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Overview

« The Yang-Baxter equation

« The master solution (integral operator with elliptic
hypergeometric kernel)

« Continuous spin lattice models
o The star-triangle relation
« Factorization of the integral R-operator

o Finite-dimensional reductions



The Yang-Baxter equation
Ri(u) @ Vid Vi — Vi® V

ng(u — V) ng,(u) R23(V) = RQ?,(V) ng,(u) ng(u — V)
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The Yang-Baxter equation

Rix(u) : Vi® Vi = V; @ Vi

Mast.er inf.dim. & inf.dim. In’geg.ral operator Wlth
solution elliptic hypergeometric kernel
!
fin.dim. ® inf.dim. Matrix of finite-difference operators
1

fin.dim. ® fin.dim. Matrix with numerical entries

e Fin. dim. irrep. — physical discrete spin systems on lattices (Ising model)

e Inf. dim. irrep. — noncompact spin chains, continuous spin systems



Basic definitions
The infinite g-product

o0

(@) =[[(1-2d") , lal <1

k=0

The shorten theta function

0zip) = (2 p)o(pz i) = oo (-1 ™52

Quasi-periodicity
0(pz;p) = —z 1 0(z;p)
The elliptic gamma function

< 1 ,Zflpi+1qj+1
M(z:p,q) = H T i—zg Pl <1, [ql <1
i.j=0 P

[S.N.M. Ruijsenaars '97]

Two quasi periods

Mgz p,q) =0(z;p)I(z:p,q) , T(pzip,q) =0(z:q)T(zp,q)



The elliptic beta integral

Shorthand notation r(tz¥)=r(tz)r(tz=1) , M(exFzE) =M ()M (e 12E2)

Exactly computable elliptic hypergeometric integral

H_]]. il;paq)dz
— = [(tite; p,
s | RO
1<j<k<6

6 [V.Spiridonov "01]

balancing condition H ti = pq
j=1
(P; P)oo(d; )0
L

K <1, j=1,...,6

The most general exact univariate integration formula; generalization

of the Euler beta integral fol to (1 — t)1dt = r(a)i(gﬁ))




Solvable 2d lattice models

Partition function

zZ = / H Wai*ﬂj(ahaj) H Wak*ﬁ/(akva/) H p(am) dap,

horizontal vertical vertices
Ix..xT edges edges m
# of vertex <iy> <k7l>

Continuous spin variables a,, € T. Rapidities o, 3



Star-triangle relation and Z-invariance
1
/0 p(a)We—(a—p)(a, b) Wa—s(c, a) We_(5—)(d, a) da
=X Wa—ﬁ(ca d) W&—(a—'y)(d7 b) Wﬂ—’y(cv b)

[V.Bazhanov, S.Sergeev '10]

Spin variables a, b, c,d,...  Rapidities a, 3,7,

. Wal(a, b) = Wﬁfa(aa b)
W, (a, b) =T (,/pq e*ilata£h)) Self-interaction  p(a) = /I (eX4™?)

Edge Boltzmann weights W,(a, b) = W,(b, a)

Normalization x = x(«, 3, 7) Crossing-parameter £ , 7% = pqg



The Yang-Baxter equation

Rlz(u — V) ng,(u) R23(V) = R23(V) R13(U) Rlz(u — V)
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The Yang-Baxter equation

Rlz(u — V) ng,(u) R23(V) = R23(V) R13(U) Rlz(u — V)

3 3
1 & 2 Q¥ 2
R(u-v) = R(u-v)
?&)\ 1 e v 1
2 A 2



The Yang-Baxter equation

Ryo(uy, tp|va, vo) Rys(uy, ua|wy, wa) Ros(vy, va|wy, ws)

= Ros(va, vo|wy, wo) Rys(ur, ua|wi, we) Rio(ur, tp|va, v2)




From the lattice model to the master R-operator

Boltzmann weights

u,
Wi (x,2) = T(y/pge*r(vx5)) Vi % A,
WU(X’ Z) = Wﬁ*“(xa Z)
Self-interaction o x

plx) = /T (e471%)

[Ru(u —v|gi, &) ¢} (z1,2) = Wi—vp (21, 22) X

X /Wul—vl(zlvXz)Wuz—vz(Zzaxl) Wi - (31, x2) p(x1) p(x2) ®(x1, x2) dxa dxa

[S.Derkachov, V.Spiridonov '12]

Partition function
The R-operator € End(V,, ® V,,) of an elementary cell

Spectral parameters u, v, g-spins gy, g» Rapidities uy, un, vy, v»

ute v = U781 V_V+g2 v
2 » U2 = 2 ) 1= 2 s V2

vV—8
2

uy =




From the lattice model to the master R-operator

Boltzmann weights V1E"~-.,“
WU(X, Z) _ r(meZWi(uixiz)) V: Z K

Wu(x7 z) = We_u(x,2)
Self-interaction
p(x) = /T (e%475)

3¢ z,
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[S.Derkachov, V.Spiridonov '12]
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From the lattice model to the master R-operator

Boltzmann weights Vit A,
Walx,2) = M(/pge? =) v, B % A,
WU(X7Z) = ngu(x’z) .::
Self-interaction

zZ, X,

plx) = /T (e471%)

{RH(U - VIg17g2)¢] (z21,22) = Wi — v, (21, 22) X

x / Wo, oy (22, %2) Way (221 50) Way s (30, 52) p(30) pl(32) (1, 30) dxt s

[S.Derkachov, V.Spiridonov '12]
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From the lattice model to the master R-operator

Boltzmann weights Vit U,
Ti(utxtz ¥, k
Wi (x, z) = T(\/pgei(«=x£2)) V2™ = "2“.:'—(1,. ,
Wy(x,2) = We—u(x, 2) iy
Self-interaction
z, X,

plx) = /T (e471%)

{RH(U - VIg17g2)¢] (z21,22) = Wi — v, (21, 22) X

x /Wul—n(zlaXz)Wqu(ZLXl) Wi -, (x1, x2) p(x1) p(x2) ®(x1, x2) dxa dxa

[S.Derkachov, V.Spiridonov '12]
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2 » U2 = 2 ) 1= 2 s V2

vV—8
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From the lattice model to the master R-operator

-

Boltzmann weights

Au,
W,(x,z) = I (\/pqe?milutx+2)) v; xzs',ibz
Wo(x,2) = We_u(x.2) -
Self-interaction o x

plx) = /T (e471%)

[Riz(u = vigr, £2) @ (21, 22) = Woy s (21, 22) %

X /WUI_VI (21, %) Wllz—vz (22, x1) W, v, (x1,%2) p(x1) p(x2) ®(x1, x2) dxy do

[S.Derkachov, V.Spiridonov '12]
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From the lattice model to the master R-operator

Boltzmann weights
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Wi (x,2) = T(y/pge*r(vx5)) Vi % A,
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Partition function
The R-operator € End(V,, ® V,,) of an elementary cell

Spectral parameters u, v, g-spins gy, g» Rapidities uy, un, vy, v»

ute v = U781 V_V+g2 v
2 » U2 = 2 ) 1= 2 s V2

vV—8
2

uy =
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Boltzmann weights

u,
Wi (x,2) = T(y/pge*r(vx5)) Vi % A,
WU(X’ Z) = Wﬁ*“(xa Z)
Self-interaction o x

plx) = /T (e471%)
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Partition function
The R-operator € End(V,, ® V,,) of an elementary cell
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2 » U2 = 2 ) 1= 2 s V2
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Baxter’'s R-matrix and 8-vertex model
Matrix 4 x 4 solution of the YBE [R. Baxter '72]

2 0a+1(u + 77‘7-)

Rualu) =2 = o)

Oa @ 0q

a=0

6, — Jacobi theta functions, o, — Pauli matrices, p = 277, q = e*™"

J{» _ Rt «}L _R-
«—i—» =Rt »—I—« =R.;
«-i-« =Ri- »—I—» =R}
»—i—« =R «—I—» =R;*



Sklyanin algebra and XYZ spin chain

Lax operator — Matrix 2 x 2 solution of the YBE with operator entries

a1 (u+nl7)

on QS”
0a+1 (an)

L(u) =

a=0

Four generators S°, S, S2, S® respect commutation relations

S*SF — 88y —j. (SOSV+S”S°)
SPS* —S*S% =ilJg, - (S'BSV+SWS’B)
[E.Sklyanin '82]
where (a, 3,7) — arbitrary cyclic permutation of (1,2, 3)
Jop = Jup(2nm, T) — structure constants



Sklyanin algebra and XYZ spin chain

Realization of the algebra by finite-difference operators

oo
« _ miz2/n! “ 001+1(77|T)
O 6:(22]7)

— Opi1 (—22 — g+ 77|T) e_"az] e~z /n

[GQH (2z — g +n|7) " —

[E.Sklyanin '83]

Label g of the representation

S0,S1,82, 83 S0 51,52 83
Elliptic Modular Double = Sklyanin algebra ® Sklyanin algebra
[L.Faddeev '99; V.Spiridonov '09] 2?77 T T’ 2”7



Factorization of the master R-operator
Lax operator L(u|g) : C*’®@V, — C*°®V,
nwsSuw & g5 —g

Rip(u — vlg1, g2) Li(ulgr) La(v]g2) = La(vlg2)La(ulgr) Raz(u — v]g1, g2)

14 g
unlz) L LI TA LY
L= : )
[ VIRV L a2} V--Uns
=WV Va) =\H25V2) EUVHYy)
[ VA WITRIVE
=Wy V2) =WV Hy) =\M2,V3)
4——/
iy L {v-14-)
L(u1,u2) V2, 43)

The constituents of the master R-operator form the operator representation of S,

[Derkachov, Karakhanyan, Kirschner '07]



Factorization of the master R-operator
Lax operator L(u|g) : C*’®@V, — C*°®V,

mwsSuw & g5 —g

Rio(u1, uz|vi, vo) Ly (u, u2) La(vi, vo) = La(va, va) Li(ur, uz) Rio(ur, t2|va, v)
1.4 Lfir--)
unlz) L LI TA LY
: —> : \
[ VIRV L a2} )--As
=WV, V2) ={U2yV3) V)
1 [ [IWITREVA
=WV Va) =WVady) =\M2,V3)
: <+ : ) /
[ ITRT L {v-"14.)
=(t;U3) =2, M2)

The constituents of the master R-operator form the operator representation of S,

[Derkachov, Karakhanyan, Kirschner '07]



Factorization of the master R-operator
Lax operator L(u|g) : C*’®@V, — C*°®V,

mwsSuw & g5 —g

Rio(u1, uz|vi, vo) Ly (u, u2) La(vi, vo) = La(va, va) Li(ur, uz) Rio(ur, t2|va, v)
Vit t1 bt
Uq,432) LA ETA LY
> : ¢
[ AVIRRVIAY bofas a2 ) [ e
=WV Va) =X ¥ o} Lvhdy)
Lfrr--+7-) [ AVEETI WITREVE
=WV Va) =WV Yy) =H25Va)
o : ./
[T TIAY bofv-1a)
=My H2) Va2, U3)
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Factorization of the master R-operator
Lax operator L(u|g) : C*’®@V, — C*°®V,

mwsSuw & g5 —g

Rya(ur, tafvi, vo) Ly(ur, u2) La(vi, v2) = La(vi, va) Li(ur, o) Ruz(ur, ua|vi, vo)
[ L LW Y
Uq,42) LA EFA LY
I | ¢
[ AVIRRYIAY bofas a2 ) [ .1
=WV Va) =XMas ¥ o) Lvihuy)
Ldaz--a2-) [ IV IAY Iln:u\
=WV Va) =WV Yy) =H25Va)
- |  /
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Factorization of the master R-operator
Lax operator L(u|g) : C*’®@V, — C*°®V,
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Factorization of the master R-operator
Lax operator L(u|g) : C*’®@V, — C*°®V,
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\Uq,U3z) LA ETA LY
> : ¢
[ AVIRRYIAY Lfos a2 ) 1/
=WV Va) =XMas ¥ o) =(vViyuy)
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o : ./
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Factorization of the master R-operator

Rio(ulgr, 82) = P12 S12(u + %)Mz(u + £258) My (u + 8582 ) Spo(u — glQﬂ)

Additive notations (€27 %) — I'(z)

| M,
e Permutation Py,
o Multiplication by S, S
Sp(v)=N*tzatzn+u+n+3) M
2
o Elliptic Fourier transform Z, X,
_ "TM(xz+x—g)
M(E) o)) = [ FEIS 0 b

Equivalent representations with labels g and —g
M(g)S*(g) = S“(—&)M(g) , M(g)5%(g) = 5*(—g) M(g)



Factorization of the master R-operator

Rio(ulgr, &) = P12 S12(u + glzﬂ) My (u + 258 ) My (u + £522) Sip(u — &Qﬂ)

Additive notations (€27 %) — I'(z)

| M,
e Permutation Py,
o Multiplication by S, S
Sp(v)=N*tzatzn+u+n+3) M
2
o Elliptic Fourier transform Z, X,
_ "TM(xz+x—g)
M(E) o)) = [ FEIS 0 b

Equivalent representations with labels g and —g
M(g)S*(g) = S“(—&)M(g) , M(g)5%(g) = 5*(—g) M(g)



Factorization of the master R-operator

Ria(ulg1, 82) = P12 S1a(u + £582) My (u + 8258 ) My (u + £2522) Spp(u — £2522)

Additive notations (€27 %) — I'(z)

| M,
e Permutation Py,
o Multiplication by S, S
Slg(u)Er(izli22+u+n+g) M
2
o Elliptic Fourier transform Z, X,
_ "TM(xz+x—g)
[M(g)®](2) = ’i/o wq’(x) dx

Equivalent representations with labels g and —g
M(g)S*(g) = S“(—&)M(g) , M(g)5%(g) = 5*(—g) M(g)



Factorization of the master R-operator

Ria(ulg, 82) = P12 S1a(u + £582) My(u + £238) My (u + B1582) Spp(u — £2522)

Additive notations (€27 %) — I'(z)

| M,
e Permutation Py,
o Multiplication by S, S
Slg(u)Er(izli22+u+n+g) M
2
o Elliptic Fourier transform Z, X,
_ "TM(xz+x—g)
[M(g)®](2) = ’i/o wq’(x) dx

Equivalent representations with labels g and —g
M(g)S*(g) = S“(—&)M(g) , M(g)5%(g) = 5*(—g) M(g)



Factorization of the master R-operator

Ri2(ulg1, g2) = P12 S1a(u + 8582 ) My (u + 258 ) My (u + £582) Sy, (u — 8782

Additive notations (€27 %) — I'(z)

| M,
e Permutation Py,
o Multiplication by S, S,,
Sp(v)=N*tzatzn+u+n+3) M
2
o Elliptic Fourier transform Z, X,
_ "TM(xz+x—g)
M(E) o)) = [ FEIS 0 b

Equivalent representations with labels g and —g
M(g)S*(g) = S“(—&)M(g) , M(g)5%(g) = 5*(—g) M(g)



The intertwining operator for Sklyanin algebra

Discrete lattice

of g-spin

=n +mT
g=nn 5

n, me Zxg

Initial condition:

M(0) = 1 /2 n

Contiguous relations & Factorization of the intertwining operator

A(g)M(g) =M(g+n)0;(z|3) B(g)M(g) =M (g+7) 65 (z|n)

0 B
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The intertwining operator and
finite-dimensional representations

Zero modes of M(g, m) at |gom=(n+1)n+(m+1) % n,meZsg

Due to intertwining relations
M(g)S"(g) = S%(—g) M(g)

Mi(g1) Rio(ulg1, g82) = Rua(u| — g1, g2) Ma(g1)

the space Ker M(g,.») N ImM(—g,») is invariant
Generating function of the finite-dimensional representation,

D(zE£x+gom) = 300" (2) 07 (x) ~ 03,(1) ® ©3,(2n)

T auxiliary parameter
produces a pair of natural bases, dim = (n+ 1)(m + 1),

=[0s(21F)] [0a(21)]" 10321V [0a(zIm) 1"

(n ™ (2) =Sym [1=2 65 4(sz(;1 1-2r)n ‘%) Sym 175 0s.4 (z+(m7172s)% |77>

j=0,1,230...n ; I=01,2,...;m



Reduction of the general R-operator
Reduce the master R-operator to finite-dimensional rep. in the first space
R12(U|gn,m, g) : C(n+1)(m+1) ® Vg N (C(nJrl)(erl) ® Vg

Matrix with operator entries which are finite-difference operators of a high order

— auxiliary parameter
RlZ(“lgn,m ) g) r(:le FZzZ3 + gn,m) q)(zQ)

NFz Fz3+ W%) (Faf2+ W) ®(2)

= Mz (nn+m3)

r(4321¢22*w+77+%) (FaTzn+E5"—+n+73)

UV,
z1

VU g

zZ




Reduced R-operator is written in the pair of bases

R12(U|gn,m , g) 1#}77”")(21) = ngf,s’m)(zl) [R}jri

All fin.dim. ® inf.dim. solutions factorize

R(ulgno, g) = V(*35,2) D(2,0) C VT (*5£,2) C

D(z,0) — diagonal matrix, C — constant numerical matrix

Example: the Lax operator, we recover the Sklyanin algebra

+g |1 utg| T
i 1 03(z=5%17)  —0:(z+5E13
R(ulg1,0 , g)=e /"91(22T)< ( ) ( ) :

(e o 0a(z+43513)  O3(z+455
0 e 0a(z—43513) 03(z—5%




Summary and Conclusions

« The master solution (principal series rep.) of the YBE
« Continuous spin lattice models and the star-triangle

« Finite-dimensional reductions of the master solution

o Intertwining operators

o The factorized form of the integral R-operator and its
finite-dimensional reductions (Explicit concise formulae)

Rational < Trigonometric <« Elliptic

Modular double Hyperbolic Elliptic modular double

SL(2,C) « of Uy(sts) < modular double (Sklyanin algebra)



