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a(a) =T (1 — &)/l («) is a function of two complex variables such that

a — a = n. ltis related to the gamma function for the complex field C defined
by Gelfand, Graev and Retakh: (o, &) = i* %a(1 — &).

U = —ing/2 + vk, Tk = ink/2 + vk, where ng € Z, v € R

im _ im im _ imj
Xe ==t o Xk= o b M= — oty Re= —E o+ g,
2 2 2 2
where my, mj are integers and px and p) are complex numbers such that
Im gk > 0 and Im g, < 0. By this conditions the v-poles of the functions
a(l+i(xk — u;)) and a(1 + i(u; — x;)) are separated by the integration contour.
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SL(2,R) spin magnet
The quantum SL(2,R) spin magnet is a straightforward generalization of the
standard XXX spin chain.
XXXs spin chain
The Hilbert space of the XXX model is given by the tensor product of the
(2s + 1)-dimensional representations of the SU(2) group

Hy=V:1®@Va®--- ® Vy, Vy = C>t k=1,...,N.

To each site k we associate the quantum L-operator acting nontrivially on the
k—th space in the tensor product

u+ is* ist)
Tale) = ( iS(k) u— S ' [S-S—k)v S(f)] = 25(k) ) [S(k)f Sz(l:k)] = is:(é()
+

The monodromy matrices are defined as a products of L—operators
closed spin chain

T(u) = Ly (u)La(t) - Lu(u) = ( ‘C‘ZEZ; gx%‘;g )

open spin chain

T(u) = Li(u)La(u) - - - Lv(t) Du(u) L (1) - - L (ur) = ( éxég; g%ﬁﬁ; )
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It is shown in the QISM that the entries of the monodromy matrix T(u) form
commuting families

[An(u), Av(v)] = [Bn(u), Bn(v)] = 0.
For the open spin chains this property holds for the off-diagonal elements only
[Bn(u), Bn(v)] = 0.

XXX spin chain — SL(2,R) spin magnet
(2s + 1)-dimensional representations of the SU(2) — irreducible discrete
series representation of the SL(2, R)

Vi =C*"™ -V, = Df
generalized eigenfunctions
A0, o) = (u—xa) . (u—xw) W (xa, )
B/\/(u)\llgv)(p7 Xiyooyxn—1) = pu—x1) ... (u—xn—1) V¥ (N)(p, Xiy ooy XN—1)
S_W;N)(p,xh...,x,\/ 1):—lp\ll (p,xl,...,xN,l)
BN(U) (p,xl,.,,,XN_1) =
p(Riu+1)(v° — x7) ... (" — X,%/_l) B (p, Xiy ooy XN=1)

=D Y 5 [ Bu(u)] =[S B(u)] =0
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discrete series representation of the SL(2, R)
Discrete series representation D is realized on the space of functions
holomorphic in the upper complex half-plane (spin s being a positive integer)

[T(e)*l(z) = (cz+1d)2s‘I> (5a)

where g7! = ( i s, ) € SL(2, R). Invariant scalar product

<¢|W>=/DZWW(Z) » (T(g)® | T(g)V) = (®|V)

The integration goes over the upper half-plane, y > 0, (z = x + iy) and the
integration measure is defined as

Dz = % (2y)* 2dxdy .

generators
S, =2°0,+2sz , S=z8,+s , S_ =0,

conjugation rules

Sil=-5. , st=-5
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SL(2,R) spin magnet
The Hilbert space of the model is given by the direct product of vector spaces
of the representation D in each site, Hy = HLVZI ®Vs. Thus the space Hy is
the space of functions of N complex variables holomorphic in each variable in
the upper half-plane and equipped with the invariant scalar product

¢|\U H/Dzk¢(z1,..., )\U(Z1,...,ZN).

The scalar product is invariant under the SL(2, R) transformations

N

1 azi+ b azy + b)
T(g)® . = .
[T(g)®l(z, - 2n) = (czi + d)* (c21 +d’" ey +d
generators
Ssrk) = Zzak + 2szj S(k) =ZzOk+s s S(f) = —0k
L-operators: Lx(u) — Le(u1,u2) ; ut =s—iu—1, up=—s—iu

Le(u) = u+is® W _(r O\ (s-wu-1 -o 1
W)= iS(f) u—is® ) \z 1 0 —s5—iu —2zx
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Iterative construction of eigenfunctions: closed spin chain

AW xa, o) = (= xa) . (o =) W (o xw)

B/\/(u)\USBN)(p7 Xty xn—1) = plu—x1)...(u— xn-1) \IIEBN)(p7 Xiy ooy XN—1)
The main building block is the operator Ri2(x)

[Ri2(x)®] (21, 22) = /DW (21 — W) (2 — W) D(w, )

The operator Ri2(x) interchanges the second parameters u, = —s — ju and
v2 = ix — ju in the product of two L-operators so that the defining equation for
Ri2(x) has the form

R12(X) L1(u1, U2) LQ(U1, V2) = Ll(U17 V2) Lz(ul, uz)Rlz(X)
where
m=s—1—iju; w=—-s—iu; w=Iix—iu.
The operator
Rio...nv(x) = Ria(x)Ras(x) - - - Rv—1,n(x)
moves v» = ix — iu from the right hand side of the product of L-operators to
the left hand side
Riz. . n(x) L1 (w1, u2) - - Liy—1 (1, o) Ly (w1, ix — iu) =
= L1 (u1,ix — iu) Lo (u1, u2) - - - Ly (U1, u2) Rao. .n(x)
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Iterative construction of eigenfunctions: closed spin chain
Relations for two elements in the first row

Ruzn (x) ( Anoa(v) Buoa(u) )( s — iu+ znOn —ou ):

z,2\,8N +(s—ix)zy ix —iu— zyOn
= ( An(u) Bna(u) ) Riz.n (x)
B-system
Bn(u)Riz.. v (x) = iRiz..v (%) (—AN—1(U) On + By—1(u) (ix — iu — ZNaN))
By(u)Riz. v (X)) W(z1...znv—1) = (v — x) Ra2..v (x) Bu—1(u)W(z1 ... Znv—1)
Next we continue up to the last step
Brn(u)Rao. v (x1) - Raoo k(xk—1) - - - Ria(xn—1)¥(21) =
=w-x1) - (v—xk-1) - (u—xn=-1)
Riz.n (x1) - Ruz. k(Xk—1) - - - Ria(xn—1)B1(v)¥(z1) ,
where Ria.. k(x) = Ri2(x)Ras(x) - - - Rk—1,k(x). The eigenfunction of the last
operator Bi(u) = —i0: is €' so that we have
Bu(u)Riz. v (x1) -+ Rio(xw_1)eP* =

ipzy

p(u—x1)--(uv—xn-1)Riz..nv(x1) - Ria(xn_1) e,

wgv)(P» X1,y Xn—1]21, ..., zn) = Rao..v (x1) - - Riz(xn—1) €™
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SL(2, C) spin magnet

Iterative construction of eigenfunctions: closed spin chain
A-system
An(u)Raz..nv (x) =
iRaz..n (x) (AN,l(u) (s — iu+ zyOn) + By—1(u) (2,2\,8,\/ + (s — ix) zN) )

An(u)Ria. v (X)W(z1. .. zv_1)zy "™ =

(u — X) R,lz,”/\/ (X) Z,gsﬂ'x AN_1(U)\U(21 e ZN_1)
Next we continue up to the last step
An(u)Ruo.nv (xa) 2y 5™ -+ Raa (xw—1) Z;S+iXN71W(21) =

= (u — X1) e (u — XN_1) R12,HN (X1) Z,gsﬁxl i ~R12 (XN_1) 2275+iXN71A1(U) . ‘U(Z1)

The eigenfunction of the last operator Ay = u+ i(s + z11) is z; 7™ so that
we obtain

An(u) Rz (xa) 2y 5™ - Rao (xw—1) 22—s+ixN_1 et

=(u—x)(u—xnv) R v (x1) Z,\_,H—ix1 -+ Rz (xn—1) Z;sHXN’l zl_s+iXN ,

VW, oz, zn) = Razew () 2" R (xv1) 2, T V1 g ST
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Diagrammatic representation for eigenfunctions: closed spin chain

ax =s—ixk , Bk=s+ix

The propagator

i\ 1 * L b(ew
D, =) — — ip(z—w) a—1
(z, w) (z - v‘v) MNa) /0 dpe P

is shown by the arrow directed from w to z with the index « attached to it.
The arrows attached to the dashed lines start from the point w = 0.
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Symmetry of eigenfunctions
It is symmetric under permutation of the variables {x1,...,xy_1}.
Permutation relation:

;6’-) Qi

ap — Qg Q] — Qg

ap — Q

a1 =s—ixy,01 =s+ixy, a2 =s—ixa, 02 =S+ ix2
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Symmetry of eigenfunctions

Q12 = Q] — Q9

ay ay Bo [ e

= 12 Q91 = Q91
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Scalar products
The operators Ax(u) and By(u) are self-adjoint for real u

(An(u))" = An(u) , (Bu(u)" = Bu(u)
The eigenfunctions are mutually orthogonal
(Ve 2 [WE (p.%) ) =
p172Ns (N - 1)! Hj;gk r(i(Xk - XJ))
:I:_ll [r(s —ixe )l (s + ixk)] N

@m)" " 6(p— p') w1 (¥ = %)

where the separated variables X = {x1,...,xy_1} are real numbers and p > 0.

N! Hj;,gk r(i(Xk - XJ))

() [v(z)) = (em)V o (x = % .
< ( )| ()> (em) N( )HQIZI [r(s—ixk)r(s—&—ixk)]

where X = {xi1,...,xny} are real numbers.
The symmetric delta-function is defined as follows
— I\ 1 ’ /
on(X—Xx") = N d(x1 — xs1y) - - - O (X — Xg(wy))
’ sESy

and the sum goes over all permutations.
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Chain rule
Chain rule:
@ Ié) a+ 3 —2s
- 0 <«— =ala,f) —<«——
[ P02 305w, 8) = sl DD (2.0),
where

r2s)r(a+ B8 —2s)

205 = == H )

) spin magnet
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Scalar product of eigenfunctions of B-operator

!
ap —ay al — o
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Mixed scalar product and the matrix element of the shift operator
mixed scalar product

Ny, (N o\ _ 7/\/5 —ix F(i(y — x))
<WB (p, u)|‘~IJA (X)> -F H r(s—/xk ! r (s — ixk)T(s + iuj)
=

shift operator T, = exp{—~5_}, where S_ = EkN:1 S(k)

T,f(zi,...,zn) =f(zs +7,...,z2v +7)
Action on \IJ (p7 X) is diagonal
S W (p,x) = —ipw§(p, %),
T (p.%) = €7 W' (p, %)

and for \II(AN)(S() the direct calculation results in the following expression

T (104 — x)
(N) o M2y X=X (X=X
<WA (X)|TWWA (X)>_,y et M(s— ix)M(s+ ix))

N N

X:ZXk , X/:ZXL

k=1 k=1
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Matrix elements of the shift operator

aqy Qqy

<w;/v)()?/) | TW\IJ(AN)(>?)> _ 7f(x—x Z(X=x") H T (X — X))

)N (s + i)
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The first Gustafson's integral
Expanding the eigenfunctions \II(AN) over \USBN)(B—system) one gets the following
integral representation for the matrix element of the shift operator

0o N—1

NY /o Ny, = 1 dUk -
()| 106 ) = gy [ e [ TT Gt
(v [ )( o | w;m(z)} ,
where the measure is defined as follows

(p, T) = p2? k 1 [F(s + iu )l (s — iuk)]N
e [T T Cuk = 1)

Calculating the momentum integral and canceling common factors one gets the
identity

du, Hk 1 (Xk — )M (i — xi)) _

(N - (H/ ) Hk<J (”k — )iy — )
ij 1 (Xk - Xj))
r(i Zk 1(Xk_Xk )

which is equivalent to the first Gustafson’s integral.

)
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Iterative construction of eigenfunctions: open spin chain
The main building blocks are two operators. The operator Riz(x)

[Ri2(x)®] (21, 22) = /DW (z — W)75+"X(22 — W)fsf"x d(w, 2)

interchanges parameters in the product of two L-operators in a special way

Raa(x) La(un, w2) Lo(ur, vo) = La(u, v2) Lo(ut, u2) Raz2(x)
Raa(x) Lo(vi, u2) La(u1, u2) = Lo(us, u2) La(va, u2) Raz(x)

where
m=s—1—ju ; w=—-s—ju; n=—-1—ix—iu; w=ix—iu.

The operator Ra1(x)
[Ra1(x)®] (21, 22) = /DW(Zz — W) (2 — W) T (2, w)

interchanges parameters in a similar way but 1 = 2

Ro1(x) Lo(u1, uz) Ln(ur, vo) = Lo(ur, v2) Lu(ur, u2) Rar (%),
R21(X) L1(V1, U2) L2(U1, U2) = L1(U1, U2) Lz(Vl, U2) R21(X)
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Iterative construction of eigenfunctions: open spin chain
open spin chain

T(u) :L1(U1,UQ)~~~LN(U1,UQ)LN(U1,UQ)~~~L1(U1,UQ) = ( éx§zg gzgz; >

Ri2..n(x) = Ri2(x)Ras(x) - - - Ry—1,n(x)

L1 (u1, v2) -+ Ly (u1, u2) Ly (1, u2) - - - Ly (vi, u2) Rz .n(x) =
= Raz..n(x)L1 (u1, u2) - - Ly (U1, v2) Ly (vi, w2) - - - Ly (w1, u2)

Ly (u1, v2) Ly (vi, u2) = Ly (vi, u2) Ly (01, v2)
Rw..21(x) = Ry,n—1(x) - - - Ra2(x)Ra1(x)

L1 (u1, ) - - Ly (vi, u2) Ly (u1, v2) -+ - L (0, 2) R, 21(x) =
=Rw..21(x)L1 (vi, ) - - - Ly (w1, w2) Ly (w1, w2) -+ - Ly (0, v2)

Ry, .n(x) = Riz..n(X)Rw...21(x)

L1 (U17 X — /U) . 'LN (Ul, U2) LN (Ul, U2) . 'L1 (71 — ix — iu, U2) Rum/\/(x) =

=Ry .n(Xx)L1 (=1 — ix — iu, u2) - - - Ly (1, u2) Ly (w1, u2) - - - Ly (w1, ix — iu)
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Iterative construction of eigenfunctions: open spin chain

Bu(u) Rz n(x) = —Ruz...n(x)
. 3 AN_l(u) BN_1(U) —81
( —ix—iu+z0h —01 ) < Cn-1(u) Dpy-_1(u) ) < iX — iu— z101 >

By(u)Rio. n(x)W(22, ... ,zy) =
(u+x)(u— x)Raz. . n(x)By_1(1)V(22,... ,2n)
Next we continue up to the last step
Bu(u)Riz..v(x1) - Rao k(Xk—1) - - - Ria(xw—1)W(zn) =
=W =) (P =) (P = x31)
Rio..nv (x1) - Raz k(xk—1) - - - Raa(xn—1)Br (v) W (zn) ,
where Riz. (x) = Ra2(x)Ras(x) - - - Re—1,k(X)Rik—1(x) - - - Ra2(x)Ra1(x). The
eigenfunction of the last operator Bi(u) = —(2iu+1)0y is PN so that we have
Bu(u)Rio n (x1) - - Rio(xy_1)e™N =
p(2iu+1) (v — x7) -+ (U — xj—1) Raz..v (1) - - Rz (xw—1) €,
ipzy

\U%N)(p,xl ..... X/\/,1|Zl, ey Z/\/) =R N (Xl) cee R12(XN—1) €
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Diagrammatic representation for eigenfunctions: open spin chain

ax =S — iXk s “Bk:S-l-iXk

The diagrammatic representation of the eigenfunction
4
Vi (p, x1, 0, 35|21, 22, 23, 22).
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Scalar products
The scalar product: B-system (open chain) x¢ > 0 and x; > 0

<W§B”>(p’, £) [ Wl (p,%) > =@0)" " a(p—p)ona (R = %) p

[T c i TG £ )T (=i £ x7))
VHIN(s — i) (s + i)Y

N—1
[ r@iw)r(-2ix,)

n=1

The scalar product: B-system (open chain) and A-system (closed chain)
< M(p, ) | Wi > =p p X
Hk 1H M(Liu; — ixk)
( NI (s — i) (s + i) TV, T(s — ixk)) ! [T, T(~iCx + %))
The scalar product: B-system (open chain) and B-system (closed chain)
(W (p. 1) | W2(0,7)) = 3(p — @) P2
kN;ll HJ L l_(:l:luJ ixx)

(H’k\’;ll I(s — iu )T (s + iu)T (s — ixk) ) Hk<, —i(xk + x7)) .
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Matrix elements
The second Gustafson's integral is also related to the matrix element of the
shift operator
0o N—1

(W) TVOR)) = G / aoe [ ] 5% imte.0
() | W (p. ) )( W4 (53w ).

The measure is defined as follows
(. 8) = P VM (s + iw)T (s — i)™
pn(p, d) = p . .
Hj<k F(i(uk = u))M(=i(ue £ uy))

Calculating the momentum integral and canceling common factors one gets the

identity
— N N— Y .
1 H / dun [T I05 TG (xk + )M (—i(x £ 1))
N =1 N— ; ; :
(N —1)! p— am Hk:11 M(2iu) T (—2iuk) k<j F(i(uk £ )M (—i(uk £ uj))
N N
=T(X = X)) T T =) T[T + ) (=il + x))
k,j=1 k<j
This integral, after redefinition ayx = ix,i, antk = —ixx and N —1— N,

coincides with the second Gustafson’s integral.
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Matrix elements
The scalar product <\IJ%N)(p, ) ‘ \II(AN)(>?)> in the \IJ(BN)(q, i) basis

<\U1(BN)(IJ, ﬁ)|\U£\N)(>?)> (N%l/ dq <H/duk> pn(q, 4)
< M(p, o) | wE( )>< Mg, 0) | W(2) >,

where the measure un(q, i) is

2Ns—1 kN;ll [r(s + iug )l (s — iuk)} N
Hj;ék M(i(uk — u5))

After some redefinitions and simplifications one gets the identity

- 11 Hk“r (k= 7)) ([T, T(z =+ Ba)
<H/d ) )( )_

pn(g, 4) = q

27i Hk<j Mz £ z)M(z — z) N

N, T Mo £ )
[T Moy + a)

j<k

) spin magnet
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SL(2,C) spin magnet

unitary principal series representations of SL(2, C)

&= ( i Z ) €SL(2,C) ; g — T¢I (g): L(C) — L»(C)

5,5 — s /= s —c+ __+__
1)) - -0 (150 o (5 )

(Blv) = / ’z2¢(z,2)¥(2,2) ; (T (g)p| T (g)w) = (o]v)

The spins s and 5 are parameterized as follows (ns € Z ,vs € R)

s:l—;ns—&—izls; 1—2n5

generators:
S.=-08, , S=20.+s , Sy =20,+2sz
S =—0;: , §=20:+5 , 5 =7°9;425z
commutation relations:
[S,,5-]1=2S , [S5,S+]=+S+ , [5:,5.]=25 , [5,54] =45+

conjugation:
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SL(2,C) spin magnet
The Hilbert space of the SL(2,C) spin magnet is given by the tensor product of
the unitary principal series representations of the SL(2,C) group

Hy=Vi®@V,®:---®Vy, Vi = L(C), k=1,...,N.

The space Hy is the space of functions W(z1,Z ..., zy, Zv) equipped with the
invariant scalar product

N
<¢|\U>:H/d22k 49(21,21.,,,ZN,EN)\U(Zl,Zl...,ZN,ZN)
k=1

To each site k we associate the pair of quantum L-operators with subscript k
acting nontrivially on the k—th space in the tensor product

u4is®  jsw . o+ is® 5k
Li(u) = - . L@ = - - ,
(1) ( ist) - st (@) iS5 g — 5w

where u € C and & € C are two independent spectral parameters. The
monodromy matrices Ty(u) and Ty(T) are defined as a product of L operators

T(u) = Li(v)La(u). .. Ln(u), T(0) = Li(0)L2() . .. Ln(D)

_ [ An(u) Bn(v) = _ ( Anx(T) Bn(D)
T(“)—< Cu(u) Di(u) > o @)= ( Cu(z) Du(p) )
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A-system and B-system

A-system
An(u)Wa(x|z) = (u—x)--(u—xn) Va(x|2)
An(@)Va(x|z) = (T—%) (T —xn) Wa(x|2)
The eigenfunctions W4(z1,21 ..., 2zn, Zy) are labeled by zeroes of polynomial
eigenvalues
x={x1,...,xn}, Xk = (Xk, Xx)
22{21,...721\/}7 Zk:(zkyfk)

The variables X, are adjoint to xx, Xk = x; and parameterized as follows:
ng € Z,vxk € R

Xk = —in—k + Xk = m—k +
k=T T Ve k= Tk
B-system
Bu(u)Vs(p,x|z) = p(u—x)---(v—xn-1)Va(p, x|Z)
Bn(@) Ve(p,x|2z) = B(a—%)- (T —Xn-1) Ve(p, x|2)

Wg(p, x|z) are parameterized by the momenta p, p — eigenvalues of the S_, 5_
operators and the roots xx, Xk, k=1,..., N —1

p:(p,b)7X:{X1,...,XN,1}
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simplest example N =1

L(u) =i s —iu+z0 -0 [ A(u) Bi(u)
a 20+2sz —s—iu—2z0 ) \ G(u) Di(uv)
A-system _ _ o
\UA(X|Z) — [z]IX—S = ZIX_SEIX_S
[2]* = z* 7% — single valued function in the complex plane prowded that _
a—a €l — (s—ix)—(5—iX) = —i(x=X)+ns€Z -+ x=—-5+v,X=3+v

Al(U) zix—52i>_<—§ — (S —iu + 28) iX—5s= IX 5 — (U _ X) zix—siii—g
;41(?1) Zix—sib? s = (S _ IU + 23) X—S= IX s — (D _ )—() zix—siii—g

- in = in in = in
orthogonality x3 = —71 ‘v, = 71 +vi,x = —72 + 1, X = 72 + s

/dZZ\VA(X1|Z)\VA(X2|Z) = 271'2(52(X1 — X2) s (52(X1 — X2) = 5n1n2 (5(1/1 — I/z)

completenessxz—i—"+u X = i—"+u
/Dx Wa(x|21)Wa(x|22) = 20°6%(21 — 22) /Dx = E /
nEZ
B-system: plane waves
ipz+ipz
Vs(plz) = 7P
Bl eipz+i;'ﬁ — —/8 eipz+i;'72 =p eipz-HTﬁ , Bl eipz+ib§ — _15 eipz+ibi — I—) eipz+i;'ﬁ
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R-operator
factorization of L-operator uty =s—1—iu , w=—-s—iu
L(us, ua) = i u +1+4+z0 .
1,2 220+ (i —w+1)z uQ—za -
; 1 0 u =0 1 0
z 1 0 u -z 1

R-operator interchange uz <+ v» in the product of L—operators

Rio Li(ur, wo)La(vi, v2) = Li(ui, vo)Llo(vi, o) Ri2
Riz Ly (0, i) L2(va, ) = Li(0n, v2)La(W, T2) Riz

integral operator

IR P EE

[Wl _ 21]1+”27V2[W1 _ 22]v27u1

u—u

¢(W1, 22)
The main building block is the operator Ri2(x) which interchanges the second

parameters u; = —s — ju and v» = ix — ju in the product of two L-operators

R12(X) L1(U1, U2) LQ(U17 X — iu) = L1(u1, X — iu) Lz(ul, U2) R12(X)
R12(X) Zl(ul, Ug) Zz(ul, ix — /L_I) = [1(51, ix — iU) 12(51, L_Iz) R12(X)
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Iterative construction of eigenfunctions

The operator
Ri2...n(x) = Ria(x)Ra3(x) - - - Rv—1n(x)

moves v» = ix — iu from the right hand side of the product of L-operators to
the left hand side

Ruz..n(x)L1 (ur, u2) - - - Ly—1 (w1, o) Ly (un, ix — iu) =
= Ly (w1, ix — iv) Ly (ur, ) - - - Ly (u1, 12) Ria.. n(x)
Ruo..n(x)L1 (T, B2) - - - Ly—1 (0, T2) Ly (T, i% — i0) =
= Ly (o, ix — it) Lo (I, T) - - - Ly (T, 02) Rua...w(X)
B-system
Wp(x|z) = Ria..n (x1) - - - Ria(xy_1) P2 HP2

A-system

Wa(x|2) = Ria..n (1) - - RiaOxw—1) [zn] S ™ [zoa] 5772 - - - [za] 5FPW
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Diagrammatic representation for eigenfunctions

axk=1—-s—ixk , fk=1—-s+ixk , y=2s—1
The propagator is given by the following expression (o — & = nq is integer)

1 1 (z-w)**  (-1)* ¢

Z-wl z-wrE-—w)E |z—wP  [w—2z’

and is shown by the arrow directed from w to z with the index « attached to it.
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Diagram technique
The diagrammatic representation of the propagator.

The chain and star—triangle relations, a + 8 + v = 2.

@ B B a+pf—-1
o =n(=1)"a(e, 3,7) — >

SL(2, C) spin magnet



SL(2, R) spin magnet SL(2, C) spin magnet

Diagram technique

The cross relation, a + 3 =o' + 3.

2 B,7,-.) = a(@)a(B)a() ...
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Orthogonality
orthogonality

/ ANz WA(X'|2)Wa(X|2) = pa (x) Sn(x — X)

/ 2V, X2 )WVe(p, x12) = s~ (9 %) (5 — B') dw-1(x — X))
Here the delta function 5N(x — x") is defined as follows:

Sn(x — x) = i Zé(xl Xk )« 0(xn — Xk )

where summation goes over all permutations of N elements and

§(xk = Xin) = O 8(Vk = V)
Sklyanin measure

—N_—N?
pa(x) = @m) M2 T b — ]
k<j<N
—N_—N%p IN—1
p(x) = 2(2m) "V p] IT tx—xl

k<j<N—1

2 1 2
[ = xi] = (v = 15)" + 7 (i — )

SL(2, C) spin magnet
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Completeness

completeness

N
/DNx [0 — 31 Wa(xl2) Va(x]z) = NN [[7G-2)
k<j k=1
N
/ d*pDn-1x [p]" 7 s~ Vs(xl2) Ws(xlz) = 2"~V T] 8*(2—20)
k<j k=1

The symbol Dyx stands for
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Mixed scalar product and matrix element of the shift operator
mixed scalar product

N N—1
(Wa(p,u) | Wa(x)) = iz [p] M [pI™ [T oG — i%) [ ] atxe, )
k=1 j=1
shift operator T, = exp{z0S_ + 25_}
TZO¢(Z) = (D(Zl — 20,21 — 20, ..y ZN — 20, ZN — 20)

Action on Wg(p, x) is diagonal
T Wa(p,x) = e 0 P Wg(p, x)

and for Wa(x) the direct calculation results in the following expression

(Wa(X) | TuWa(x)) = (=1)™ 2] T a0 %)

kyj=1
The factor g(x, x') is given by the following formula
, . n a(E — ix)
q(x,x") = 7ra(1 +i(x — x ))m

and we introduced the notations

X:Zxk, )_(:Zik, AX:Z(S—’Xk ’Z\X:Z(S_’Xk-
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The analog of the first Gustafson's integral

Using the completeness condition for the B—system one can represent the
matrix element of the shift operator in the form

(Wa(x') | Ty Wa(x) ) = /d2pe—""zo—"f’f°/DN_luHEVB)(p, u)

<\|JA(X,) ‘ \IJB(p, u)><\IJB p,u ‘ \UA >

Substituting the expressions for ug\,B)(p, u) and all scalar products one gets after
some algebra the analog of the first Gustafson's integral

1 /D T2 T ot + i — ) a(1 + iy — x0)

W=D ) T L a0+ i — um))a(l + i(um — 7))
L+ i — X))
o a(l+i(X = X))

the integration variables: ux = —ink/2 + vic, Uk = ink/2 + v, nk € Z,vx € R
the external variables:

- imy im ] /
X =—om T Xe= o F e Xe= o e Xe= o ik

where my, mj are integers and px and p) are complex numbers such that
Im gk > 0 and Im g < 0. For such a prescription the v-poles of the functions
a(l+i(xk — u;)) and a(1 + i(u; — x;)) are separated by the integration contour.
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Open problems

The clear proof of the completeness.

e SL(2,R) principal unitary series
e SL(2,R) complementary series

o New matrix elements — new integrals ?

Generalization up to the elliptic level.

e Faddeev modular double
e elliptic modular double

Generalization to the another type of representations.

SL(2, C) spin magnet
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