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Hypergeometric series

Geometric series

Definition

A geometric series is a series ¢, for which the ratio r = <2t js
n C,
a constant.

n

Thus ¢, = rc,—1 = -+ = r"cg. The series becomes
n. _
Zn rco=1i=-
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Hypergeometric series

Hypergeometric series

Definition

A hypergeometric series is a series ) . ¢, for which the ratio
r(n) = C"C—:l is a rational function of n.
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Hypergeometric series

Factoring rational functions

Any rational function can be written as

(n+a1)(n+az) - (n+a)
(n+1)(n+by)---(n+ bs)

r(n) =

Corollary

The coefficients c, in a hypergeometric series > c, are

Cn:((n—1)—i-a1)---((n—2)—i—a1)---“_(O—i-al)---c0
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Hypergeometric series

Pochhammer symbol

The Pochhammer symbol is defined as
n—1
(a)n=a(a+1)---(a+n-1)=[](a+)).
j=0
We write
(317--'7ar)n = (al)n"'(ar)n (j:a)n = (a)n(_a)n
Observe
(1)n = n!
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Hypergeometric series

Gamma function

We set
e 1oy 1 1
MNz)= X le™Xdx = = — n(1+ 2)?
@)= e+

M(z+ n)

MNz+1)=2zl[(2), )

= (2)n
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Hypergeometric series

Definition

ai,ag,...,ar _Oo (a1,82,---yar)n
F. 1z = z

S| by, bo, ..., be (b1, ba, - .., bs)n

n=0
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Hypergeometric series

Integral /series correspondence

i T(a+s,b+s,—s) s ds
[ e

_ = Na+s,b+s,—s) R
_gRes( Fcts) (=z)°,s=n)
_T(ab) . [ ab

~'an | %
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Elliptic hypergeometric series

Elliptic hypergeometric series

An elliptic hypergeometric series is a series ) . c, for which the
ratio r(n) = C’;—j:l is an elliptic function of n.

Definition
An elliptic function f : C — C is a meromorphic function which is
periodic in two directions:

f(z+w)="1(2), f(z+w2) =1(2)

for w1 /wy ¢ R.
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Elliptic hypergeometric series

p-ellipticity

For a g € C with |g| < 1 we use r(n) = s(q").
@ One period is given: r(n—+ 2mi/log(q)) = r(n).
@ The second period means s(q") = s(q"*“2), so with p = ¢*2
we get s(z) = s(pz).

Definition

A function f : C* — C* is called p-elliptic if f(pz) = f(z).

Fokko van de Bult Elliptic hypergeometric functions



Elliptic hypergeometric series

Theta function

Definition
For |p| <1 -
o(xip) = [1(1 — px)(1 = p*1 /),
r=0

e 0O(x; p) is a holomorphic function of x for x € C\ {0}, with
zeros at p”.

- SPEEES @ ) = 61 ) = —%G(X:p)
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Elliptic hypergeometric series

Factoring elliptic functions

Any p-elliptic function can be factored as

0(arz, a2z, ..., a,z; p)

f =S
(Z) H(qza blZ, b227"'7br—lz; p)X

under the balancing condition

ajax---ar=qbiby--- b1
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Elliptic hypergeometric series

Standard form ¢,

Corollary

If
1 0(a19",229",. .., 29" p)
Cn Q(qn—H’blqn’bzqn,_”7br_1qn;p)
then o )
d1,d2,...,3dr,P)n n
Ch = x" ¢
" 0(q,b1, b2, b1 P)n
where
n—1
0(x; p)n = [ ] 0(xa"; p)
r=0
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Elliptic hypergeometric series

Elliptic gamma functions

1— pr+1qs+1 Z
rlzip.a) = e2) = [] 22—
r,s>0
Fe(pz) = 0(z; q)le(2) Fe(qz) = 0(z; p)e(2)

and thus F(q"0)

q"x

Q(X; p)n - Ie— (X)
e
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Elliptic hypergeometric series

Any elliptic hypergeometric series can be expressed as

at,.--,dr _]: S 0(a1,...,ar P)k k

I‘EI‘— 1
1 [ bi,... b1 " 0(q, b1, ..., b1; P)k

k=0

under the balancing condition ajay---a, = qgbiby--- b,_1.
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Elliptic hypergeometric series

Definition

Assuming r is even and the balancing condition
biby---b,_g = az 3qzT"* holds, the terminating
very-well-poised series is given by

,V,,l(a; bl, coog b,,(;, q_”)
_ [ a,+qv/a,xq./ap,b1,...,br—6,q"
—rtr-1 iﬁ,iﬁ,%,..-,bffﬁ,aq”+l
_ z": 0(ag®*;p) 0(a, b1,...,br—6,q""; P« o
0(a;p) 0(q, %%, - 5eraq™ L Pk

.q

k=0
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Elliptic hypergeometric series

p-ellipticity of series

As long as the balancing condition biby - -- b,_g = ag_3q5+”_4
remains valid, we have for o, 3; € Z we have

rVr—l(apa; blplgl) °oooy br—6p5r767 qin) = rVr—l(a; b17 °ocoy bl’—67 qin
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The families of hypergeometric functions

Overview

Hypergeometric series
Elliptic hypergeometric series
The families of hypergeometric functions

Identities for elliptic hypergeometric functions

Fokko van de Bult Elliptic hypergeometric functions



The families of hypergeometric functions

3 types of series

Definition
The series ) ¢, with cpy1/ch = r(n) is
@ hypergeometric if r(n) is a rational function of n.
@ basic or g-hypergeometric if r(n) is a rational function of ¢g"

o elliptic hypergeometric if r(n) is an elliptic function of n
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The families of hypergeometric functions

Limits between the types

e Taking the limit p — O sends elliptic hypergeometric to basic
hypergeometric

e Taking the limit ¢ — 1 sends basic hypergeometric to
hypergeometric

Lemma

. ¢ 1 al;"')ar—].?qin
= rQr—
b1,... br1

. ai,...,ar—1,q9 "
i rEr—l 1, ydr—1,4 -z
p—0 bl,...,br_l

. g, ..., g% ] [ a1, ...,0, ]
lim _ 2@, Z|| = HF= 4
q—1 I’gbr ! |: qﬂl’ .. '7q6r71 9 et 617 s 7ﬁr—1

.
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The families of hypergeometric functions

Limits between the types

e Taking the limit p — O sends elliptic hypergeometric to basic
hypergeometric

e Taking the limit ¢ — 1 sends basic hypergeometric to
hypergeometric

Lemma

lim rVrfl(a; bla ceey br767 q_n) —r-2 Wr73(a; b17 ocog br76a q_n;qa q
p—0

lim ,W,_1(q%; qﬁl, e qﬁ”3; q,z)
qg—1

1
a,1+§a,ﬁl,...,6,_3 .

=, 1F_ '
r—1rr—2 %C)(’l—i—a_ﬁla"‘?l_‘_a_ﬁri‘?’
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The families of hypergeometric functions

Limits of Gamma functions

Definition

‘ quasi-period period
Me | 2 Te(gqz) = (‘)(z1 p) e(z) |17 Te(ze®™) =Tle(2)
Mg |1 Tg(z+1)= 1—q qo(z) | "I" Tg(z+ |02g7E:7)) = cst [4(2)
ri1 Mz+1)=2zl(2)

Ty el = oy =
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Identities for elliptic hypergeometric functions

Frenkel-Turaev summation formula

We have

ag aq aq .
a? U brby Bibs» oty 291 P)r

g =
bibybs’ 9(2?722’227b17)2b3 P)n

10Vo(a; b1, b, b3, ———
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Identities for elliptic hypergeometric functions

Limits of Frenkel-Turaev summation

1.2 ag aq aq .
ntl, . H(b by? bibs’ babs’ ,dq,; P)n

—>q ") = aq aq aq __aq
b1b2b3 0( by’ by’ b3’ bibybs! p)

Substitute a = ap®, b; = bjp®, and take limit p — 0.
a = F; =0 gives

10Vo(a; b1, by, bs,

n+1 2

. _ (Bib3 myby Baby» 39 Do
bbb vq7q)_ (aq aq aq aq

8W7(3 b17b27b3’ I
v by b Bibay D)1

We obtain 7 out of 10 terminating evaluations from [App Il, G & R]
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Identities for elliptic hypergeometric functions

Elliptic beta integral evaluation

Assuming Hle t, = pq we have

/H r (ziz) 27r/z_ H Fe(trts).

1<r<s<6

1/pty . '
X

1/t X
1/qt1
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Identities for elliptic hypergeometric functions

Elliptic hypergeometric integrals

An integral
dz
Alz)—
/ ()i
is elliptic hypergeometric if A(z) satisfies

A(qz) — A(pgz)

A(z) — A(pz)

Then a series >, Res( Agz) ,z = agX) becomes elliptic
hypergeometric.
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Identities for elliptic hypergeometric functions

Elliptic integral to series

Lemma

For parameters satifying Hle t, = pq, we have at tijtp = q~ "
(piP)(q /H, 1 Te(trz*) dz
2 H1<r<s<6 r (trts) ZiZ 2miz

Hr2r()

Me(1/t2) [To</cs<o Te(trts)
n—i—lt

q 1
x 10Vo(t3; tits, tits, tits, ————,q ")
tz3tsts
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Identities for elliptic hypergeometric functions

Limits of elliptic beta integral evaluation

Several limits are

+2 g _+1.
(q?q)/ (7%, %2759)  dz _ [I7_4(9/trte:q)
2 Jo (az®h .. tszFl q) 2miz [[ic,cocs(trts; q)

6W5(ba/):-~-, 3¢)2(ba/;q,q)—|—3¢)2(ba/;q’q):...

66 (very-well-poised) = - - -

At least 16 out of 27 from [Appendix I, Gasper and Rahman].
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Identities for elliptic hypergeometric functions

Transformation of elliptic hypergeometric series

Assume the balancing condition a3q"t2 = by bobzbsbsbg holds.
Then

aq  _aq .
0(aq, 5 b4b57 babg bsbg' . P)n

ag aq aq _aq .
0(b4’ b5 b’ babsbg’ P)

12Vai(a; by, bo, b3, ba, bs, bg, g ") =

a’q ag aq
bibabs' babs’ bibs’ bbz

x 12 V11 ( , ba, bs, bs, g7 ")
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Identities for elliptic hypergeometric functions

Limits of the transformation formula

Theorem

Limits of the transformation formula include
e terminating very-well-poised 1o Wy is similar
e terminating very-well poised W7 is terminating balanced 4¢3

At least 11 out of 16 terminating transformations in [App 1,
G&R].
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Identities for elliptic hypergeometric functions

Contiguous relations

Lemma

1 1 1
;Q(Wxil,yzil; p)+ ;G(Wyil, 2t p)+ ;H(Wzil; xy Tt p)=0

12Va1(a; b1, bo, b3, ba, bs, bs, g~ ")

9(b2 b2 b1 b1b3 , p)

' 3 baq? bl .
- by 7)1 ;zq bzall_ 12\/11(3;*,b2q7b3,b4,b5,b6,q n)
(G35 &> 573 P) q

+ (b2 <> b3)
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Identities for elliptic hypergeometric functions

Contiguous relations

Theorem

For any three 12 V11's whose parameters differ by integer powers of
g, but preserving the balancing condition and the terminating
property there exists an equation

1 12Va1(ag®; b1g™, ..., beq™, g7 "7 p, q)

" p, q)

_n+'7; p, q) =0

+ & 12Vi1(aq®; big™, ..., bsq™, q
+ c3 12V11(ag®; b1g™, . .., bsq™, q
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Identities for elliptic hypergeometric functions

Beta integral transformation

For parameters Hle t. = (pq)? define the integral

/Hr 1Te(trztl) dz

(z+2) 27iz

I(tl,...,tg):

with the usual contour. Then we have

I(tl,...,tg) = H re(trts) H re(trts)

1<r<s<4 5<r<s<8
t1 ta
X /(*,...,*,t50',...,t80')
g g
2 _ titptsty Pq
where o° = o ol
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Identities for elliptic hypergeometric functions

Limits of the transformation formula

Theorem

Limits of the transformation formula include

@ Bailey's 4-term relation: sum of two 10Wy's equals sum of two
10 Wg ’s.

o gW5 is a sum of two balanced 4¢3 's.

At least 11 out of 22 non-terminating transformations in [App 1,
G&R].
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Identities for elliptic hypergeometric functions

W(E7) symmetry

Define p=(1,...,3) € R®. Let W = W(E;) be the Weyl group
of type E; with roots

R(E;)={veZBU(Z®+p)|v-v=2,v-p=0}

It acts on {t € C® | [, t; = p>q®} by the usual action on
(In(t1),...,In(tg)). Define

(...t p.q)= (pip)(a:q) /H : (zﬁ) 1) dz

2 H1<r<s<8 trts; p, q 2Tiz

then

E(w(t)) = E(¢), Yw e W.
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Identities for elliptic hypergeometric functions

Contiguous relations

Lemma

1 1 1
;Q(Wxil,yzil; p)+ ;G(Wyil, 2t p)+ ;G(Wzil; xy*t: p)=0

Writing
tl t)_/nr lr(tfi)dz
e (z+2) 2miz
we have
0(85, Bip) ¢ o(82, i p)
I(t) = 5 == (=, qtz) + - %< (—, qts
( ) 9(t2t37 t3xp) (q ) 9(t2t37 fz’p) ( )

Fokko van de Bult Elliptic hypergeometric functions



Identities for elliptic hypergeometric functions

E;-contiguity

Theorem

Recall that p = (%,...,3) € R® and that
R(E) = {veZ8U(Z8+p) |v-v=2,v- p=0}.

Writing tq® = (t1q®, ..., tgq“®) there exists for any triple o, 3
and ~y in the root lattice 78 U (78 4 p) coefficients such that

al(tg®) + c2l(tg®) + a3l (tg?) = 0.
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Identities for elliptic hypergeometric functions

Summary

Evaluation
Evaluation
Transformation

Transformation

Contiguous rel. (q)

Contiguous rel. (p and q)
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Identities for elliptic hypergeometric functions

Biorthogonality

Definition
Suppose t;tat3tauiup = pq then we define

Rn(z; t1 @ to, t3, ta; Uy, Up)

ti pq"  _ 11
=1pViu(— —,q9 " 1z
up' Ui

9 49 9
’ U1t2’ U1t3’ uity
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Identities for elliptic hypergeometric functions

Continuous Biorthogonality

We define a bilinear form for tytrt3tatste = pg as

. . 6 F+1 =
(p,p)(cri,q) /cf(z)g(Z)H,_lre(tr ) d

Fe(z*2)  2miz

<Rn(r tl : t2> t37 t41 ui, U2), Rm(: tl : t2> t37 t41 uz, U1)>t1,t2,t3,t4,u1,u2

t; t:
0(3551 P)2n0(q, tots, tota, tata, 44, B2 p)y
— On,m ) 1. aq
9( ulljgz ' p)ZnQ(ﬁa t1t2> t1 t3a tlt47 T%? tup! P)n
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Identities for elliptic hypergeometric functions

Discrete Biorthogonality

Assuming tito = g~ N and tztstste = pgN ! we define
N
i 0(ats; q; p)2k
<fgt,7 fth g(tq)i
' kzz;) 0(t3; q; p)2k

0(t2, t1t, t1ts, titg, tits, %; qPk

LHLHLHLHWH
0(q, T 5 Eh T B g P

o4 qu , tats, taty, ﬁ; q; P)N

Q 49 _9 ﬂ
(t17t5t3’t5t4’t5t6’qp)
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Identities for elliptic hypergeometric functions

g-Askey scheme of basic hypergeometric orth. polynomials

Askey-Wilson @)
Continuous Continuous. Big 3)
Dual g-Hahn 3
dual g-Hahn g-Hahn g-Jacobi
N
Al-Salam | [ g-Meixner | [ Continuous Big Quantum Affine Dual 2
- N g-Meixner g-Krawtchouk )
Chihara Pollaczek g-Jacobi g-Laguerre g-Krawichouk g-Krawichouk | |¢-Krawichouk
AN/ e / =
Continuous | [ Continuous Little Al-Salam Al-Salam
g-Laguerre -l : : )
big g Hermite| | g-Laguerre g-Laguerre Carlitz I Carlitz 1T
©)
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Identities for elliptic hypergeometric functions

Enjoy the rest of the conference!

On the elliptic level only the most complicated equations remain,
but the main ideas are the same.
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