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Integrals ⇄ SL(2,R) spin magnet
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Γ(α± β) ≡ Γ(α+ β)Γ(α− β) and the integration contours separate the series
of poles of Γ functions
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the series of poles {αk + nk} and {±βk − nk} are separated by the integration
contours.
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Integrals ⇄ SL(2,C) spin magnet
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a(α) = Γ(1 − ᾱ)/Γ(α) is a function of two complex variables such that
α − ᾱ = n. It is related to the gamma function for the complex field C defined
by Gelfand, Graev and Retakh: Γ(α, ᾱ) = iα−ᾱa(1 − ᾱ) .
uk = −ink/2 + νk , ūk = ink/2 + νk , where nk ∈ Z , νk ∈ R

xk = −
imk

2
+ µk , x̄k =

imk

2
+ µk , x

′
k = −

im′
k

2
+ µ′

k , x̄k =
im′

k

2
+ µ′

k ,

where mk ,m
′
k are integers and µk and µ′

k are complex numbers such that
Imµk > 0 and Imµ′

k < 0. By this conditions the ν-poles of the functions
a(1+ i(xk − uj)) and a(1+ i(uj − x ′

k)) are separated by the integration contour.
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Integrals ⇄ SL(2,C) spin magnet
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SL(2,R) spin magnet
The quantum SL(2,R) spin magnet is a straightforward generalization of the
standard XXXs spin chain.
XXXs spin chain
The Hilbert space of the XXXs model is given by the tensor product of the
(2s + 1)-dimensional representations of the SU(2) group

HN = V1 ⊗ V2 ⊗ · · · ⊗ VN , Vk = C
2s+1 , k = 1, . . . ,N.

To each site k we associate the quantum L-operator acting nontrivially on the
k−th space in the tensor product

Lk(u) =

(
u + iS (k) iS

(k)
−

iS
(k)
+ u − iS (k)

)
; [S

(k)
+ ,S

(k)
− ] = 2S

(k) , [S (k),S
(k)
± ] = ±S

(k)
±

The monodromy matrices are defined as a products of L−operators
closed spin chain

T(u) = L1(u)L2(u) · · · LN(u) =

(
AN(u) BN(u)
CN(u) DN(u)

)

open spin chain

T(u) = L1(u)L2(u) · · · LN(u)LN(u)LN−1(u) · · · L1(u) =

(
AN(u) BN(u)
CN(u) DN(u)

)
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It is shown in the QISM that the entries of the monodromy matrix T (u) form
commuting families

[AN(u),AN(v)] = [BN(u),BN(v)] = 0 .

For the open spin chains this property holds for the off-diagonal elements only

[BN(u),BN(v)] = 0.

XXXs spin chain −→ SL(2,R) spin magnet
(2s + 1)-dimensional representations of the SU(2) −→ irreducible discrete
series representation of the SL(2,R)

Vk = C
2s+1 → Vk = D

+
s

generalized eigenfunctions

AN(u)Ψ
(N)
A

(x1, . . . , xN) = (u − x1) . . . (u − xN)Ψ
(N)
A

(x1, . . . , xN)

BN(u)Ψ
(N)
B

(p, x1, . . . , xN−1) = p(u − x1) . . . (u − xN−1)Ψ
(N)
B

(p, x1, . . . , xN−1)

S−Ψ
(N)
B

(p, x1, . . . , xN−1) = −ip Ψ
(N)
B

(p, x1, . . . , xN−1)

BN(u)Ψ
(N)
B

(p, x1, . . . , xN−1) =

p(2iu + 1)(u2 − x
2
1 ) . . . (u

2 − x
2
N−1)Ψ

(N)
B

(p, x1, . . . , xN−1)

S− =

N∑

k=1

S
(k)
− ; [S− ,BN(u)] = [S− ,BN(u)] = 0
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discrete series representation of the SL(2, R)
Discrete series representation D+

s is realized on the space of functions
holomorphic in the upper complex half-plane (spin s being a positive integer)

[T (g)Φ](z) =
1

(cz + d)2s
Φ
(

az + b

cz + d

)
,

where g−1 =

(
a b

c d

)
∈ SL(2,R). Invariant scalar product

〈Φ |Ψ〉 =

∫
Dz Φ(z)Ψ(z) , 〈T (g)Φ | T (g)Ψ〉 = 〈Φ |Ψ〉

The integration goes over the upper half-plane, y ≥ 0, (z = x + iy) and the
integration measure is defined as

Dz =
2s − 1

π
(2y)2s−2

dxdy .

generators

S+ = z
2∂z + 2sz , S = z∂z + s , S− = −∂z

conjugation rules
S

†
± = −S± , S

† = −S
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SL(2, R) spin magnet
The Hilbert space of the model is given by the direct product of vector spaces
of the representation D+

s in each site, HN =
∏N

k=1
⊗Vs . Thus the space HN is

the space of functions of N complex variables holomorphic in each variable in
the upper half-plane and equipped with the invariant scalar product

〈Φ |Ψ〉 =

N∏

k=1

∫
Dzk Φ(z1, . . . , zN)Ψ(z1, . . . , zN) .

The scalar product is invariant under the SL(2,R) transformations

[T (g)Φ](z1 , . . . , zN) =

N∏

k=1

1

(czk + d)2s
Φ
(

az1 + b

cz1 + d
, . . . ,

azN + b

czN + d

)
,

generators

S
(k)
+ = z

2
k∂k + 2szk , S

(k) = zk∂k + s , S
(k)
− = −∂k

L-operators: Lk(u) → Lk(u1, u2) ; u1 = s − iu − 1 , u2 = −s − iu

Lk(u) =

(
u + iS (k) iS

(k)
−

iS
(k)
+ u − iS (k)

)
= i

(
1 0
zk 1

)(
s − iu − 1 −∂k

0 −s − iu

)(
1 0

−zk 1

)
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Iterative construction of eigenfunctions: closed spin chain

AN(u)Ψ
(N)
A (x1, . . . , xN) = (u − x1) . . . (u − xN)Ψ

(N)
A (x1, . . . , xN)

BN(u)Ψ
(N)
B (p, x1, . . . , xN−1) = p(u − x1) . . . (u − xN−1)Ψ

(N)
B (p, x1, . . . , xN−1)

The main building block is the operator R12(x)

[R12(x)Φ] (z1, z2) =

∫
Dw (z1 − w̄)−s+ix(z2 − w̄)−s−ix Φ(w , z2)

The operator R12(x) interchanges the second parameters u2 = −s − iu and
v2 = ix − iu in the product of two L-operators so that the defining equation for
R12(x) has the form

R12(x)L1(u1, u2)L2(u1, v2) = L1(u1, v2)L2(u1, u2)R12(x)

where
u1 = s − 1 − iu ; u2 = −s − iu ; v2 = ix − iu .

The operator
R12...N(x) = R12(x)R23(x) · · · RN−1,N(x)

moves v2 = ix − iu from the right hand side of the product of L-operators to
the left hand side

R12...N(x)L1 (u1, u2) · · · LN−1 (u1, u2) LN (u1, ix − iu) =

= L1 (u1, ix − iu) L2 (u1, u2) · · · LN (u1, u2) R12...N(x)
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Iterative construction of eigenfunctions: closed spin chain
Relations for two elements in the first row

iR12...N (x)
(

AN−1(u) BN−1(u)
)( s − iu + zN∂N −∂N

z2
N∂N + (s − ix) zN ix − iu − zN∂N

)
=

=
(

AN(u) BN(u)
)

R12...N (x)

B-system

BN(u)R12...N (x) = iR12...N (x)
(
−AN−1(u)∂N + BN−1(u) (ix − iu − zN∂N)

)

BN(u)R12...N (x)Ψ(z1 . . . zN−1) = (u − x)R12...N (x) BN−1(u)Ψ(z1 . . . zN−1)

Next we continue up to the last step

BN(u)R12...N (x1) · · · R12...k(xk−1) · · · R12(xN−1)Ψ(z1) =

= (u − x1) · · · (u − xk−1) · · · (u − xN−1)

R12...N (x1) · · · R12...k(xk−1) · · · R12(xN−1)B1(u)Ψ(z1) ,

where R12...k(x) = R12(x)R23(x) · · · Rk−1,k(x). The eigenfunction of the last
operator B1(u) = −i∂1 is e

ipz1 so that we have

BN(u)R12...N (x1) · · · R12(xN−1)e
ipz1 =

p (u − x1) · · · (u − xN−1)R12...N (x1) · · · R12(xN−1) e
ipz1 ,

Ψ
(N)
B (p, x1, . . . , xN−1|z1, . . . , zN) = R12...N (x1) · · · R12(xN−1) e

ipz1
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Iterative construction of eigenfunctions: closed spin chain
A-system

AN(u)R12...N (x) =

iR12...N (x)
(
AN−1(u) (s − iu + zN∂N) + BN−1(u)

(
z

2
N∂N + (s − ix) zN

) )

AN(u)R12...N (x)Ψ(z1 . . . zN−1)z
−s+ix
N =

(u − x)R12...N (x) z
−s+ix
N AN−1(u)Ψ(z1 . . . zN−1)

Next we continue up to the last step

AN(u)R12...N (x1) z
−s+ix1
N

· · · R12 (xN−1) z
−s+ixN−1

2 Ψ(z1) =

= (u − x1) · · · (u − xN−1)R12...N (x1) z
−s+ix1
N · · · R12 (xN−1) z

−s+ixN−1

2 A1(u) · Ψ(z1)

The eigenfunction of the last operator A1 = u + i(s + z1∂1) is z
−s+ixN
1 so that

we obtain

AN(u)R12...N (x1) z
−s+ix1
N · · · R12 (xN−1) z

−s+ixN−1

2 z
−s+ixN
1 =

= (u − x1) · · · (u − xN)R12...N (x1) z
−s+ix1
N · · · R12 (xN−1) z

−s+ixN−1

2 z
−s+ixN
1 ,

Ψ
(N)
A (x1, . . . , xN |z1, . . . , zN) = R12...N (x1) z

−s+ix1
N · · · R12 (xN−1) z

−s+ixN−1

2 z
−s+ixN
1
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Diagrammatic representation for eigenfunctions: closed spin chain

p

α1

α2

α3 β3

β2

β1

z1 z4

α1

α2

α3

α4

β3

β2

β1

z2 z1 z2 z4

w = 0

z3 z3

αk = s − ixk , βk = s + ixk

The propagator

Dα(z, w̄) =
(

i

z − w̄

)α

=
1

Γ(α)

∫ ∞

0

dp e
ip (z−w̄)

p
α−1

is shown by the arrow directed from w̄ to z with the index α attached to it.
The arrows attached to the dashed lines start from the point w = 0.
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Symmetry of eigenfunctions
It is symmetric under permutation of the variables {x1, . . . , xN−1}.
Permutation relation:

α2 β2

β1 α1 β2 α2

α1 β1

α1 − α2α1 − α2 =

Reduced permutation relation:

α2 β2

α1 α2

β1α1

= α1 − α2

α1 = s − ix1 , β1 = s + ix1 , α2 = s − ix2 , β2 = s + ix2
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Symmetry of eigenfunctions

=

α1

α2

β1

α12

α2

α1

β2

=

α2

α1

β2

α21

α1

α2

β1

β1

α21

β2

α12 α21

α21

α2

α1 β1 β2 β2

β2 α2 β2 α1 β1 α1 β1

α1 α2

α1

α2 β2 β2 β2

β1 α1 β1 α1 β1 α1 β1

α2 α2 α12 = α1 − α2
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Scalar products
The operators AN(u) and BN(u) are self-adjoint for real u

(AN(u))
† = AN(u) , (BN(u))

† = BN(u)

The eigenfunctions are mutually orthogonal
〈
Ψ

(N)
B (p′,~x ′)

∣∣Ψ(N)
B (p,~x)

〉
=

(2π)N−1 δ(p − p
′) δN−1

(
~x − ~x ′

) p1−2Ns (N − 1)!
∏

j 6=k
Γ(i(xk − xj))

∏N−1

k=1

[
Γ(s − ixk )Γ(s + ixk )

]N

where the separated variables ~x = {x1, . . . , xN−1} are real numbers and p ≥ 0.

〈
Ψ

(N)
A (~x ′)

∣∣Ψ(N)
A (~x)

〉
= (2π)N δN

(
~x − ~x ′

) N!
∏

j 6=k
Γ(i(xk − xj))

∏N

k=1

[
Γ(s − ixk )Γ(s + ixk )

]N
,

where ~x = {x1, . . . , xN} are real numbers.
The symmetric delta-function is defined as follows

δN(~x − ~x ′) ≡
1

N!

∑

s∈SN

δ(x1 − x
′
s(1)) . . . δ(xN − x

′
s(N))

and the sum goes over all permutations.
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Chain rule

Chain rule:

= a(α, β)
α β α + β − 2s

∫
Dw Dα(z, w̄)Dβ(w , ζ̄) = a(α, β)Dα+β−2s(z, ζ̄) ,

where

a(α, β) =
Γ(2s)Γ(α+ β − 2s)

Γ(α)Γ(β)
.
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Scalar product of eigenfunctions of B-operator

p

α1

α2

α3 β3

β2

β1

α′

1

α′

2

α′

3

β ′

1

β ′

2

β ′

3

p′

p

β ′

1

α3 β3

α′

1

α′

2

β1

α1

β ′

3

p′

β ′

2 α′

2

α2
β2

p

α2

α3 β3

β2

α′

2

α′

3

α1 − α′

1

β ′

2

β ′

3

p′

α′

1
− α1

p

α2

α3 β3

β2

α′

2

α′

3

β ′

2

β ′

3

p′

α1 β1

β ′

1 α′

1
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Mixed scalar product and the matrix element of the shift operator
mixed scalar product

〈
Ψ

(N)
B (p,~u)

∣∣Ψ(N)
A (~x)

〉
= p

−Ns
p

−iX

N∏

k=1

1

Γ(s − ixk)

N−1∏

j=1

Γ(i(uj − xk))

Γ(s − ixk )Γ(s + iuj)

shift operator Tγ = exp{−γS−}, where S− =
∑N

k=1
S
(k)
−

Tγ f (z1, . . . , zN) = f (z1 + γ, . . . , zN + γ)

Action on Ψ
(N)
B (p,~x) is diagonal

S−Ψ
(N)
B (p,~x) = −ip Ψ

(N)
B (p,~x) ,

TγΨ
(N)
B (p,~x) = e

iγp Ψ
(N)
B (p,~x)

and for Ψ
(N)
A (~x) the direct calculation results in the following expression

〈
Ψ

(N)
A

(~x ′)
∣∣Tγ Ψ

(N)
A

(~x)
〉
= γ i(X−X ′)

e
π

2
(X−X ′)

∏

k,j

Γ(i(x ′
j − xk))

Γ(s − ixj)Γ(s + ix ′
k )

X =

N∑

k=1

xk , X
′ =

N∑

k=1

x
′
k
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Matrix elements of the shift operator

α1

α2

α3

α4

β3

β2

β1

z = 0

β ′

1

β ′

2

β ′

3

β ′

4

α′

3

α′

2

α′

1

w = γ

α2

α3

α4

β3

β2

β ′

1

z = 0

β ′

2

β ′

3

β ′

4

α′

3

α′

2

α1

w = γ

β ′

1

α1

α11′

β ′

1

α3

α4

β3

β ′

1

β2

z = 0

α1

β ′

3

β ′

4

α′

3

α1

α′

2

w = γ

α2

β ′

2

α11′

〈
Ψ

(N)
A (~x ′)

∣∣TγΨ
(N)
A (~x)

〉
= γ i(X−X ′)

e
π

2
(X−X ′)

∏

k,j

Γ(i(x ′
j − xk))

Γ(s − ixj)Γ(s + ix ′
k )
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The first Gustafson’s integral
Expanding the eigenfunctions Ψ

(N)
A over Ψ

(N)
B (B-system) one gets the following

integral representation for the matrix element of the shift operator

〈
Ψ

(N)
A (~x ′)

∣∣TγΨ
(N)
A (~x)

〉
=

1

(N − 1)!

∫ ∞

0

dp e
iγp

∫ ∞

−∞

N−1∏

k=1

duk

2π
µN(p,~u)

〈
Ψ

(N)
A (~x ′)

∣∣Ψ(N)
B (p,~u)

〉〈
Ψ

(N)
B (p,~u)

∣∣Ψ(N)
A (~x)

〉
,

where the measure is defined as follows

µN(p,~u) = p
2Ns−1

∏N−1

k=1

[
Γ(s + iuk)Γ(s − iuk)

]N

∏
j 6=k

Γ(i(uk − uj))
.

Calculating the momentum integral and canceling common factors one gets the
identity

1

(N − 1)!

(
N−1∏

n=1

∫
dun

2π

) ∏N

k=1

∏N−1

j=1
Γ(i(x ′

k − uj))Γ(i(uj − xk))∏
k<j

Γ(i(uk − uj))Γ(i(uj − uk))
=

∏N

k,j=1
Γ(i(x ′

k − xj))

Γ(i
∑N−1

k=1
(x ′

k − xk))
,

which is equivalent to the first Gustafson’s integral.
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Iterative construction of eigenfunctions: open spin chain
The main building blocks are two operators. The operator R12(x)

[R12(x)Φ] (z1, z2) =

∫
Dw (z1 − w̄)−s+ix(z2 − w̄)−s−ix Φ(w , z2)

interchanges parameters in the product of two L-operators in a special way

R12(x)L1(u1, u2)L2(u1, v2) = L1(u1, v2)L2(u1, u2)R12(x) ,

R12(x)L2(v1, u2)L1(u1, u2) = L2(u1, u2)L1(v1, u2)R12(x) ,

where

u1 = s − 1 − iu ; u2 = −s − iu ; v1 = −1 − ix − iu ; v2 = ix − iu .

The operator R21(x)

[R21(x)Φ] (z1, z2) =

∫
Dw (z2 − w̄)−s+ix (z1 − w̄)−s−ix Φ(z1,w)

interchanges parameters in a similar way but 1 ⇄ 2

R21(x)L2(u1, u2)L1(u1, v2) = L2(u1, v2)L1(u1, u2)R21(x) ,

R21(x)L1(v1, u2)L2(u1, u2) = L1(u1, u2)L2(v1, u2)R21(x)
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Iterative construction of eigenfunctions: open spin chain
open spin chain

T(u) = L1(u1, u2) · · · LN(u1, u2)LN(u1, u2) · · · L1(u1, u2) =

(
AN(u) BN(u)
CN(u) DN(u)

)

R12...N(x) = R12(x)R23(x) · · · RN−1,N(x)

L1 (u1, v2) · · · LN (u1, u2) LN (u1, u2) · · · L1 (v1, u2) R12...N(x) =

= R12...N(x)L1 (u1, u2) · · · LN (u1, v2) LN (v1, u2) · · · L1 (u1, u2)

LN (u1, v2) LN (v1, u2) = LN (v1, u2) LN (u1, v2)

RN...21(x) = RN,N−1(x) · · · R32(x)R21(x)

L1 (u1, u2) · · · LN (v1, u2) LN (u1, v2) · · · L1 (u1, u2) RN...21(x) =

= RN...21(x)L1 (v1, u2) · · · LN (u1, u2) LN (u1, u2) · · · L1 (u1, v2)

R12...N(x) = R12...N(x)RN...21(x)

L1 (u1, ix − iu) · · · LN (u1, u2) LN (u1, u2) · · · L1 (−1 − ix − iu, u2) R12...N(x) =

= R12...N(x)L1 (−1 − ix − iu, u2) · · · LN (u1, u2) LN (u1, u2) · · · L1 (u1, ix − iu)
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Iterative construction of eigenfunctions: open spin chain

BN(u)R12...N(x) = −R12...N(x)

(
−ix − iu + z1∂1 −∂1

)( AN−1(u) BN−1(u)
CN−1(u) DN−1(u)

)(
−∂1

ix − iu − z1∂1

)

BN(u)R12...N(x)Ψ(z2 , . . . , zN) =

(u + x)(u − x)R12...N(x)BN−1(u)Ψ(z2 , . . . , zN)

Next we continue up to the last step

BN(u)R12...N (x1) · · ·R12...k(xk−1) · · ·R12(xN−1)Ψ(zN) =

= (u2 − x
2
1 ) · · · (u2 − x

2
k−1) · · · (u2 − x

2
N−1)

R12...N (x1) · · ·R12...k(xk−1) · · ·R12(xN−1)B1(u)Ψ(zN) ,

where R12...k(x) = R12(x)R23(x) · · · Rk−1,k(x)Rk,k−1(x) · · · R32(x)R21(x). The
eigenfunction of the last operator B1(u) = −(2iu +1)∂N is e

ipzN so that we have

BN(u)R12...N (x1) · · ·R12(xN−1)e
ipzN =

p(2iu + 1) (u2 − x
2
1 ) · · · (u2 − x

2
N−1)R12...N (x1) · · · R12(xN−1) e

ipz1 ,

Ψ
(N)
B

(p, x1, . . . , xN−1|z1, . . . , zN) = R12...N (x1) · · ·R12(xN−1) e
ipzN
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Diagrammatic representation for eigenfunctions: open spin chain

z4

α1

z1

β1

α2

β2

α3

β3

α1

α2

α3

β1

α1

β3

α3

β2

p

z2 z3

αk = s − ixk , βk = s + ixk

The diagrammatic representation of the eigenfunction
Ψ

(4)
B
(p, x1, x2, x3|z1, z2, z3, z4).
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Scalar products
The scalar product: B-system (open chain) xk ≥ 0 and x ′

k ≥ 0
〈
Ψ

(N)
B

(p′,~x ′)
∣∣Ψ(N)

B
(p,~x)

〉
= (2π)N−1 δ(p − p

′) δN−1

(
~x − ~x ′

)
p

1−2Ns

N−1∏

n=1

Γ(2ixn)Γ(−2ixn)

∏
j<k

Γ(i(xk ± xj))Γ(−i(xk ± xj))
∏N−1

k=1
[Γ(s − ixk )Γ(s + ixk )]

2N
.

The scalar product: B-system (open chain) and A-system (closed chain)
〈
Ψ

(N)
B

(p,~u)
∣∣Ψ(N)

A (~x)
〉
= p

−Ns
p

−iX

∏N

k=1

∏N−1

j=1
Γ(±iuj − ixk)

(∏N−1

k=1
Γ(s − iuk)Γ(s + iuk)

∏N

k=1
Γ(s − ixk )

)N ∏
k<j

Γ(−i(xk + xj))

The scalar product: B-system (open chain) and B-system (closed chain)
〈
Ψ

(N)
B

(p,~u)
∣∣Ψ(N)

B
(q,~x)

〉
= δ(p − q) p

1−2Ns

∏N−1

k=1

∏N−1

j=1
Γ(±iuj − ixk)

(∏N−1

k=1
Γ(s − iuk)Γ(s + iuk)Γ(s − ixk )

)N ∏
k<j

Γ(−i(xk + xj))

.
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Matrix elements
The second Gustafson’s integral is also related to the matrix element of the
shift operator

〈
Ψ

(N)
A

(~x ′)
∣∣TγΨ

(N)
A

(~x)
〉
=

1

(N − 1)!

∫ ∞

0

dp e
iγp

∫ ∞

−∞

N−1∏

k=1

duk

4π
µ̃N(p,~u)

〈
Ψ

(N)
A (~x ′)

∣∣Ψ(N)
B

(p,~u)
〉〈

Ψ
(N)
B

(p,~u)
∣∣Ψ(N)

A (~x)
〉
,

The measure is defined as follows

µ̃N(p,~u) = p
2Ns−1

∏N−1

k=1

[
Γ(s + iuk)Γ(s − iuk)

]2N

∏
j<k

Γ(i(uk ± uj))Γ(−i(uk ± uj))

Calculating the momentum integral and canceling common factors one gets the
identity

1

(N − 1)!

(
N−1∏

n=1

∫
dun

4π

) ∏N

k=1

∏N−1

j=1
Γ(i(x ′

k ± uj))Γ(−i(xk ± uj))
∏N−1

k=1
Γ(2iuk)Γ(−2iuk)

∏N−1

k<j
Γ(i(uk ± uj))Γ(−i(uk ± uj))

= Γ−1(i(X ′ − X))

N∏

k,j=1

Γ(i(x ′
k − xj))

N∏

k<j

Γ(i(x ′
k + x

′
j ))Γ(−i(xk + xj))

This integral, after redefinition αk = ix ′
k , αN+k = −ixk and N − 1→N,

coincides with the second Gustafson’s integral.
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Matrix elements

The scalar product
〈
Ψ

(N)
B

(p,~u)
∣∣Ψ(N)

A (~x)
〉

in the Ψ
(N)
B (q,~u) basis

〈
Ψ

(N)
B

(p,~u)
∣∣Ψ(N)

A (~x)
〉
=

1

(N − 1)!

∫ ∞

0

dq

(
N−1∏

k=1

∫
duk

2π

)
µN(q,~u)

〈
Ψ

(N)
B

(p,~u)
∣∣Ψ(N)

B (q,~x)
〉〈

Ψ
(N)
B (q,~u)

∣∣Ψ(N)
A (~x)

〉
,

where the measure µN(q,~u) is

µN(q,~u) = q
2Ns−1

∏N−1

k=1

[
Γ(s + iuk)Γ(s − iuk)

]N

∏
j 6=k

Γ(i(uk − uj))

After some redefinitions and simplifications one gets the identity

(
N∏

n=1

∫
dzn

2πi

) ∏N

j=1

(∏N+1

k=1
Γ(αk − zj)

)(∏N

m=1
Γ(zj ± βm)

)

∏
k<j

Γ(zk ± zj)Γ(zj − zk )
=

N!
∏N

j=1

∏N+1

k=1
Γ(αk ± βj)

∏N+1

j<k
Γ(αj + αk)
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SL(2,C) spin magnet
unitary principal series representations of SL(2,C)

g =

(
a b

c d

)
∈ SL(2,C) ; g → T

(s,s̄)(g) : L2(C) → L2(C)

[
T

(s,s̄)(g) φ
]
(z, z̄) = (d − bz)−2s

(
d̄ − b̄z̄

)−2s̄
φ

(
−c + az

d − bz
,

−c̄ + āz̄

d̄ − b̄z̄

)

〈φ |ψ〉 =

∫
d

2
z φ(z, z̄)ψ(z, z̄) ; 〈 T

(s,s̄)(g)φ | T
(s,s̄)(g)ψ 〉 = 〈φ |ψ〉

The spins s and s̄ are parameterized as follows (ns ∈ Z , νs ∈ R)

s =
1 + ns

2
+ iνs ; s̄ =

1 − ns

2
+ iνs

generators:

S− = −∂z , S = z∂z + s , S+ = z
2∂z + 2s z

S̄− = −∂z̄ , S̄ = z̄∂z̄ + s̄ , S̄+ = z̄
2∂z̄ + 2s̄ z̄

commutation relations:

[S+,S−] = 2S , [S,S±] = ±S± , [S̄+, S̄−] = 2S̄ , [S̄, S̄±] = ±S̄±

conjugation:

S
†
± = −S̄± , S

† = −S̄
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SL(2,C) spin magnet
The Hilbert space of the SL(2,C) spin magnet is given by the tensor product of
the unitary principal series representations of the SL(2,C) group

HN = V1 ⊗ V2 ⊗ · · · ⊗ VN , Vk = L2(C) , k = 1, . . . ,N.

The space HN is the space of functions Ψ(z1, z̄1 . . . , zN , z̄N) equipped with the
invariant scalar product

〈Φ |Ψ〉 =

N∏

k=1

∫
d

2
zk Φ(z1, z̄1 . . . , zN , z̄N)Ψ(z1, z̄1 . . . , zN , z̄N)

To each site k we associate the pair of quantum L-operators with subscript k

acting nontrivially on the k−th space in the tensor product

Lk(u) =

(
u + iS (k) iS

(k)
−

iS
(k)
+ u − iS (k)

)
, L̄k(ū) =

(
ū + i S̄ (k) i S̄

(k)
−

i S̄
(k)
+ ū − i S̄ (k)

)
,

where u ∈ C and ū ∈ C are two independent spectral parameters. The
monodromy matrices TN(u) and T̄N(ū) are defined as a product of L operators

T (u) = L1(u)L2(u) . . . LN(u) , T̄ (ū) = L̄1(ū)L̄2(ū) . . . L̄N(ū)

T (u) =

(
AN(u) BN(u)
CN(u) DN(u)

)
, T̄ (ū) =

(
ĀN(ū) B̄N(ū)
C̄N(ū) D̄N(ū)

)
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A-system and B-system
A-system

AN(u)ΨA(x |z) = (u − x1) · · · (u − xN)ΨA(x|z)

ĀN(ū)ΨA(x |z) = (ū − x̄1) · · · (ū − x̄N)ΨA(x|z)

The eigenfunctions ΨA(z1, z̄1 . . . , zN , z̄N) are labeled by zeroes of polynomial
eigenvalues

x = {x1, . . . , xN}, xk = (xk , x̄k)

z = {z1, . . . , zN}, zk = (zk , z̄k )

The variables x̄k are adjoint to xk , x̄k = x∗
k and parameterized as follows:

nk ∈ Z , νk ∈ R

xk = −
ink

2
+ νk , x̄k =

ink

2
+ νk

B-system

BN(u)ΨB(p, x|z) = p(u − x1) · · · (u − xN−1)ΨB(p, x|z)

B̄N(ū)ΨB(p, x|z) = p̄(ū − x̄1) · · · (ū − x̄N−1)ΨB(p, x|z)

ΨB(p, x|z) are parameterized by the momenta p, p̄ – eigenvalues of the S−, S̄−

operators and the roots xk , x̄k , k = 1, . . . ,N − 1

p = (p, p̄) , x = {x1, . . . , xN−1}
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simplest example N = 1

L(u) = i

(
s − iu + z∂ −∂
z2∂ + 2sz −s − iu − z∂

)
=

(
A1(u) B1(u)
C1(u) D1(u)

)

A-system
ΨA(x|z) = [z]ix−s ≡ z

ix−s
z̄

i x̄−s̄

[z]α ≡ zα z̄ᾱ – single valued function in the complex plane provided that
α− ᾱ ∈ Z → (s − ix)−(s̄ − i x̄) = −i(x − x̄)+ns ∈ Z → x = − in

2
+ν , x̄ = in

2
+ν

A1(u) z
ix−s

z̄
i x̄−s̄ = i (s − iu + z∂) z

ix−s
z̄

i x̄−s̄ = (u − x) z
ix−s

z̄
i x̄−s̄

Ā1(ū) z
ix−s

z̄
i x̄−s̄ = i

(
s̄ − i ū + z̄∂̄

)
z

ix−s
z̄

i x̄−s̄ = (ū − x̄) z
ix−s

z̄
i x̄−s̄

orthogonality x1 = − in1
2
+ ν1 , x̄1 = in1

2
+ ν1 , x2 = − in2

2
+ ν2 , x̄2 = in2

2
+ ν2∫

d
2
z ΨA(x1|z)ΨA(x2|z) = 2π2δ2(x1 − x2) , δ

2(x1 − x2) = δn1n2 δ(ν1 − ν2)

completeness x = − in
2
+ ν , x̄ = in

2
+ ν

∫
Dx ΨA(x|z1)ΨA(x|z2) = 2π2δ2(z1 − z2) ,

∫
Dx =

∑

n∈Z

∫ +∞

−∞

dν

B-system: plane waves
ΨB(p|z) = e

ipz+i p̄z̄

B1 e
ipz+i p̄z̄ = −i∂ e

ipz+i p̄z̄ = p e
ipz+i p̄z̄ , B̄1 e

ipz+i p̄z̄ = −i ∂̄ e
ipz+i p̄z̄ = p̄ e

ipz+i p̄z̄
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R-operator
factorization of L-operator u1 = s − 1 − iu , u2 = −s − iu

L(u1, u2) = i

(
u1 + 1 + z∂ −∂

z2∂ + (u1 − u2 + 1) z u2 − z∂

)
=

i

(
1 0
z 1

) (
u1 −∂
0 u2

) (
1 0

−z 1

)

R-operator interchange u2 ↔ v2 in the product of L−operators

R12 L1(u1, u2)L2(v1, v2) = L1(u1, v2)L2(v1, u2)R12

R12 L̄1(ū1, ū2)L̄2(v̄1, v̄2) = L̄1(ū1, v̄2)L̄2(v̄1, ū2)R12

integral operator

[R12 Φ](z1, z2) =

∫
d

2
w1

[z1 − z2]
u2−u1

[w1 − z1]1+u2−v2 [w1 − z2]v2−u1
Φ(w1, z2)

The main building block is the operator R12(x) which interchanges the second
parameters u2 = −s − iu and v2 = ix − iu in the product of two L-operators

R12(x) L1(u1, u2) L2(u1, ix − iu) = L1(u1, ix − iu) L2(u1, u2)R12(x)

R12(x) L̄1(ū1, ū2) L̄2(ū1, i x̄ − i ū) = L̄1(ū1, i x̄ − i ū) L̄2(ū1, ū2)R12(x)
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Iterative construction of eigenfunctions

The operator
R12...N(x) = R12(x)R23(x) · · · RN−1 N(x)

moves v2 = ix − iu from the right hand side of the product of L-operators to
the left hand side

R12...N(x)L1 (u1, u2) · · · LN−1 (u1, u2)LN (u1, ix − iu) =

= L1 (u1, ix − iu) L2 (u1, u2) · · · LN (u1, u2)R12...N(x) ,

R12...N(x)L̄1 (ū1, ū2) · · · L̄N−1 (ū1, ū2) L̄N (ū1, i x̄ − i ū) =

= L̄1 (ū1, i x̄ − i ū) L̄2 (ū1, ū2) · · · L̄N (ū1, ū2)R12...N(x)

B-system

ΨB(x|z) = R12...N (x1) · · · R12(xN−1) e
ipz1+i p̄z̄1

A-system

ΨA(x|z) = R12...N (x1) · · · R12(xN−1) [zN ]
−s+ix1 [zN−1]

−s+ix2 · · · [z1]
−s+ixN
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Diagrammatic representation for eigenfunctions

p

α1

α2

α3 β3

β2

β1

z1 z4

α1

α2

α3

1− β4

β3

β2

β1

z2 z1 z2 z4

z = 0

z3 z3

γ γ

1− β3

1− β2

1− β1

αk = 1 − s − ixk , βk = 1 − s + ixk , γ = 2s − 1

The propagator is given by the following expression (α− ᾱ = nα is integer)

1

[z − w ]α
≡

1

(z − w)α(z̄ − w̄)ᾱ
=

(z̄ − w̄)α−ᾱ

|z − w |2α
=

(−1)α−ᾱ

[w − z]α
,

and is shown by the arrow directed from w to z with the index α attached to it.
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Diagram technique
The diagrammatic representation of the propagator.

w z

α

= [z − w]−α

The chain and star–triangle relations, α+ β + γ = 2.

= π(−1)γ−γ̄a(α, β, γ)
α β

= π a(α, β, γ)

α + β − 1

α

βγ

1− α

1− β 1− γ
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Diagram technique

The cross relation, α+ β = α′ + β′.

=

α

1− α′

β

1− β ′

α
′
−
α

1− α

α′ β ′

1− β

β
−
β
′

a(α, β̄)a(α′, β̄′)

Here the notation a(α) is introduced for the function

a(α) ≡ a(α, ᾱ) =
Γ(1 − ᾱ)

Γ(α)
, a(ᾱ) =

Γ(1 − α)

Γ(ᾱ)
= (−1)α−ᾱ

a(ᾱ) ,

a(α)a(1 − ᾱ) = 1 , a(α)a(1 − α) = (−1)α−ᾱ , a(1 + α) = −
a(α)

αᾱ
,

a(α, β, γ, . . .) = a(α)a(β)a(γ) . . .
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Orthogonality
orthogonality ∫

d
2N

z ΨA(x ′|z)ΨA(x|z) = µA
−1(x) δN(x − x

′)

∫
d

2N
z ΨB(p′, x ′|z)ΨB(p, x|z) = µB

−1(p, x) δ2(~p − ~p′) δN−1(x − x
′)

Here the delta function δN(x − x ′) is defined as follows:

δN(x − x
′) =

1

N!

∑

SN

δ(x1 − x
′
k1
) . . . δ(xN − x

′
kN
) ,

where summation goes over all permutations of N elements and

δ(xk − x
′
m) ≡ δnk n′

m
δ(νk − ν′

m)

Sklyanin measure

µA(x) = (2π)−Nπ−N2 ∏

k<j≤N

[xk − xj ]

µB(x) = 2(2π)−Nπ−N2

[p]N−1
∏

k<j≤N−1

[xk − xj ]

[xk − xj ] = (νk − νj)
2 +

1

4
(nk − nj)

2
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Completeness

completeness

∫
DNx

∏

k<j

[xk − xj ] ΨA(x|z)ΨA(x|z ′) = 2NπN2+N

N∏

k=1

δ2(~zk − ~z ′
k )

∫
d

2
p DN−1x [p]N−1

∏

k<j

[xk −xj ] ΨB(x|z)ΨB(x|z ′) = 2N−1πN2+N

N∏

k=1

δ2(~zk −~z ′
k)

The symbol DNx stands for

DNx =

N∏

k=1

(
∞∑

nk=−∞

∫ ∞

−∞

dνk

)
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Mixed scalar product and matrix element of the shift operator
mixed scalar product

〈
ΨB(p, u)

∣∣ΨA(x)
〉
= i

[AX ]πN [p]−N [p]AX

N∏

k=1

a(s̄ − i x̄k )

N−1∏

j=1

q(xk , uj) .

shift operator Tz0 = exp{z0S− + z̄0S̄−}

Tz0Φ(z) = Φ(z1 − z0, z̄1 − z̄0, . . . , zN − z0, z̄N − z̄0)

Action on ΨB(p, x) is diagonal

Tz0ΨB(p, x) = e
−ipz0−i p̄z̄0ΨB(p, x)

and for ΨA(x) the direct calculation results in the following expression

〈
ΨA(x

′)
∣∣Tz0ΨA(x)

〉
= (−1)[AX ][z0]

i(X−X ′)

N∏

k,j=1

q(xk , x
′
j )

The factor q(x , x ′) is given by the following formula

q(x , x ′) = πa
(
1 + i(x − x

′)
) a(s̄ − i x̄)

a(s − ix ′)
.

and we introduced the notations

X =
∑

k

xk , X̄ =
∑

k

x̄k , AX =
∑

k

(s − ixk ), ĀX̄ =
∑

k

(s̄ − i x̄k).
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The analog of the first Gustafson’s integral
Using the completeness condition for the B–system one can represent the
matrix element of the shift operator in the form

〈
ΨA(x

′)
∣∣Tz0ΨA(x)

〉
=

∫
d

2
p e

−ipz0−i p̄z̄0

∫
DN−1u µ

(B)
N

(p, u)

〈
ΨA(x

′)
∣∣ΨB(p, u)

〉〈
ΨB(p, u)

∣∣ΨA(x)
〉

Substituting the expressions for µ
(B)
N

(p, u) and all scalar products one gets after
some algebra the analog of the first Gustafson’s integral

1

(N − 1)!

∫
DN−1u

∏N

k=1

∏N−1

j=1
a(1 + i(xk − uj)) a(1 + i(uj − x ′

k))∏
m<j

a(1 + i(uj − um))a(1 + i(um − uj))
=

=

∏N

k,j=1
a(1 + i(xk − x ′

j ))

a(1 + i(X − X ′))

the integration variables: uk = −ink/2 + νk , ūk = ink/2 + νk , nk ∈ Z , νk ∈ R

the external variables:

xk = −
imk

2
+ µk , x̄k =

imk

2
+ µk , x

′
k = −

im′
k

2
+ µ′

k , x̄k =
im′

k

2
+ µ′

k ,

where mk ,m
′
k are integers and µk and µ′

k are complex numbers such that
Imµk > 0 and Imµ′

k < 0. For such a prescription the ν-poles of the functions
a(1+ i(xk − uj)) and a(1+ i(uj − x ′

k)) are separated by the integration contour.
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Open problems

• The clear proof of the completeness.

• Generalization to the another type of representations.
• SL(2, R) principal unitary series
• SL(2, R) complementary series

• New matrix elements −→ new integrals ?

• Generalization up to the elliptic level.
• Faddeev modular double
• elliptic modular double
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