Elliptic hypergeometric sum/integral transformations
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1. Lens elliptic gamma function

Define the multiple Bernoulli polynomial Bs3(z, w1, wy, ws) as [1]
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for complex variables z € C, and wy, w», w3 € C — {0}.
Introduce two parameters o, 7 € C, where Im(o),Im(7) > 0, and define

Bss(z;0,7,—1) 4+ B33(z — 1; 0,7, —1)
k BN

Ry(z,m;o,7)=R(z+ mo;ro,c +7)+ R(z+ (r — m)r;rr,o+ 1), (3)
where ze C, meZ,andr=1,2,...

R(z,0,7) =

IS an Iinteger parameter.

The lens elliptic gamma function [2-4] is defined here as

Y(z, m;0,7), (4)

(2, m: 0,7) = ePzmo

where z € C, me€ {0,1,...,r — 1},
e = 2mi (Ry(2,0;0,7) + Rp(0,m,1/2,—1/2) — Ry(z, m; 0, 7)),  (5)
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The elliptic nomes are defined in terms of 0, 7, as p= e, q= ¢

o For r =1, (4) is the regular elliptic gamma function [5].

e (6) may be expressed as a product of 2 regular elliptic gamma functions.

3. A, <> A, sum/integral transformation

Introduce t;, s; € C, and a;, b; € Z, for i =0,1,..., m+ n+ 1, satsifying
m+n+1 m+n+1 m+n+1

[ Y
IHl(tl)ahfn(sl) >0, z; m_l_]_:O-_I_Ta z; dj = z; bj=0. (]‘O)
Define I7'(t, a; s, b) as the following elliptic hypergeometric sum/integral
A\ r—1 1 n—1
[;'(t,a;s, b)= A7 (z,y;t a;s, b dz;
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where
n m-+n-+1
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and m,n=20,1,....

A, < A, elliptic hypergeometric sum/integral transformation:

Theorem 2 [7]
The sum/integral (11) satisfies

m-+n-+1
I7(t,a;s,b) =I5 (£.55b) || T(ti+s.a+b), (13)
i j=0
where

m-+n—+1 . m-+n—+1 S
t = / t. §= / s. 4=-a. b=—-b. (14

e The case r =1 of Theorem 3 is equivalent to the A, <+ A,, elliptic
hypergeometric integral transformations proven by Rains [8].

e The m=0,n =1 case of (13) is the elliptic beta/sum integral (8).

e Eq. (13) (for m = n) is also equivalent to a star-star relation [9].
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This is another condition of integrability for 2-d lattice models [10].

2. Elliptic beta sum/integral

Theorem 1 [3]
Foro, 7, t;€C,andu; € Z,i =1,2,...,6, satisfying
6 6

Im(0), Im(7), Im(t;) >0, Y ti=c+7, » =0, (7)

=1 =1
we have (with [ (z,m) :=1T(z,m;o0,7))
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o Foy B 1 y=0o0rr/2,
A= (PP ) (@50 ), &ly) =1, otherwise . (9)
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e For r > 1, (8) is a sum/integral generalisation of Spiridonov’s elliptic
beta integral [6], and (8) is equivalent to Spiridonov’s case when r = 1.

e Eq. (8) is also equivalent to a star-triangle relation [3,4].
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This is a fundamental identity (Yang-Baxter eqn.) for integrability of 2-d
lattice models of statistical mechanics, e.g. Ising model, Chiral Potts model.

4. BC, <> BC,, sum/integral transformation

Introduce o0, 7, t; € C, and a, € Z, for i = 0,1, ...,2m + 2n + 3, satisfying

2m+2n+3 2m+2n+3
m(t;) >0, » t=(m+1)(c+7), » a=0. (15)
=0 =0

Define Ig¢ (t, a) as the following elliptic hypergeometric sum /integral

r—1 1 n
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BC, < BC,, elliptic hypergeometric sum/integral transformation:

Theorem 3 [7]
The sum/integral (16) satisfies

lgc,(t, a) = Igc (t, &) H

0<i<y<2m+2n+3

I'(t,-+ ti,aj 1 aj), (18)

where
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t, 4=-—a. (19)

o The case r =1 of Theorem 3 is equivalent to the BC, <+ BC,, elliptic
hypergeometric integral transformations proven by Rains [8].

e The m= 0 case of Theorem 3, is equivalent to a elliptic hypergeometric
sum /integral (rarefied) identity proven by Spiridonov [11].

e The m=0,n =1 case of (18) is the elliptic beta/sum integral (8).

References
1. A. Narukawa, Adv. Math. 189 no. 2, (2004) 247 267.
F. Benini, T. Nishioka, M. Yamazaki, Phys. Rev. D86 (2012), 065015.
A. P. Kels, J. Phys. A48 no. 43, (2015) 435201.
|. Gahramanov, A. P. Kels, J. High Energ. Phys. 2017 no. 2, (2017) 40.
S. N. M. Ruijsenaars, J. Math. Phys. 38 no. 2, (1997) 10691146.
V. P. Spiridonov, Russ. Math. Surv. 56 (2001) 185.
P. Kels, M. Yamazaki, arXiv:1704.03159 (2017).
M. Rains, Ann. of Math. 171 (2010) 169243.
Yamazaki, J. Statist. Phys. 154 (2014) 895
P.

© 0 NSO R W

—
—

J. Baxter, Int. J. Mod. Phys. B11 (1997) 2737.

A.
E.
M.
R.
V. P. Spiridonov, arXiv:1609.00715[math.CA] (2016)

p—t
p—t



