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Abstract. We introduce a bilateral extension of the continuous q-ultraspherical poly-
nomials which we call bilateral q-ultraspherical functions. These functions are given
as specific bilateral basic hypergeometric 2ψ2 series, they are analytic in a variable
x = cos θ and depend on two parameters β and γ and on a base q. For these bilateral
q-ultraspherical functions we derive a bilateral generating function, find a three-term re-
currence relation, explain how they behave under the action of the Askey–Wilson divided
difference operator, and show that they satisfy a type of shifted orthogonality.

1. Introduction

Orthogonal and q-orthogonal polynomials (cf. [14] and [8] for the one-variable theory)
are a central topic in the theory of special functions. The most fundamental ones are the
families of classical orthogonal and q-orthogonal polynomials. These concern those that
are of hypergeometric and basic hypergeometric type and are listed as the entries of the
Askey and q-Askey schemes [10, 11]. An intriguing feature about the classical families of
(q-)orthogonal polynomials is that they are connected to a vast amount of explicit iden-
tities for (basic) hypergeometric series. Many summation and transformation formulas
are responsible for various fundamental properties that orthogonal polynomials possess.
It is very natural to switch the perspective and ask, given a (basic) hypergeometric series
identity, whether it has any relevance in the theory of orthogonal polynomials or, more
generally, of orthogonal functions.

Richard Askey had a keen interest in orthogonal and q-orthogonal polynomials and
made numerous valuable contributions to this rich subject. While his most influential
contribution in this area arguably concerns his work with his student James Wilson on
the discovery of (what today are called) the Askey–Wilson polynomials [3]—the top entry
in the q-Askey scheme, another significant contribution concerns his work with Mourad
Ismail on the continuous q-ultraspherical polynomials [2] (which are q-analogues of the
Gegenbauer polynomials). The continuous q-ultraspherical polynomials are a family of
q-orthogonal polynomials that were originally introduced by Rogers [13] in the late 19th
century. Rogers devised some important properties for these polynomials but was appar-
ently not aware of their orthogonality. Askey and Ismail [2] were the first to show that the
continuous q-ultraspherical polynomials are indeed orthogonal with respect to a specific
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positive measure, and they worked out many properties for this extremely important fam-
ily of special functions. The continuous q-ultraspherical polynomials are actually highly
relevant to symmetric functions. In particular, the Macdonald polynomials [12, Ch. VI]
(a well-investigated family of symmetric functions in the variables x1, . . . , xn with coef-
ficients that are rational functions in q and t) reduce to the continuous q-ultraspherical
polynomials in the two-variable case. Further, the well-known Pieri formula for Mac-
donald polynomials [12, p. 331] reduces in the two-variable case to Rogers’ linearization
formula (see (3.7)). It is clear that a good knowledge about the continuous q-ultraspherical
polynomials helps in the study of various extensions, including those to multivariables.

Our aim in this paper is to study a bilateral series extension of the continuous q-
ultraspherical polynomials, which we refer to as bilateral q-ultraspherical functions. We
(naively) define them as specific 2ψ2 series and demonstrate that they satisfy some nice
properties, similarly nice to those in the standard polynomial special case. In particular,
we show that their bilateral generating function admits a representation as a closed form
product. This result is used to find a three-term recurrence relation for the bilateral
q-ultraspherical functions, and we also use it to deduce a simple formula for them under
the action of the Askey–Wilson divided difference operator. Finally, in view of the nice
properties we are able to extend here, what about orthogonality? Regrettably, so far
we have not been able to establish full orthogonality for the here introduced bilateral
q-ultraspherical functions. However, we do show that they satisfy a type of shifted orthog-
onality, a concept which requires working with full sequences, rather than just comparing
two single functions.

Our paper is organized as follows: In Section 2 we recall some well-known material on
basic hypergeometric series (with a focus on identities for 2ψ2 series) that is useful for the
current study. In Section 3 we review some material on the continuous q-ultraspherical
polynomials. We turn to their new bilateral series extension in Section 4 and work out
some properties, most of which nicely extend those for the continuous q-ultraspherical
polynomials. We conclude with a result involving shifted orthogonality in Section 5.

Concerning our notation for fractions we follow the convention used in the text book
by Gasper and Rahman [6] that all factors that appear after the slash symbol ‘/’ are
understood to be part of the denominator. For instance, ‘dq/abz’ (appearing in Equation
(2.5)) is meant to stand for ’dq/(abz)’, etc.

2. Preliminaries on basic hypergeometric series

Let Z denote the set of integers. Throughout we assume q to be fixed with 0 < |q| < 1.
(Occasionally, when concerned with positive definiteness, we restrict q further to be real
and satisfy 0 < q < 1.) We refer to q as the “base”. For a parameter a ∈ C and k ∈ Z,
the q-shifted factorial is defined by

(a; q)k :=
(a; q)∞
(aqk; q)∞

, where (a; q)∞ :=
∏
j≥0

(1− aqj).

For brevity, we frequently use the shorthand notations

(te±iθ; q)∞ = (teiθ, te−iθ; q)∞,
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(a1, . . . , am; q)k = (a1; q)k . . . (am; q)k, k ∈ Z ∪∞.

Following Gasper and Rahman [6], basic hypergeometric rϕs series with r upper pa-
rameters a1, . . . , ar, s lower parameters b1, . . . , bs, base q and argument z are defined by

rϕs

[
a1, . . . , ar
b1, . . . , bs

; q, z

]
:=

∞∑
k=0

(a1, . . . , ar; q)k
(q, b1, . . . , bs; q)k

(
(−1)kq(

k
2)
)1+s−r

zk. (2.1)

Such a series terminates if one of the upper parameters, say, ar, is of the form q−n, where
n is a nonnegative integer. If the series does not terminate, then it converges for r > s+1,
while for r = s+ 1 it converges for |z| < 1.

Bilateral basic hypergeometric rψs series are defined by

rψs

[
a1, . . . , ar
b1, . . . , bs

; q, z

]
:=

∞∑
k=−∞

(a1, . . . , ar; q)k
(b1, . . . , bs; q)k

(
(−1)kq(

k
2)
)s−r

zk. (2.2)

Such a series terminates from above if one of the upper parameters, say, ar, is of the form
q−n, and it terminates from below, if one of the lower parameters, say, bs, is of the form
q1+m, where n and m are integers (with n+m ≥ 0, in case both occur).

If the series does not terminate, then it converges for r < s and diverges for r > s,
while for r = s + 1 it converges (if it does not terminate from above) for |z| < 1 and (if
it does not terminate from below) for |b1 · · · br/a1 · · · arz| < 1.
The most fundamental result in the theory of basic hypergeometric series is the non-

terminating q-binomial theorem (cf. [6, Equation (II.3)]),

1ϕ0

[
a
−; q, z

]
=

(az; q)∞
(z; q)∞

, |z| < 1. (2.3)

The following bilateral extension of (2.4) is due to Ramanujan (cf. [6, Equation (II.29)]),

1ψ1

[
a
b
; q, z

]
=

(q, az, q/az, b/a; q)∞
(b, z, b/az, q/a; q)∞

, |b/a| < |z| < 1. (2.4)

A very simple and fundamental proof of (2.4) was delivered by Ismail [7] which makes use
of the analyticity of the variable b around the origin, together with the identity theorem
for analytic functions. For an excellent survey of Ramanujan’s 1ψ1 summation, see [16].
Among the numerous existing identities for basic hypergeometric series, we list some

for 2ψ2 series, because of their relevance to the current study. In [4, Eq. (2.3)] Bailey
derived the transformation

2ψ2

[
a, b
c, d

; q, z

]
=

(az, d/a, c/b, dq/abz; q)∞
(z, d, q/b, cd/abz; q)∞

2ψ2

[
a, abz/d
az, c

; q,
d

a

]
, (2.5)

where max(|z|, |cd/abz|, |d/a|, |c/b|) < 1, which he iterated to obtain [4, Eq. (2.4)]

2ψ2

[
a, b
c, d

; q, z

]
=

(az, bz, cq/abz, dq/abz; q)∞
(q/a, q/b, c, d; q)∞

2ψ2

[
abz/c, abz/d

az, bz
; q,

cd

abz

]
, (2.6)

where max(|z|, |cd/abz|) < 1. Another important identity is Bailey’s transformation of a
general 2ψ2 series to a multiple of a very-well-poised 6ψ8 series (cf. [4, Eq. (3.2)]; see also
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[6, Exercise 5.11, second identity]):

2ψ2

[
e, f

aq/c, aq/d
; q,

aq

ef

]
=

(q/c, q/d, aq/e, aq/f ; q)∞
(aq, q/a, aq/cd, aq/ef ; q)∞

× 6ψ8

[
qa

1
2 ,−qa 1

2 , c, d, e, f

a
1
2 ,−a 1

2 , aq/c, aq/d, aq/e, aq/f, 0, 0
; q,

a3q2

cdef

]
, (2.7)

valid for |aq/cd| < 1 and |aq/ef | < 1. Notice that (2.5) and (2.6) can be derived from
(2.7), by exploiting the symmetry of the 6ψ8 series.
For further material on basic hypergeometric series and more generally, to special func-

tions, we refer to the text books by Gasper and Rahman [6], and by Andrews, Askey and
Roy [1], respectively. In particular, in our our computations we implicitly make heavy
use of elementary manipulations of q-shifted factorials (see [6, Appendix I]).

3. The continuous q-ultraspherical polynomials

We consider functions in x = cos θ = (eiθ + e−iθ)/2 (where θ need not be real).
The continuous q-ultraspherical polynomials, which depend on a parameter β and the

base q, are given by [8, Sec. 13.2]

Cn(x; β | q) =
n∑

k=0

(β; q)k (β; q)n−k

(q; q)k (q; q)n−k

ei(n−2k)θ, x = cos θ. (3.1)

They were originally considered by Rogers [13] in 1884 (not aware of their orthogonality)
in the pursuit of (what now are called) the Rogers–Ramanujan identities.

These functions, which can be written as

Cn(x; β | q) =
(β; q)n
(q; q)n

einθ 2ϕ1

[
β, q−n

q1−n/β
; q, qe−2iθβ

]
, (3.2)

are polynomials in x of degree n. They have the generating function
∞∑
n=0

Cn(x; β | q)tn =
(βte±iθ; q)∞
(te±iθ; q)∞

, (3.3)

which readily follows from the definition (3.1) and the q-binomial theorem in (2.3).
From this generating function one easily deduces their recurrence relation, which is [8,
Eq. (13.2.12)]

2x(1− βqn)Cn(x; β | q)
= (1− qn+1)Cn+1(x; β | q) + (1− β2qn−1)Cn−1(x; β | q),

with the initial conditions

C−1(x; β | q) = 0 and C0(x; β | q) = 1.

By induction it follows that the C2n+1(x; β | q) are odd functions, the C2n(x; β | q) are even.
Their constant terms are [8, Eq. (13.2.19)]

C2n+1(0; β | q) = 0 and C2n(0; β | q) = (−1)n
(β2; q2)n
(q2; q2)n

,
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for all integer n.
Let Dq denote the Askey–Wilson operator, defined on functions in x = (z + 1/z)/2

(recall that x = cos θ, so z = eiθ) by [8, Eq. (12.1.10)]

Dqf(x) = Dqf((z + 1/z)/2)

:=
f((q

1
2 z + q−

1
2/z)/2)− f((q−

1
2 z + q

1
2/z)/2)

((q
1
2 z + q−

1
2/z)/2)− ((q−

1
2 z + q

1
2/z)/2)

=
f((q

1
2 z + q−

1
2/z)/2)− f((q−

1
2 z + q

1
2/z)/2)

(q
1
2 − q−

1
2 )(z − 1/z)/2

. (3.4)

The action of Dq on the continuous q-ultraspherical polynomials is [8, Eq. (13.2.23)]

DqCn(x; β |q) =
2(1− β)

(1− q)
q

1−n
2 Cn−1(x; qβ |q).

As was established by Askey and Ismail [2] (see also [8, Thm. 13.2.1]), the continuous
q-ultraspherical polynomials satisfy the orthogonality relation

1

2π

∫ 1

−1

Cm(x; β | q)Cn(x; β | q)
(e±2iθ; q)∞
(βe±2iθ; q)∞

dx√
1− x2

=
(β, qβ; q)∞
(q, β2; q)∞

(β2; q)n
(q; q)n

(1− β)

(1− βqn)
δm,n. (3.5)

Askey and Ismail [2, p. 6] noted that the required positive definiteness in (3.5) is equivalent
to

(1− β2qn−1)(1− qn)

(1− βqn−1)(1− βqn)
> 0, for n = 1, 2, . . .,

from which one determines the following restrictions on the real parameters q and β:

−1 < β < q−
1
2 for 0 < q < 1,

−1 < β < −q−1 for −1 < q < 0,

β > −1 for q = 0,

β = qλ with λ > −1

2
for q → 1,

β = |q|λ with λ > −1

or β = −|q|λ with λ > 0 for q → −1.

Ismail [8, Thm. 13.2.2] further observed that the orthogonality relation in (3.5) is equiv-
alent to the following integral evaluation.

1

2π

∫ 1

−1

(βt1e
±iθ, βt2e

±iθ, e±2iθ; q)∞
(t1e±iθ, t2e±iθ, βe±2iθ; q)∞

dx√
1− x2

=
(β, qβ; q)∞
(q, β2; q)∞

2ϕ1

[
β2, β
qβ

; q, t1t2

]
, (3.6)

where |t1| < 1 and |t2| < 1. We will make use of (3.6) in Section 5.
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What is especially remarkable about the continuous q-ultraspherical polynomials is that
they possess a linearization formula whose coefficients completely factorize. This result is
due to Rogers [13] (cf. also [8, Thm. 13.3.2]) who obtained the following formula:

Cm(x; β | q)Cn(x; β | q)

=

min(m,n)∑
k=0

(
(q; q)m+n−2k(β; q)m−k(β; q)n−k(β; q)k(β

2; q)m+n−k

(β2; q)m+n−2k(q; q)m−k(q; q)n−k(q; q)k(qβ; q)m+n−k

× (1− βqm+n−2k)

(1− β)
Cm+n−2k(x; β | q)

)
. (3.7)

4. The bilateral q-ultraspherical functions

We now define for two parameters β, γ, base q and variable x = cos θ the bilateral
q-ultraspherical functions by

Cn(x; β, γ | q) :=
∞∑

k=−∞

(βγ; q)k(βγ; q)n−k

(qγ; q)k(qγ; q)n−k

ei(n−2k)θ, (4.1)

for |qe±2iθ/β| < 1. (The parameters can be further restricted for a positive measure when
needed.) It is clear that for γ = 1, the bilateral q-ultraspherical function Cn(x; β, γ | q)
reduces to the continuous q-ultraspherical polynomial Cn(x; β | q) in (3.1). Also, it is clear
(by shifting the summation index k 7→ k + n) that the symmetry

Cn(x; β, γ | q) =
(
β

q

)n

C−n(x; β, 1/βγ | q) (4.2)

holds, for all n ∈ Z.
The function Cn(x; β, γ | q) can be written as

Cn(x; β, γ | q) =
(βγ; q)n
(qγ; q)n

einθ 2ψ2

[
βγ, q−n/γ
qγ, q1−n/βγ

; q, qe−2iθ/β

]
(4.3)

(notice that the 2ψ2 series is well-poised ; see [6, p. 39 and p. 138] for this terminology in the
setting of basic hypergeometric and bilateral basic hypergeometric series). The function
Cn(x; β, γ | q) has different series representations, due to Bailey’s 2ψ2 transformations in
(2.5) and (2.6), and the transformation in (2.7). We omit displaying details.

We have the following bilateral generating function for the bilateral q-ultraspherical
functions:

Theorem 1. We have
∞∑

n=−∞

Cn(x; β, γ | q)tn =
(q, q/β; q)2∞

(qγ, q/βγ; q)2∞

(βγte±iθ, qe±iθ/βγt; q)∞
(te±iθ, qe±iθ/βt; q)∞

, (4.4)

where |q/β| < |te±iθ| < 1.
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Proof. We have
∞∑

n=−∞

Cn(x; β, γ | q)tn =
∞∑

n, k=−∞

(βγ; q)k
(qγ; q)k

(βγ; q)n−k

(qγ; q)n−k

ei(−k+(n−k))θtk+(n−k)

=
∞∑

k=−∞

(βγ; q)k
(qγ; q)k

e−ikθtk
∞∑

n=−∞

(βγ; q)n
(qγ; q)n

einθtn

=
(q, βγte−iθ, qeiθ/βγt, q/β; q)∞
(qγ, te−iθ, qeiθ/βt, q/βγ; q)∞

(q, βγteiθ, qe−iθ/βγt, q/β; q)∞
(qγ, teiθ, qe−iθ/βt, q/βγ; q)∞

.

by two applications of Ramanujan’s 1ψ1 summation (2.4). □

The t 7→ qt case of (4.4) is

∞∑
n=−∞

Cn(x; β, γ | q)qntn =
(q, q/β; q)2∞

(qγ, q/βγ; q)2∞

(βγqte±iθ, e±iθ/βγt; q)∞
(qte±iθ, e±iθ/βt; q)∞

=
(1− teiθ)(1− te−iθ)(1− eiθ/βγt)(1− e−iθ/βγt)

(1− βγteiθ)(1− βγte−iθ)(1− eiθ/βt)(1− e−iθ/βt)

× (q, q/β; q)2∞
(qγ, q/βγ; q)2∞

(βγte±iθ, qe±iθ/βγt; q)∞
(te±iθ, qe±iθ/βt; q)∞

.

Now since
(1− eiθ/βγt)(1− e−iθ/βγt)

(1− βγteiθ)(1− βγte−iθ)
=

1

β2γ2t2
,

the right-hand side simplifies and (recalling x = (eiθ + e−iθ)/2) we deduce

∞∑
n=−∞

Cn(x; β, γ | q)qntn

=
(1− teiθ)(1− te−iθ)

(1− eiθ/βt)(1− e−iθ/βt)β2γ2t2
(q, q/β; q)2∞

(qγ, q/βγ; q)2∞

(βγte±iθ, qe±iθ/βγt; q)∞
(te±iθ, qe±iθ/βt; q)∞

=
1− 2tx+ t2

γ2 − 2βγ2xt+ β2γ2t2
(q, q/β; q)2∞

(qγ, q/βγ; q)2∞

(βγte±iθ, qe±iθ/βγt; q)∞
(te±iθ, qe±iθ/βt; q)∞

=
1− 2tx+ t2

γ2 − 2βγ2xt+ β2γ2t2

∞∑
n=−∞

Cn(x; β, γ | q)tn. (4.5)

Multiplying the left- and right-hand sides of (4.5) by (γ2−2βγ2xt+β2γ2t2) and comparing
coefficients of tn, we arrive at the following result:

Theorem 2. The bilateral q-ultraspherical functions satisfy for all n ∈ Z the following
recurrence relation:

2x(1− βγ2qn)Cn(x; β, γ | q)
= (1− γ2qn+1)Cn+1(x; β, γ | q) + (1− β2γ2qn−1)Cn−1(x; β, γ | q). (4.6)
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Moreover, they are uniquely determined by (4.6) and the two initial conditions

C0(x; β, γ | q) = 2ψ2

[
βγ, 1/γ
qγ, q/βγ

; q, qe−2iθ/β

]
, (4.7a)

C−1(x; β, γ | q) =
1− γ

1− βγ/q
e−iθ

2ψ2

[
βγ, q/γ
qγ, q2/βγ

; q, qe−2iθ/β

]
. (4.7b)

The bilateral q-ultraspherical functions C0(x) and C−1(x) in general do not evaluate in

closed form, however from the b = βγ, c = 1/γ, d = q
1
2 case of

3ψ3

[
b, c, d

q/b, q/c, q/d
; q,

q

bcd

]
=

(q, q/bc, q/bd, q/cd; q)∞
(q/b, q/c, q/d, q/bcd; q)∞

, (4.8a)

and the b = βγ, c = q/γ, d = q case of

3ψ3

[
b, c, d

q2/b, q2/c, q2/d
; q,

q2

bcd

]
=

(q, q2/bc, q2/bd, q2/cd; q)∞
(q2/b, q2/c, q2/d, q2/bcd; q)∞

, (4.8b)

which are formulas by Bailey for specific well-poised 3ψ3 series (cf. [6, Ex. 5.18 (i) and
(ii)]), we can deduce the following evaluations for special x:

C0

(
(q

1
4 + q−

1
4 )/2; β, γ | q

)
=

(q, q/β, q
1
2/βγ, q

1
2γ; q)∞

(q/βγ, qγ, q
1
2 , q

1
2/β; q)∞

, (4.9a)

C−1

(
(q

1
2 + q−

1
2 )/2; β, γ | q

)
=
q

1
2 (1− γ)2

γ(1− β)
. (4.9b)

The C2n+1(x; β, γ | q) are odd functions, the C2n(x; β, γ | q) are even.
Their constant terms are

C2n+1(0; β, γ | q) = 0,

and

C2n(0; β, γ | q) = (−1)n
(β2γ2; q2)n
(q2γ2; q2)n

(q, q/β,−qγ,−q/βγ; q)∞
(−q,−q/β, qγ, q/βγ; q)∞

,

for all n ∈ Z, by virtue of an instance of the bilateral q-Kummer summation [6, Eq. (II.30)],
namely

2ψ2

[
b, c

aq/b, aq/c
; q,−aq

bc

]
=

(aq/bc; q)∞(q2, aq, q/a, aq2/b2, aq2/c2; q2)∞
(aq/b, aq/c, q/b, q/c,−aq/bc; q)∞

, (4.10)

valid for |aq/bc| < 1.
The action of Dq on the bilateral q-ultraspherical functions is

DqCn(x; β, γ | q) =
2(1− βγ)2

(1− q)(1− β)γ
q

1−n
2 Cn−1(x; qβ, γ | q). (4.11)
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This can be easily shown with the help of the explicit generating function in Theorem 1.
We have

Dq

∞∑
n=−∞

Cn(x; β, γ | q)tn =
(q, q/β; q)2∞

(qγ, q/βγ; q)2∞
Dq

(βγte±iθ, qe±iθ/βγt; q)∞
(te±iθ, qe±iθ/βt; q)∞

=
2 (q, q/β; q)2∞

(q
1
2 − q−

1
2 )(eiθ − e−iθ)(qγ, q/βγ; q)2∞

×
(
(βγtq

1
2 eiθ, βγtq−

1
2 e−iθ, q

3
2 eiθ/βγt, q

1
2 e−iθ/βγt; q)∞

(tq
1
2 eiθ, tq−

1
2 e−iθ, q

3
2 eiθ/βt, q

1
2 e−iθ/βt; q)∞

− (βγtq−
1
2 eiθ, βγtq

1
2 e−iθ, q

1
2 eiθ/βγt, q

3
2 e−iθ/βγt; q)∞

(tq−
1
2 eiθ, tq

1
2 e−iθ, q

1
2 eiθ/βt, q

3
2 e−iθ/βt; q)∞

)
=

2 (q, q/β; q)2∞

(q
1
2 − q−

1
2 )(eiθ − e−iθ)(qγ, q/βγ; q)2∞

(βγtq
1
2 e±iθ, q

3
2 e±iθ/βγt; q)∞

(tq−
1
2 e±iθ, q

1
2 e±iθ/βt; q)∞

×
(
(1− βγtq−

1
2 e−iθ)(1− q

1
2 e−iθ/βγt)(1− tq−

1
2 eiθ)(1− q

1
2 eiθ/βt)

− (1− βγtq−
1
2 eiθ)(1− q

1
2 eiθ/βγt)(1− tq−

1
2 e−iθ)(1− q

1
2 e−iθ/βt)

)
=

2 (q, q/β; q)2∞

(q
1
2 − q−

1
2 )(eiθ − e−iθ)(qγ, q/βγ; q)2∞

(βγtq
1
2 e±iθ, q

3
2 e±iθ/βγt; q)∞

(tq−
1
2 e±iθ, q

1
2 e±iθ/βt; q)∞

× γtq−
1
2 e−iθ(1− β)(1− e2iθ)(1− q

1
2 eiθ/βγt)(1− q

1
2 e−iθ/βγt)

=
2γt(1− β)(q, q/β; q)2∞
(1− q)(qγ, q/βγ; q)2∞

(βγtq
1
2 e±iθ, q

1
2 e±iθ/βγt; q)∞

(tq−
1
2 e±iθ, q

1
2 e±iθ/βt; q)∞

=
2t(1− βγ)2

(1− q)(1− β)γ

∞∑
n=−∞

Cn(x; qβ, γ | q)
(
tq−

1
2

)n
=

2(1− βγ)2

(1− q)(1− β)γ

∞∑
n=−∞

q
1−n
2 Cn−1(x; qβ, γ | q)tn,

from which the claimed result follows from taking coefficients of tn.
It may seem a bit unnatural to consider bilateral sequences of functions (Cn(x))n∈Z

where not even C0(x) (which in the ordinary, polynomial, case is just a constant) simplifies,
as in (4.7a). Nevertheless, we show that C0(x; β, γ | q) satisfies the following integral
evaluation in the special case (β, γ) 7→ (q2β2, 1/β):

1

2π

∫ 1

−1

Cn(x; q
2β2, 1/β | q) (e±2iθ; q)∞

(βe±2iθ; q)∞

dx√
1− x2

=
(q; q)2∞(β, q/β2; q)∞
(q/β; q)3∞(β2; q)∞

δn,0. (4.12)

One can prove (4.12) by employing the integral evaluation in (3.6). Indeed, we have

1

2π

∫ 1

−1

∞∑
n=−∞

Cn(x; q
2β2, 1/β | q)tn (e±2iθ; q)∞

(βe±2iθ; q)∞

dx√
1− x2
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=
1

2π

∫ 1

−1

(q, q/β2; q)2∞
(q/β; q)4∞

(βte±iθ, qe±iθ/βt, e±2iθ; q)∞
(te±iθ, qe±iθ/β2t, βe±2iθ; q)∞

dx√
1− x2

=
(q, q/β2; q)2∞
(q/β; q)4∞

(β, qβ; q)∞
(q, β2; q)∞

2ϕ1

[
β2, β
qβ

; q, q/β2

]
=

(q, q/β2; q)2∞
(q/β; q)4∞

(β, qβ; q)∞
(q, β2; q)∞

(q/β, q; q)∞
(qβ, q/β2; q)∞

=
(q; q)2∞(β, q/β2; q)∞
(q/β; q)3∞(β2; q)∞

. (4.13)

In the first equality we used (4.4), in the second equality (3.6), while in the third we used
the q-Gauß summation (cf. [6, Equation (II.8)]),

2ϕ1

[
a, b
c
; q,

c

ab

]
=

(c/a, c/b; q)∞
(c, c/ab; q)∞

, |c/ab| < 1. (4.14)

Comparison of coefficients of tn on the left- and right-hand sides of (4.13) establishes
(4.12).

5. Shifted orthogonality of the bilateral q-ultraspherical functions

For the bilateral q-ultraspherical function, we were unfortunately not able to establish
their full orthogonality with respect to any positive measure. However, we came to some-
thing quite close to orthogonality which we call shifted orthogonality. We remark that
in wavelet theory there is a similar concept of shifted orthogonality, for so-called wavelet
matrices (cf. [5, 9, 15]). This concept involves the full sequence (Fk(x))k∈Z of functions
to be tested for shifted orthogonality.

We have the following result:

Theorem 3 (Shifted orthogonality of the bilateral q-ultraspherical functions). Let the
positive definite weight function be given as

w(x | β) = (e2iθ, e−2iθ; q)∞
(βe2iθ, βe−2iθ; q)∞

1√
1− x2

.

Then the family of bilateral q-ultraspherical functions (Ck(x; β, γ | q))k∈Z satisfy the fol-
lowing shifted orthogonality relation:

1

2π

∫ 1

−1

∞∑
k=−∞

Cm+k(x; β, γ | q)Cn+k(x; β, γ | q)
(

q

β2γ

)k

w(x | β) dx

=
(q; q)3∞(q/β; q)4∞(β, qβ; q)∞
(qγ, q/βγ; q)4∞(β2; q)∞

2ϕ1

[
β2, β
qβ

; q,
q

β2γ

](
β2γ

q

)n

δm,n, (5.1)

where |q/β2γ| < |t| < |1/βγ|.

Proof. Consider the double bilateral generating function
∞∑

m,k=−∞

Cm(x; β, γ | q)Ck(x; β, γ | q) tm1 tk2
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=
(q, q/β; q)4∞

(qγ, q/βγ; q)4∞

(βγt1e
±iθ, qe±iθ/βγt1, βγt2e

±iθ, qe±iθ/βγt2; q)∞
(t1e±iθ, qe±iθ/βt1, t2e±iθ, qe±iθ/βt2; q)∞

,

and take (t1, t2) = (t, q/β2γt). This gives

∞∑
m,k=−∞

Cm(x; β, γ | q)Ck(x; β, γ | q) tm−k
( q

β2γ

)k

=
(q, q/β; q)4∞

(qγ, q/βγ; q)4∞

(qe±iθ/βγt, βtqe±iθ; q)∞
(te±iθ, qe±iθ/β2γt; q)∞

.

Integration over x from −1 to 1 with respect to the q-ultraspherical weight function
divided by 2π gives, by the integral evaluation in (3.6),

(q, q/β; q)4∞
(qγ, q/βγ; q)4∞

(β, qβ; q)∞
(q, β2; q)∞

2ϕ1

[
β2, β
qβ

; q,
q

β2γ

]
which is independent of t. Now shift indices (m, k) by (m + k, n + k) and compare
coefficients of t. □

References

[1] G.E. Andrews, R.A. Askey, and R. Roy, Special functions, Encyclopedia of Mathematics and its
Applications 71, Cambridge University Press, Cambridge, 1999.

[2] R.A. Askey and M.E.H. Ismail, “A generalization of the ultraspherical polynomials”, in Studies in
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