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1 Elliptic difference Painlevé equation

1.1 General idea

X = C": affine N-space with coordinates z = (xy,...,zy)
K(X)=C(x) =C(xy,...,zy): field of rational functions on X
W ~ X: birational action of a group W on X

p: W — Aut(K(X)): group homomorphism

For each w € W and ¢ € K(X), the action w.¢o = p(w)(p) € K(X) is defined by

(w.@)(z) = p(w™t.2) for generic x € X. (1.1)
w.r1 = Ri“(:z:l, ce ,JiN)

wlt X 5 X : (1.2)
w.xy = RY(z1,...,2N)

The birational action of W on X provides a family of birational mappings which are
compatible in the sense

R (z) = R (R (x),..., Ry (z)) (wy,wg € W; i =1,...,N). (1.3)
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o Weyl group: a group W = (s; (i € I)) generated by simple reflections s; (i € I)
subject to fundamental relations s? =1 (i € I) and, for i,7 € I, 1 # j,

$iS;S; = 8788 (braid relation) (1.4)

with m;; letters on each side, where m;; = 2,3,4,6 or oo.
o Affine Weyl group: Weyl group W isomorphic to the semidirect product L x Wy of
a lattice L ~ Z! and a finite Weyl group W, acting linearly on L.

W=T,xWy Tp={T.|ael}~L, (1.5)

Note that Ty = 1, T,73 = Top (o, 6 € L) and w1, = Ty ,w (a0 € Lyw € Wy).
When an affine Weyl group W = T}, x W, acts birationally on X, the translation
subgroup T, defines a commuting family of of birational mapping on X.
Ta(xl) — Rcly(xla s 7331\7)
: (v € L ~7h (1.6)
To(zn) = Ry (21, 2n)
= discrete integrable system of rank N with [ discrete time variables

e Solution

V. C-vector space, T ~ V: affine linear action, D C V : a subset stable by T},
A Tr-equivariant mapping ¢ : D — X gives a solution of the discrete integrable system
specified as above.



1.2 Second order discrete Painlevé equations

Sakai’s table (2001): a standard list of second order discrete Painlevé equations
classification of nine-point blowups of P2, or eight-point blowups of P! x P!,
which admit affine Weyl group symmetries.

e Rational surfaces (anti-canonical divisors)

(eP): | Ay
@P): AP =AY = AD S A - Al Al A Al - Ay
A
@p): A AV AP - DY D~ — DY - DY
N\ N\

EY = g g

e Affine Weyl group symmetry

1
(eP) : Eé )
(¢P) EMN 5 B S ED DY Al S (A + ADD S (4 + 4O 4
N0
Al
@p): EY B L ED D Al a0 g0 )



Discrete Painlevé equations

(Grammaticos-Ramani-- - - & Sakai)
Rational (9) Trigonometric (9) Elliptic (1)
dP qP eP

Continuous

Painlevé equations

P
Ultradiscrete

Painlevé equations

uP

Ao+ Ay qPmr, qPrv
Az : Py A+ A P
A1+A;: P My Py Ay Al

Ar Py AP (Ao)

(Ado: Pp)  (Ao: P1)




1.3 An explicit expression for the Elliptic Painlevé equation

e Affine root system of type Eél)

Let b the Cartan subalgebra of the affine Lie algebra of type Eél). We fix a basis of
the dual space h* = Home(h, C) as follows:

f)* :C/{m@Cfiy@Cél@Céz@"'@@ég. (17)
Qo Qg = &1 — £,
Q1 = Ky — Ry,
Qg = Ky — &1 — €2,
O O O O O O O O
031 Q2 Qs Q4 Qs Qe Q7 Qas O =¢Ej-1 — &5 (] = 3, ,8)
0 =2k, + 2K, —€1 —€g — -+ — €5 (null root) (1.8)
We regard (k;e) = (Kg, Ky;€1,...,€8) as coordinates of h. The translation 7,, with

respect to a; = Kk, — Kk, acts on these variables as follows:
To,(Kz) =Ky — 201 +0 = Ky + 4k, — 1 — -+ — €5
To, (Ky) = Ky — 200 + 30 =4k, + 9Ky — 361 — -+ — 3es (1.9)
To,(gj) =¢cj—a1+9 (j=1,...,8)



e Parametrization of an elliptic curve in P! x P!

With the notation
Eq = C/Q: elliptic curve with the period lattice 2 = Zw; & Zws,

o(u) = o(u|Q2): Weierstrass sigma function
we use the parameters x5, k, to define two functions

0o(u) =0(a—u)o(ky —a—u), Y,(u)=o0(a—u)o(k,—a—u) (a,uecC). (1.10)
Fixing generic constants a,b € C, we define the reference curve Cy C P! x P! by

_ te(u)
Ya(u)

in terms of the inhomogeneous coordinates (z,y) € P! x P!. This curve can be repre-

Co: plw) = (), y(); a(w) = 24y

o)’ (u e C) (1.11)

sented as the zero locus of a polynomial of bidegree (2,2).

Setting p; = p(e;) (J = 1,...,8), we use the parameters €1, ...,eg to specify eight
points pq,...,ps € Cy. Note that v = a, b corresponds to (oo, ), (0,0) € Cy. Also, for
t € C, the vertical and horizonal lines

Qpa(t)aj o Spb(t) = 07 %(t)y _ wb(t) =0 (112)

of bigree (1,0) and (0, 1) intersect with Cy at p(t) = (x(t), y(1)).
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e Elliptic Painlevé equation with respect to a; = kK, — kK, (KNY 2017, [4])
- (soa(t)x— sob(t>> _ Plzyit)
"\pals)z —@u(s) )  Plz,y;s)
ro (£00=00) _ Q)
U\ Gals)y —tls))  Qlz,y;s)
for any ¢, s € C, where P(z,y;t), Q(x,y;t) are characterized as polynomials of bidegree

9

(1.13)

(1,4) and of bidegree (4,1) respectively, having zeros at pi,...,ps and p(t) € Cy,
together with certain normalization conditions.
An explicit representation for P(z,y;t) is given by

P(x,y;t) = o(t)( t)r — pp(t H Va(€5)y — Vp( 5]))

+ (Ya(t)y — () Z cx(t % Ek)T — Spb(ﬂc)) H (¢a(5j>y - %(53'))-

k=5
4
0 (ke — ky —0) [[;1my 0(ky — €5 — 1)
0 (ke — Ky) H5§kz§8 o(e; — 1)
0(Ky — Ky — 0+ 1 —¢€g) H?Zl o(ky —€; — €k)
0(kz — ky)o(t —er) H5§j§8;j7ﬁk o(ej — k)

Co(t) = —

cr(t) = —




1.4 Weyl group W,, and the Picard lattice L,,

e Weyl group W,
Wn = W(Tg’gm_g) == <80, Sty Sn> (ﬂ == 3, 4, .. )

O S? =1
Tg’g,n_g X o0 T ~ . S$iS; = 555 (z’o Oj)
1 5/ \SJ Z n S5;SjS; = 55555 (zo—og) <115)
n 314|516 |7 8 9

( *: of indefinite type)

root system || Ay | D5 | Eg | E7 | Ey Eél) *

W, finite group for n < 7, infinite group for n > 8.
Wy = W(Eél)): affine Weyl group of type Eél)
The Dynkin diagram 753, is also referred to as E,11: To35 = Eg, Tose = Ly = Eél).

This Weyl group W, is realized as a reflection group on the Picard lattice
L,=7H,®ZH, ®ZE, ® ZE; & - - - ® ZE,,. (1.16)

We also use the notation H; = H;, Hy = H,, depending to the situation.



e Picard lattice L,

W, = (s0, 81, ..., 8y) is realized as a reflection group on the Picard lattice

L,=7H, ® ZH, ® ZE, ® ZE, ® - - - ® ZE, (1.17)
with the symmetric bilinear form ( | ) : L, X L, — Z such that
(Hi|H1) = (H2[H2) =0,  (Hi[H2) = -1
(H;|E;) =0 (i=1,2;5=1,....,n), (E|E;) =10y (i,7€{L,...,n}).

In the geometric terms,

L, Picard group attached to the blowup of P! x P! at generic n points py, ..., pn
H; and Hy: divisor classes of lines = const. and y = const., (z,y) € P! x P!
E, (j =1,...,n): exceptional divisors.
(A|A’) = intersection number of the divisor classes A, A’ € L,, multiplied by —1.
A=dH+dyHy —miFy — -+ —mpE, (di,do,mq,...,m, € Z)

(A|Hz) = —dv, (A|Hz) = —dz, (AEj) =—m; (j=1,...,n)
... divisors of bidegree (d1, d2) intersecting with E; with multiplicity m; (j =1,...,n)

(1.18)

In this lattice, the simple roots ag,ay, ..., a, of type 15 3,_2 are realized as

ag=FE; —Es, a;=H; —Hy, as=Hy—E; —Eg,

(1.19)
a3 = Ey —E3, a;=E3—Ey,

. o 7 an — En_]_ - En-
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e Simple roots of the root system of type T3, 2

The simple roots ag, ay, . .., a, of type 15 3,9 are realized in the Picard lattice L,, as
dg = El—EQ, a1:H1—H2, do = HQ—El—EQ, aj:Ej_l—Ej (]:3,,7’2,)
0 (ai]ai) = 2
T153,-9: T a;) = : .
2,3,n—2 O—O—O—0 (a ’aj) 0 (z‘o oy') (1.20)
1 2 3 4 n (a;]laj) = =1 (io—oj)

e Linear action of W,, on L,

The complexification of the Picard lattice L,,

gives a realization of the Cartan subalgebra of the Kac-Moody Lie algeba g(7%3,—2).
For each a € b, with (a]a) # 0, we define the reflection r, : b, — b, by

ro(h) = h — (a'|h)a (h € byp) (1.22)

where o = 2a//(a|a). Then the Weyl group W,, = (sg, s1,...,,) acts linearly on b,
through the simple reflections s; = r,, (¢ = 0,1,...,n), so that (| ) is W,,-invariant,
and that W, stabilizes L, C §,,.

e The case n = 8: Wz = W(E{")
We denote the root lattices of type Eg and Eél) by Q(Es) and Q(Eél)) respectively.

Q(Eg) = Zao D Zal DD Za7 C Q(Eél)) Q(Eg) D Zag C Lg <123)



@ The case n = 8: Wy = W(Eél))

ao ; g = El - EQ;
§ a; = Hy — Ha,
az = Hy — E; — By,
e O O O O © O——0 '
poa1 az as a4 as a6 ar 1 as a;j = Ej_l — Ej (] = 3, cee 8)

.......................................................................

Q(Es) ¢ Q(E(M) = Q(Es) @ Zc C Ly = Q(Es) ® Zc & ZEg
c=2H; +2Hy, —E; —Es —--- — Eg

= 3ag + 2a; + 4ay + 6a3 + day + 4as + 3ag + 2a;7 + ag
(claj) =0 (j=0,1,...,8), wc=c (weWs).

(1.24)

The null root c corresponds to the anti-canonical divisor of the 8-point blowup of P* x P!,

For each a € Q = Q(Fy), the Kac translation T, : hg — bg is defined by

To(A) = A+ (c|A)a — (L(ala)(c|A) + (a]A))e (A € Lg).

1.25
To=1 T, 3=Tys (,feQ); wl,=T,,w (a€Q, weWs). ( )

Then the Weyl group Ws = W(Eél)) splits into the semi-direct product

Ws =W(EM) =Ty x W(Es): Q(Es) S Tg: ar— Ty (1.26)
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1.5 Birational Weyl group action on the point configuration space

e Configuration space of generic n points in P! x P!

The Weyl group W,, = W(Ts3,,-2) acts birationally on the configuration space of
generic n points in P! x P!, For two n-tuples (p1,...,pn), (q1,...,q,) € (P* x PH)™,

(p1y---s0n) ~ (q1,---,qs) equivanlent as configurations
<= dgePGL(2) xPGL(2): gp;=¢q¢;, (=12,...,n). (1.27)
X, = { (p1,...,pn) € (P x P)" ’ genem’c}/w :

In terms of the inhomogeneous coordinates, any generic n-tuple of points with n > 3

(Do opa) = 1R ) e (pl o Py (1.28)
Y Y2 Y3 Y4 --- Yn

is transformed uniquely into

01 oo fn
(q1, -+, Gn) = >~ Ji / e (P' x PH" (1.29)
by the pair of fractional linear transformations

T — T3z — I :y—yﬂ/:s—?h
ZIJ—$1$3—352’ Y—Y1Ys— Y2

;- (1.30)



e Birational action of W,, on X,

The Weyl group W,, = (s, s1, . - ., S,) associated with the Dynkin diagram

0 s2=1
T2’37n_2 : oo T R . S$iS5 = 5;5; (io Oj)
1 2 3 4 n $iSjSi = 8;8i8; (io—oj) (1.31)

acts on the field of rational functions K(X,,) = C(f4,-.-, fn, G4, ---,9s) through the
following automorphisms sg, s1, ..., Sp.

so(f;) = %, so(9;) = l s1(f5) = 95, s1(9;) = J;
j 9;
7 ; (1.32)
sa(f) = j, s2(g;) = 7 ss(fi)=1—1f;,  s3(g;) =1—y;
s4(fa) = %a s4(ga) = ia sa(fj) = %, sa(g;) = % (J=5,...,n)
and, for 1 =4, ....n,
Si(fi—1> = fi Si(fi) = fi_1, Sz’(gi—l) = i, Si(Qz’) = Gi—-1 (1.33)

si(fi) = I si(95) = 9; (J#1—1,1).
These automorphisms except for sy have simple interpretations:

S, = (S0, 83, - - -, Sp): permutation of n components in (p1,...,px,)
s1: exchanging the two coordinates x, .
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e Linearization of the W,, action in terms of elliptic functions

We identify the C-vector space h,, = C ®z L,, with the complex affine (2 + n)-space
C**" with canonical coordinates (k;€) = (k1, K2;€1, .. .,&,) through the expression
h = —/{)2H1 — /ﬁ)ng + €1E1 + EQEQ + -+ EnEn c hn
ki =(Hil -) (1=12), g=(E|-) (G=1...,n) (1.34)
h = Home = Ck; G Cro G Cey § Cey & - - - & Ce,,.
and set a; = (a;]-) (j=1,...,n) and 0 = (c|-) = 2Ky + 2Ky — €1 — - -+ — €g. Setting
FEq = C/Q: elliptic curve associated with the period lattice 2 = Zw, & Zws
o(u) = o(u|Q2): Weierstrass sigma function
or(u,v) =c(u—v)o(A—u—v) (A\u,veCC)
we consider the reference curve Cy : p(u) = (f(u), g(u)) (v € C) specified as
. 90/11 (827 U’) @m (517 83) L 9052 (827 U’) SOHQ (817 63)
f(U) T ) g(u> T )
Prq (517 u) Pr1 (627 53) Pro (517 u) Pra (627 83)
and define the meromorphic mapping ® : b, ®z Fq =0,/Q®z L, --- — X, by

(I)<K’7€) - (f(€4)7°"7f(€n);g(€4>7'°'7g(€n)) (]:4,,TL> (136)
in terms of the coordinates (k;¢) of b, and (f4, ..., fu; G4, .-, gn) of X,;. Then it turns

(1.35)

out that ® is a W,-equivariant mapping, namely, ® is a particular solution of the system
of functional equations specified by the birational W,, action on X,,.
... canonical elliptic solution of the W,-system on X,,.



1.6 Discrete Painlevé equation with W(Eél))-symmetry

e Birational action of Wg = W(Eél)) on K = KC(Xg) and K(f, g)

On the configuration space Xg of generic 9 points in P! x P!, we regard
fa,. .., fs,94,...,95 as parameters for the 8-point configurations, and
f="fo, g=gg as the coordinates for a generic point (f,g) € Pt x P,

The Weyl group Wy then acts on K = C(fy, ..., fs,94,.--,98) = K(Xg), and also on
K(f,g) = K(Xg) through the embedding Wy C W:

1 1
50<f>:?7 80(g>_%7 Sl(f):ga 31(9):f,
so(f) = § a9 =g slH=1-f sl =1-g (1.37)
si(f) = fi s =L s(=1 so=g (=5....8)

Having this birational representation of the affine Weyl group W(Eél)) = To x W(Ejs),
Q) = Q(Fs), from the translation part Ty we obtain the discrete integrable system

T.(f) = R*(f,9), Tulg)=5(f9) (a€Q(Es)) (1.38)

where R%(f,g9),5(f,9) € K(f, 9).
—> discrete Painlevé equation with W(Eél) )-symmetry.
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e Elliptic Painlevé equation eP(Eél))

From now on, we parametrize the coordinates (f;,g;) (7 =4,...,8) by means of the
canonical elliptic solution of the Ws-system:

_ Pra(E2,€5) Py (€1, E3)

oy Pra(E2,85) o (€1, 63) = gle;) =
f] - f(€]> - g] - g(gj) gp,w(gl,é‘j) 90/{2(82763).

Pr1 (817 Ej) Pr1 (527 83)’

(1.39)

Then we obtain a realization of the affine Weyl group W(Eél)) as an automorphism
group of the field of rational functions M(hs/2 ®z Ls)(f, g). The representation of the
translation subgroup Ty C W(Eél))

T.(f) = R*(f,9), Tulg) =S“(f,9) (o€ Q(Ey)) (1.40)

is the elliptic difference Painlevé equation.

From the canonical elliptic solution of the Wy-system, we also obtain a one-parameter
family of special solutions

_ _ Pm (€2,u) Pr, (€1, €3) _ _ Pry (€2, 1) Vi, (€1, €3)
f a f(U) Pk (517 u) Pr1 (627 53) 7 g g(U) Pro (517 u) Pro (527 53)

of the elliptic Painlevé equation (canonical solution). This solution corresponds to the

(1.41)

elliptic curve (the curve of bidgree (2,2)) passing through the 8 points specified by

(1, ps) = (OOOlf“"'fS) : {fj:f(gj) G=4,....8. (142

00 01gy...gs g; = g(g;)
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1.7 T-functions for eP(Eél))

We introduce a system of homogeneous coordinates (&,7), & = (&1 : &), 1= (1 : 12)
for P! x P! such that

 Pry (517 53) 52 _ Pro (517 53) 2
f= =, 9= — (1.43)
Prq (52763) 51 Pra (82763) m
together with new variables 71, ..., 7g corresponding to p1, ..., ps. Then the action of Wy

on L = K(f,g), K= M(bg), can be extended to the field £ = K(&, &, m1, 725 71, - - -, T8)

as follows:
fl fg 771 772 T To T3 T4 ... T8
S0 &2 &1 Mo M| T2 T T3 T4 ... T3
s ||l m M & S| T T2 T3 Tao... Ty
Simz &1me N2 M
52 T172 T1T2 2T 7'_2 7'_1 73 T4 .- T8 <144)
53 &1 s M M3 |TL T3 T2 T4 ... T3
S4
: S S o om o m| T T T(i—1,0);
S8
Pk (5j752)€1 — Pr1 (€j751)€2  Pro (5,7'762)771 - 90/-62(5]'751)772 1.4
fj - y Ny — ( . 5)
@m(&‘bé‘z) (PH2(51752)

Theorem A: These automorphisms sg, S1,...,Ss of L = K(&1,&,m1,12;71, .., 78)
defines a represenation of Wg = (sg, s1,. .., Ssg)-
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In this realization we look at the action of s3 on 7s:

iy (€3, €2) T — Py (€3,€1)72
Pra (517 52)

s3(m2) = M3 = (1.46)

By using the relations 71 = 7182(72), 72 = Tese(71), this formula can be rewritten as
bilinear relations for translates of 7-functions:

Pro (517 52) 53(7'2) 5382(7'1) = Pko (53, 52) 1 82(7'2) — Pks (53, 51) T2 82(7'1) (1-47)



[19]

1.8 Lattice T7-functions for eP(Eél))

In order to analyze the action of Wy on the 7-functions, we consider the WWs-orbit
of Eg in the Picard lattice Lg: Mg = WygEg C Lg. This orbit can also be described
intrinsically as

My={AcLs| AJA) =1, (c|]A)=—1}; Q(Es) > Ms: ars To(Es). (1.48)

Theorem B: There exists a unique family of elements 7(A) € L (A € Mg) such that

T(E))=7 (=1,...,8); w(r(A)=7(wA) (AeMs; weWs). (1.49)
Furthermore, this family of t-functions is characterized by the following non-
autonomous Hirota equations: For any distinct i, 7,k € {1,...,8} and for r =1, 2,

o(ej —er)o(ky —ej —ep)T(Ei)T(H, — E;)
+o(ep —e;)o(ky — e —ei)7(E;)T(H, — E;) (1.50)

+ 0'(81' — <€j)0'(lir —&; — €j>T(Ek)T(HT — Ek) = 0.
The homogeneous coordinates &1, &y, m1,m2 are recovered from 7(A) (A € Mg) by

&=1(E)T(H —E), m=7E)T(Ho—E;) (i=1,2). (1.51)
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For each A € My we define 7(A) = w(7g) € L by taking a w € Wy such that A = w.Eg;

this definition does not depend on the choice of w since 7y is invariant under the action
of the isotropy subgroup W, of Eg. With this definition, the bilinear relation

Orr(E1,62) $3(T2) $352(T1) = Yr,(€3,62) T1 S2(T2) — Vu,(€3,61) T2 S2(T1) (1.52)
is rewritten in the form
o(e1 —e3)o(ky — ey —e9) T(E3) T(Hy — E3)
= o0(e3 —e9) 0(ky —e3 —e9) T(E1) 7(Hy — Ey) (1.53)
+ o0(eg —e1) 0(ko —e3 — 1) T(Ex) 7(Hy — Es).
Then by the action of Gg and by s;, we obtain the bilinear equations as described in
Theorem B.

Conversely, suppose that the family 7(A) (A € Mg) satisfies the property as stated
in Theorem B. Then the variables &;, n; (i = 1,2) are recovered by

& =T(B)T(Hi — E), mi = 7(E)T(H2 — Ey). (1.54)

The non-autonomous Hirota equations mentioned above guarantee the validity of rela-
tions to be satisfied under the action of ss.



1.9 Linear systems L£(A)

In the homogeneous coordinates (£,7) € P! x P, & = (& : &), n = (n1;12), we specify
the parametrization of the reference curve Cy by p(u) = (£(u),n(u)) (u € C) where

(
i(u) = 0x, (&5, u) = o(e; —u)o(kr — & — “i (1.55)

mi(U) = @y (€i,u) = 0(ei —u)o(ry — & —
and the eight reference points p1,...,ps by p; = p(e;).
For each element A = lel + dQHQ - m1E1 - m2E2 — e — ngg € Lg (di,m]‘ € Z)

of the Picard lattice, we denote by L(A) the K-vector space of functions of the form
f(&n)ry ™ - 7™ such that

(1) f(&n) € K[ n]: homogeneous of bidegree (dy, ds), and
(2)  f(&,n) has a zero of multiplicity > m; at p; = p(e;) for j =1,....8.

Note that L(Hy) = K& @ K&, L(Hy) = Ky @ Ky and that, for each j =1,...,8,
L(Ej) =K7=7(E); L(Hi—Ej)=K&r;', L(Hy—E;) =Kunyr;

2 (8j7 52)51 — Pk (Eja 81)52 ke (5j7 52)771 — Pko (5J7 <C31)77 (156)
fj — ) T = .
P, (€1,€2) Pz (€1, €2)

Also, each w € Wy induces a C-isomorphism w. : L(A) — L(w.A) for all A € Lg. In
particular, for each A € Mg = W5 {E;,... Es}, we have L(A) = K7(A).
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e 7-Cocycles ¢p(&,7)
Suppose that A € Mg and A = diH; 4+ dyHy —mE; — - - - —mgEg. Then the 7-function

T(A) is expressed as T7(A) = oa(&,n) 1y - 15 % with a homogeneous polynomial
¢ (&, m) of bidegree (dy, dy) such that ord, ¢, = m; (j = 1,...,8). Furthemore, ¢ (&, )

is normalized so that its restriction of to the reference curve Cj is given by

oa(€(u),n(u) =o(A—u) HU(Sj —u), A=diki+daky —myer — -+ —mgeg. (1.57)

j=1
We now consider the inhomogeneous coordinates (z,y) of P! x P! defined by

& T(Ey)r(Hi — Ey) 12 T(Ex)T(H2 — Bp)

v 51 - T(El)T(Hl — El)7 y= T - T<E1>’T(H2 — El) (158)
Then the action of each w € Wy is expressed as
. T(w-E2)T(w-(H1 - E2)) . ¢w.E2 (gan)¢w.(H1—E2)(€7n)
U B —B))  fue w0

Hence, in terms of inhomogenous polynomials Py (x,y) = ¢a (&, n)é; ny 2, we have

. Pw.Eg (xa y)Pw.(Hl—E2)<xa y) o Pw-E2 (QL’, y>Pw-(H2—E2)<x7 y)
w.r = . Wy = : (1.60)
Poe (x,y)Py.Hi-£) (2, Y) Poe (,y) Py (Hy—£1) (2, )




1.10 From the lattice 7-functions to the ORG 7-functions

Among the 7-functions 7(A) (A € M), 73 = 7(Eg) is a distinguished 7-function. It is
W (Eg)-invariant, and all the 7-functions 7(A) (A € Mg) are expressible as the translates

T(A) = TEg—A<7_8) (A c Mg); Mg = TQ(Eg) (161)

The system of non-autonomous Hirota equations for {7(A)}xcnz is then translated into
a W (FEg)-invariant system of difference equations for a single r-function 7 = 75, which
we formulate in terms of ORG 7-functions in the final section.

In working with difference equations, it is more convenient to use the root lattice
Q(Eg) of type Fg and the associated complex vector space

V =h(Es) = Q(Es) ®; C=Cay® Ca; & - - - @ Cay C bg (1.62)

rather than the complexification hg = f)(Eél)) = Lg ®7 C of the Picard lattice.



e Orthonormal basis of V

In view of
V = b(Ex) = { h € bs | (c|h) = (Es|h) =0} C bs = h(E{"),
we take the orthonormal basis vy, v1,...,v; of V defined by
v =H; —E; — 2(H +Hy — E; — Eg) + 3¢

1

2
’UQ:HQ—El—%(Hl—I—HQ—El—ES)—I—%C
Uj:Ej—l_%<H1+H2_E1_E8)+%C (]:3778>7 Vg = —1Ug

In terms of the orthonormal basis vy, v, ...,v; of V, the simple roots ag, ay, ...,

type Eg are expressed as

30:¢—U0—?}1—?}2—?}37 aj = Uj — Uj+1 (]:1776)7 ay = U7 + Vp.

where ¢ = S(vp +v1 + - - + v7).

N [ —

(1.63)

(1.64)

ary of

(1.65)
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e Hirota equations in the coordinates of V

Setting x; = (v;]-) € b (1 = 0,1,...,7), we use the coordinates © = (xg, x1,...,x7)

for V' = C? defined by

1 :/61—61—%(1431+/i2—81—88)—|—%(5
To =Ky — €1 — 5(K1+ ke — €1 —€g) + 30 (1.66)
X :5j—1—%(/€1+/€2—€1—€8)+%5 (7 =3,...,8), xy= —xg

instead of the coordinates (k, &) = (K1, k2;€1, . ..,€8) for hg. On these variables the Kac

translations T,, (1 =0,1,...,7) act as shift operators such that

Then the 7 = 73 is characterized as a W(Eg)-invariant 7 function satisfying the
non-autonomous Hirota equations

o(x; )Ty, (T)Tv_il(T) + oz, £ ;)T (M), (7) +o(xi £2,) T, (7)T, (1) = 0 (1.68)

J Uk

for any triple i, j,k € {0,1,...,7}. In the final section, we will introduce the notion of
an ORG T-function as a function in these coordinates satisfying the W (Eg)-invariant
system of difference equations including these Hirota equations, and use them to con-
struct special solutions to the elliptic Painlevé equation.



2 Elliptic hypergeometric functions

2.1 Theta function and elliptic gamma function

Assuming that Q = Z1 @ Z7, Im7 > 0, we set p = e(7) = e>™V=17 [p| < 1. We also
use the multiplicative notation

O(u;p) = (u;P)oo(p/Usp)c;  O(p/usp) = O(usp),  O(pz;p) = —u0(usp)  (2.1)
for theta functions. Then [z] = w2 O(u; p), u = e(z), satisfies the functional equation
z+allbtc]+ [z £bllctal+[2+£c|]latb =0, (2.2)

where [a £ b] = [a + b][a — b]. Ruijsenaars’ elliptic gamma function is defined by

©.@)

Pq/u; P, q) oo y
[(u;p,q) = ( (%{,p 2 ) C (wp Qe = [ =1du) (ol < 1),
R =0 (2.3)
1 I'(qu; p, q)
I'(pg/u;p,q) = , = 0(u; p),
(2e/ ) C(w;p,q)”  I'(u;p,q) ()
and the triple elliptic gamma function by
D(u;p,q,7) = (430, 4, 7)oe(PAT /05D, 4o, (uip,q,7)ee = | (1 =D'dr*u) (1] < 1),
i,j,k=0
U(ru;p, q,r
U(pqr/u;p,q,7) = T'(u; p,q,7), ( ) _ ['(u;p, q).

I'(u;p,q,r)



2.2 Elliptic hypergeometric integrals (van Diejen, Spiridonov, Rains)

w2zt p, q) dz

|
I e Um—15D, Q) = — 2.4
(’U,07 Uy, , U 1, P Q> 477'\/7 / Zi2,p, q> > < )

e Elliptic beta integral (m = 6)

Under the balancing condition ugu - - - us = pq,

[(u07u17-' y Us5 D, q H F uzu]7p7 (25)

0<s<y<b

e Two transformation formulas (m = 8)
Under the balancing condition ugu; - - - uy = p*q?,

I(ug,uy, ..., uz; p,q)
— [(ﬂo,ﬂl,,ﬂ7,p, Q) H F(uluj7p7 Q) H F(ulu],p, Q)

0<i<j<3 4<i<j<T
U = ui/pg/uouaugus (i =0,1,2,3),  w\/pg/ususugur (i =4,5,6,7)  (2.6)
](U(),ul <, Uy P, Q)

= I(\/pq/uo, \/Pq/ U1, - - ,/Pq/uz; P, q) H [(uug; p, q)

0<i<j<7




e Three term relations
Ty Dz = D(quiz=+1) = D(wiz*: p, q)(ui=*s p) (2.7)
From the functional equation

wpl (i )0 (w2 p) + b (up; " p)0(u,; 2" p)

+ ;0 (ugus u; L)zt p) = 0, (2.8)

we obtain the three term relations for I(u) = I(ug,...,u7;p, q):
ukﬁ(ujuk D)Ly (u) + uie(ukufl;p)Tq,uj](u) + uﬁ(uiufl;p)Tq wl(uw) =0, (2.9)

In additive variables x = (xg, x1,...,27) with u; = e(z;) (i = 0,1,...,7) and § with
Imé > 0, ¢ = e(9),

J(z) = e(=Qx))I(u), Q(z)= 55(a|r) = 55(z5 + -+ + 7). (2.10)

satisfies

[ £ 2] T J(2) + [y & a:i]ngJ(x) + [z; £+ 2]T2 J(z) = 0. (2.11)

Three term relations + Bailey type transformations

—> System of elliptic hypergeometric difference equations



2.3 Elliptic hypergeometric integrals of type BC,,

](”>(u0,u1, ey U155 ¢, 1)

29)

dz,

_ ip / HH uzzk P, q) H [(tz 'z p,q) dzy - -
2”71' 27'('\/ n F(letlzl R

Zk 7p7 Q) 1<k<I<n 7p7 Q)

e Evaluation formula (m =6) (van Diejen-Spiridonov 2001, Rains)

st272 = pq,

Under the balancing condition uguy - - - u

. - (T(tp.q i
I( )(u07u17 c..5Us P, Q7t) — H <¥ H F(t 1ukul;p7 Q))

i=1 F(t;p, Q) 0<k<I<5

(Elliptic extension of Gustafson’s ¢-Selberg integral)
e BC,, elliptic hypergeometric integral (m = 8) (Rains)

When t = ¢, the sequence of integrals 1™ (ug,...,u7:p,q,q) (n = 0,1,2,..

(2.12)

(2.13)

.) pro-

vides with a hypergeometric T-function of the Eg elliptic Painlevé equation (Rains 2005,

Noumi: arXiv:1604.06869). In this case, 1™ (ug, ..., u7;p, q, q) can also be expressed as

an n X n Casorati deteminant whose entries are elliptic hypergeometric integrals in one

variable.



3 eP(Eél)) as a system of non-autonomous Hirota equations

3.1 A standard realization of the root lattice P = Q(Ey)

V:CSICvo@C?}l@"°@CU7; (’UZ'”UJ') :519' <Z,] c {O,l,,?})
P={acZU(¢p+2Z° | (dla) eZ }
gb:%(171717171717171):%(U0+Ul+"'+v7)

A(Eg) ={aeP| (ala) =21}, |A(Eg)| = 240.
(1): +vy+v; (0<i<j<7) e (5) -4=112
(2): Y(fvo£---xv;) (even number of — signs) --- 27 =128

> ¢ =1+ 240¢” + 2160¢" + 6720¢° + 17520¢° + - - -

(3.1)

(3.2)

(3.3)

(3.4)

a0 .
30—¢_UO_U1_U2_U37
I : a; =Vj —Uj4+1 (]:1,,6>
o o o o o o oO—r 0 a7 = U7 + Vo

ai az as a4 as ae ar . as ag = C — ¢

.......................................................................



3.2 ORG r7-function (Ohta-Ramani-Grammaticos)

Definition A set of 2[ vectors {+ay,...,+q;} in V is called a Cj-frame if

(1) (aila;) =05 (4,5 €{1,....1}), (35)
(2) {Fa;+ta;|1<i<j<l}u{42q|1<i<Il}CP '

There are 2160 vectors a € 1P with (a|a) = 1. Let C; be the set of all C frames in P:
3Py = | | A |cs| =135, [Cs|=135-(5) = 7560 (3.6)

Hereafter we use the notation [u] = o(u|Q) or [u] = 27260(z;p), z = €™~ g0 that
BEANuE o]+ [y £alluxf]+[a+fllutqy]=0. (3.7)

Fix a nonzero constant §. Let D be a subset of V' = C® such that D + P§ = D.
Definition A function 7(z) defined over D is called an ORG 7-function if it satisfies

the non-autonomous Hirota equation

[(b+ c|lx)] 7(x £+ ad) + [(c £ alx)] 7(x £ bS) + [(a £ blz)]7(xr £cd) =0 (3.8)

for any Cs-frame {£a, +b, +c} in P = Q(FEy).

Each of the six points £+ ad, x £ b0, x £ c¢d belongs to D if and only if the others do.
In this formulation e P(Eyg) is a W (Eg)-invariant system of 7560 non-autonomous Hirota
equations.



[(b+ c|z)]T(x £ ad) + [(c £ a|x)]T(x £ b0) + [(a £ b|z)]T(x £ cd) =0

T(x+cd)

» T(x—ad)

T(x+00)

T(x—cd)

56 - 72 20 - 63 30 - 63
Four types of 7560 Cs3-frames




3.3 eP(FEg) t-function as an infinite chain of eP(FE;) T-functions

In the Es root lattice P = Q(FEsg), the E7 root lattice is realized as
Q(Er) ={a€ P|(dla) =0} C P=Q(Es); A(Er)=A(Es)™. (3.9)
Fixing a constant ¢ € C, we consider the union of parallel hyperplanes

De=| | Hetns; Herns ={z €V | (¢l2) =c+nd} (n€Z). (3.10)

nez

Then an ORG 7-function 7(z) on D, can be regarded as a chain {7 (x)},cz of eP(E7)
Hc+n5 (n S Z)

Four types of bilinear equations corresponding to the types I, IIy, II;, II, of Cs-frames:

T-functions on parallel hyperplanes by setting () =

(I)n+% s [(ay £ ag|2)]T™ (2 — agd) T (@ 4+ agd) +--- =0
(ITo)n : [(a1 % as|2)]7™ (x — agd)T™ (x + agd) + - -- = 0
(I, ¢ [(a1 % as|2)]7" Y (z — agd) 7™ (@ + agd)

3.11
= [(ag £ ag\x)]T(n)(x + a10) — [(ag £ allx)]T(”) (x £ a0) ( )

(L) [(a1 £ ao]2)]7™ (x £ agd)
= [(ag £ as|2)]7" V(2 — a10)7" (@ + a16) — - -
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Definition A meromorphic ORG 7 function 7(x) on D, = ||, ; Heins is called a
hypergeometric T-function if

M (z) =0 (n<0), 7O@)#0. (3.12)

Theorem C: Let 7 (z), 7 (x) be nonzero meromorphic functions on H., H.,s re-
spectively. Suppose that they satisfy

[(ap + aglx)]T(O) (x £ a10) = [(ag £ allaz)]T(O) (x £ a90) (3.13)
for any Cs-frame of type 11y, and
(a1 % az|2)]7 (2 — agd)TV(x + agd) + - - =0 (3.14)

for any Cs-frame of type 1. Then these exists a unique a hypergeometric T-function
7(z) on D, such that 7©) = 7| and 7 = 7

Hc—|—5 :



Toda equations produce 2-directional Casorati determinants

(1), [(a1 £ ag]2)]7 " V(2 — aed) "™ (2 + agd)
= [(ag £ &2’56)]7'(”) (x £ a10) — [(ag £ al\x)]T(”) (x £ a0)
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3.4 Determinant representation of hypergeometric 7-functions

Theorem D: Under the assumption of Theorem C, suppose that 7" (z) is expressed
as 7MW (z) = v (z) () with a nonzero meromorphic function v (z) satisfying

[(ap + a2|a:)]’y(1)(x + a10) = [(ap + al\x)]'y(l)(x + as6) (3.15)

for a Cs-frame of type II; with (¢|lag) = 1, (¢|la1) = (¢|as) = 0. Then the components
7" () of the hypergeometric T-function 7(z) are expressed as follows in terms of 2-
directional Casorati determinants:

T (2) = v (2)K™(2) (2 € Hepps; n=0,1,2,...)
K™ (x) = det (¢ ()7, (3.16)
ij(x) = o™ (= (n—1)agd+(n+1—i—j)ard+(j—i)ard) (1 <4,5 <n).

The gauge factors ¥™(z) are determined inductively from v (z) = 7 (z), vV (x) by

[(ag & az|2)]y" V(@ — agd)y " (@ + agd) = [(a1 £ as|z)]y™ ( % a16). (3.17)

The Toda equation (II;),, corresponds to the Lewis-Carroll formula for determinants.
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3.5 W/(E,)-invariant hypergeometric T-function

We consider the case [¢(] = 2720(z; p), z = e(¢) = ™~ An example of hypergeo-
metric 7-function for e P(Eg) is given by the multiple elliptic hypergeometric integrals
I (u;p,q,q) = 1™ (ug, ..., uz; p, q, )

~ (mp)a(g9)% /HHzoFuzzk D, q H ot d Loz (318)
27%'(27” =) Jon i Ca ) 1<k<I<n Pt Z1t0 Zn

We consider to construct a hypergeometric 7-function on

D, = |_| H.ins with p=e(7), q=-e(9). (3.19)
nez

o 7(O(x) The system of first order difference equations for 7% (x) (z € H,) is solved
by a product of triple elliptic gamma functions:

)= ] Tlquwyip,q,9) (v € H,) (3.20)
0<s<y <7
in the multiplicative variables u; = e(z;) (1 =0, 1,

.,7), where
F(U’7p7 Q7T> - (U’7p7 Q7T>Oo<pqr/u;p7Q77n)ooa
. y (3.21)
(:p, 0. 7)oe = || @ =0'd*u) (Ipl, lgl, Ir] < 1).

i,j,k=0
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o 7(M(x) Then, the system of Hirota equations between 7(%)(z) and 7™ (x) is solved
by the elliptic hypergeometric integral:

@) = [ Tlwusip a0 e(-QuNI(wip.a) (v € Hevs),
Q) = 3l m (3.22)
I(U;p,Q)— 47TF /Hz OFZf;p 7)p’q>i'

Note that the condition x € H, .5 corresponds to the balancing condition ugu; - - - u7 =
p?¢? in multiplicative variables. In fact, the system of linear difference equations for
7 () reduces to the three term relations

[ £ 2] Tp J () + [wx £ 2Ty J () + [ £ 23] T J(x) = 0. (3.23)

for J(z) = e(—=Q(x))I(u;p,q).
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e Determinant formula for 7™ (x)
Using the decomposition 79 (x) = v (z)p(x) with ¢(x) = J(z), by Theorem D we
know that 7(")(z) has the determinant formula

1) =) et (o @)

(n)

(3.24)
@i’ (1) =¢(x —(n—1)agd + (n+1—i— jlayd + (j — i)azo)

for any Cs-frame {+ag, £aq, tas} of type 11} with (¢|ag) = 1.

o 7(™(x) as a multiple elliptic hypergeometric integral

This 2-directional Casorati determinant can be rewritten into multiple integrals. By
Warnaar’s elliptic extension of the Krattenthaler determinant, we finally obtain the
expression of 70" (z) in terms of the multiple elliptic hypergeometric integral of Rains:

1 —-n
0<s<g <7
1" (u; p, . Q) (3.25)
. <p7p) H H@ OF Ule apv H 9 +1 _4+1. d e dzn
nnl(2 ,/ Ca '
- 2ml(2n C" k=1 NCA ) 1<k<I<n 1 An

The sequence 7" (x) (n = 0,1, 2, ...) determined as above provides a W ( E;)-invariant
hypergeometric 7-function. This fact follows from the W (E;)-invariance of 7 (z),
7 (x) and the uniqueness of extension to 7 (z).



3.6

From the determinant representation to the multiple integral

We compute the determinant

K" (z) = det (%(a)< ))z',j=1’

o (@) = 1(¢" o, " T t1, ¢ Mo, ' s, b, s, o L ) ). (3.26)

t, = ui\/pq/uouluwg (1=0,1,2,3), t; = ui\/pq/u4u5u6u7 (1=4,5,6,7).

Hence gog-l) (x) is expressed as

(n) dz (D3 D)oo(45 @)oo
A7) = [ BT, o= PR
h(Z) _ Hk:or(tk:zil;pv Q)

P(z*%pq) (3:27)
fi(z) = 0(to zﬂ,p, Q)i O(t327 15 q) i1,
9i(2) = 0(t12"" 5 p; @)y O(t22™ 3 q) -1,

fori,j =1,2,...,n, where 0(z;p;q)r = 0(2;p)0(qz;p)---0(¢" t2;p) (k=0,1,2,...).



We now rewrite the determinant K™ (z) = det (gpgl)( )):Lj:1 as

K™ () = n| D sen(o)sgn(r H@@c )ir(i) (&

o,7€6n
dzy -+ -dz,
_— h (o g
K" dzy -+ dz, (3.28)
:m on h(Zl)h(Zn) det(fj(zl))ZJ 1det<g](zl))zy 1 22 :

fi(2) = 0(toz™"; 05 @)y O(t3z"5 3 @) -1,
O(t125 0y Q)nj O(ta2™ 15 q) 41,

Then the determinants det(f;(z:))7 =, det(g;(2:))f,;=; can be evaluated by means of
Warnaar’s elliptic extension of the Krattenthaler determinant.

Lemma [Warnaar 2002] For a set of complex variables (z1, ..., z,) and two param-

eters a, b, one has

n

det (9(@27:1;]?, q)j— 19(5 s q)n— J)ijl

SCIC) | (LTSRN | g ee)

1§i<j§n

(3.29)



Hence we obtain

(3.30)
K (@) = det ((2)"_,
K" dzy -+ - dzy,
= h(z1) -+ - h(zn) det(f5(2:))7 =1 det(g;(2i))i-1 1 (3.31)
n! on Zl...zn
= d" (x) I (t;p, q,q)
where
d cdz
I™(t:p, q, / h(z; (212 2 (3.32
(t:p,¢,q) = 2“'27TW H Z1<£g[<n 2 pzlmzn (3.32)
and
(n) - k—1 . k—1yp \£1. .
d <$) t2t3 He tO t3 7p7 Q>n—k9<t1 (C] t?) s D, q)n—k
= . (3.33)

= O pgfuon)®) T [0 v v a)e16(6" " /urs p; @)

(1,5)=(0,3),(1,2) k=1
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