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30. Introduction

e Solving the lattice models

<= diagonalisation of the transfer matrix
e Most well-known diagonalisation: Bethe Ansatz.

e Alternative method: Baxter's ()-operator.

- Today's topic

Construction of the ()-operator
for the higher spin eight vertex model

with an even number of sites.




Plan of the talk:

1. The eight vertex model.
2. (Q-operator.
3. Sklyanin algebra.

4. Higher spin generalisation of the eight vertex model.



31. Eight vertex model

Two-dimensional vertex model in classical statistical mechanics:
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W (o; ;) = Boltzmann weight at the vertex (4, j)

determined by the arrow-configuration at (¢, ).
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L-matrix for Baxter's eight vertex model:

a 0 0 d \
L(u) = _ 0O o6 ¢ 0 |_ ZWG(U)UCL Qo
0 C b 0 a=0
a0 0 o
Og. (u; 7)
Wa(u) F= ] » 4o = (11)7 g1 = (10)7 g2 = (00)7 g3 = (O]->
Og. (115 7)

u: spectral parameter, 1n: unisotropy parameter, 7: elliptic modulus.
o®: Pauli matrices. (¢” =1d.)

Theta functions: (911 — —1, 0190 = U9, Ogp = V3, Op1 = 194)
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Vi=CtaeCl(i=1,...,M), Vo =C <+ &C —.
H=Vy®. - -®V].

e Monodromy matrix:

T(U) = LMo(u) s ng(u)ng(u) T HRQ V) — H V.

(Lio ~V; @ V)

e [ransfer matrix:

T=T(u):=try, T(u) : H—H.

(Recall: we are assuming the periodic boundary condition.)

Problem
[Diagonalise T'(u), or find eivenvalues of T'(u).




e Why is the eight vertex model “good”?
3 4 x 4-matrix R(u)(= L(u + 7)) (the R-matrix) such that

Roo (v — v) Lig(u) Ly (v) = Ligr (v) Lip(uw) Roor (w0 — v)
on V;® Vo ® V.
—> Roor(u —v)To(w)To (v) = To (v) To(u) Roo (u — v)

on H® Vb 02 %/.
Taking trv, a1, of RT5(u) To(v) B = Tor(v) To(u),

T(u)T(v) =T(v)T(u).

—> Eigenvectors do not depend on w.



32. ()-operator

A tool introduced to find an eigenvalue by Baxter (1972, 1973).
Assume: 1 € [—1, 3], T =it (t € Rsg), M = even as in [Baxter (1973)].
e (Q-operator: QQ(u) : H — H: a linear operator satisfying:

o TQ-relation: (hi(u) = (2/uT n)™, [u] = 611 (u).)

T(u)Q(u) = Q(u)T (u) = h—(u)Q(u — 21) + hy (u)Q(u + 27),

e Commutativity: [Q(u),Q(v)] = 0.

e Holomorphicity and quasi-periodicity in wu:
Qu)USM = e~ M™i2Q(y 4+ 1), (Ui=0c't—1], | —71)
Q(U)U?;@M _ 6M7Ti(7_1)/2+M7TiuQ(u—|—T),

(Us =0 =1, L= (=)

UPMQ(u)
USMQ(u)
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T(u), Q(u), UPM, USM: all commute with each other for any w.

—> eigenvectors are common for all v and independent of w.

If U is a common eigenvector:

T(w)¥ = t(u)?, Q(u)V = q(u)VY,
UMy = (-1, UM = (—1)»0.  (v,v3 € {0,1}.)

Holomorphicity & quasi-periodicity = 3n; € Z, u; € C (j =1,...,M/2):

M/2
g(w) = Cel #2007 T fu — ],
j=1

u — u; in the T'Q-relation: 0 = h_(u;)q(u; — 2n) + hy(uj)q(u; + 21n).
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<= equations for u;'s.

M/2

([uj + 77] ) " _ 64(V1—|—2n1)7m'77 H [Uj — U+ 277] .

[uj — ] ol g (3 T We = 21

(Bethe equations, same as those of the Bethe Ansatz.)

T'Q-relation gives the eigenvalue of T'(u):

B y q(u — 2n) y q(u + 2n)
) = () L2 g T

Quasi-periodicity says more: the sum rule of Bethe roots.

M/2

Zuj = —%—k% (mod Z + 77Z).
j=1

(The Bethe Ansatz does not give the sum rule.)
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33. Sklyanin algebra

T(u), T(v)] =0 <= RTT =TTR <= RLL = LLR.

Generalise L(u) = S_°_ W, (u)o® ® o©
— L(u) = 3°_  Wa(u)S® ® 0%, so that RLL = LLR still holds
e [Sklyanin (1982)] ~

RLL = LLR gives the commutation relation of S%'s:
[Saa SO]— — _Z.Ja,ﬁ[sﬁv S,Y]—I—a [Sav Sﬂ]— — i[Sov Sfy]—l—a

([A,Bl+ = AB £+ BA, («, 3,7) = cyclic permutation of (1,2,3).)

(Wa)?—(Wp)?
The structure constants J, g = V7= (W )? do not depend on wu.

\_ J
Urp = (SY, St 5% 53): Sklyanin algebra. (the “first” quantum algebra)
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e [Sklyanin (1983)]

spin [ representation: p': U, — Endc(©g51),

Ot = {f(2)| f(z+1) = f(=2) = f(2), fz+T) = e HMEAT £ ()],
(S f)(2) = sa(z —1In)f(z+mn) — sa(—2—1In)f(z —n)

911(22, 7’) ’
so(z) = 011(n, 7)011(22, 7), s1(z) = 010(n, 7)010(22, 7),
SQ(Z) = i@oo(n, 7)900(22, T), 83(2) = (901 (77, ’7')(9()1 (22, ’7').

\

e Deformation of spin [ representation of slo(C).
o l€lZ50 = dimOgt =20+ 1.
o [ =1/2: pl/?(5%) xx 0 = eight vertex model.
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1

Assume: 1 € [— I 2(21+1)] | € Z>O Recall 7 =it, t > 0.

~ Sklyanin form

-

(,): @gf)+ X @gff — C: sesquilinear form, such that

PS5 f.9) = (f, PV (5%)9)-

Explicit definition:

1 ¢
:/ da:/ dy f(z +1y) g(x + 1y) p(x + iy, x — iy),
0 0

911 (22, 7')(911 (Qw, 7')

/’L(Z7w) = 2l—i—1

H 900(z+w+ (2] — 2] — 1)77,7’)900(2—”(1]—1— (2] — 2 — 1)77,7')
7=0
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34. Higher spin generalisation of the eight vertex model

Idea: Use the spin [ representation to define the L-matrix!
3
L(u) := Z Wa(u)pW(S?) @ o : Ot @ Vy — O35 @ Va.
a=0

Vo = C? as before. Hereafter [ € %Z>o-

e Monodromy matrix:

T(u) i= LMQ(U) e LQO(U)LlO(U) T HRQ V) — H RV,

where H := Vi ®@--- @ V4, V; = Q"

e Transfer matrix: T'(u) = try, T (u).

15



Goal: Construct the Q-operator for this T'(u).

Strategy: (same as that in [Baxter (1973)], [Baxter's book|)

1. Twist the L-operator, so that (2, 1)-component becomes degenerate.

2. The tensor product of the null vectors of the degenerate component

— a column vector of Q g-operator, satisfying
T(u)Qr(u) = h—(w)Qr(u—2n)+hy(u)Qr(u+2n), hi(u) = (2luF2n)™.
3. Qr(u) := (Qr(—u))* (hermitian conjugate with respect to (,)):
Qr(u)T(u) = h—(u)Qr(u—2n) + hy (W)Qr(u + 2n),
4. Q(u) = Qr(u)Qr(u0) ™" = Qr(u0) T Qr(u) is the Q-operator, where

ug Is a suitably fixed parameter.
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e Twisting the L-matrix:

Gauge transformation matrix:

V(o) [0 (O 0/27/2) b (O+0)/2.7/2))
fo (A= 0)/2,7/2)  bor (A+)/2,7/2)

Twisted L-matrix:

Ly (u:0) = (m,x(u;v) 5A,X(u;v)) — My (0)~ L) My (v),

v (usv) I (u;v)

Ya+4in 2 (u; V) is degenerate. Its null vector is:

onu0) 1= [z 4+ 2522 4 (L Dy [ 4+ 252 4+ (L Dy,

where [2]; == [T520[2 + 2n] = [2][z + 2n] -+ [z + 2(k — 1)),

17



We can construct column vectors of Qgr(u) by wy(u;v):

Take parameters
o 7:=(opn,...,02,01) 05 ==1, 224:1 or = 0. (Recall: M is even!)
o \i =);(0):=A+4In(o1+---+0j—1). (In particular, Aps41 = A1.)
Then
AUV, A, F) = Wopag, (W 000) @ -+ @ Weyn, (U;010) € H
satisfies

T(u)p(usv, A, &) = h_(u)d(u — 2n;v, A, &) + ha (u)d(u + 2n; v, A, 5).

Assumption: 3 a set of parameters {(vk, Ak, Ok) }k=1.... dim 7 such that
generically {x(u) 1= &(u; Uk, Ak 1) bt .. i SPANS H.
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dim H
Qr(u) : CHM7 = @ Cer 3 e — ¢p(u) € H
k=1

satisfies
T(uw)Qr(u) = h_(uw)Qr(u —2n) + hy(u)Qr(u + 2n).

Assumption = Jug € C: Qr(up) is invertible.

Qu) := Qr(uw)Qr(ug)™t : H — H satisfies
T(u)Q(u) = h—(u)Q(u — 2n) + hy (u)Q(u + 2n).

Eventually, this Q(u) is what we want.

Need to show: T'(u)Q(u) = Q(u)T (u), Q(u)Q(v) = Q(v)Q(u).
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e Hermitian conjugate of T'(u) and definition of Q7 (u)

(-)*: Hermitian conjuagate with respect to the Sklyanin form.
(59" =5 = (T(w)" =T(-u)
— Qr(u) := (Qr(—u))* : H — CUm 7 satisfies
Qr(u)T (u) = h—(w)Qr(u — 21) + hy(u)Qr(u + 2n).

The commutation relation Qr(u)Qr(u) = Qr(u)Qr(u) holds, which
implies:

e Theorem

Qu) == Qr(u)Qr(ug) ™t = Qr(ug) 1Qr(u) satisfies
o T()Q(u) = QUu)T(u) = h_(u)Q(u — 20) + hy (w)Q(u + 2n).
o [Q(u), Q(u")] = 0.

N
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Idea of the proof of Qr(u)Qr(v') = Qr(uw)Qr(u):
(¢, j)-element of Qr(u) Qr(u') = (¢i(—a), p;(u)).

—> Enough to show that

O (u,u’) := (¢(—u;v, A, &), p(u'5 0", X', 7))
M
H wak)\k —U; O-kv)a WJ;)\;{: (’LL/; U;gvl»
is a symmetric function in (u,u’) for any A\, X', & and &’

e One can compute the product (w,x(—u;0v), wen (u'; 0'v")) explicitly
thanks to the results of [Rosengren (2004, 2007)].

21



—> ®(u,u) is factorised as

M
®(u,u’) = (const.) H F(A 2)\1“ + &t ;(jku + (0}, — o)l + =~ +”)><
k=1

M
H )\ +)\k 4 Zel Q_Gku + (o}, + o)l + =~ _U).

e [Baxter (book)]: A function factorised as above is symmetric in (u,u’).

(Induction on the sequence {o}.)

= Qr(u)Qr(v) = Qr(u")Qr(u). L]
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e Quasi-periodicity:

UPMQ(u)
UM Q(u)

Qu)UPY = e MM Q(u + 1),

Q(’U,)U?(?M _ eMlm(T—l)—l—QMlmuQ(u_'_T),

where Uy, Us € Endc(055"):

1

(ULf)(z) = €™ f ( + 2)  Uaf)(2) = el f (24 2

(When | =1/2, Uy ~ !, Uz ~ 03.)

—> the Bethe Ansatz equations:

M Ml
([uj + 2177]) _ e4(u1—|—2n1)7m'77 H [Uj — Ug + 277]

uj — 2in)] [uj —ug —2n]

k=1,k#j
(as in the case of the eight vertex model.)
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The eigenvalue of T'(u):

Ml

A(w) = (2fu+ 20 e K - Y ;j]?n]
Ml
+(2[u — 20y M2 TT [u [—u’tiy 2Z]%] |

j=1

The sum rule:

Ml
Zuj = —% + % (mod Z + 77Z).
j=1

where v, v3 € {0,1}, 1 = 1+ (even number).

[T (1992), (1995)]: the modified Bethe Ansatz for this model.
e the Bethe equations and A(u) were obtained.
e The sum rule was not proved.
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e Conclusion ~

e The higher spin eight vertex model (M = even) has the Q-operator.

— the Bethe equations.
— the sum rule of Bethe roots.
e Baxter's construction: seemingly too technical.

(heavily dependent on the explicit structure of the transfer matrix)

However, it can be generalised to higher spin cases.

~ existence of mathematical background?

N J
e Problems ~N
e The case M = odd. (On-going work; n € Q (cf. [Baxter (1972)]).)

e [Zabrodin (2000)], [Chicherin, Derkachov, Karakhanyan, Kirschner
(2013)]: oco-dimensional Q-operators. Relations? Reduction?

\ /
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