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Introduction

A large class of BPS domain walls has been studied in 4d maximal
supersymmetric (SUSY) gauge theories.
* AdS/CFT, Boundary conditions, S-duality, Branes, ...

[Bak, Gutperle, Hirano 03], [Clark, Freedman, Karch, Schnabl 04], [Clark, Karch 05],
[D’Hoker, Estes, Gutperle 07], [Bak, Gutperle, Hirano 07], [Gaiotto, Witten 08], ...

We are interested in the BPS domain walls in 5d N=1 gauge theories.

We focus on Janus-like domain walls (or interfaces)

* Coupling or mass parameter varies as a function of coordinate.
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Introduction

| will propose duality domain walls, which involve
- Boundary conditions.
- New 4d degrees of freedom and 4d superpotentials.

- Exact partition functions.

| will show that
- Duality wall is a physical realization of elliptic Fourier transform.
- Instanton partition function is an eigenfunction of elliptic integral
equation.
- New dualities motivated by elliptic integral equation.
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Basics of 5d supersymmetric gauge theories

N =1 gauge theories with gauge group G in five-dimensions
« Vector multiplet (4,,¢;))
* Hypermultiplet (¢*;%)
* Preserve 8 SUSY

There is a topological U(1); associated to instanton number symmetry

Jr = «TrF' A\ F (F = dA)

Symmetry of 5d gauge theory is
* SO(5) Lorentz symmetry + SU(2)r R-symmetry.
* Gauge symmetry G = SU(N), Sp(N).
* Global symmetry Gr x U(1);.

- G :Flavor symmetry acting on hypermultiplets (¢*;v).
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Basics of 5d supersymmetric gauge theories

Large class of 5d SUSY theories flow to interacting conformal field theories
(CFT) in UV fixed point (or at high energy).
 QFT analysis

* Branes and string duality

o _ [Seiberg 96], [Morrison, Seiberg 96], [Douglas, Katz,Vafa 96],
M theory on CY3 [Intriligator, Morrison, Seiberg 97], [Aharony, Hanany 97],

[Aharony, Hanany, Kol 97], [DeWolfe, Hanany, Igbal, Katz 99], ...

The gauge theories can be considered as massive deformation of those CFTs

at the fixed points. 1 ,
S = 4_92 I g : gauge coupling

Many 5d QFTs enjoy global symmetry enhancement at UV CFT.
(Ex: SU(2) , Ny =5,6,7 have enhanced FEg, E7, Eg global symmetries at UV CFT)

Symmetry of UV CFT leads to dualities in IR (or low energy) gauge theories.
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SU (N) gauge theory at Chern-Simons level k = N

Classical Lagrangian

1
L= 5FA+F +

g

K

A2

ANFNANF+---

* IR gauge theory has a topological U(1); instanton symmetry.
* In UV CFT, global symmetry U(1); is enhanced to SU(2);.

Gauge coupling 1/47 is the mass deformation parameter m of SU(2);
* Thus,Yang-Mills term breaks SU(2); to U(1);.

Z2 VWeyl symmetry of SU(2); in UV CFT acts as m <> —m
Therefore, the symmetry in UV CFT remains as duality in IR.

~

-

SU(N)y theory with 1/g° =m

Duality

D —

SU(N)y theory with 1/§° = —m

~

J
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Duality domain wall

Massive (or gauge coupling) deformation of CFT leads to dualities between
low energy supersymmetric Yang-Mills (SYM) gauge theories.

UV SU(2);
CFT
m >0 m < 0
Duality m : mass of SU(2);

Duality domain wall : C SYM
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Duality domain wall

1

Construction of duality domain wall for SU(/N) theory with coupling \ = ¢4?

/J(N)l, A ‘ SU(N),, 1/\
™

4d duality domain wall

|. Boundary condition at the wall :
* Neumann boundary condition Fj;|s =0
 SU(N); x SU(N), gauge symmetry survives at the boundary

2. New 4d degrees of freedom

e 4d N =1 matter content : SU(N) | SUWNN), | UWr | U(L)B

N N 0 1/N
1 1 2 —1

S

* Superpotential : I/ = b detq

 +| (-1) charge of U(1),, (U(1);,) is identified with +| charge of U(1)5.



9/22

5d Nekrasov partition function

Partition function of 5d gauge theory on S' x R? _ consists of |-loop

€1,€2

contribution Z,e+ and non-perturbative instanton contribution Zi, .

I1(2i, A;p, q) = Zpert (265D, ) + Zinst (265 A; Py q) z = et gauge fugacity
N p=e, q=e?: (Q—parameters
Zpert — (pq;pa Q)]ovo_l H(pqz’i/zj;pa Q)oo
i#]
1 dor
1nst —Z)\k %H 27TZ NZI 1¢IZV€C(¢17Zi;p7Q)

HI;éJ 2 sinh @ H];J 2 sinh ¢I—¢g—l—2€+

Hl;,J 2 sinh qu_qbQ‘H_el 2 sinh (bI_q;JJFEQ Hi\il Hl;’zl 2 sinh i(¢1—204¢)-|-6+

Zvec —

e This function counts number of BPS states on ()-deformed 4.

II(z;, A\) = spectrum in
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Duality wall partition function

Contribution from 4d boundary degrees of freedom

SU(N), | SUNN), [UM)r [U(Q) N 1/N 2 : SU(N):
¢ N TN 0 1/N/\ => 4 = H”—lr(A %i/%) 2 SU(N),
b 1 1 2 —1 '(\) A:U(1),
Hzi:HzZ’-zl
(I'(z) =I'(x;p,q): Elliptic gamma function )
Duality domain wall partition function : _~Duality wall
N—-1
A dz’ I4d 25\
DITN (2, \) 574 [T =5 N(Z = /) 1IN (20, )
i=1 2z, Hi,j F(Z,L-/zj)

4d SU(N) vectormultiplet Q—de%rmed R4

Since duality wall is conjectured to flip U(1); charge, we claim that

DITV (z;, ) =TTV (z;, A1)



Elliptic integral equation

Therefore we claim that duality domain wall partition function gives the
following elliptic integral equation :
r B

F()\l sz/zk)

I1(z: A5 p,q) ?f H Lo I1(}, X;p.q)
27722 ’] T(z ’/z)

\_ J
[Gaiotto, H.-C. Kim 15]

* 5d Nekrasov partition function

N
Zpert — (pQ7p7 q)évo_l | |(pqzz/zj7pa q)oo
i#j
1 dor
2 : k || NZ L@ .
1nst Y — % 27_‘_2 =191 7 ec(qbfazzapa Q)

HI;éJ 2 sinh ¢r gqu H];,J 2 sinh ¢I_d);+2€+

H?,J 2 sinh ¢I_¢2J+€1 2 sinh ¢1_¢2J+€2 Hf\il H];:1 2 ¢inh i(¢1—§é¢)—|—e+

Zvec —

is an eigenfunction of the elliptic integral equation.

1 1/22
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Duality wall acts as an elliptic integral equation
DII(z X;p,q) = 11(2,A" Y5 p,q)

Perturbative check of this integral equation can be done by expanding
both sides in terms of energy fugacity = = (pq)*/?.

Analytic proof of DIT(\) = II(A™') 22

Physics of duality wall implies D? =1

ey I 1%y

Analytic proof of D? = 1 is given by an elliptic Fourier transform

f(2") ~ f(2)

[Spiridonov,Warnaar 04]

N N —
o T %) g T T

PO TN, T(=1/2) T I T /)



13/22
Duality domain wall with matter hypermultiplets

Consider SU(N) gauge theory at level Kk = N —N/2 with Ny fund. matters.

* Symmetry enhancement at UV CFT fixed point.
SUNg) xU1) xU(Q)r = SU(Ns) x SU2)y xU(1)—
* Thereis an IR Duality associated to Zs Weyl symmetry in SU(2) .

We claim that duality domain wall for this theory with matters is given by

|. Boundary conditions
* Vector multiplet : F5;|5 =0
* Matter hypermultiplet ® = (X, Y) : X|p =0, 05Y|s =0

2. Couple to a 4d boundary degrees of freedom

 4d matter content : SU(N), | SUN), [ U1)g | U5
q N N 0 1/N
b 1 1 2 —1
* Superpotential : 1/ = bdetqg + Y¢X’ X,Y : matters in LHS

X')Y" : matters in RHS
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Elliptic integral equation
* Partition function with matter hypermultiplets

II(z;, we, \;p,q) = Zpert(zi,wa;p, q) * Zinst (2i, Wa, A; D, q)
11N
(g; P @)~ Tlig; (P92i/ 255 Py @) oo

N

H’f\il Ha:fl('\/ pqzi/wa;p7 Q)oo

Zinst — Z)\ky % H I (N Ny/2) ZI 1¢IZ (gblyzi;p? q) . Zmatter(gbfywa)
k=0 I=

Zpert —

27m

H];#J 2 <inh ¢I;¢J H];,J 9 sinh ¢I_¢g+2e_|_

oo =
N H]; J 2 sinh ¢I_¢2J+61 2 sinh ¢1_¢2‘]+€2 Hi\il H]Iﬂzl 2 sinh i(¢1—20é¢)—|—6+
k Ny
¢r — ma
Zmatter = 11_[1 1_[1 2 sinh w, = e : fugacity for flavor symmetry
a

* Duality domain wall action on this partition function yields an elliptic
integral equation

(" )

—1 N 1/N
dz’ ANz, /2
II(ZZ,’U)@,)\ 17p7 _% Z H,J : ( ,/ k)ll(z;,wg,)\,p,q)
i1 2miz TN T = T2/ 2))

\_ J
_)\ l/N

CL
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Elliptic integral equation and instanton partition function

Note that for a given |-loop partition function Z,.,; we can uniquely
determine the instanton partition function Z;,s by solving the elliptic integral
equation with an assumption Zi, =1+ ---
DAYNz /2

Zpers (20, wa; 0, q) - (1 +O(N°
TAET ( p:q) - (1+O(A7))

Zpert(ziawa;pa 1—|—O )\<0 j{H 27mz Fzg 1

w710t (20, Wa, A P, @) = 1+ O(X?) is uniquely determined !!
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Wilson loop operators and duality domain wall

We can consider duality domain wall system in the presence of Wilson loop

. /@ ........ ‘ ...... , @y

Partition function with a Wilson loop operator in representation R is

Wr(2is Ai D, @) = Zpert (230, Q) - Whinst (i A; D, )

N
Zpert = (040, )X | [(Pazi/ 255, @)oo
i;éj
k1 dorg NSk or ,
WR inst — Z)\ H 9 ChR Z ¢I p,q ) € I=1 Zvec(¢lazi7pa Q)

HI#J 2 Slnh ¢I 2¢J H?J 2 Sinh ¢I—¢§—|—26+

[17 ; 2sinh @=8sF€ o ginh 21=dskea [TV TT7 | 2ginh HoL-pote:

Zvec —

Chgr(z,¢;p,q) : equivariant Chern character of universal bundle in representation R
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Elliptic integral equation for Wilson loop operator

Domain wall partition function with a Wilson loop operator gives the
following elliptic integral equation.

e )
F()\l INzi)24)

AN g (2, A5 p, q) 7{ Lo “Wr(2}, A, g

Rl H 277@2 I'(\ ’J T(z ’/z) R )

- _/

 Note that there is an extra weight \*(®)/N
* k(R) =n for rank n symmetric or anti-symmetry representation.

* Wilson loop partition function

Wr(2i, AP, Q) = Zpert (2650, @) - WhRinst (%i, A\; D, @)
N

Zpert = (000, )N | [ (azi/ 253 P, @)oo
17£]

1 d
WR inst Z)\k %H ﬂ ChR Z ¢I D, Q) ZI 1 41 Zvec(¢fazi;p7 Q)

271

HI;éJ 2 sinh £15¢ H];J 2 sinh ¢1_¢;+26+

Zoee =
h H];,J 2 sinh %2 sinh W H’fil H’;Zl 2 sinh £ (o1 —ZCYi)—|—6+

is an eigenfunction of the elliptic integral equation.
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Duality between Sp(N)and SU(N+1) theories

Duality between | . Sp(/N) gauge theory with N fundamental hypers.
2. SU(N +1) gauge theory with N/ fundamental
hypers at CS-level x = N +3 — N;/2 . (N; < 2N + 6)
[Gaiotto, H.-C Kim 5]

e Same dimension of Coulomb branch : dim Mcowomb = IV

* Classical global symmetries are different. However two theories flow the
same UV CFT fixed point with same global symmetry SO(2N;) x U(1);.

This duality was tested by |-instanton analysis and also comparing
superconformal indices. [Gaiotto, H.-C Kim 15]

Duality can also been seen from (p,q) 5-Branes web construction.
[Bergman, Zafrir 14,15], [Hayashi, S.-S Kim, K. Lee, Taki, Yagi 15]



19/22

We propose a duality wall :

... 4d domain wall

We use a similar boundary conditions Fx;|s =0, X|3 =0, Y|y # 0

And couple it to 4d degrees of freedom at the interface

e 4d N =1 matter content Sp(N) | SUN+1) | U)g | U(1)x
q N N +1 0 1/2
M 1 N(N +1)/2 9 1

w : symplectic form of Sp(N)
X : chiral half of hypermultiplet in SU(N + 1)
X' : chiral half of hypermultiplet in Sp(INV)

« Superpotential W = Tr ¢Mq'w + X¢X’
* When N=1, it reduces to duality wall in previous SU(2) theory

We propose that this is the duality wall that interpolates Sp(N) and
SU(N+1) gauge theories.
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Partition function and elliptic integral equations

Partition function of Sp(NN) gauge theory with N;fundamental matters :

N,N N,N N,N
IIS (]Vf)(217wa7>\5p7p7 Q) ZSP pért(ZZ7wa7p7 q) ) ZSp irfst(z“wa’ ASP;p’ q)

N + +
N,Nf . Hz>3(pqz Z )OOHZ 1(pqz 7p7Q)oo

ZS rt =
o Hz’:l Hazl(\/ Zi:lzl/waapv )OO

Duality domain wall connecting Sp(IV) gauge theory and SU(N + 1) gauge
theory gives rise to two new elliptic integral equations.

dz;
]IN+1 s (Zuwa;)\SU P, Q) % Z A(C)(ZVZ/?)‘) IIéV,Nf (Zi?wa’)\Sp;p’ q)

2T12; P
NN dz, N+1,N
gy ™" (2, Was Aspi P, Q) = j’{ Imis AN 2 N) gy (2, wh, Asvsp, 9)

1o T2 P(VAzz )
LS5 ez TIS, T2 T, D)
AA) — HZ 1HN+1 (f Z"Z'il)

[T (/=) Ty (A (z2)) !

AC) —

ivy
, 1/2, 1 (N+1)/2 L \—1/2 1 7\ =1/2
We = AW, , qsp = A H(““) . sy = A (w;)
a a
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Duality domain wall converts Sp(N) gauge theory into SU(N + 1) gauge
theory and vice versa.

N+1,N
IISU f('zz)waa)‘SU b, Q) %

dz; N,N
QWZZzA(C)(Z &5 A) I Sp " (21 Wa, Asp; P, q)

dzz A N+1,N
27TZZ A( )(Z < >\) IISU f(zfmwa?)\SU p?Q)

N,N
I, (2i, Wa, Asp D, q) =7{

[T IS, DV )
[T5 =) This; D20 TTs, D)
[T T TV 2
[T D/ TLSy (At (=)

AC) —

A —

CA- and AC-type inversion formula in [Spiridonov,Warnaar 04]
fd/tz'A("‘)(Z',w,/\) jgd/tzA(C)(z,Z',/\)f(Z) = f(z) ,
f(luZA(C)(Z: €Ly A)f (luZ'A(A)(zlt 2y /\)f(zl) = f(‘L) '

guarantee that

D*ITsy(z,w, A\sp) = Isy(z,w,Asv) , D*ITsp(2,w, Asp) = ITsp(2,w, Asp)
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Conclusion

 5d CFTs can have enhanced global symmetries by strong dynamics which

lead to dualities between gauge theories at low energy.

* We propose duality domain wall connecting two dual SU(N) gauge

theories.

* Partition function of duality domain wall is a physical realization of elliptic

integral equations.

* We also propose a new duality between Sp(N) and SU(N+1) gauge
theories, and construct a duality domain wall connecting two dual

theories.



