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INTEGRALS ASSOCIATED WITH ROOT SYSTEMS
MICHAEL J. SCHLOSSER

ABSTRACT. We give an overview of some of the main results from the theories of hyper-
geometric and basic hypergeometric series and integrals associated with root systems. In
particular, we list a number of summations, transformations and explicit evaluations for
such multiple series and integrals. We concentrate on such results which do not directly
extend to the elliptic level. This text is a provisional version of a chapter on hypergeomet-
ric and basic hypergeometric series and integrals associated with root systems for volume
2 of the new Askey—Bateman project which deals with “Multivariable special functions”.
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Hypergeometric series associated with root systems first appeared implicitly in the 1972
work of Alisauskas, Jucys and Jucys [1] and Chacén, Ciftan and Biedenharn [10] in the con-
text of the representation theory of the unitary groups, more precisely, as the multiplicity-
free Wigner and Racah coefficients (35 and 6j-symbols) of the group SU(n + 1). A few
years later, Holman, Biedenharn and Louck [45] investigated these coefficients more ex-
plicitly as generalized hypergeometric series and obtained a first summation theorem for
these. The series in question have explicit summands and contain the Weyl denominator
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2 MICHAEL J. SCHLOSSER

of the root system A,,, and can thus be considered as hypergeometric series associated with
this root system. (These series are not to be confused with the hypergeometric functions
associated with root systems considered in Chapter 8 of this volume, which generalize
the spherical functions on noncompact Riemannian symmetric spaces.) Subsequently, A,
hypergeometric series were shown to satisfy various extensions of well-known identities for
classical hypergeometric series [31, 32, 44, 78]. For example, using the usual Pochhammer
symbol notation for the shifted factorial (see (5.2.1)), Holman’s [44] A,, extension of the
terminating balanced Pfaff-Saalschiitz 3£, summation is

NliNn ( H v + ki —x; — g ﬁ (=N; +z; — )k,
1o kn=0 \ 1<i<j<n i — Xj ij=1 (1 + 2 — )k,
XH (@ + x;)k, (b+ ;)

(c+xi)k, (a+b—c+1—|N|+z),

= (c —a)ny (e = b))
T IIE(c+ai)n (c—a—b+ [N = N; — ), (5.1.1)

where, throughout this chapter, |[N| := Ny + -+ + N,,.

An extensive study of the basic analogue, or g-analogue, of A,, series was initiated by
Milne in a series of papers [79, 80, 81]. The following application of the “fundamental
theorem of A,, series” [80, Theorem 1.49],

S [ '—%'qkj ﬁ (a;2i/255 O, _ (a1~ an; @)y (5.1.2)
o S 01 — (qzi/zj; Qs (¢ Q)N
[k|=N

1,j=1

where we are using the usual g-Pochhammer symbol notation for the ¢-shifted factorial
(see (5.2.2)), demonstrates a phenomenon which is typical for the A,, theory: In (5.1.2),
let n+— n+ 1 and replace k, 1 by N — (k1 + --- + k). Then, after further replacing the
variables a; by ¢;, for i = 1,....n, a,s1 by ¢ Vb/a and z,11 by ¢V /a, respectively, the
following terminating A,, ¢¢5 summation is obtained:

Z H ziq" — x;q" ﬁ 1 — ax;ghitlk ﬁ (cjmifxj; @)k,
o mso \i<icien T T 1 —ax; e} (qri/55 )k,
|k <N
n _ k
XH (axi; @)k (0235 @), (g Noq) ( ag'tN ) |
o+ (aziq/ci; Q (azig™™N; @k, (ag/biq)iy \ber - cn
bey - -+ cp; i iq;
_ lag/bey---c Q)NH (azig; g)n (5.1.3)

(ag/biq)y  +1 (amig/ei;@n
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By application of the one-variable g-binomial theorem, it follows that another conse-
quence of (5.1.2) is the following A,, extension of the nonterminating g-binomial theorem:

k; ki
z:iq" — ;4" (a;2/5 Ok (@1 4n23 Qoo
o= 5.1.4
> I =11 2 - (619

Koo >0 1<i<j<n i Xy (qxi/xj;Q)ki (Z;Q)oo

4,j=1

valid for |¢| <1 and |z| < 1.

While A,, (basic) hypergeometric series have also been referred to as SU(n) or U(n)
series, the terminology (basic) hypergeometric series associated to the root system A, or
simply A,, (basic) hypergeometric series, is preferred by most authors nowadays.

A further important development was Gustafson’s introduction of very-well-poised series
for other root systems [33, 34]. Gustafson also introduced related multivariate integrals
associated with root systems [14, 35, 36, 37, 38]. In this setting the multiple series or inte-
grals are classified according to the type of specific factors (such as a Weyl denominator)
appearing in the summand or integrand.

Most of the known results for multivariate (basic) hypergeometric series and integrals
associated with root systems indeed concern classical root systems, while only sporadically
summations or transformations for series or integrals associated with exceptional root
systems have been obtained [13, 35, 47, 48, 50].

The root system classification appears to be very useful and one would hope that the
various relations satisfied by the series or integrals can be interpreted in terms of root
systems or even Lie theory. Although the type of series in question first arose (in the
limit ¢ — 1) in the representation theory of compact Lie groups, many questions remain
open about this connection. While a (quantum) group interpretation for the A, type of
series has been given by Rosengren in [109] — even for the elliptic extension of the series,
surveyed in Chapter 6 of this volume — no analogous interpretations for the other root
systems have yet been revealed.

In many instances various types (still referring to the root system classification) of
series/integrals can be combined with each other after which one obtains series/integrals
of some “mixed type” for which the correct classification is not really clear. The conclusion
is that the root system classification of the series/integrals considered here is only rough
and not always precise.

In terms of the rough classification in [6, Section 2], [8, Section 1], and [90, Section 5],

a multivariate series Zkl s Sk,...knss 15 considered to be an A,, hypergeometric series,
if the summand Sy, .., contains the factor
1<i<j<n+1

It is considered to be an A,, basic hypergeometric series, if it contains the factor
H (zig" — 2;4™). (5.1.5Db)
1<i<j<n+1

If we take the sum over k; + -+ + k,+1 = N, we may replace k, 1 by N — |k| (where, as
before, |k| = ki + -+ + k) and the two respective products in (5.1.5a)/(5.1.5b) can be



4 MICHAEL J. SCHLOSSER

written as
n

H (zi + ki — x; — kj) H(a+xi+ki+ k), (5.1.6a)
1<i<j<n i=1
where z,, was substituted by —a — N, and

()" TI (oo o) [[O-and ™). G0

1<i<j<n i=1

where x,,, was substituted by ¢~ /a, respectively.
Likewise, a C,, hypergeometric series contains the factor

H (zi + ki — 25 — kj) H (i + ki +2; + k) (5.1.7a)

1<i<j<n 1<i<j<n

and a C,, basic hypergeometric series the factor

[T (o —ad) T[ (- mad ). (5.17)

1<i<j<n 1<i<j<n

We omit giving similar definitions for other root systems. The above factors may be
associated with the Weyl denominators [],.,(1 —e™®) with the product taken over the
positive roots in the root system. (Weyl denominators similarly appear in Chapter 8,
Section 4.2, of this volume.)

A very similar classification applies to hypergeometric integrals associated with root
systems, by considering certain factors of the integrand. For specific examples, see Sec-
tion 3.

A special feature of the theory of hypergeometric or basic hypergeometric functions
associated with root systems is that often there exist several different identities for one
and the same root system that extend a particular one-variable identity. See the various
A, 3¢5 and A,, 3¢ summations given by Milne in [88]. At this point we would also like to
mention that various special A,, hypergeometric series possess rich structures of symmetry;
these were made explicit by Kajihara [55].

This chapter deals to a large extent with the multivariate basic hypergeometric theory.
The reason is that most results for ordinary hypergeometric series have basic hypergeo-
metric analogues', so it does not make sense to treat the hypergeometric case separately.

A good amount of the theory of basic hypergeometric series associated with root sys-
tems has recently been generalized to the elliptic level. For an introduction to elliptic
hypergeometric functions associated with root systems, see Chapter 6 of this volume. In
the present chapter we emphasize some general facts about series associated with root
systems which are important for understanding the nature of the series, but otherwise, to
avoid overlap, mainly focus on parts of the theory which do not directly extend to the
elliptic level. This in particular concerns identities obtained as confluent limits of more
general identities and identities for nonterminating and/or multilateral series.

dentities for basic hypergeometric series reduce to those for ordinary hypergeometric series by taking
the limit ¢ — 1 in an appropriate manner [28, Section 1.2], see for instance the derivation of (5.2.31) from
(5.2.30).
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The following sections are devoted to multivariate identities, ranging from very simple
identities to more complicated ones. In particular, in Sections 2 and 3 various summations,
transformations, and integral evaluations are reviewed. Section 4 surveys the theory of
basic hypergeometric series with Macdonald polynomial argument. The chapter concludes
with Section 5, containing a brief discussion on applications of basic hypergeometric series
associated with root systems.

Notation. In this chapter, we follow the convention in lines with slashed fractions that
multiplication has priority over division (i.e., ¢/ab = ¢/(ab), etc.). This convention is also
silently used in Gasper and Rahman’s book [28] which we often refer to.

Acknowledgements. 1 would like to thank Gaurav Bhatnagar, Tom Koornwinder,
Stephen Milne, Hjalmar Rosengren, Jasper Stokman and Ole Warnaar for careful reading
and many valuable comments. The author’s research was partially supported by Austrian
Science Fund grant F50-08.

2. SOME IDENTITIES FOR (BASIC) HYPERGEOMETRIC SERIES ASSOCIATED WITH ROOT
SYSTEMS

A large number of identities for hypergeometric and basic hypergeometric series asso-
ciated with root systems has appeared in the literature. Due to space limitations, we
only provide a small representative selection of identities. Nevertheless, they are meant to
give a flavor of the expressions which typically occur in the multivariate theory. For more
details the reader is pointed to specific literature.

We use the following notations for shifted and g-shifted factorials (which are also referred
to as Pochhammer and ¢-Pochhammer symbols, respectively):

1 k=0
(@r=dala+1).. (a+k—1) k=12 (52.1)
(a—=1)(a=2)...(a+k)" k=-1,-2,...,
1 k=0
(a;9)k =4 (1 —a)(l—aq)...(1—ag"") k=1,2,..., (5.2.2a)

(1—ag ™)1 —ag™?)...(1 - aqk))_1 k=-1,-2,...,

and
(@;q)00 = H(l —aq'). (5.2.2b)
i>0
When dealing with products of shifted and g-shifted factorials, we frequently use the
shorthand notations
(a1, an)j = (a1);- - (an); and (ar,...,a0; )k = (a159)k -+ (an; Qs

where j is an integer, and £ is an integer or oo.
This chapter reviews results for multivariate extensions associated with root systems of
the following univariate series, whose definitions we give for self-containment.
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Hypergeometric . F series and bilateral hypergeometric .H; series are defined as

A1,...,0r - (alv'”?a’)k k
F S N L VL 2.
lbl,...,bs Z} Z(1 br b (5.2.32)

Ay, ...,Q - (aly--'aark Sk
H, z| = e 2.3b
[bl,...,bs Z] kz_oo( bk (5:2.35)

Similarly, basic hypergeometric ,.¢, series and bilateral basic hypergeometric .1, series are
defined as

T@{a“'”’i;";q,z}:kz<(a1"' WO (k)T (24a)

;q)
Tyenns = q,bh... 7(])k;

v {ah'”,zr;% Z] :ki ((C[:: % )k <( 1) q( )>8_r2k' (5'2'4b>

1y+--43Ug

See Slater’s book [122] and Gasper and Rahman’s book [28] for the conditions of theses
series to terminate, to be balanced, and to be (very-)well-poised, and for various identities
satisfied by these series.

2.1. Some useful elementary facts. We start with a few elementary ingredients which
are useful for manipulating basic hypergeometric series associated with root systems.

(i) A fundamental ingredient (for inductive proofs and functional equations, etc.) is
the following partial fraction decomposition [83, Section 7]:

Tl —tay — yixi/x)
S . . 5.2.5
H 1—tx; YryzeeYn ot Z (1-— tl’k z#i(l — 1/ T1) ( )

=1

In particular, this identity can be used to prove the fundamental theorem of A,
series in (5.1.2).

A slightly more general partial fraction decomposition was derived in [116,
Lemma 3.2]. The identity in (5.2.5) can be obtained as a limiting case of an
elliptic partial fraction decomposition of type A, cf. [133, p. 451, Example 3]. A
related partial fraction decomposition of type D was established in [32, Lemma
4.14].

(ii) For simplifying products the following identity is useful [88, Lemma 4.3]:

m;—k

Tiq" — ;4" (¢ "2 755 Q) ks k= fm],_—("F1 =i 1)
— (~1 ¢ (526

1<i<j<n ij=1

(iii) When reversing the order of the summations

Ni,...;Np Ni,...;Np

E Sk rkn = E SNy k1o Ny — i »

K1, kn=0 1y en=0
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it is convenient to use the fact that the following variant of an “A, ¢-binomial
coefficient”

o (awi/ oy O (@R g g N

(the usual ¢g-binomial coeflicient is given in (5.2.9)) remains unchanged after per-
forming the simultaneous substitutions k; — N; — k; and z; — ¢ Vi /x;, for
i=1,...,n [114, Remark B.3].

2.2. Some terminating A, ¢-binomial theorems. The terminating ¢-binomial theo-
rem can be written in the form (cf. [28, Ex. 1.2(vi)])

- i [JIXL (—1)kq(3) 2%, (5.2.8)

k=0

where

Nl (@9~
M eI T (5:2.9)

is the g-binomial coefficient. (Here, N denotes a nonnegative integer.) In basic hyper-
geometric notation, this identity corresponds to a terminating ¢, summation. It can be
immediately obtained from the nonterminating g-binomial theorem (or ¢y summation, cf.
28, Equation (IL.3)]),

(25 ¢)oo

valid for |¢| < 1 and |z| < 1. To obtain (5.2.8) from (5.2.10), replace a and z by ¢~ and
zq"™, respectively.

We have the following three multisum identities (for equivalent forms, where the Van-
dermonde determinant of type A (5.1.5b) explicitly appears in the summands, see [88,
Theorems 5.44, 5.46, and 5.48]), each involving the A,, g-binomial coefficient in (5.2.7):

1P0 {f;q, Z] = M (5.2.10)

va aNn n

(oW = Y H a2/ 23 0)x, A(=D)Hg(3) 2k (5.2.11a)

E1,eokn=04,j=1 (qzi/ 5 On, (M2 255 q) N,

7 B N;
2T )N, = T
H( Z ( H (qxi/xj;Q>ki (qu’ kﬂﬂ?i/xj;Q)kai

i=1 k1,....kn=0 \ i,j=1

x (= 1)l g (5) Ik ka) (5.2.11b)
=1
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T (V=N e (qzi/75; ),
H(zq Z/‘T’i;Q)Ni = Z H 1+k,—k

ity bt =0 \ ij=1 (q@i/z55 Q)r, (q T[T Q)N ks

X (—1)|k‘q(“§|)+219<1§" hik Ikl H x;k’) . (5.2.11¢)

i=1

The summations in (5.2.11b) and (5.2.11c) are related by reversal of sums as explained
in Subsection 2.1(iii). In the last two identities the variable z is redundant. Inclusion
turns both sides into polynomials in z.

Here are two other terminating A,, ¢-binomial theorems [88, Theorems 5.52 and 5.50]:

T,q™ — T;q7 _ _
aov=> I =2 Il /eian - @ oue™M, (5.2110)
k1., kn>01<i<j<n v J ij=1
I !

ziq" — 10" 1 (N
(v = I ——F /o @ aw
i J

K1,k >0 \ 1<i<j<n ij=1
|k|<N

x (1)@ DIE NIH=(5)+n 52 () 1 Hx?’“"’“') . (5.2.11¢)
=1

Note that Equations (5.2.11d) and (5.2.11e) are equivalent with respect to inverting the
base ¢ — ¢ 1.
Yet another terminating A,, ¢-binomial theorem, implicit from in [8], is

- _ _ wigh — 2,05 1 . \=1 . (,—N.
H(z/xi,q)N = Z H T oi—z H(qxi/xj?Q)ki (T Dy

i=1 K1,k >0 \ 1<i<j<n ij=1
|k|<N

=1

Four of the terminating A, ¢-binomial theorems of this subsection are special cases
of nonterminating A,, g-binomial theorems. In particular, (5.2.11a) is a special case of
(5.1.4). Similarly, (5.2.11b) is a special case of [70, Theorem 4.7]. Further, (5.2.11f) is a
special case of [88, Theorem 5.42] (which is the by = --- = b, = ¢ special case of (5.2.26)).
Finally, (5.2.11e) is a special case of [8, Theorem 5.19].

2.3. Other terminating summations. All the A,, ¢g-binomial theorems (i.e., terminat-
ing ;¢ summations) listed in the previous subsection (and others not listed here, as those
implicit in [111, Section 7.7]) admit generalizations to summations involving more param-

eters. These include in particular various A,, 2¢1, 302, ¢P5, Or g7 summations (see e.g.
(88, 111, 119]).
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The terminating balanced 3¢, summation (or ¢g-Pfaff-Saalschiitz summation) is (cf. [28,
Equation (I1.12)])

a,b,q " (¢/a,c/b;q)n
= 5.2.12
3¢2 |:C abql N/Ca g, q:| (C, c/ab; Q)N ( )
Here are two A, 3¢ summations (cf. [88]):
Ni,...y n _N. n
IZ I 2iq" — 250" 11 (¢ Mai/xj; ), 11 (axi;@r (3@ |
T — (qzi/xi;q) (cxi;q)r,  (abg'=N/c; q) 1
Kok =0 1<i<j<n ij=1 TS Dk 55 G Dk, 4 L
(c/a;q) |N‘ cxl/b q
5.2.13
c/ab Q)N ; H (cxi;q)n, ( )
N 7~--,Nn . . n n
IZ H xzqkz — I‘jqkj H (q Jﬂfz/l’j, kz H ax“ bl’z, )kz qlk‘
ki =0 1<icj<n Ti TP 5 (qi/x559) i=1 (cxi, abrig" =W/ c; @),

= (c/a,c/b;q)n H cx;, cxig NN Jab; Q- (5.2.14)
=1

Several other A, 3¢2 summations are given in [88]. For instance, a simple polynomial
argument applied to (5.2.13) yields

ki K " n _N.

H ;g™ — T;q7 H aﬂz/%, q)k; H b% (q 7Q)\k\ q'k‘
Z o . 1N /..

b >01<icj<n  T1 T Ti 5 (qi/ 5 @)k, i1 (cxis g anbg" =N [c; q)
|k|<N

b = K3 7/7
(¢/bia)n H (C0:/a5 AN 5 9 1)
szv

(C/al anb C] i=1 N

Here is another terminating balanced 3¢o summation ([92, Theorem 4.3] rewritten)
which may be considered of “mixed-type”:

K1, kn>0 (
|k|<N

H ziq" — 24" 1 ﬁ (ajmi/xy, w5/ a5 q)n,

I<i<j<n %5 )k, +hy i (q@i/zj5 @),

X

R ) q|k> _ﬁ<q“i/bxivq$i/aib;Q)N (5.2.16)

[T (bzig™, q:/b; )i, -1 (q/bzi, qi /b q)w

Again, a simple polynomial argument can be applied to transform this summation to
another one, in this case to a sum over a rectangular region (see [92, Theorem 4.2]), which
we do not state here explicitly.

Among the most general summations for basic hypergeometric series associated with
root systems are various multivariate g¢7 Jackson summations. In the univariate case,



10 MICHAEL J. SCHLOSSER

Jackson’s terminating balanced very-well-poised g¢7 summation is (cf. [28, Equation (I1.22)])

¢ a, qa%7 _qa%> ba c, da €, q_N . o (CLQ7 CLQ/bC, GQ/bdu CLQ/Cdu Q)N
“"a3, ~a%,ag/b,ag/c, aq/d. ag/e.aq" " "] T (ag/b,aq/c,aq/d, aq/bed; )
(5.2.17)

where a%q = bedeq™" . Some of the multivariate Jackson summations have been extended
to the level of elliptic hypergeometric series and are partly covered in Section 6.3 of this
volume. One of the most important is the following A, Jackson summation [84, Theo-
rem 6.14]:

Ni,..., Nnp, ) .n . _N.
IZ 1T 2iq" — 1,4 1T 1 — az;q" (¢ Nwi /x5 Q)
kiodm=0 \1<icj<n 1 Y5 5 1 —az; ij=1 (qzi/7 5 @),
« ﬁ (CL:L‘Z; )|k| (dSCZ, @2xzq1+Ni/de' Q) . (b7 & q)lk\ |k|
1 (azig"™tINil )y (aziq /b, axig/c; @)k, (ag/d, bedg= N1/ as )

_ (ag/bd, ag/cd; q)in) 7 (aiq, aiq/be; @)w, (5.2.18)

(ag/d, aq/bed; q) vy -7 (awiq/b, axiq/c; q)n,

It was initially proved by partial fraction decompositions and functional equations; a more
direct proof (which extends to the elliptic level) utilizes partial fraction decompositions
and induction [104].

From (5.2.18), by multivariable matrix inversion, the following A,, Jackson summation
was deduced in [119, Theorem 4.1]:

Ni,..., Ny, ) n
Z H g™ — ;0% H (bed azs; ) -k, (d/z3; Q) (@P2ig N fbed; q)r,
0 wi—xy oy (dfws Qek, (bedg fawi; @)y (axigq/d; ),

1<i<j<n

sz/x], )k (1—aq2|k|) (a,b,¢; @) |K|
X H ' )

oo (qwifTiq) (1—a) (ag"t™l aq/b,aq/c;q

_ (aq,aq/bc; q) \N| ﬁ (axyq/bd, ax:q/bc; q)n,

= . (5.2.19
(aq/b,aq/c;q)n| iy (aw;q/d, axiq/bed; q)n, ( )

(Its elliptic extension is deduced in [112].) Both summations, (5.2.18) and (5.2.19), which
are summed over rectangular regions, can be turned to summations over a tetrahedral
region (or simplex) {ki,...,k, > 0, |k|] < N} by a polynomial argument, a standard
procedure in the multivariate theory, used extensively in [88]. Other Jackson summations
which have been extended to the elliptic level are the C,, Jackson summations in [14,
Theorem 4.1] (independently derived in [92, Theorem 6.13]) and [115, Theorem 4.3], the
D,, Jackson summations (also referred to as A,, Jackson summations by some authors)
of [6, Theorem 7] and [113, Theorem 5.6, the A,, and D,, Jackson summations in [9,
Section 11}, and the BC,, Jackson summation in [19, Theorem 3] (also derived in [101,
p — 0 in Theorem 2.1]) which was originally conjectured in [126].
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The following A,, Jackson summation is due to Gustafson and Rakha [41, Theorem 1.2]
(but stated here as in [110] where it has been extended to the elliptic level):

k; ki n kit
T — T;q . -1 1 — ax;g"tI
(T} Q) ks 4k, (qri/zga)y, || ————
o Ty — T - , 1 —ax;
k1, k20 \ 1<i<j<n 1<ij<n i1
|k|<N

y H axi;q)|k| H Hz 1(@ibs; @, (q_N )Ikl q‘ )

-1 (aq/i @) -, (azig N5 Q) e (aq/bj; @)k

n

(ax;
= (aq/b1,aq/bz, aq/bs, aq/bibabs X?; q) v H %)

-1 (ag/xi; q)
(aq/X aq/b1be X, aq/b1bs X, aq/babs X; )N, if n is odd, (5.2.20)
(aq/le aq/bs X, aq/bs X, aq/b1babs X; q)N, if n is even, o

where X = x; - - - x,,, under the assumption that a?¢¥*! = b;bybsb, X2,

Two similar multivariate g¢7 summations (at the elliptic level) are established in [110],
and two others are conjectured in [125, Conjectures 6.2 and 6.5]. The latter actually look
more complicated, the sums running over pairs of partitions whose Ferrers diagrams differ
by a horizontal strip (cf. [73]). Those summations may play a role in the construction of
Askey—Wilson polynomials of type A.

An A, Jackson summation of a quite different type, intimately related to Macdonald
polynomials [73], has been derived in [118, Theorem 4.1]:

Z ﬁ (qxi/tixﬁ Q)ki H (tjxi/xﬁ Q)kﬁkj 1
|k|<N

e —no1 1—toxg™ 11 wigh —
x det B A I
1§i,ej§n [(m q ) ( ' 1-— toxiqki/ti 81_[1 :Biq’fi/ti — T
" ﬁ N toxi; @)jk—k; (Powiq/ti, by, g N [bdty - - t; @),
(dtiq= [toxs; @) k)—k, (towiq, toxsq/dty, tox; N [t @),

_ (d q aq)|k| q2?=1(2*i)ki ﬁt(i—l)ki+2?_i+1 kj>
(bdq [tostoq /bty -+ tn; @)k o
toq/b. tog/bdt; - “r (towiq/ti, toriq/d;
(tOQ/bd toQ/btl N P toﬁzq;toﬂﬂzQ/dtz,Q)

A similar Jackson sum of type C, has been conjectured in [118, Conjecture 4.5]. For
the A,, identity in (5.2.21) and the similar C,, identity from [118] (conjectured) elliptic
extensions have not yet been established. The difficulty stems from the special type of
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determinants (which do not allow termwise elliptic extension) appearing in the respective
summands of the series.

The A,, Jackson summation in (5.2.21) is also remarkable in the sense that no corre-
sponding multivariate Bailey transformation has yet been found or conjectured. (The same
applies to [118, Conjecture 4.5].) The other Jackson summations which we have discussed
in this subsection all can be generalized to transformations. Since in this chapter we are
mainly concerned with identities that do not directly extend to the elliptic setting we are
not reproducing any of the multivariate Bailey transformations here. (The only exception
is the C,, nonterminating Bailey transformation in (5.2.48), as nonterminating series do
not admit a direct elliptic extension, for the reason of convergence.) For a discussion on
multivariate extensions of Bailey’s 19¢9 transformation, see Chapter 6, Subsections 6.3.3
and 6.3.4 of this volume.

2.4. Some multilateral summations. Dougall’s bilateral  H> summation [21, Section 13]
1s

a,b 11 _ I'l—a)l(1 =0T () (c+d—a—b—1) (5.2.22)

H

o L, d [(c—a)l(c—b)T(d — a)T(d - b) ’
where the series either terminates, or Re(c +d —a — b — 1) > 0 for convergence. This
identity does not admit a direct basic extension (as a closed form 9t summation with

general parameters does not exist). A related, similar looking identity is Ramanujan’s 19
summation theorem (cf. [28, Equation (I1.29)]),

a, ~(g,b/a,az,q/az;q)
w[js] = G

(5.2.23)

where |b/a] < |2z < 1.
An A, extension of Dougall’s  Hy summation theorem was proved by Gustafson in [32,
Theorem 1.11] by induction and residue calculus:

N T+ ki — =k T (0 Bk,
kl,...,kznzoo 1§g§n Li =T H H (b + )k,

i=1 j=1
(ot S~ ) I TG T - =) T )
H?j_:ll U — ai) [Thcicjen T — @i +25) D1 + 2 — ) L

provided Re(ZnH(bj — aj)) > n.

j=1
Similarly, an A,, extension of Ramanujan’s 171 summation theorem was proved in [32,
Theorem 1.17]:

XT; — Z‘j

Kook =—o00 1<i<j<n ij=1 (bji /55 @),

n

_ (al CtApZ, Q/al ©ApZ; Q)oo H (bjxi/ail'ja qxi/$j§ C_I)oo
(Za bl o bnql_n/al crrApky q)oo ij=1 (QIZ‘/(IZ'ZE]‘, b]xz/x]a q)oo

. (5.2.25)
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where |g| < 1 and [by -+ -b,¢" " /ay -+ a,| < |2| < 1.

The special case of (5 2.25), in which b = --- = b, = b, was previously obtained in
[82, Theorem 1.15]. Further applications of this first multilateral 1¢); summation appear
in [82, 83, 88].

Another A, 1¢; summation theorem was found in [95, Theorem 3.2]:

i ( 11 %ﬁ(bﬁi/%;q);ﬁx?’“'k'

ki,...kn=—00 \ 1<i<j<n J ij=1 i=1
(a3 g~ Mg (5 <%'>Zk)

_ (az,q/az,by - bag' ™" ai @)oo Ty (971/25 D)o
(2,01~ bug'~ "/az a/a; @) 2 (bjTi/ T )0

. (5.2.26)

where |¢| < 1 and |b; -+ - b,q' ™" /a| < |z| < 1. (The specified region of convergence can be
determined by an analysis as carried out in [117, Appendix A].)

Another A,, extension of Ramanujan’s 19 summation is implicitly contained in [74].
Written out in explicit terms, it reads as [131, last identity]

= ziq" — qukj (xi/txﬁ q)ki—kj ki oki—k; (a; Q)Ikl k
> o o)
Ti— Xy ; i) (b7 q>|k|

k1, kn=—o0 1<i<j<n (ati/ 55 @)ir,

_ (az,q/az,b/a, qt; q) H t”l,q )oo (qzi/x5; q)

L (5227
(2.b/az,q/a,b;q)os 7  (qtwi/xy; ) ( )

where |g| < 1, [t| < 1 and |b/a| < |z] < 1.

Taking coefficients of 2V on both sides of (5.2.27) while appealing to (the univariate
version of) Ramanujan’s 11); summation, we obtain the interesting identity

Z H .Tzq — [L'quj (xz/t$]7 q)ki—k]‘ qikjtkifkj
—00<k1 .k <00 1<i<j<n —xj (qhi/ 25 Qri-kg
[

t o0 tz+1 o0 A 7
q q H (¢ ,q (qzi/xj5q | (5.2.28)

th /T )

subject to |g| < 1. Observe that the right-hand side is independent of N.
Some additional (simpler) A,, 1¢; summations are given in [39], [115, Section 2] and
[111, Section 6].
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Bailey’s very-well-poised g1 summation is (cf. [28, Equation (I1.33)])

qa%7 —qa%7 b,c,d,e

66 a%,—a%,aq/b,aq/c,aq/d,aq/e
~ (q,aq,q/a,aq/bc,aq/bd, aq/be, ag/cd, aq/ce, aq/de; q)o
~ (ag/b,aq/c,aq/d,aq/e, q/b,q/c, q/d, q/e, a*q/bede; 4) o

14,9

where |g| < 1 and |a®q/bcde| < 1. Several root system extensions of Bailey’s ¢1)g summa-
tion formula exist. Due to the fundamental importance of the i) summation, we review
several of these summations:

We start with an A,, extension of the ¢)s summation [32, Theorem 1.15]:

= 20" — 2;¢% 1 1 — arid M Lo (b /xy; ),
e

ax; E; T, )
ki,okn=—oo \ 1<i<j<n i i=1 Z1 /€555 Q)

- €i%i; q) k| (CTi; q)k; d; Q) a1\ ¥
XZH( ( ‘.q)||( AQ). _ (({)H (BCd;> )

-1 (axiq/bi; @)y (awig/d; @)x,  (ag/c; @)

_ (aq/Be,a"q/dF, agfed; @) H (asq/besy. qraf i 0)oc
(a"tlq/BedE, aq/c, q/d; @)oo (qz;/bixj, axiq/e;T;; q)so

% H (GQ/Ceﬂmal’iQ/bid, ariq, q/ar; q)oo (5.2.29)
L1 (aziq/bi, q/eiri, q/cxi axiq/di @) T

where B =0, ...b, and E = ¢, ...e,, provided |q| < 1 and |a"'q/BcdE| < 1.
The multilateral identity above can also be written in a more compact form. We then
have the A, 1) summation from [32, Theorem 1.15]:

ks k; ntl .

Z H Q™ — X597 H (ajzi/55 O,

T — T, bjxi/Ti;q)k,

—00<k1,kinp1<00 1<i<j<n+1 ! T ig=1 (bji/ %53 @,
ki+-+kn+1=0

—n n+1
(b bagT" g/0n A Qoo T (923/5, 05/ 4655 @)oo
(@01 bngag /a1 - ang; Qoo 2y (0 /5, 21/ @53 4)oc

. (5.2.30)

provided |¢| < 1 and |by - by 1¢7"/as - - aps1| < 1. It is not difficult to see that (5.2.29)
and (5.2.30) are equwalent by a change of variables.

If in (5.2.30) one replaces the parameters x;, a; and b;, by ¢%, ¢% and ¢%, respectively,
and formally lets ¢ — 1, one obtains the following A, 5H; summation from [32, Theo-
rem 1.13] (given a direct proof there by functional equations without appealing to a ¢ — 1
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limit):
n+1
Z H 93',-‘-](3,-37]—]{]1—‘[((1]‘{‘37@—33])]@1
o<k n g1 <00 1<i<j<nt1 Ti L o1 (05 + = 2k,
ki+-+kn+1=0

M T G- ) )'ﬁrwm p) (0 —as b may) oo

F(l o az) ( n+ S, F'l+z; —z)L'(b; — ai + x; — x))

provided Re( S b — ai)> > n.

Another A, very-well-poised g1)g summation was derived in [119].

i ki g gk D AN R )
)

1<i<j<n i i (aziq/ejrs; q)r,

% ﬁ (GQ/bC%; Q)\k\fki (dE/anfleiwz‘; Q)|k| (bwz‘; Q)k,-
(dE/az;; q) k-, (aciq/bCxi; q) ) (aziq/d; q)r,

y 1 — aq2|k| (E/an 1 )|k| a® lq ||
l—a (aq/C; q)|k| bCdE

_ (ag: 4/a, aq/bd; q)o T (qi/), avig/ciejrs; )o
(aq/C,aq/bCdE, a"'q/E; q)o -2 (qTi/cizj, aziq/ ez q)oo

i=1

y ﬁ (a” ﬂsiq/dE,aq/bez-xi,aq/bCfci,a:ﬂiq/cid; Qoo

2.32
L (amteiwiq/dE, q/bxi, axiq/d, aciq/bCT; q) o’ (5232

where C =c¢; -+ ¢, and E = e - - - €, provided |q| < 1 and |a""'q/BcdE| < 1.
A C,, very-well-poised g summation was derived in [33, Theorem 5.1].

DI ) Uil § Y s
Ti — X 1 —ax;x;

1<i<j<n J 1<i<j<n

n

" H cjxl/x],esz:pj, H bl’z,dxz; )k a”+1q ||
(az; :c]q/c],axlq/ejxj, (axiq/b,ariq/d; q)r, \bCAE

4,7=1 11:1

=[] (awijafeics aq/eiesrizsia)es || (azizja.q/azias; q)o
1<i<j<n 1<i<j<n
(aq/bd; q)oo - (amiq/ciejay, qmi/ T3 @)oo
(a"*1q/bCAE; q)oo 51 (axiq/ejxy, q/ejzixy, axiv;q/ci, qTi/ciTy; @)oo

n :q/bc; be; iy by ld d i 4)oo
I (aziq/bei, aq/bei, axig/ cid, ag/deis; q) . (5.2.33)

(ax;q/b, q/bx;, ax;q/d, q¢/dxi; q) o

=1
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where C'=c¢; -+ ¢, and E =e;---e,, provided |¢| <1 and |a""q/0CdE| < 1.
Here is an B,/ (in Macdonald’s [71] terminology for affine root systems; or labeled Agi)_l
by Kac [52]) very-well-poised 16 summation, obtained in [33, Theorem 6.1].

k‘i-i-k‘j

— o0k, mkn<oo \ 1<i<j<n 1<i<j<n
|[k|=0 (mod 2)
<11 (¢jzi/ ), ejwix; @), .<_ a )
i’ (ax;xiq/c;, axiq/e;x; q)k, bCdE

= [ (awizjq/cicj,aq/eicizimjiq)ee [[ (amizjq, q/azizs; q)e

1<i<j<n 1<i<j<n

(=% Do ﬁ (axiq/ciejrj, qTi/ 755 q)o0o
(—a"/CE;q)e | (awiq/ejxj, qfejiry, axiv;q/ci, qri/civs; @)oo

xﬁ(“qu/C“GQ/ez 0 0o . (5.2.34)

-t (aga?, q/az}; ¢*)oo

where C' =¢;---c,and E = e; - - e,, and where ¢ = 0, 1, provided |¢| < 1 and |a"/CE| <
1.

As observed in [125], the identity in (5.2.34) is closely connected to the b = ,/aq,
d = —,/aq case of the identity in (5.2.33), where the sum evaluates to twice the product
on the right-hand side of (5.2.34) (the latter being independent of o).

Another C,, very-well-poised g summation was established in [18, Equation (2.22)].

oo Z.ki_ ki 1 — i4ki+kj
5 ( [[ 2o qp e

14 14 1 —ax;x;
k1y....kn=—00 1<i<j<n 1<i<j<n

(tazivs; Qrer; (ETi/T55 @k, <t2)2?1(i_1)k"
< 11 (

1<i<j<n (awiz;q/t; q)ki+kj (qmi/txy; Q)ki_kj q

" H (bx;, cxy, dx;, exi; @), t**"a?q I
(ax bede

iq/b, axiq/c, axq/d, axiq/e; q)k,

ﬁ q:cz/x], o hcicjenlamiziq, ¢/azi; @)oo ﬁ (at7 9)oe

(qzi/te;; @)oo [1i<icicn(amimja/t, q/tawizs; @)oo - (qt*~7"a?/bede; q)o

ﬁ (at'~q/bc, at'~iq/bd, at*~'q/be, at*'q/cd, at'~'q/ce, at'"'q/de; q) s
-+t (q/bwi, q/cxi, q/dxi, g/ exi, awiq /b, axiq/c, aviq/d, aziq/e; @)oo

i,0=1

. (5.2.35)

provided |q| < 1, |a?¢* " /bede| < 1 and [t*~?"a?q/bcde| < 1.
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The next B (or A;i)_l) ¢0s summation (compare with (5.2.34)) was derived in [125,
Theorem 4.1].

—00<k1,....kn<oo \ 1<i<j<n 1<i<j<n
|[k|=0 (mod 2)

% H (taxzxj, q)erCj (tl’z/x], Q)kifkj ‘ t2 Yo (i=1)k;
(

azi®iq/t; Qrirry T/t Qi \ ¢

1<i<j<n

" ﬁ (bx;, cxi; g, _t2_2"a Ikl
-1 (awiq /b, aziq/c; q)r, bc

1

lﬁ (q7:/75; @)oo H1<z‘<j<n(ax'quyq/ax'xm o0 ﬁ (7% q) 0
2 iz (g7 /1253 @)oo [ 11 <icjcn(amimjq/t, q/ta;z; ¢)oo o (= "a/bc; q)o

y ﬁ (at'™"q/be, —1'7"; q)oo (at®~*'q/b, at®"*'q/¢; %)
(q/bxi, q/cxi, ax;q/b, aziq/c; @) (q/ax?, aqr?; ¢%)oo

. (5.2.36)

where o = 0, 1, provided |q| <1, |ag™™/bc| < 1 and [t*~?"a/bc| < 1.

Similar to the relation between (5.2.34) and (5.2.33), the identity in (5.2.36) is closely
connected to the d = /aq, e = —,/aq case of the identity in (5.2.35), where the sum eval-
uates to twice the product on the right-hand side of (5.2.36) (the latter being independent
of o).

Two other (simpler) C,, 410 summations are given in [115, Theorem 3.4].

Multivariate analogues of Bailey’s g1 summation for exceptional root systems were
derived in [34] (summation for Gs), [47] (summation for Fy; see also [48]), and [50] (further
summations for Ga).

2.5. Watson transformations. The Watson transformation (cf. [28, Equation (I11.18)]),

1 1 _N 2 N+2
a, qaz,—qm,b,c,d,e,q . aq :|

aéu —CL%, CLQ/b, G/Q/Q CLQ/d, CLQ/(?, an—H’ ¢ bede

_ (a(L GQ/dea q)N CLQ/bC7 d> €, qu .

~ (aq/d,aq/e;q)n 493 aq/b,aq/c, deq_N/dq’q} ’ (5.2.37)
is very useful. For instance, it can be used for a quick proof of the Rogers-Ramanujan
identities, see [28, Section 2.7].

A number of Watson transformations for basic hypergeometric series associated with
root systems exist. We only reproduce a few of them here.

In [31, Theorem 2.24], Gustafson applied the representation theory of U(n) to derive
the first multivariable generalization of Whipple’s classical transformation of an ordinary
(¢ = 1) terminating well-poised 7 Fg(1) into a terminating balanced 4,F5(1). Its g-analogue,
the first multivariable Watson transformation, was obtained in [84, Theorems 6.1 and
6.4] and [85, Theorems 6.1 and 6.4] by a direct, elementary proof utilizing g¢-difference
equations and induction. Further details and applications are given in [84, 85, 87]. A

807
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more symmetrical A,, Watson transformation was derived in [89, Theorem 2.1], by means
of the summation theorems and analysis from [88], where [88] provides an A,, generalization
of much of the analysis in chapters one and two of Gasper and Rahman’s book [28].

The following A,, Watson transformation was derived in [93, Theorem A.3].

Ni,...,Np, . R ) _ N n )
IZ I ;g — ;4" 1 (¢ Nai/xg; O, 11 1 —az;d"t* (i q)
T; — T, i/ 255 1—ax;  (azig"™N;q)p

(qxl/xj) Q)kl i=1

kiyenkn=0 \ 1<i<j<n ij=1
e ek, (d.€; ) (cﬂq'w)"*'
-1 (awiq/d, aziq/e; q)w,  (aq/b,aq/c; Q)\k\ bede
_ (ag/ce; @)y H (azig; g
(ag/c; q) N aazzq/e Q)
Ni,...,Np, ) .on _N.
% IZ ( H xiqkz—%‘qk] H (¢ iji/a'jj;q)ki
kpodm=0 \i1<icj<n V1T 5 (qi/ 55 ),
sz; ; (CLQ/bdv € Q)\k| ||
X b g™ . (5.2.38
H axzq/d O (ag/b,ceq= Nl /a; q)y ( )
For a very similar but different A,, Watson transformation, see the f; = ¢V, i =1,...,n,

case of (5.2.50).
The following C,, <> A,,_; Watson transformation was first derived in [92, Theorem 6.6].

N17~--aNn k. k. ki tk.: n —_N. .
Z H g — T;q7 H 1 —z75q it H (q %/iji%‘ﬂ)ki
1+Nip . e .-
T; — I 1 —zz; L= (qwi/xj, ¢ Niwixy; @),

K1, kn=0 \ 1<i<j<n \<i<j<n
k
X ﬁ (bxy, ey, dwy, exi; @), . <q|N|+2)| |
: 1
= (q/bc; q)|n (qz:z5; ),
‘ |H qxz/b qxz/c q) 21];[1 v 1§g§n (qxixj;q)NHNj
N1,...,Np, ks L on v .
XD T e 11 (¢Vai/xj; O,
b0 \1<icjen BT % o (02O

xﬁ (b, cxi; Q) . (q/de; q) k) q|k|>_ (5.2.39)

Y (qui/d,quife;q)r,  (beg™WNliq)y

This identity was utilized in [4] and in [5] to obtain identities for characters of affine Lie
algebras.
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Several other Watson transformations are given in [6, 8, 9, 12]. One of them is the
following (cf. [8, Theorem 4.10]):

N1,...,Nn ) . .
12 ( H quk’ - l’jqkj (al"ﬂ?jQ/CE Q)kﬁkj ﬁ 1— axiq’“”k‘ (GQ/€$i§Q)|k|—kzi

Fiode=0 \i<icj<n TP T T (exiwj; q)k,+k, ple gl Sl (c/T35 @) w1 -k,

- i irqd bx;; ;
y H (axy, c/xi; @)k (bxi; O,
=1

(azig" e ag' =N fJeas; q) i (axiq/d; q)x,

X

_ N ) k
(¢~ Mai/ay, exiaq e, (dig (q))

S (awi/rg avaiq/e gk (aq/biq) \bede

|N|H (awiq, dex;/a; q)n,
(ex;/a,ax;q/d; q)n,

Ni,...,Ny, ) ) n
y | H T;q ki T;q ki (CL%%(I/C; C.I)ki+kj (axiq/bc; @)k,
0 — T

0o \cisyen T (emimy Qrery oy (demi/as ),

N; N d;
y H N fxg,erixi Q) (d; Q)iny q|k|>, (5.2.40)
k

A% lawifws azxsa/c a) (aafbiq)

This multivariate Watson transformation cannot be simplified to any multivariate Jack-
son summation as a special case.

2.6. Dimension changing transformations. Heine’s ¢g-analogue of the classical Euler
transformation of o Fy series is (cf. [28, Equation (I11.3)])

" [a, b w} _ (abz/eige {c/a,c/b; . a_(lﬂ 7 (5.2.41)

c (2 ¢) o0 c

valid for |¢| < 1, |2| < 1 and |abz/c| < 1. The following result, which was first derived by
Kajihara [54], connects A,, and A,,, basic hypergeometric series and reduces, forn =m = 1,
to the g-Euler transformation.

Z H 2iq" — Tiq™ — L9 ki H (a2i/ 255 q)x, H (biiys; @), . A
Kiyeeoskn >0 1<i<j<n Tl 1dijzn (/25 ) 1<i<n (cxiy: Ok,
1<1<m

_ (ABz/c™ q)w
(21900
o Z H y]q "= yq H (Cyj/blyf;q%ij H (cg:iyl/t.ti;q)m . (Aﬁz)“",

— ; . cT;
o o em U i (ay3/vi Dr; 212, Y D,
1<I<m

(5.2.42)
where A =ay ---ay,, and B =b; -+ b, provided |¢| < 1, |z] < 1 and |[ABz/c™| < 1.
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Now let

o (] )

- Y 1 xiq" — w0 I (ajzi/zi; Q) 11 (biziyi; (5.2.43)
kiodm>01<icj<n LT T 1dij<n (qz:/253 Ok, 1<i<n (cziys Ok,
|k|I=N 1<i<m

The transformation in (5.2.42) was used to derive the following identity [56, Theorem

3.1] (which we state here in corrected form):
{blyl}ml) (dl cdp,er en2>K
{eyitm, fre

{etvt}m) (al .. 'anlbl . bml)L
{fvt}nz cm ’
(5.2.44)

e (i

K=0

N
N
Z o <{C/bl}m1
= Z/l mi

e e ({

Yo (f

where aj -« ap, by by, /™ = dy - - diyeq - €,/ f™?. This identity can be viewed as a
multivariate extension of the Sears transformation [28, Equation (III.16)]) (to which it
reduces for n = m = 1 after some elementary manipulations). A transformation similar
to (5.2.42) but connecting C,, and C,, basic hypergeometric series has been given in [61].

Several other transformations connecting sums of different dimension exist. For in-
stance, in [103] the following reduction formula for a multilateral Karlsson—Minton type
basic hypergeometric series associated with the root system A,, was derived. (A basic hy-
pergeometric series is said to be of Karlsson—Minton type if the quotient of corresponding
upper and lower parameters is a nonnegative integer power of q.)

Z B zig" — 2;4" 0 (23y;4™ 5 O, ﬁ (zi05; @)k,
P ) )

kot kin=—o00 1<i<j<n \zisn (@5 D ij=1 (ibj; @)

(SR 1<j<p
_ ( - |m|/AX C]l "BX; q 00 H b/aquz/‘r]y 00 H Jb/yj’ )
(q ql |m|— nB/A q /[E CL],(L’z 554 oo 1<7’<n 1 mg/xzy], )mJ
1<]<p
y ml’z’: v (@"/BX; Q) viq '—ygq "1 (y5/ai: q)r; ﬁ (a™"Y;/ 955 9)ry
Rl yenestip=0 g~ ImJAX ) 1<i<j<n Y 4Z<a (ay;/0i3 ), i,j=1 (9y/9:3 @), |
1<j<p

(5.2.45)

where A =ay---a,, B=0by---b,, X =21 ---x,, provided |¢| < 1 and |¢'~™™"B/A| < 1.
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Similarly, in [102] the following reduction formula for a multilateral Karlsson-Minton
type basic hypergeometric series associated with the root system C,, was derived.

0 xiqk" _ quﬂ' 1—ax 'qkﬁ—kj
Z ( H a:z——xj H 1— ;ﬂj

ki,...kn=—00 \ 1<i<j<n J 1<i<j<n

» H zyquj,qxi/ijQ)ki I N k|
j . .. . A

—m . .
1<i<n (@i, ™2l Ys On g, (9210530,
1<5<p 1<5<2n+2

_ ngigjgn(qximh /%55 oo HZj:l(qxi/l.j; q)oo H1gi<j§2n+2(Q/aiaj3 ?)oo
a ngign, 1§j§2n+2<q$z‘/aja q/7iaj; q)oo (2/A;5 @)oo
H1§i§2n+2, 1§jgp(?/jai§ Q)mj H1§i<j§p<yiyj; q)mi+mj 1
Il1gign,1<j<p(yj$iayj/“ﬁ%Q)ny IIéj:1(yiyj;Q)nu (/4QQ>hn

T viq '—ygqf 1 — yiy;q™
x ) 11 11 1 — yiy;q!

K1ekip=0 \ 1<i<j<n Y 1<<i<n — Y34

< TI (y;/ai; q)x, ﬁ (0 Y, ™Y/ Y55 D (A¢™)" ) (5.2.46)
rcizanrs Wi Dn; 52 (Yl Y5 €YiY5 D

1<j<p

where A = a; - - - g, 42, provided |g| < 1 and |¢*~™/A| < 1. A substantially more general
transformation (involving four-fold multiple sums) was given by Masuda [77, Theorem 3].
Both (5.2.45) and (5.2.46) have many interesting consequences. In particular, these
transformations form bridges between the one-variable and the multivariable theory and
can be used to prove various summations and transformations for A, and C,, basic hyper-
geometric series. For details, we refer the reader to Rosengren’s papers [102, 103].

Other dimension changing transformations have been given (or conjectured) in [7, 29,
64, 99, 105].

2.7. Multiterm transformations. Bailey’s nonterminating balanced very-well-poised
1099 transformation is (cf. [28, Equation (II1.39)])

10¢9{1 aqa2 —qa2 b,c,d,e, f,g,h - }
az,—a2,aq/b,aq/c, aq/d, aq/e, aq/ f,aq/g, ag/h’ "
(ag,b/a,c,d,e, f,g,h,bg/c,bg/d, bg/e,bq/f, ba/g,bq/h; @)
(b2 Ja,a/b,aq/c,aq/d,aq/e,aq/ f,aq/g,aq/h,bc/a,bd/a,be/a,bf a,bg/a,bh/a;q)s
><10¢9{b2/a, qlba 2,—1qba 2,b,bc/a,bd/a,be/a,bf/a,bg/a,bh/&; ’ }
ba=2,—ba"2,bq/a,bq/c,bq/d,bq/e,bq/ f,bq/q,bq/h
_ (aq,b/a,A\q/f,Aq/g, Aq/h,bf |\, bg/ N, bh/A; @)oo
~ (Aq,b/Xaq/f,aq/g,aq/h,bf [a,bg/a,bh/a; q)u
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X 10 A, Az, —qA%,b, Ac/a, Nd/a, Ne/a, f,g,h
0P INE A5, Aq/b, ag /e, ag/d, agfe, g/ f, Aa /g, sk
(ag,b/a, f,g,h,bq/f,bq/g,bq/h, Ac/a, Ad/a, \e/a, abg/ e, abg/d, abg/Ae; q) o
(b2q/ A\, A/byaq/c,aq/d, aq/e,aq/ f,aq/g,aq/h,bc/a,bd/a,be/a,bf /a,bg/a,bh/a; q)e
b2/\, gbA\"2, —qbA~2, b, be/a, bd/a, be/a, bf /X, bg/\, bh/\
) b ) ) b b ) b ) . 5'2'47
100 [bA-%,—bx—%,bq/A,abq/cA,abq/dA,abq/eA,bq/f,bq/g,bq/h’q’q > (5:247)

where A = a%q/cde, a*q*> = bedefgh and |g| < 1. This identity is at the top of the classical
hierarchy of identities for basic hypergeometric series.

The following identity from [111, Corollar 4.1] (which was derived by determinant evalu-
ations, following a method first used by Gustafson and Krattenthaler [39, 40] to derive A,
extensions of Heine’s 5¢; transformations, and subsequently used in a systematic manner
in [115] and [111]) concerns a C,, extension of Bailey’s four-term transformation in (5.2.47),
where both sides of the identity involve 2" nonterminating C,, basic hypergeometric series.
Let a®¢®™" = beydie;x; fgh and N = a?q/cidie;x; for i = 1,...,n. Then there holds

n—|S|

}:ﬂﬂ}[(g)(Q 11t o

SC{1,2,. i¢S azi/b, axiq/ci, ariq/d;, aziq/es; @)oo

" H (fxi, gz, ha;, blax;, bg/c;, bg/d;, bg/e;, ba/ f,bq/g,bq/h; q)s
i¢S (ale/f7 axiQ/ga CLZBiQ/h, bZQ/a7 bCi/(I, bdi/a’ bei/a7 bf/a7 bg/a’ bh’/a'7 Q)OO

2 2k;

% i ( H (g™ — 2;4")(1 — ax;a;q" ) H 1 — ax; q2

ki,okn=0 \1<i<j<n (2 — ;) (1 — aziz;) €S 1 — az;
ijes
< T (g% — ") (1 = b*¢"*H Ja) yp L= b?¢** /a
(i — ;) (1 — az;z;) 1-0/a

1<i<j<n

ij¢S

[ e bt
(; — ;) (1 — azx;)

i¢S

i€S.,j¢S
% H (ax?, bx;, ciwy, dixs, €34, [, gxi, hay; q)x,
ies (¢, ariq/b, axiq/ci, aviq/ds, aviq/ e, axiq/ f, axiq/ g, axiq/h; @)k,
" H (b%/a, bx;, be;/a, bd; /a, be;/a,bf /a,bg/a,bh/a; q), o
s (@:bafazi,bajei,ba/di bafes,ba/ f,ba/g, ba/h; a)w.

1] (az?q, b/awi, \viq/ f, Aviq/g, Axiq/h, bf ¢ /X, bgq"™ /A, bha'™ [ X; @)
1 ()\,’I‘,%q, b/>\xl7 aa:iQ/f? a’xiQ/gv CL.ﬁC’iQ/h, bfqi_l/a7 bgqi_l/a’v bhqi_l/a; Q>oo

<10 1 — \ai; 3 [<§>(”—2S')

L1 —axx;
1<i<j<n SC{1,2,....,n}

(2
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y H (Az2q, Acimifa, Adx;[a, Ne;x;fa, fxi, 9T, hai; @)oo
(Ax; /b, ax;q/c;, ax;q/d;, axiq)e;, Axiq/ o A\eiq) g, \eiq/h; @)oo

<11 (b/Axi, abg/ciA, abq/d;\, abg/e;\, bq/ f,bq/g,bq/h; @)oo
(b2q/ X, beifa,bd;/a,be;fa,bf /A, bg /A, bh/A; @)oo

i¢S
S O ) G IR ]y BEP Yk
Kiyokn=0 \1<i<j<n (2 = 2;)(1 = Azizy) €S 1= Az
1,jES

< 1 (6" = ¢") (1 = g"HH /) yr 1= b7 /A

1<i<j<n
i.jés
— i k’ri»k’j
y H zq bq JA)(L = g th)
—z;)(1 — Azyzj)

i¢S

1€S5,j¢S
" H (A2, bxz,)\czxz/a Mizxi/a, Negxi/a, fr;, gxi, hri; q)g,
S (q7 )\‘rlq/b7 axlq/cl7 axlq/dZJ a/x’L /617 szq/f, /\:CZQ/g7 Ale/hﬂ q)kl

% H (bQ/)‘abxiabCi/a'v bdi/a'v bez/avb.f/)‘vbg/Avbh/)HQ)kz . q|k| 7 (5248)
s (4,0a/ Az, abg/cih, abq/d;), aba e, bq/ f,ba/g, ba/ s )

where |¢| < 1.

The next identity from [94] concerns an A, extension of the nonterminating Watson
transformation (cf. [28, Equation (II1.36)]),

(b{ aqaz—qmbcd,e,f . aq]

s az,—a: ,aq/b,aq/c,aq/d,aq/e,aq/f’ ’bcdef

_ (agq,aq/de,aq/df,aq/ef; q)s ¢{ aq/be,d, e, f ]
)

- (aq/d,aq/e,aq/ f,aq/def;q)oo aq/b,aq/c, def/a’q’
(aq,aq/be, d e, f,a®q® /bdef,a’q* [cdef; q)so
(agq/b,aq/c,aq/d,aq/e,aq/ f,a?q*[bedef, def [aq; q)s

% 4 aq/de,aq/df,aq/ef,a’q* [bedefa
493 a2q2/bdef,a2q2/cdef,an/def 34,491

(5.2.49)

where |q| < 1 and |a%¢?/bedef] < 1. In the multivariate case this is a transformation of
a nonterminating very-well-poised A,, basic hypergeometric series into n + 1 multiples of
nonterminating balanced A, basic hypergeometric series. It is interesting to point out
that although the A,, g¢7 series on the left-hand side of (5.2.50) is of the same type as that
on the left-hand side of (5.2.38), this nonterminating A,, Watson transformation does not
reduce to the terminating A,, Watson transformation in (5.2.38) as the A,, 4¢3 series on
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the respective right-hand sides are of different type. Specifically,

ki+|k|

" — 250" (fwi/g e yp L - (azs; q)
Z ( H qu _Zq H T x]_QkH ax;q axi; q)x|

1<i<j<n 2 ij—=1 (qzi/xj5 @), paiey 1 —ax; (aziq/ fi: @)l

" ﬁ (bzicrisqy,  (desq) ( a’q* >"“
pale (azx;q/d,azxq/e;q)r, (aq/b,aq/c;q) ik \bedefr--- fo
— (a’q/bfl fn,CLQ/Cfl fn7 ﬁ ax;q, afZQ/bcflfanQ)oo
(ag/b,aq/c; q)oo ] GQ/bCfl * fais a9/ fi3 @)oo

1,]=

1<i<j<n 1 (qx’b/mj7 Q)k,

(aziq/de, bx;, cxi; q)r, |k
X .
H (az;q/d,ax,q/e,befi- - - fawi/a; @), !

+ (q7 a2q2/b6df1 o fna 2 2/bC€f1 fna ﬁ al’zq C]

(a®q?/bedefr -+ fu,aq/b,aq/c;q)os 5 afvzq/ fis @)oo
> i q(n_l)ks (axSQ/de7 bl‘s, CTs; Q)oo (fzxs/xzv Q>oo
s—1 (bCf1 o fnxs/a% ast/da CLJ?SQ/e; Q)oo i=1 (qxs/xi; Q)oo
ks ki
T g — 1q" (fizi/xj; D,
T I
Kiykn>0 \ 1<i<n * ¢ 5 1<i<j<n P 1< <n i/ g0 ki
its 1,J#s i#S
y H L—befr-- fazig® % a (ax;q/de, bx;, cxi; ),
1<i<n 1—=bcfi... fuzi/aq (befi- - fami/a, axiq/d, axiq/e; q)x,

i#£s

y (a*q®/bedefy - - - fn,aq/bfi- - fo,aq/cfi- - fa; Ok,
(q,a?q?/bedfy - -+ fn,a?q?/beefy -+ fu: @)k,

T (afig/befi - fari @ g
X E (aq?/befy - foi; Q)n, q >], (5.2.50)

where |g| < 1 and |a?¢?/bedefy -« - fa] < 1.

The f; = ¢ Vi, i =1,...,n, case of (5.2.50) gives a terminating A, Watson transfor-
mation which is different from the one in (5.2.38). Milne and Newcomb [94] obtained yet
another nonterminating A,, Watson transformation.

Ito [49] derived a BC,, extension of Slater’s [121] general transformation formula for very-
well-poised balanced 5,19, series. Some interesting and potentially useful transformations
for A,, basic hypergeometric series involving nested sums were recently given by Fang [23].
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For further references to summations and transformations for basic hypergeometric se-
ries associated with root systems, see Milne’s survey paper [90], and Milne and Newcomb’s
paper [94], and the references therein.

3. HYPERGEOMETRIC AND BASIC HYPERGEOMETRIC INTEGRALS ASSOCIATED WITH
ROOT SYSTEMS

There exist a number of hypergeometric integral evaluations associated with root sys-
tems. Several of them can be viewed as extensions of Selberg’s multivariate extension of
1944 of the classical beta integral evaluation [120],

n

/ / I lz—=P ][ —2)"ds

1<i<j<n =1

ﬁ (a+ (G —DY)T(B+ (G —1)y) T(1+4v)
Fa+pB+n+i—2)7)T(1+7)

, (5.3.1)

=1

provided Re(a) > 0, Re() > 0 and Re(y) + max(+, Re-%; Re—l) > 0. The Selberg
integral is used in many areas, see Chapter 11 of this Volume and [25].

In 1982, Macdonald [72] conjectured related constant term identities associated with
root systems together with g-analogues. Assume R to be a reduced root system of rank
n with basis of simple roots {1, ..., a,}. Further, let e* be the formal exponentials, for
a € R, which form the group ring of the lattice generated by R, and let dy,...,d, be
the degrees of the fundamental invariants of the Weyl group W(R). Then Macdonald
conjectured [72, Conjecture 3.1] that for any nonnegative integer k the constant term, i.e.

the term not containing any e, in

IT I —a"e™)@—qe) (5.3.2)

a€Rt i=1

(where R™ is a system of positive roots in R) is

ﬁ q D (5.3.3)

pal (@ Dr(di—1)

(For the root system A,,_;, this exactly corresponds to the t = ¢* case of the squared norm
evaluation of Macdonald polynomials indexed by A = (0,...,0), the empty partition, in
(5.4.1).) This conjecture can be reformulated in terms of reduced affine root systems and
further strengthened. Generalizations with extra parameter were proposed by Morris [96].
A thorough account of the historic development of g-Selberg integrals and corresponding
constant term identities is provided in [25, Section 2.3].

Of particular interest are those multiple integrals which in the univariate case reduce to
the Askey—Wilson integral [2]:

i (21/2% ) d: 2(abedg)
27 Jp (az,a/z,bz,b/z,cz,¢/z,dz,d/2;q) 00 2 N (q,ab,ac,ad, be,bd, cd; @)oo’

(5.3.4)
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where |¢q| < 1, |a] < 1, |b] < 1, |¢| < 1, |d| < 1, and T is the positively oriented unit
circle. The Askey—Wilson integral is responsible for the orthogonality of the Askey—Wilson
polynomials; which sit at the top of the ¢g-Askey scheme of g-orthogonal polynomials. Such
multivariate integral evaluations were first obtained by Gustafson in the early 1990s. In
the following, we list some of the Askey—Wilson integral evaluations associated with root
systems. Many of these or related integrals arise as constant term identities for (extensions
of) Macdonald polynomials. This provides a natural link of the material presented here
with Chapter 9 of this volume.

All these multivariate Askey—Wilson integral evaluations can be further generalized
to multivariate extensions of the Nassrallah-Rahman integral evaluation [28, Equation
(6.4.1)] (which has one more parameter then the Askey—-Wilson integral evaluation). The
latter admit elliptic extensions. They are treated in Section 6.2 of this volume together
with some further extensions to integral transformations.

In the following, let T™ be the positively oriented n-dimensional complex torus. In [37,
Theorem 6.1], the following A,, Askey—Wilson integral evaluation was derived:

1 H1§i<j§n+1(zi/zj>zj/zi;Q)oo " dz
27)™ Jpn Hz;—:ll(ai/zjabizj;Q)oo i—1
(n+1)! (H"il a;b;; q>
- — — ng T , (5.3.5)
(o (T2 ai ITZ OOH” 1(aibj; @)oo

where [/, z = 1, provided |g| < 1, |a;] < 1 and |b] <1, for 1 <i<n+ 1.
A considerably more complicated A, Askey—Wilson integral evaluation, depending on
the parity of n, was given in [41, Theorem 1.1]:

1 H1§i<j§n+1(zi/zj7zj/zi;q)oo ﬁ (S/Zi;Q)oo %
\n n+1 3
(2m)"™ Jpn Hi,;—=1<ai/zj?Q)oo H1<z’<j<n+1(bzizj§Q)oo i=1 H':l(bcjzi3 Qoo Zi

( n n
(n+1)!< (D2 T e T 1Cj§Q>OOH H LS/ ai @)oo
(@:0)% (TT5 as, b9 TT ejia) TT (697255 )
HJ . (b(n+2 ¢; Hn+11 i q )Oo

HnJrl HJ 1(baic; @)oo H1<z<g<n+1<ba2awq> ’
= { (5.3.6)

(n+ D! (52T aisq) TIE(S/as 0)e
(¢:0)% (002 T s 0)  TLE T (b )
H§:1 (b(n+3 /2 H?;l a; Hlﬁgg Ck; Q>

X J = , for n odd.
H1§i<j§3(b(n+3)/20icj; q)oo H1§i<j§n+1(baiaj; 7)oo

for n even,




SERIES AND INTEGRALS ASSOCIATED WITH ROOT SYSTEMS 27

where [[] 2 = 1 and S = "2 [/ a; H?Zl ¢j, provided |g| < 1, |b] < 1, |a;] < 1 and
lejl <l,for1<i<n+land1<j<n.

The following C,, Askey—Wilson integral evaluation was derived in [37, Theorem 7.1]:

1 [licicicn(i/ 25, 23/ 205 2325, 1] 23255 @) oo ﬁ S dz;
\n 2n+2 IRl
(27T1) T H r HJ 1<alzj7al/zj7 ) =1 Zz
2"n! (H?ﬁz ai; Q> (5.37)
= = 9.3.
(q Q) H1<z<]<2n+2(ala’]7Q)
provided |¢| < 1 and |a;| < 1 for 1 <i < mn.
Another C,, Askey-Wilson integral evaluation was given in [35, Equation (2)]:
1 / (2i/2), 23/ i, 2%, 1 225 Q)os T (22,1/27@)00  dz
(27i)" Jrn \<isien (bzi/zj,bzj )z, bzi2j, b/ 21255 @)oo pale H?Zl(ajzi,aj/zj;q)oo %
n+i—2 774 .
_ 2"l (b g)s ’ o (5.3.8)

(@ a)% 7 05 @)e [Ticjenaalajarb =)o’

provided |g| < 1, [b;] < 1 and |a;| < 1, for 1 < i < nand 1 < j < 4. By suitably
specializing the variables a; for 1 < j < 4, this multivariate integral evaluation can be
used (see [35]) to prove Morris’ [96] generalizations of the Macdonald conjectures [96] for
the affine root systems C,,, C/, BC,, B,, BY and D,, (using Macdonald’s classification in
[71]).

The multivariate integral evaluation in (5.3.8) explicitly describes the normalization
factor of the orthogonality measure for the Macdonald-Koornwinder polynomials (see [62]
and Chapter 9 of this volume), the BC,, generalization of the Askey—Wilson polynomials.

In [37, Theorem 8.1] an Askey—Wilson integral evaluation for the root system Gy was
given:

. ng;j,ﬁ?»(zi/zj? @)oo TT5=1 (25 1/25 )0 dz; dzy
i#j et
(27i)? /’JI‘2 [Ty [T (a2, i/ 255 @)oc R

12 <H@ 1 17Q> Hle(CLHQ)oo

= , (5.3.9)
4
(9% <Hi:l @ q>oo ngigjg4(aiaj; ?)oo H1§i<j<k§4(aiajak; 7)oo

where H?Zl z; =1and |a;] < 1for1<i<d4.

All these basic hypergeometric integral evaluations can be specialized to ordinary hy-
pergeometric integral evaluations by taking suitable limits. In particular, if in (5.3.5) one
replaces the parameters a; by ¢%, and b; by ¢%, for 1 < i < n + 1, and then takes the
limit as ¢ — 17, one obtains the following multidimensional Mellin—Barnes integral [35,



28 MICHAEL J. SCHLOSSER

Theorem 9.1]
o0 ?;11 —2)U'(bi + 25) {4 dzi
100 H1<Z7‘7<n+1 F( i Z]) i:l 27/

B +1)lr(a1+ @) Dby + -+ bo) T2, Das +0) (5.3.10)
= Clag + - 4 apni1 +b1+ -+ bugr) ’ -

where S 2 = 0, provided Re(a;) > 0 and Re(b;) > 0, for 1 < i < n+ 1. (For
a generalization of (5.3.10), obtained by taking a suitable ¢ — 1~ limit from an A,
Nassrallah-Rahman integral that extends (5.3.5), see [36, Theorem 5.1]).

Here we reproduced only a few of the many existing integral evaluations. More can be
found in the papers [37, 38, 99, 125] (to list just a few relevant references). An interesting
integral transformation with F; symmetry has been given in [13]. For further discussion of
integral identities (evaluations and transformations) associated with root systems, where
such identities are considered at the elliptic level, see Section 6.2 of this volume.

4. BASIC HYPERGEOMETRIC SERIES WITH MACDONALD POLYNOMIAL ARGUMENT

The series considered here were first introduced by Macdonald (in unpublished work
[76] of 1987), and by Kaneko [59].

Important special cases were considered earlier. Basic hypergeometric series with Schur
polynomial argument (the Schur polynomials correspond to the ¢ = ¢ case of the Mac-
donald polynomials) were studied by Milne [86] who derived ¢y, 2¢; and 17, summations
and several transformations for such series. Hypergeometric series with Jack polynomial
argument (the Jack polynomials indexed by « correspond to the ¢ = t*, t — 1 spe-
cialization of the Macdonald polynomials) were studied by Herz, Constantine and Muir-
head [11, 43, 97] for & = 2 (the zonal polynomial case) and for arbitrary « by Koranyi,
Yan and Kaneko [58, 63, 134, 135].

For a thorough treatment of Macdonald polynomials (by which we mean the GL,, type
symmetric Macdonald polynomials in the terminology of Chapter 9 of this volume; for
the general root system case see [75] and Chapter 9 of this volume), see [73, Chapter VI|
and Sections 9.1.1 and 9.3.7 of this volume. (Macdonald’s book [73] also deals thoroughly
with important special cases of the Macdonald polynomials, including in particular the
aforementioned Schur, zonal and Jack polynomials.) See Chapter 10 of this volume for a
survey on combinatorial aspects of these multivariate polynomials.

Let A, denote the ring of symmetric functions in the variables z = (z1,...,z2,) over
C. Further, we assume two nonzero generic parameters q,t satisfying |q¢|,[t|] < 1. The
Macdonald polynomials Py(z; ¢, t) (often shortened to Py or Py(z) as long as no ambiguity
arises), indexed by partitions A of length I(A) < n, form an orthogonal basis of A,,. They
can be defined as the unique family of symmetric polynomials whose expansion in terms
of the monomial symmetric functions my(z) is uni-upper-triangular with respect to the
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dominance order < of partitions,
Py(z;¢,1) = ma(z) + Z Cau(q; t)my(2)
B

(with ¢y,(g,t) being a rational function in ¢ and t), being orthogonal with respect to the
scalar product [73, Chapter VI, Section 9|

n

1:9) = e | ST 8@ [ ZE for fig e A

n!(27i)" el

where () )
Zi) %559 ) oo
A ,t(Z) = 9 R
I 1§:!',_;[§n (tzi/zj; Q)oo
1#]
As in Section 3, T™ is the positively oriented n-dimensional complex torus. The squared
norm evaluation of P, is [73, Chapter VI, Section 9, Example 1.(d)]

As B (PNt =L AL =i g)

1<i<j<n

(5.4.1)

o0

In [73, Chapter VI] Macdonald develops most of the theory for the polynomials Py(z; g, t)
using a different (albeit, up to normalization, equivalent) scalar product (which we are not
displaying here) that is more algebraic in nature and does not require the conditions |q| < 1
and |t| < 1. Rather than considering symmetric functions over C, Macdonald assumes ¢
and t to be indeterminate and considers symmetric functions over Q(q,t). The above
scalar product has the advantage that the structure of the root system A, _; is clearly
visible. This aspect of the theory generalizes to other root systems, see [75] and Chapter
9 of this volume.

The Py(z;q,t) are homogeneous in z = (z1,...,2,) of degree |A|. They satisfy the
stability property

P)\(Zh- . -azn;Q7t) = P)\(Zla cee 7Zn70;q7t)'

Further, they satisfy [73, Chapter VI, Equation (4.17)]

Py(z;q,t) = (21 20) M Paoa, (250, 1), (5.4.2)

where A — A, := (A1 — A\, oo, Adp1 — A, 0) for any partition A with [(A) < n.
For any partition A\, and f € A, let uy : A, = C be the evaluation homomorphism
defined by

for I(\) < n,

z
f( ) zi=q itn—t,1<i<n
0 otherwise.

Ux(f(z)) =

The following evaluation symmetry (cf. [73, Chapter VI, Equation (6.6)]), first proved by
Koornwinder in unpublished work, is very useful (in particular, for interchanging summa-
tions in the process of deriving transformations):

uo(Pr) ux(Py,) = uo(Py,) uu(Py). (5.4.3)
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For any partition A, let

(a;q,0)x = [ J(at" " g,

i>1

a0 =S — =3 @)

i>1 i>1

and

where )" denotes the conjugate partition of A\. We also use the shorthand notation

(a17 <o Apg Q7t>)\ = (al; q7t))\ e (ana qat)/\'
Further, for I[(\) < n, we define

n

ex(g,t) = H(tnfiﬂ; 7)pY H 5 aho, (5.4.4a)

(=)A=,

i=1 1<i<j<n
- » (@7 ),

/ n—1 T J

Ala,t) =] [ (@" ™ a), — . (5.4.4b)
g 1SE§” (qt] ) q))\i,/\j

An important normalization of the Macdonald polynomials is given by

Qx(z34,t) = ba(q, 1) Pr(z; 4, 1),

where

)

The @, are exactly the polynomials dual to P, with respect to scalar product mentioned
right after Equation (5.4.1). The two normalizations of Macdonald polynomials appear
jointly in the Cauchy identity

n

(23953 @) oo
; Pu(z 4, )Qu(y; 4, 1) = Hl e (5.4.5)

Let a be an indeterminate and define the homomorphism

€at : Ny — Cla

by its action on the power sum symmetric functions p, = p.(z1,...,2,) == > ., 2 for
r > 1 (which algebraically generate A, ), namely
1—a"
€azt(Pr) = 14
for each r > 1. For a = t", we have e (f) = f(1,¢,...,t""!) for any f € A,,.
The following evaluations are useful (cf. [59, Theorem 3.3)):
o (@ gt o (@5 q,t
€a;t (P)\(Zv q, t)) =1 (A)u €ast (Q)\(Z7 q, t)) =1 ()\)M (546>

ax(g,t)’ d\(g,t)
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Basic hypergeometric series with Macdonald polynomial argument are defined as

ai,...,0ar Al O L —n() stl-r tn()\) (ala <oy Gri 4, t))\
o [0 ] S (o) -
lbl;-.-,bs ¢ Z] ; (=" Ag,t) (br,-..,bs;q,t)a 770 1)

(5.4.7)
provided that the series converges.
Application of the homomorphism ¢,; with respect to y to both sides of the Cauchy
identity in (5.4.5) immediately gives the following g-binomial theorem for Macdonald poly-
nomials:

a = (azzaq)oo
1®0 [ 7QJt)Z:| = N (548)
which converges for |z;| < 1, 1 < i < n. It is interesting that the right-hand side is
independent of .

Baker and Forrester [3] made use of the ¢-binomial theorem for Macdonald polynomials
and the evaluation symmetry (5.4.3) to derive the following multivariate generalization of

the Heine transformation:
n

a,b 5 (bt azt™™ q) o c/b, xt" ! T
b | g, tat’ | = | | . . - o® L1 5 q t bt T 5.4.9
2%1 |: c q :| P (Ctl_z, ,flftn_l; q)oo 23] axt 1 q ( )

valid for |#| < 1 and [bt'™"| < 1, where zt° stands for the argument (z,xt,..., zt"1).
Notice that this transformation involves specialized Macdonald polynomials (which fac-
torize since Py(xt?) = "M (¢ )5 /ea(q,t) due to homogeneity, and the specialization
(5.4.6)) on both sides. A multivariate generalization of the first iterate of the Heine
transformation involving unspecialized interpolation Macdonald polynomials was given by
Lascoux, Rains and Warnaar [66, Corollary 10.2]. A further extension was obtained by
Lascoux and Warnaar [67, Corollary 6.3] as a special case of of multivariate extension of
the ¢-Kummer-Thomae-Whipple transformation [67, Corollary 6.2].

For # = ct'™"/ab the right-hand side of (5.4.9) reduces to a ®, series which can be
summed using (5.4.8). This gives a multivariate extension of the ¢-Gaufi summation:

a,b ct=" L (et /b, et 7 a; q) s
Dy | g, t, ——1t° | = . . 4.1
2¥1 [ c’ q,1, ab :| H (Ctl_l/ab7 Ctl_z; q)oo ) (5 0)

valid for |ct'~™/ab|. More general ¢-Gaufl summations involving unspecialized (non-)sym-
metric Macdonald polynomials were given by Lascoux, Rains and Warnaar [66], and by
Lascoux and Warnaar [67, Corollary 5.4].

For general unspecialized argument z = (z1,..., z,) Baker and Forrester [3], building
on work of Kaneko [59], proved the following multivariate extension of the Euler transfor-
mation (or equivalently, of the second iterate of the Heine transformation):

a,b, — (abzi/¢; q)oo c/a,c/b.
2Py l ¢ ﬂ,t,z} = H—(Zi;q)w N . 1q,t,abz/c| (5.4.11)

valid for |z;| < 1 and |abz;/c| < 1, 1 <4 <mn. A nonsymmetric extension was given in [66,
Corollary 10.3].
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We list two other results from [3]. Let N be a nonnegative integer. The g¢-Pfaff-
Saalschiitz summation for basic hypergeometric series with specialized Macdonald poly-
nomial argument is

n 1—1 1—2 /p,.
5Dy { @b g " t, qt‘s] =11 (" fa,ct —'/biq)n (5.4.12)

¢ abql Ngn= 1/C7q’ - (et fab ) n

This can be generalized to a multivariate Sears’ transformation with specialized Macdonald
polynomial arguments:

1 [abcq tqt‘s]

d7 7ftn 134,
(et /a, ft"Ja; q)n a,d/b,djc,qg N
nN s
11 (et~ ftni: q)n 1P d, ag" =Nt 1/6 aq'~ N/f 1q,t,qtt |, (5.4.13)

where def = abcg'™™. In [98, Section 4] Rains proved extensions of (5.4.12) and (5.4.13)
for Macdonald polynomials indexed by partitions of skew shape. Extensions of (5.4.12)
and (5.4.13) to nonsymmetric Macdonald polynomials were given in [66, Theorem 6.6 and
Proposition 6.8].

Kaneko [59] developed g¢-difference equations for basic hypergeometric series with Mac-
donald polynomial argument and related them to g-Selberg integrals. Warnaar [127]
proved various generalizations of ¢-Selberg integral evaluations and constant term iden-
tities, including a g-analogue of the Hua—Kadell formula for Jack polynomials (cf. [46,
Theorem 5.2.1] and [53, Theorem 2]). Rains and Warnaar [100, Section 5.3] obtained
further multivariate 4®3 transformations.

We complete this section with a multivariate extension of Ramanujan’s 111 summation
formula due to Kaneko [60], which is a t-extension of an earlier result by Milne [86] (namely,
for basic hypergeometric series with Schur function argument).

Let Z% = {(M\1,..., \) €Z" | \y > -+ > )\, }. By (5.4.2), the Macdonald polynomials
Py(z;q,t) can be defined for any A € ZZ. Bilateral basic hypergeometric series with
Macdonald polynomial argument are defined as

0/17..-7017- . . . |)\‘ n()\/) *TL(A) s+1—r . OO bq ltn Z’q
r\Ijerl b,bl,...,bs7q’t,2:| - Z ((( 1) q t > H )\+1tn z’q

AEZY

y "N (ay, ... a0q, )y
CI)\(Q7t) (b1>" b&‘]a )

provided that the series converges. With this notation, Kaneko’s 111 summation for
Macdonald polynomials is

(gt bt a0z, qf 0z q)s
. 5.4.15
[bv% } 11 (bqt', qt"= [a, 2, bt =" az;; q)oc S

P,\(z q, )), (5.4.14)

subject to |0t ™" /a| < |z < 1, for 1 <i < n.
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In [130, Theorem 2.6], Warnaar gives a generalization of (5.4.15) involving a pair of
Macdonald polynomials in two independent sets of variables. Other identities of this type
are obtained in [128].

5. REMARKS ON APPLICATIONS

As mentioned in the introduction, hypergeometric series associated to root systems first
arose in the context of 3j and 67 symbols for the unitary groups [1, 10, 45]. This initiated
their study and that of their basic analogues from a pure mathematics point of view.

Basic hypergeometric series associated with root systems have found applications in
various areas. We list a few occurrences, making no claim about completeness. First of all,
such series, in particular multivariate g1 summations associated with root systems, were
used to give elementary proofs of the Macdonald identities [33, 80]. More generally, these
series were used for deriving expansions of various special powers of the eta function [5, 68,
69, 89, 132] and for establishing infinite families of exact formulae for sums of squares and of
triangular numbers [91, 106, 107]. Basic hypergeometric series associated with root systems
were also employed in the enumeration of plane partitions [29, 65, 108]. Applications to
Macdonald polynomials were given in [57, 118]. Basic hypergeometric integrals associated
to root systems were used in the construction of BC,, orthogonal polynomials and BC,,
biorthogonal rational functions that generalize the Macdonald polynomials, see [62, 98].
Watson transformations (and related transformations) associated to root systems were
used in [4, 5, 12, 30, 136] to derive multiple Rogers—Ramanujan identities and characters for
affine Lie algebras. For applications to quantum groups, see [109]. Basic hypergeometric
series of Macdonald polynomial argument were used to construct Selberg-type integrals
for A,—1 [129]. Also, hypergeometric series with Jack and zonal polynomial argument
appeared in studies on random matrices [17, 24] and Selberg integrals [58, 63].

Very recently the subject has gained growing attention by physicists working in spin
models and in quantum field theory. In particular, it was shown in [15, 16] that Gustafson’s
multivariate hypergeometric integrals appear naturally in the integrable spin models. Fur-
ther, it was shown [42, 51] that the partition functions in 3d field theories can be expressed
in terms of specific basic hypergeometric integrals. As made explicit in [22], these par-
tition functions can also be obtained by reduction from the 4d superconformal indices
which, according to [20], can be identified with elliptic hypergeometric integrals. (The
latter are reviewed in Chapter 6 of this volume.) Accordingly, multivariate basic hyperge-
ometric integrals and series associated with various symmetry groups (or gauge groups, in
the terminology of quantum field theory) appear as explicit expressions for the respective
partition functions [22, 123, 124]. Several of these are new and await further mathematical
study. These partition functions can also be interpreted as solutions of the Yang—Baxter
equation, see [26, 27].
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