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Result 1: Explicit solutions in special cases

Aim: Let n € Z, g, € {0,1}, and k = 2\ — 3°°_ G, such that —\ ¢ N, for
Solve a special PDE known under many different names, e.g., n>0and —(go+¢1) € Nyforn <0(g, =A—g, forv =0,1,2,3). Then
—non-stationary Heun equation |2, 3] the non-stationary Heun equation has solutions v, (x) and E, in (2) with

—quantum Painlevé VI [4]
~KZB heat equation |5

3 Nl/
puz) = N, 9 enlloss Ounl& e

given by €[t 2718 O(z,&)"
f \ (NV,, a normalization constant,
i 0
(r s Hai g} ) ola) = Bv(@) 01(6) = (1= [[ 1= "1 — ¢ ™), 6(e) = O(~¢)
2 3 (1) neN
H(x;{g,},-) = ;xz - gulgy — Dplz + wy) O5(8) = [ [+ )M+, 0u() = 65(—¢)
v=( neN

O(z,8) = (1-226+&) | [(1 = 2¢"¢2 + ¢"€) (1 — 2¢™"¢ "2 + ¢ 77).)

neN

where p(x) is the Weierstrass elliptic function with periods (27, 277) (8],

wp=0, W=7, wo=—7T—7T, wy=7n7T (J(7)>0).
Result 2: Series solutions for general parameters

Has appeared in context of e Construct an unconventional basis using the kernel function

—quantum statistical physics (e.g., 8VSOS [3])

—conformal field theory (e.g., quantum Liouville theory [6]) B (z) = / T dy (2, ) i +5(90-01)y (m € 7).

—representation theory (e.g., sly [7]) Th
® €1l

Un(x) = N Y an(m)Fp(),

is a solution of (1) if the coefficients a,(m) satisfy the differential-difference equation
Solutions defined by the following conditions:

e Of the form o+ 0 = & an(m) = > prfian(m + )
u=1
TN —go— 3 1 . K" F ok H
Up(x) = (2g4) 99 (H 9V+1(§:B)9”) Pp(cos(x)) +) - qgu(%q + 1) lom(m + p) + a(m — )
v=_) u=1

with shorthand notation

N 3
1 m ™
E. = K’ _ Ag, — 1=+ & ,
(12 w> ;g g = U7 o [0 = 1)+ (153 1) i Bk e Ny
(—1)"ga(go — 1) + g3(gs — 1) ifi(k—1) € N

Tk = (1€ N).

\

where 6, are the Jacobi theta functions |8|.

. . , . Solving PDE in (1) < solvi diff tial-diff tion.
OPn(Z) (resp. gn) analytic function of z and the nomé ¢ = eXp<m7_) (resp. olving in (1) solving a diflferential-difference equation

q) with expansions e Expanding a,(m) =}, qu(@@(m)qg yields recursive solution algorithm:

14

> > () (1) — (), (=)
P.(z) = Z PO, & = Z g0 (m —n)(m+n+g+g1) — sl)a, (m) = ;&L ay, —(m)
=0 =0 -+ —1 o 155
where 777@(2) are polynomials of degree n + £. " ; e (m + ) + €>:O 3; 2; O -4 [Oé’g/)(m )+ (m = )|
e P, reduces t(l) thle Jacobl polynomials in the lmit ¢ — 0, 1.e., where 1 € Z, —A ¢ Ny for n > 0 and —(go + g1) & Ny for n < 0, together with
P _ pégo—zygl—y and €Y = (n + g+ g1)). 0Om) = 1. aO(n) = 090> 1, aO(m) = 0V¥m > n 1 £,0> 0,

= Elliptic generalization of the Jacobi polynomials. :

( (-1 ¢—¢ 157
EV == mlan+p) =Y > > e, [ozfﬁf’)(n + 1)+ al(n — p)
Tool: Generalized kernel function p=1 0—0 p=1 k=1

(see Section 5 in [1]).
(0)

e The coefficients ay,”(m) can be obtained to all orders by solving a particular combina-
torial problem: see Theorem 6.3 in [1].

e Removing the balancing conditions for elliptic kernel function identities
yields non-stationary generalizations.

e The generalized kernel function identity for the non-stationary Heun
equation [2|:
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