(z) and single particle states index

. 2pqg —p—q
ind(p,q,z,y) = 1= p)(1= q)Xade(Z)

5 D)X i W)X (2) — (pg) ! X (U)X (2)

- (I —=p)(1—4q)

Xrp.j(y) and xr j(2) are characters of the respective represen-
tations, and R; are R-charges of fields.



A single chiral field contribution with F = U(1):

— y" — (pgy™)" |
I =exp (Z (1= p)(1 = q”)) =I'(y;p, q).

n—=

1 dz
d = — A(z)A .
/SU( ) M(Z) N1 /]TNl y ( ) H 27TiZa
Az) = H (24 — 2), the Vandermonde determinant.

1<a<b<N

Where is the elliptic beta integral 7
The left-hand side: G = SU(2), F = SU(6), representations

1) vector superfield: (adj, 1),

XSU(Q),adj(Z) =2+ 27 4,
2) chiral superfield: (f, f),

Xsu(2).f(2 ):z+z_1, Rf:1/3
XSU(6 Zyk, XSU(6) Zyk" Hyk—l

and t;, = (pq)"/%y, k =1,...,6. Balancing = SU (6)-unitarity.



The right-hand side: G = 1, F = SU(6) with the single chiral
superfield Ty 1 &5 = =Dy,

XSU(G),TA(y) - Z Yiyj, RTA - 2/3

A Wess-Zumino type theory for the confined colored particles.

The elliptic beta integral describes the confinement
phenomenon in the simplest 4d supersymmetric quan-

tum chromodynamics.
Seiberg, 1994; Dolan-Osborn, 2008.

The process of integrals’ evaluation = transition from
UV (weak coupling) to IR (strong coupling) physics.

EHIs = new matrix models

EHIs = new computable path integrals in 4d QFT

Symmetries of EHIs = general Seiberg dualities.



Seiberg duality:
“Electric” theory:

SU(NC) SU(Nf)l SU(Nf)'r’ U(l)B U(l)R

Q f f 1 L[ Ne/Ny

Q7 1 ool N

V1 adj 1 1 0 1

“Magnetic” theory:
SU(N.) | SU(Np)| SUNy), | U(l)p | U(1)
q f / 1 Nc/Ng NC/Nf
q / 1 z _NC/NC ]\E/Nf
M 1 f f 0 2N, /Ny
V| adj 1 1 0 1
N,= N;— N,

Seiberg conjecture: these two N = 1 SYM theories have the
same physics at their IR fixed points



The electric theory index:

12T Do 1) ' ey
]E = K}NC/ O
TNe—1 H1§i<j§]\fc (2 Z] » % jzl
Ne _ _
M[o=1 sv- (p:p)3 (@ g)S
L1 NI(2m)N-1
j=1
The magnetic theory: Iy = kg, Hw (s t]-_l) X

N - L N
Hz':fl NC (SN cs :c],T thia;jl) Ne 1%

1 ,..—-1 H .

TNe-1 H1§z<j§NcF(x@xJ X)) o1

where HNC xj=1 N,=N;— N,
S=TIt s T=T1%4, ST =(pg)"r.
Theorem: Ip = Iy

For N. = 2, Ny = 3,4 and Ny = N, + 1 (V.S., 2000-2003), for
general V., Ny (Rains, 2003)



Partial summary of the results.

Joint work with G.S. Vartanov (2008-2014):

e Systematic construction of SCIs for known dualities = about
50 conjectural identities for EHIs

e Systematic physical interpretation of mathematical EHI iden-
tities = about 20 new Seiberg dualities

e “Vanishing” (delta function behavior) of SCIs/EHIs <— chiral
symmetry breaking

e SL(3,7Z)-modularity of EHIs +— "t Hooft anomaly matching
conditions

Gadde, Pomoni, Rastelli, Razamat, Yan, Gaiotto, 2009-..:

e 4d N = 2 SCIs and 2d topological field theories, YP4-quiver
gauge theories

e Relations to Macdonald polynomials, insertion of surface de-
fects, Ruijsenaars type integrable systems, ... = Razamat’s talk

Dolan, Vartanov, V.S., Gadde, Yan, Imamura, 2011:
e 4d SCIs — 3d squashed sphere partition functions (EHIs —
hyperbolic integrals)

V.S., 2010:

e 4d SCIs for quiver theories describe partition functions of 2d
lattice spin systems. Seiberg duality ~ Kramers-Wannier type
duality. Similarly, 3d quiver gauge theories = Faddeev-Volkov
type models



Kim, Imamura, Yokoyama, KSV, Kapustin, 2011; Gahramanov,
Rosengren, Kels,...
e 3d SCIs ~ bilateral sums of g-hypergeometric integrals

STRONG DEPENDENCE ON THE TOPOLOGY OF CURVED
SPACES

Flat space-time R* - §* x R — §* x St ~ M, , = C?/{0,0} :
(21, 22) = (pz1, q22), the Hopf surface.

Further deformations:

Benini, Nishioka, Yamazaki, Razamat, Willet, Kels, V.S., ...:

e SCIs for lens space theories (S*/Z,) x S!, relation to 3d SCIs,
finite sums of EHIs, new EHI identities

Kallen, Qui, Zabzine, Winding, Imamura, Kim?-Lee, ...
e SCIs for bd and 6d theories = higher order hyperbolic and
elliptic gamma functions.

Assel, Cassani, Martelli, Di Pietro, Komargodski, Lorenzen, Sparks,
2014, ...
e computation of the partition function for the Hopf surface

Z(Myy) = [ lddle " = Pt (t;p, ) = SCL.

Ec¢.s = the Casimir energy, t ~ background gauge fields.
A completely different interpretation of EHI parameters !

+ Many other results and names (sorry for not mentioning)



The modified elliptic gamma function (V.S., 2003)
Take wy, w9, w3 € C and define

p = 627r1w3/w27 g = 627T1u)1/w27 - 627T1w3/w1
T — —1/7 modular transformations
fp’ _ 6—27?1w2/w3’ Z]V _ 6—27r1u)2/u117 7 o= e—?ﬂlwl/wg

Elliptic gamma functions: special solutions of the finite difference
equation

Flu+wr) = (™2 p) f(w). ()
A particular solution for |q| < 1: f(u) = F(e%“/ “2:p,q)
This f(u) satisfies two more equations
flutwy) = flu),  flutws) =002 q) f(u)

defining it uniquely (for 23:1 nw; # 0, n; € Z) up to a multipli-
cation by constant.

Another elliptic gamma function (well defined for |¢| = 1):
Glu;w) = F(e%“/w?;p, q)F(Te_%“/wl; q,7).
Satisfies (*) and two other equations
Glutws) = (™5 r)G(u),  Glutws) = e TG (),
By is a 2nd order Bernoulli polynomial

Uu U U w1 W9 1

B2,2(U7 Wi, WQ) =



A different representation (following from an SL(3,7Z) modular
transformation, Felder, Varchenko, 1999):

Glu;w) = e—%iB?),s(u;w)F(e—Qwiu/wg; 7.,
where B33 is a 3rd order Bernoulli polynomial

1 1 o I~
Baaluiw) = w1w2w3<“‘52“k)(<“—‘;wk - 12k)

k=1 k=1
Multiple Bernoulli polynomlals

mwu n

x
T (e = 1) Zanuwl,... )n'

Modified EHIs: 14 := I(t;p, q) [after ['(z; p, q¢) — G(u;w)].
It turns out: 1% = e?I(t; p, q) [after wo, wy — —ws, wy]
(van Diejen, V.S., 2003)

“Duality”: 70 = [11°0 = pp = @y
= 't Hooft anomaly matchmg (Vartanov, V.S.; 2012)
Equivalently, a set of 7 Diophantine equations of different forms
= relation to the Casimir energy ¢ ~ —BFEq.s for § — o0:
Brinner, Regalado, V.S., 2016

CONCLUSION: interesting special functions emerge from ap-
plications and live in applications.



