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§0. Introduction

• Solving the lattice models

⇐⇒ diagonalisation of the transfer matrix

• Most well-known diagonalisation: Bethe Ansatz.

• Alternative method: Baxter’s Q-operator.

Today’s topic

Construction of the Q-operator

for the higher spin eight vertex model

with an even number of sites.
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Plan of the talk:

1. The eight vertex model.

2. Q-operator.

3. Sklyanin algebra.

4. Higher spin generalisation of the eight vertex model.
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§1. Eight vertex model

Two-dimensional vertex model in classical statistical mechanics:

M

1

· · · 2 1

2

...

N
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W (σi,j) = Boltzmann weight at the vertex (i, j)

determined by the arrow-configuration at (i, j).

σi,j =

α

α′

γ′ γ

(i, j)

α, α′ ∈ {↑, ↓},
γ, γ′ ∈ {←,→} .• L-matrix:

L = (Lα′,γ′
α,γ )(α,γ),(α′,γ′)=(↑ or ↓,← or →) = “table” of Boltzmann weights.

Lα′,γ′
α,γ = W

(
α

α′

γ′ γ
)
.

5



L-matrix for Baxter’s eight vertex model:

L(u) =


a 0 0 d

0 b c 0

0 c b 0

d 0 0 a

 =
3∑

a=0

Wa(u)σ
a ⊗ σa,

Wa(u) :=
θga(u; τ)

θga(η; τ)
, g0 = (11), g1 = (10), g2 = (00), g3 = (01).

u: spectral parameter, η: unisotropy parameter, τ : elliptic modulus.

σa: Pauli matrices. (σ0 = Id.)

Theta functions: (θ11 = −ϑ1, θ10 = ϑ2, θ00 = ϑ3, θ01 = ϑ4)

θab(z; τ) =
∑
n∈Z

exp

(
πi
(a
2
+ n

)2
τ + 2πi

(a
2
+ n

)( b

2
+ z

))
.
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Vi = C ↑ ⊕C ↓ (i = 1, . . . ,M), V0 = C← ⊕C→.

H := VM ⊗ · · · ⊗ V1.

• Monodromy matrix:

T (u) := LM0(u) · · ·L20(u)L10(u) : H⊗ V0 → H⊗ V0.

(Li0 y Vi ⊗ V0)

• Transfer matrix:

T = T (u) := trV0 T (u) : H → H.

(Recall: we are assuming the periodic boundary condition.)

Problem

Diagonalise T (u), or find eivenvalues of T (u).
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• Why is the eight vertex model “good”?

∃ 4× 4-matrix R(u)(= L(u+ η)) (the R-matrix) such that

R00′(u− v)Li0(u)Li0′(v) = Li0′(v)Li0(u)R00′(u− v)

on Vi ⊗ V0 ⊗ V0′ .

=⇒ R00′(u− v)T0(u)T0′(v) = T0′(v)T0(u)R00′(u− v)

on H⊗ V0 ⊗ V0′ .

Taking trV0′⊗V0 of R T0(u) T0′(v)R−1 = T0′(v) T0(u),

T (u)T (v) = T (v)T (u).

=⇒ Eigenvectors do not depend on u.
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§2. Q-operator

A tool introduced to find an eigenvalue by Baxter (1972, 1973).

Assume: η ∈ [− 1
4 ,

1
4 ], τ = it (t ∈ R>0), M = even as in [Baxter (1973)].

• Q-operator: Q(u) : H → H: a linear operator satisfying:

• TQ-relation: (h±(u) = (2[u∓ η])M , [u] = θ11(u).)

T (u)Q(u) = Q(u)T (u) = h−(u)Q(u− 2η) + h+(u)Q(u+ 2η),

• Commutativity: [Q(u), Q(v)] = 0.

• Holomorphicity and quasi-periodicity in u:

U⊗M1 Q(u) = Q(u)U⊗M1 = e−Mπi/2Q(u+ 1), (U1 = σ1 :↑ 7→ ↓, ↓ 7→ ↑)

U⊗M3 Q(u) = Q(u)U⊗M3 = eMπi(τ−1)/2+MπiuQ(u+ τ),

(U3 = σ3 :↑ 7→ ↑, ↓ 7→ (− ↓)).
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T (u), Q(u), U⊗M1 , U⊗M3 : all commute with each other for any u.

=⇒ eigenvectors are common for all u and independent of u.

If Ψ is a common eigenvector:

T (u)Ψ = t(u)Ψ, Q(u)Ψ = q(u)Ψ,

U⊗M1 Ψ = (−1)ν1Ψ, U⊗M3 Ψ = (−1)ν3Ψ. (ν1, ν3 ∈ {0, 1}.)

Holomorphicity & quasi-periodicity =⇒ ∃n1 ∈ Z, uj ∈ C (j = 1, . . . ,M/2):

q(u) = Ce(ν1+2n1)πiu

M/2∏
j=1

[u− uj ].

u 7→ uj in the TQ-relation: 0 = h−(uj)q(uj − 2η) + h+(uj)q(uj + 2η).
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⇐⇒ equations for uj ’s.(
[uj + η]

[uj − η]

)M

= e4(ν1+2n1)πiη

M/2∏
k=1,k ̸=j

[uj − uk + 2η]

[uj − uk − 2η]
.

(Bethe equations; same as those of the Bethe Ansatz.)

TQ-relation gives the eigenvalue of T (u):

t(u) = h−(u)
q(u− 2η)

q(u)
+ h+(u)

q(u+ 2η)

q(u)
.

Quasi-periodicity says more: the sum rule of Bethe roots.

M/2∑
j=1

uj ≡ −
ν1τ

2
+

ν3
2

(mod Z+ τZ).

(The Bethe Ansatz does not give the sum rule.)
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§3. Sklyanin algebra

[T (u), T (v)] = 0⇐= RT T = T T R⇐= RLL = LLR.

Generalise L(u) =
∑3

a=0Wa(u)σ
a ⊗ σa

−→ L(u) =
∑3

a=0Wa(u)S
a ⊗ σa, so that RLL = LLR still holds.

[Sklyanin (1982)]

RLL = LLR gives the commutation relation of Sa’s:

[Sα, S0]− = −iJα,β [Sβ , Sγ ]+, [Sα, Sβ ]− = i[S0, Sγ ]+,

([A,B]± = AB ±BA, (α, β, γ) = cyclic permutation of (1, 2, 3).)

The structure constants Jα,β =
(Wα)2−(Wβ)

2

(Wγ)2−(W0)2
do not depend on u.

Uτ,η := ⟨S0, S1, S2, S3⟩: Sklyanin algebra. (the “first” quantum algebra)
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[Sklyanin (1983)]

spin l representation: ρl : Uτ,η → EndC(Θ
4l+
00 ),

Θ4l+
00 := {f(z) | f(z+1) = f(−z) = f(z), f(z+ τ) = e−4lπi(2z+τ)f(z)},

(ρl(Sa)f)(z) =
sa(z − lη)f(z + η)− sa(−z − lη)f(z − η)

θ11(2z, τ)
,

s0(z) = θ11(η, τ)θ11(2z, τ), s1(z) = θ10(η, τ)θ10(2z, τ),

s2(z) = iθ00(η, τ)θ00(2z, τ), s3(z) = θ01(η, τ)θ01(2z, τ).

• Deformation of spin l representation of sl2(C).

• l ∈ 1
2Z≥0 =⇒ dimΘ4l+

00 = 2l + 1.

• l = 1/2: ρ1/2(Sa) ∝ σa =⇒ eight vertex model.
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Assume: η ∈ [− 1
2(2l+1) ,

1
2(2l+1) ], l ∈

1
2Z>0. Recall τ = it, t > 0.

Sklyanin form

⟨, ⟩ : Θ4l+
00 ×Θ4l+

00 → C: sesquilinear form, such that

⟨ρ(l)(Sa)f, g⟩ = ⟨f, ρ(l)(Sa)g⟩.

Explicit definition:

⟨f(z), g(z)⟩ :=
∫ 1

0
dx

∫ t

0
dy f(x+ iy) g(x+ iy)µ(x+ iy, x− iy),

µ(z, w) :=
θ11(2z, τ)θ11(2w, τ)

2l+1∏
j=0

θ00(z + w + (2j − 2l − 1)η, τ) θ00(z − w + (2j − 2l − 1)η, τ)

.
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§4. Higher spin generalisation of the eight vertex model

Idea: Use the spin l representation to define the L-matrix!

L(u) :=

3∑
a=0

Wa(u)ρ
(l)(Sa)⊗ σa : Θ4l+

00 ⊗ V0 → Θ4l+
00 ⊗ V0.

V0
∼= C2 as before. Hereafter l ∈ 1

2Z>0.

• Monodromy matrix :

T (u) := LM0(u) · · ·L20(u)L10(u) : H⊗ V0 → H⊗ V0,

where H := VM ⊗ · · · ⊗ V1, Vi
∼= Θ4l+

00 .

• Transfer matrix : T (u) = trV0 T (u).
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Goal: Construct the Q-operator for this T (u).

Strategy: (same as that in [Baxter (1973)], [Baxter’s book])

1. Twist the L-operator, so that (2, 1)-component becomes degenerate.

2. The tensor product of the null vectors of the degenerate component

= a column vector of QR-operator, satisfying

T (u)QR(u) = h−(u)QR(u−2η)+h+(u)QR(u+2η), h±(u) = (2[u∓2lη])M .

3. QL(u) := (QR(−ū))∗ (hermitian conjugate with respect to ⟨, ⟩):

QL(u)T (u) = h−(u)QL(u− 2η) + h+(u)QL(u+ 2η),

4. Q(u) = QR(u)QR(u0)
−1 = QL(u0)

−1QL(u) is the Q-operator, where

u0 is a suitably fixed parameter.
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• Twisting the L-matrix:

Gauge transformation matrix:

Mλ(v) :=

−θ00 ((λ− v)/2, τ/2) −θ00 ((λ+ v)/2, τ/2)

θ01 ((λ− v)/2, τ/2) θ01 ((λ+ v)/2, τ/2)

 .

Twisted L-matrix:

Lλ,λ′(u; v) =

αλ,λ′(u; v) βλ,λ′(u; v)

γλ,λ′(u; v) δλ,λ′(u; v)

 := Mλ(v)
−1L(u)Mλ′(v),

γλ+4lη,λ(u; v) is degenerate. Its null vector is:

ωλ(u; v) :=
[
z + λ+u−v

2 + (−l + 1)η
]
2l

[
−z + λ+u−v

2 + (−l + 1)η
]
2l
,

where [z]k :=
∏k−1

j=0 [z + 2jη] = [z][z + 2η] · · · [z + 2(k − 1)η].
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We can construct column vectors of QR(u) by ωλ(u; v):

Take parameters

• σ⃗ := (σM , . . . , σ2, σ1): σj = ±1,
∑M

k=1 σk = 0. (Recall: M is even!)

• λj = λj(σ⃗) := λ+ 4lη(σ1 + · · ·+ σj−1). (In particular, λM+1 = λ1.)

Then

ϕ(u; v, λ, σ⃗) := ωσMλM
(u;σMv)⊗ · · · ⊗ ωσ1λ1(u;σ1v) ∈ H

satisfies

T (u)ϕ(u; v, λ, σ⃗) = h−(u)ϕ(u− 2η; v, λ, σ⃗) + h+(u)ϕ(u+ 2η; v, λ, σ⃗).

Assumption: ∃ a set of parameters {(vk, λk, σ⃗k)}k=1,...,dimH such that

generically {ϕk(u) := ϕ(u; vk, λk, σ⃗k)}k=1,...,dimH spans H.
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QR(u) : CdimH =
dimH⊕
k=1

Cek ∋ ek 7→ ϕk(u) ∈ H

satisfies

T (u)QR(u) = h−(u)QR(u− 2η) + h+(u)QR(u+ 2η).

Assumption =⇒ ∃u0 ∈ C: QR(u0) is invertible.

Q(u) := QR(u)QR(u0)
−1 : H → H satisfies

T (u)Q(u) = h−(u)Q(u− 2η) + h+(u)Q(u+ 2η).

Eventually, this Q(u) is what we want.

Need to show: T (u)Q(u) = Q(u)T (u), Q(u)Q(v) = Q(v)Q(u).
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• Hermitian conjugate of T (u) and definition of QL(u)

(·)∗: Hermitian conjuagate with respect to the Sklyanin form.

(Sa)∗ = Sa =⇒ (T (u))∗ = T (−ū)

=⇒ QL(u) := (QR(−ū))∗ : H → CdimH satisfies

QL(u)T (u) = h−(u)QL(u− 2η) + h+(u)QL(u+ 2η).

The commutation relation QL(u)QR(u
′) = QL(u

′)QR(u) holds, which

implies:

Theorem

Q(u) := QR(u)QR(u0)
−1 = QL(u0)

−1QL(u) satisfies

• T (u)Q(u) = Q(u)T (u) = h−(u)Q(u− 2η) + h+(u)Q(u+ 2η).

• [Q(u), Q(u′)] = 0.
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Idea of the proof of QL(u)QR(u
′) = QL(u

′)QR(u):

(i, j)-element of QL(u)QR(u
′) = ⟨ϕi(−ū), ϕj(u

′)⟩.

=⇒ Enough to show that

Φ(u, u′) := ⟨ϕ(−ū; v, λ, σ⃗), ϕ(u′; v′, λ′, σ⃗′)⟩

=
M∏
k=1

⟨ωσkλk
(−ū;σkv), ωσ′

kλ
′
k
(u′;σ′kv

′)⟩

is a symmetric function in (u, u′) for any λ, λ′, σ⃗ and σ⃗′.

• One can compute the product ⟨ωσλ(−ū;σv), ωσ′λ′(u′;σ′v′)⟩ explicitly
thanks to the results of [Rosengren (2004, 2007)].
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=⇒ Φ(u, u′) is factorised as

Φ(u, u′) = (const.)
M∏
k=1

F
(λ′

k−λ̄k

2 +
σ′
ku

′+σku
2 + (σ′k − σk)lη + −v′+v̄

2

)
×

×
M∏
k=1

G
(λ′

k+λ̄k

2 +
σ′
ku

′−σku
2 + (σ′k + σk)lη + −v′−v̄

2

)
.

• [Baxter (book)]: A function factorised as above is symmetric in (u, u′).

(Induction on the sequence {σk}.)

=⇒ QL(u)QR(u
′) = QL(u

′)QR(u).
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• Quasi-periodicity:

U⊗M1 Q(u) = Q(u)U⊗M1 = e−MlπiQ(u+ 1),

U⊗M3 Q(u) = Q(u)U⊗M3 = eMlπi(τ−1)+2MlπiuQ(u+ τ),

where U1, U3 ∈ EndC(Θ
4l+
00 ):

(U1f)(z) = eπiℓf

(
z +

1

2

)
, (U3f)(z) = eπiℓeπiℓ(4z+τ)f

(
z +

τ

2

)
.

(When l = 1/2, U1 ∼ σ1, U3 ∼ σ3.)

=⇒ the Bethe Ansatz equations:(
[uj + 2lη]

[uj − 2lη]

)M

= e4(ν1+2n1)πiη
Ml∏

k=1,k ̸=j

[uj − uk + 2η]

[uj − uk − 2η]
.

(as in the case of the eight vertex model.)
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The eigenvalue of T (u):

Λ(u) = (2[u+ 2lη])Me−2ν̃1πiη
Ml∏
j=1

[u− uj − 2η]

[u− uj ]

+(2[u− 2lη])Me2ν̃1πiη
Ml∏
j=1

[u− uj + 2η]

[u− uj ]
,

The sum rule:
Ml∑
j=1

uj ≡ −
ν1τ

2
+

ν3
2

(mod Z+ τZ).

where ν1, ν3 ∈ {0, 1}, ν̃1 = ν1+ (even number).

[T (1992), (1995)]: the modified Bethe Ansatz for this model.

• the Bethe equations and Λ(u) were obtained.

• The sum rule was not proved.
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Conclusion

• The higher spin eight vertex model (M = even) has the Q-operator.

– the Bethe equations.

– the sum rule of Bethe roots.

• Baxter’s construction: seemingly too technical.

(heavily dependent on the explicit structure of the transfer matrix)

However, it can be generalised to higher spin cases.

 existence of mathematical background?

Problems

• The case M = odd. (On-going work; η ∈ Q (cf. [Baxter (1972)]).)

• [Zabrodin (2000)], [Chicherin, Derkachov, Karakhanyan, Kirschner

(2013)]: ∞-dimensional Q-operators. Relations? Reduction?
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