
A WEIGHTED EXTENSION OF FIBONACCI NUMBERS

GAURAV BHATNAGAR, ARCHNA KUMARI, AND MICHAEL J. SCHLOSSER

Abstract. We extend Fibonacci numbers with arbitrary weights and
generalize a dozen Fibonacci identities. As a special case, we propose an
elliptic extension which extends the q-Fibonacci polynomials appearing
in Schur’s work. The proofs of most of the identities are combinatorial,
extending the proofs given by Benjamin and Quinn, and in the q-case,
by Garrett. Some identities are proved by telescoping.

1. Introduction

The Fibonacci numbers are defined by the recurrence relation

Fn+2 = Fn+1 + Fn

with the initial values F0 = 0 and F1 = 1. According to Singh [21], these
numbers were obtained in ancient Indian texts (600–800 A.D.) in the context
of explaining the rules of poetry composition in Sanskrit and Prakrit (two
ancient Indian languages). Knowledge at the time was transferred orally;
it was useful to present it in the form of verse, so that it was easier to
memorise and replicate. To describe the aforementioned rules, we need the
following vocabulary. A mora is a unit of syllables (plural: morae). The
basic units of Sanskrit prosody is a letter having one mora (called laghu)
and with two morae (called guru). A type of metre (or line) in Sanskrit
poetry allows sequences of laghu and guru letters in any order, but the
metre should contain exactly n morae. It is in counting all possible metres
of this type that the so-called Fibonacci numbers arose.

In more recent times, many Fibonacci identities have been proved in
much the same way, by Benjamin and Quinn [1] and Benjamin, Quinn and
Rouse [2]. These authors count tilings of a 1 × n board by squares and
dominos. The square corresponds to a laghu and a domino to a guru. A
tiling of an n-board with squares and dominos corresponds to a metre with
exactly n morae made up of the corresponding letters.

The objective of this paper is to obtain an extension of the Fibonacci
numbers by weighted counting—with arbitrary weights—in much the same
way as described above. We also suggest an elliptic weight, which results in
elliptic extensions of Fibonacci numbers. These extensions have additional
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parameters q (the base), p (the nome) as well as two arbitrary parameters
a and b. In special cases, they reduce to q-Fibonacci polynomials that were
considered by Schur in work related to the Rogers–Ramanujan identities.

We work in the context of elliptic combinatorics. This field has been
developing rapidly, due to efforts by Schlosser, Yoo and others [3, 4, 12, 13,
14, 15, 16, 17, 18, 19, 20]. Our elliptic extension makes a small change in
the definition of elliptic Fibonacci numbers by Schlosser and Yoo [18]. This
small change allows extensions of many well-known Fibonacci identities.
Combinatorial proofs in this paper are modeled on Garrett’s unpublished
work [9], which, in turn, are q-analogues of the proofs in Benjamin and
Quinn’s exposition. A very similar approach has been taken by Cigler [7].

Using weighted counting, we extend many well-known Fibonacci identi-
ties. In particular, we give a weighted generalization (with a combinatorial
proof) of

Fn+iFn+j − FnFn+i+j = (−1)nFiFj . (1.1)

This was proposed as a problem by Everman, Danese and Venkannayah [8]
and appears in Vajda [22, p. 177, Equation (20a)]. It extends some classical
Fibonacci identities, due to Cassini (1680):

F 2
n − Fn−1Fn+1 = (−1)n−1;

and Catalan (1879):

F 2
n − Fn−iFn+i = (−1)n−iF 2

i .

A special case of our result was considered by Cigler [7].
This paper is organized as follows. In Sections 2 and 3 we give the analytic

and combinatorial definitions of the weighted Fibonacci numbers, as well
as the proposed elliptic weights. Section 4 contains weighted analogues of
several Fibonacci identities. Finally, in Section 5, we obtain some Fibonacci
identities by using the telescoping methods given in [5, 6].

2. Weighted Fibonacci numbers: definitions

Definition 1 (First definition of weighted Fibonacci numbers). Let (wf
n)n≥0

be a sequence of indeterminates called weights. We define the weighted Fi-
bonacci number fn as f0 = 0, f1 = 1, and for n ≥ 0

fn+2 = fn+1 + wf
nfn. (2.1)

We have suppressed the dependence on the sequence of weights (wf
n) in

our notation. To define the elliptic weights, we need some notation.
The modified Jacobi theta function with nome p is defined as

θ(a; p) :=
∞∏
j=0

(1− apj)(1− pj+1/a)
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where a ̸= 0 and |p| < 1. When the nome p = 0, the modified theta function
θ(a; p) reduces to (1− a). We use the short-hand notation

θ(a1, a2, . . . , ar; p) := θ(a1; p) θ(a2; p) · · · θ(ar; p) .

Two important properties of the modified theta function are [11, Equa-
tion (11.2.42)]

θ(a; p) = θ(p/a; p) = −aθ(1/a; p) , (2.2a)

and [23, p. 451, Example 5]

θ(xy, x/y, uv, u/v; p)− θ(xv, x/v, uy, u/y; p) =
u

y
θ(yv, y/v, xu, x/u; p) .

(2.2b)

Let g(x) be an elliptic function, that is, a doubly periodic meromorphic
function of the complex variable x. Without loss of generality, by the theory
of theta functions, we may assume that

g(x) =
θ(a1q

x, a2q
x, . . . , arq

x; p)

θ(b1qx, b2qx, . . . , brqx; p)
c,

where c is a constant, and the elliptic balancing condition,

a1a2 · · · ar = b1b2 · · · br,

holds. If we write q = e2πiσ, p = e2πiτ , with complex σ, τ , then g(x) is
indeed doubly periodic in x with periods σ−1 and τσ−1.

These definitions motivate the form of the elliptic weights defined in this
paper.

Definition 2 (Elliptic Fibonacci weights). For the nome p, base q, two
independent variables a and b, and n = 0, 1, 2, . . . , define the weight function

wf
n(a, b; q, p) :=

θ(aq, aq2, bq1−2n, aq/b, a/b; p)

θ(aq1−n, aq2−n, bq, aq1+n/b, aqn/b; p)
qn. (2.3)

Notation. We use the notation fn(a, b; q, p) to denote the corresponding el-

liptic Fibonacci numbers, where we take wf
n := wf

n(a, b; q, p). In what follows,
we use (a, b; q, p) in our notation when referring to formulas for elliptic Fi-
bonacci numbers. Otherwise, the reference is to arbitrary (unspecialized)
weights.

Remarks.

(1) The expression (2.3) is elliptic in the variables logq a, logq b and n.
Instead of logq a, we may also replace a by qa, then it is elliptic in
the variable a. The analogous statement holds for the variable b.

(2) We have modified the definition of the elliptic Fibonacci numbers
given by Schlosser and Yoo [19, Definition 3.6]. Their Sn(a, b; q, p)
is related to our definition as follows

Sn(aq
−n, bq−2n; q, p) = fn(a, b; q, p). (2.4)
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(3) In [18], the authors defined the elliptic numbers [n]a,b;q,p using the
weight function:

Wa,b;q,p(k) =
θ(aq2k+1, bq, bq2, aq−1/b, a/b; p)

θ(aq, bqk+1, bqk+2, aqk−1/b, aqk/b; p)
qk. (2.5)

The elliptic numbers [n]a,b;q,p satisfy the recurrence

[n]a,b;q,p +Wa,b;q,p(n)[m− n]aq2n,bqn;q,p = [m]a,b;q,p (2.6)

(as a consequence of (2.2b)) and are defined explicitly for complex
n as follows:

[n]a,b =
θ(qn, aqn, bq2, a/b; p)

θ(q, aq, bqn+1, aqn−1/b; p)
.

Note that the weight function for the elliptic Fibonacci numbers is
closely connected to (2.5) by the relation:

wf
n(a, b; q, p) = Wb,a;q,p(−n).

There are also m-versions of Fibonacci and q-Fibonacci polynomials in
the literature. In the q-case, these arose in work of Schur and appeared,
for example, in the m-versions of the Rogers–Ramanujan identities, given
by Garrett, Ismail and Stanton [10]. These authors’ work motivates the
following definition.

Definition 3 (Weighted m-shifted Fibonacci numbers). Let wf
n be as in

Definition 1. The weighted m-shifted Fibonacci numbers are given by f
(m)
0 =

0, f
(m)
1 = 1, and for n ≥ 0

f
(m)
n+2 = f

(m)
n+1 + wf

n+mf (m)
n . (2.7)

Notation. We use the notation f
(m)
n (a, b; q, p) to denote the corresponding

m-shifted elliptic Fibonacci numbers, when the weight sequence is the one
given in (2.3).

Special cases. We note some special cases of the elliptic weight function
which define extensions of Fibonacci numbers with additional parameters.

(1) When p = 0, we obtain an (a, b; q)-analogue of Fibonacci numbers.
The weight function reduces to:

wf
n(a, b; q) :=

(1− aq)(1− aq2)(1− bq1−2n)(1− aq/b)(1− a/b)

(1− aq1−n)(1− aq2−n)(1− bq)(1− aq1+n/b)(1− aqn/b)
qn.

(2) When b → 0 or ∞, we obtain an (a; q)-analogue of Fibonacci num-
bers. The weight is

wf
n(a; q) :=

(1− aq)(1− aq2)

(1− aq1−n)(1− aq2−n)
q−n. (2.8)
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(3) A (b; q)-analogue of the Fibonacci numbers is obtained by taking

a → 0 or ∞ in wf
n(a, b; q). The weight function is

wf
n(b; q) :=

(1− bq1−2n)

(1− bq)
qn.

(4) Finally, when b → 0 and a → 0, we obtain the q-Fibonacci numbers
determined by the weight function wn(q) = qn.

3. Fibonacci numbers from weighted counting

In this section, we give an alternative combinatorial definition of the
weighted Fibonacci numbers.

Consider a 1 × n board (henceforth, n-board) of square boxes. On this
n-board one can place a domino (1 × 2 tile) or a square (1 × 1 tile). If a
domino is placed at a location covering the boxes at i and i+1, we give it a

weight wf
i . (The weight of a square tile is 1.) Given a tiling T of an n-board

with dominos and squares, the weight of T is defined as

W f (T ) :=
∏
i

wf
i ,

where the product is over all positions (i, i + 1) containing a domino. An
empty product is defined to be 1.

Definition 4 (Second definition of the weighted Fibonacci numbers). Let
n be a non-negative integer. We take f0 := 0 and for n ≥ 0,

fn+1 :=
∑
Tn

W f (Tn)

where the sum runs over all tilings Tn of an n-board. We say that fn+1 is
the total weight of tilings of an n-board.

Remark. The weight of a pair (S, T ) of tilings is the product of their weights.
This corresponds to the weighted counting of a pair of sets. One can view
the pair as a concatenation of tilings.

Example 1.

1 2 3 4 5 6 7

In this tiling the two gray boxes represent a domino and a white box repre-

sents a square. It has weight wf
2w

f
5 as there is one domino in position (2, 3)

and one in position (5, 6).

It is easy to see that the two definitions are equivalent. Let fn be as in
Definition 4. Clearly, f0 = 0 and f1 = 1. Let n > 1. Then consider any
tiling of an (n + 1)-board. Its last square is tiled by either a square or a
domino. If it is a square, it contributes W f (Tn) to fn+2, where Tn is a tiling
of an n-board obtained by deleting the last square. Otherwise, it contributes
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wf
nW f (T ′

n−1) where T
′
n−1 is a tiling of the n− 1 board, obtained by deleting

the last 2 squares. Summing over all tilings of an (n+1)-board, we see that
fn satisfies the recurrence (2.1), and also satisfies Definition 1.

The m-shifted weighted Fibonacci numbers can be defined similarly. In
an (m+n)-board, no domino is allowed to be placed in the first m positions;

the generating function so obtained is defined to be f
(m)
n+1. The number of

positions where dominos can be placed is still n. Clearly f
(0)
n+1 = fn+1.

Example 2. Consider the 7-board where no dominos are allowed in the first

three positions. The following tiling is allowed, and has weight wf
4w

f
6 .

1 2 3 4 5 6 7

Consider all possible tilings of a 7-board where no domino is allowed in
positions 1, 2 and 3. We obtain

f
(3)
5 = 1 + wf

4 + wf
5 + wf

6 + wf
4w

f
6 .

A fault of a tiling is defined as a position m such that the tiling does
not include a domino in position (m,m + 1). Occasionally we will need to
split a tiling at a fault and count the possible tilings to the right and to the
left of the fault. While tilings to the left of a fault are counted by weighted
Fibonacci numbers, tilings to the right have shifted weights, and are thus
counted by shifted Fibonacci numbers.

Next, we define an expression analogous to the binomial coefficient.

Proposition 1. Let gnk be the weighted sum of tilings of n tiles with exactly
k dominos. Then gnk is determined by the following:

gnk = wf
n+k−1g

n−1
k−1 + gn−1

k ; (3.1a)

where the initial conditions are as follows:

gn0 = 1 for n ≥ 0; (3.1b)

gnk = 0 for k < 0 and k > n. (3.1c)

Remark. As before, we denote by gnk (a, b; q, p) when the weights are specified
by (2.3).

Proof. The initial conditions are easy to check. Further, it is easy to check
that these determine gnk for non-negative integers n and k.

The total number of squares in a tiling with exactly k dominos and n− k
squares is n + k. The last square can either be covered by a square tile or
there is a domino at (n + k − 1, n + k). If the last tile is a square, then
the sum of weights of the tilings is gn−1

k . Otherwise, the domino has weight

wf
n+k−1 and tilings after deleting this domino have weight gn−1

k−1 . The total

weight when there is a domino at (n + k − 1, n + k) is thus wf
n+k−1g

n−1
k−1 .

This shows (3.1a). □
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Remarks.

(1) Note that, for n ≥ 1,

gn1 =

n∑
i=1

wf
i

and
gnn = wf

1w
f
3 · · ·w

f
2n−1.

(2) In the q-case, gnk reduces to qk
2

[
n
k

]
q

.

(3) If we define [
n
k

]
w

:=
gnk

wf
1w

f
3 · · ·w

f
2k−1

,

then

[
n
k

]
w

satisfies

[
n
k

]
w

=
wf
n+k−1

wf
2k−1

[
n− 1
k − 1

]
w

+

[
n− 1
k

]
w

. (3.2)

(4) In addition, in the (a; q)-case (that is, when p = 0 and b → 0), the

weight is given by (2.8). In this case,

[
n
k

]
w

factorizes and reduces

to: [
n
k

]
a;q

=

(
qk−1/a; q

)
k

(qn−1/a; q)k

[
n
k

]
q

. (3.3)

It is easy to verify this formula satisfies the three term recurrence
relation (3.2) in the (a; q)-case. The factorization in the (a; q)-case
is related to one obtained for Sn(a; q) in [19].

4. Proofs that really weigh

We now prove analogues of several Fibonacci identities, using counting—
or rather weighing—tilings of boards. We would like to remind the reader
that in any of the theorems of this paper, the corresponding results for q-

Fibonacci numbers are obtained by formally replacing wf
k by qk. Replacing

all the wf
k by 1 reduces any result to one for the Fibonacci numbers.

Theorem 2. Let n be a positive integer. Then
n∑

k=1

wf
kfk = fn+2 − 1.

Proof. We weigh the tilings of an (n+ 1)-board with at least one domino.
The total number of tilings of an (n + 1)-board is fn+2. To obtain the

right-hand side, we remove the tiling consisting of all square tiles from these.
To obtain the left-hand side, suppose the position of the last domino on

the board is at the kth tile, for some 1 ≤ k ≤ n. For each such k, the
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tilings of a (k− 1)-board have weight fk. Since the kth tile is a domino, the

total weight of such tilings is wf
kfk. The sum over all k gives the left-hand

side. □

Theorem 3. Let n and m be positive integers. Then

fm+n+1 = fm+1f
(m)
n+1 + wf

mfmf (m+1)
n .

Proof. We weigh tilings of an (m+ n)-board in two ways.
The total weight of tilings of an (m + n)-board is fm+n+1, which is the

left-hand side.
To get the right-hand side, consider the mth position. Either there is a

fault at position m, or there is a domino at (m,m+ 1).
If there is a fault at m, we can split the board after position m to obtain

a pair of boards of length m and n. The weight of tilings of the first board is
fm+1 and the weight of the second board is the m-shifted Fibonacci number

f
(m)
n+1(a, b; q, p). This gives the total weight as

fm+1f
(m)
n+1.

In case there is a domino at the position (m,m + 1), this domino con-

tributes the weight wf
m. On breaking the board after position m − 1 and

m + 1, we see the weight of the pair of tilings of the remaining 1 × m − 1

and 1× n− 1 boards is fmf
(m+1)
n . The total weight is the product

wf
mfmf (m+1)

n .

Adding the two gives the right-hand side. □

Next, we give an extension of (1.1) which was highlighted in the intro-
duction.

Theorem 4. Let n be a positive integer. Then

fn+i+1f
(i+1)
n+j+1 = fn+i+j+2f

(i+1)
n + (−1)nwf

i+1w
f
i+2 · · ·w

f
i+nfi+1f

(n+i+1)
j+1 .

Remark. When i = 0, in the q-case, an equivalent form of this identity has
been given a combinatorial proof by Cigler [7, Equation (5.6)].

Proof. Consider two boards. One of the boards is of length i+ n; the other
of length n + j, placed one below the other, with the lower board shifted
i + 1 places, as shown. We count the number of weighted tilings of these
boards.
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i n

k

i+ 1 n j

i n+ 1

k

j

i+ 1 n− 1

The number of tilings of the first i + n-board is fn+i+1. Visualize it as
an i-board concatenated with an n-board. The second board is shifted by

i + 1, so with weight f
(i+1)
n+j+1. Thus the total weight of tilings of such pairs

of boards is

fn+i+1f
(i+1)
n+j+1.

This gives the left-hand side.
For the right-hand side, consider the last common fault of both the boards.

The fault is only possible in the parts of the board which are n-boards. Let
it be at the kth cell. Break both the tilings after this fault and swap the tails
to get a pair consisting of an i+ (n+ 1) + j-tiling and an (n− 1) + j-tiling

(shifted by i+ 1). Their weight is fn+i+j+2f
(i+1)
n .

There is a one-to-one correspondence between all pairs of such tilings that
have a fault. In case the two tilings do not have fault, there is an error term,
which we now show is

(−1)nwf
i+1w

f
i+2 · · ·w

f
i+nfi+1f

(n+i+1)
j+1 .

The tilings consisting of the i-board on top and j-board at the bottom
have no role to play in the fault. The n-tilings do not have common fault if
both the tilings consist of only dominos. If n is odd, then (n+1), (n−1), both
are even and we can have an all domino tiling. This contributes a weight

wf
i+1w

f
i+2 · · ·w

f
i+n. This is multiplied by the weight of tilings in the i cells

(with contribution fi+1 and the j cells (contribution: f
(n+i+1)
j+1 ). But since

the two n-boards on the left-hand side cannot have an all-domino tiling, we
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get

fn+i+1f
(i+1)
n+j+1 = fn+i+j+2f

(i+1)
n − wf

i+1w
f
i+2 · · ·w

f
i+nfi+1f

(n+i+1)
j+1 .

If n is even, then (n + 1) and (n − 1) are both odd and cannot have an all
domino tiling on the right-hand side. But on the left-hand side, the two
n-boards can have all domino tilings, contributing the weight

wf
i+1w

f
i+2 · · ·w

f
i+nfi+1f

(n+i+1)
j+1 .

Therefore, when n is even,

fn+i+1f
(i+1)
n+j+1 = fn+i+j+2f

(i+1)
n + wf

i+1w
f
i+2 · · ·w

f
i+nfi+1f

(n+i+1)
j+1 .

This completes the proof. □

Theorem 5. Let n be a positive integer. Then

n∑
k=1

wf
1w

f
3 . . . w

f
2n−1

wf
1w

f
3 . . . w

f
2k−1

f2k = f2n+1 − wf
1w

f
3 . . . w

f
2n−1.

Proof. We weigh the tilings of a 2n-board with at least one square.
The tilings of a 2n-board have weight f2n+1. The tiling of 2n-board with

no square is a tiling with all dominos, with weight wf
1w

f
3 . . . w

f
2n−1. On

subtracting this, we get the right-hand side.
To obtain the left-hand side, consider the last square of the tiling of a 2n-

board. Suppose it is at the ith tile for 0 ≤ i ≤ 2n. Since it is the last square,
after this all tiles are dominos. This implies i has to be an even number,
say i is 2k. On the left side of this square, the tilings of (2k− 1)-board have
weight f2k. The dominos on the right side of ith tile contribute

wf
2k+1w

f
2k+3 . . . w

f
2n−1 =

wf
1w

f
3 . . . w

f
2n−1

wf
1w

f
3 . . . w

f
2k−1

.

Summing over i gives us the left-hand side. □

Theorem 6. Let n be a positive integer. Then
n∑

k=0

wf
2w

f
4 . . . w

f
2n

wf
2w

f
4 . . . w

f
2k

f2k+1 = f2n+2.

Proof. We weigh the tilings of a (2n + 1)-board. The details are similar to
the proof of Theorem 5 and are omitted. □

Theorem 7. Let n be a positive integer. Then
n∑

k=0

wf
1w

f
2 . . . w

f
n

wf
1w

f
2 . . . w

f
k

f2
k+1 = fn+1fn+2.

Proof. We weigh the tilings of a pair consisting of an n-board and an (n+1)-
board.

The right-hand side is the total weight of the tilings of this pair of boards.
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1 2 3 4 n n+ 1

For the left-hand side, place the (n+1)-board directly above the n-board
as shown. Consider the location of the last common fault. Suppose the last
fault is at the kth tile, where 1 ≤ k ≤ n. Then to avoid the fault after the
kth tile, only dominos should be placed except for a single square placed on
the tile k+ 1 in the row whose length is odd. The weight of the two boards
for cells 1 to k is f2

k+1. The dominos after the kth cell contribute

(wf
k+1w

f
k+3 . . . w

f
n−1)(w

f
k+2w

f
k+4 . . . w

f
n) = wf

k+1w
f
k+2 . . . w

f
n−1w

f
n,

which is
wf
1w

f
2 . . . w

f
n

wf
1w

f
2 . . . w

f
k

.

Now we sum over k to obtain the result. □

Theorem 8. Let n be a positive integer. Then

n∑
k=0

gnn−kf
(2n−k)
k = f2n.

Proof. We weigh tilings of an (2n− 1)-board.
The right-hand side gives the total weight f2n.
For the left-hand side, consider the number k of squares that appear

among the first n tiles. (There must be a square. If there were only dominos,
then the board would have even length.) The first n tiles consist of k squares
and (n − k) dominos, with weight gnn−k. The remaining board has length

k−1. The weight is given by the shifted weighted Fibonacci number f
(2n−k)
k .

Summing over k gives the desired result. □

Theorem 9. Let n be a non-negative integer. Then

n∑
k=0

gnn−kf
(2n−k)
k+1 = f2n+1.

Proof. The proof is similar to that of Theorem 8 and is omitted. □

5. Fibonacci identities from telescoping

Many Fibonacci identities can be proved by telescoping. In this section we
use the technique in [5, 6] to obtain two more weighted Fibonacci identities.

In [5, Theorem 10.6] six identities were given for arbitrary sequences sat-
isfying a general three-term recurrence relation. These identities can be
specialized to obtain identities for weighted Fibonacci numbers. Four of
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those six identities coincide with identities that we just obtained in §4 by
weighted counting. In this section we list the remaining two identities.

Rather than applying [5, Theorem 10.6], in order to make our derivation
self-contained, we make use of the alternate form of the telescoping lemma
[5, Equation (2.2)], given by

n∑
k=1

tk
u1u2 · · ·uk−1

v1v2 · · · vk
=

u1u2 · · ·un
v1v2 · · · vn

− 1, (5.1)

where tk = uk − vk.

Remark. The specific form of Definition 2 for the elliptic Fibonacci numbers
allows for a convenient application of (5.1). This was one motivation of
using Definition 2 rather than earlier definitions for the elliptic Fibonacci
numbers.

Theorem 10. Let n be a positive integer.
n∑

k=1

(−1)k
fk+2

wf
1w

f
2 . . . w

f
k

= (−1)n
fn+1

wf
1w

f
2 . . . w

f
n

− 1. (5.2a)

n∑
k=1

wf
k−1w

f
k

k∏
j=1

1

1 + wf
j

fk−1 = 1−
n∏

j=1

1

1 + wf
j

fn+2. (5.2b)

Proof. To prove (5.2a), take

uk = fk+1 and vk = −wf
kfk

in (5.1). Thus uk−1/vk = −1/wf
k , and

tk = uk − vk = fk+2.

For (5.2b), take

uk = fk+2 and vk = (1 + wf
k )fk+1.

Thus uk−1/vk = 1/(1 + wf
k ), and

tk = uk − vk = −wf
kw

f
k−1fk−1.

Substituting in (5.1), we obtain the result. □

We conclude with another application of (5.1), which follows from Theo-
rem 3.

Theorem 11. Let r and s be non-negative integers, and n a positive integer.
Then

n∑
k=1

(−1)k

wf
r+1w

f
r+2 · · ·w

f
r+k

fr+s+2k+1

fr+1f
(r)
s+1

f
(r)
s+1 · · · f

(r+k−1)
s+k

f
(r+2)
s+1 · · · f (r+k+1)

s+k

=
(−1)n

wf
r+1w

f
r+2 · · ·w

f
r+n

fr+n+1

fr+1

f
(r+1)
s+2 · · · f (r+n)

s+n+1

f
(r+2)
s+1 · · · f (r+n+1)

s+n

− 1. (5.3)
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Proof. Take

uk = fr+k+1f
(r+k)
s+k+1 and vk = −wf

r+kfr+kf
(r+k+1)
s+k .

Thus

uk−1

vk
=

−f
(r+k−1)
s+k

wf
r+kf

(r+k+1)
s+k

and tk = uk − vk = fr+s+2k+1

by virtue of Theorem 3. Substituting in (5.1) proves the result. □

We believe this identity is new even in the q-case. In this case

wf
n = qn, and wf

r+1w
f
r+2 · · ·w

f
r+k = q(

k
2)+(r+1)k.

The shifted q-Fibonacci numbers satisfy the recurrence: for n ≥ 0,

f
(m)
n+2 = f

(m)
n+1 + qn+mf (m)

n ,

with the initial conditions f
(m)
0 = 0 and f

(m)
1 = 1. Recall that f

(0)
n is simply

fn. With these ingredients the special q-case of (5.3) reduces to the following
identity:

n∑
k=1

(−1)kq−(
k
2)−(r+1)k fr+s+2k+1

fr+1f
(r)
s+1

f
(r)
s+1 · · · f

(r+k−1)
s+k

f
(r+2)
s+1 · · · f (r+k+1)

s+k

= (−1)nq−(
n
2)−(r+1)n fr+n+1

fr+1

f
(r+1)
s+2 · · · f (r+n)

s+n+1

f
(r+2)
s+1 · · · f (r+n+1)

s+n

− 1.

Similar specializations can be done to the other identities involving weighted
Fibonacci numbers in this paper (such as those in (5.2)).

We remark that Theorem 4 yields yet another identity by telescoping.
Finally, we mention that by varying the roles of uk, vk and tk above we may
get more identities.
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