MULTILATERAL TRANSFORMATIONS OF ¢-SERIES WITH
QUOTIENTS OF PARAMETERS THAT ARE NONNEGATIVE
INTEGRAL POWERS OF ¢

MICHAEL SCHLOSSER

ABSTRACT. We give multidimensional generalizations of several transforma-
tion formulae for basic hypergeometric series of a specific type. Most of the
upper parameters of the series differ multiplicatively from corresponding lower
parameters by a nonnegative integral power of the base ¢q. In one dimension,
formulae for such series have been found, in the ¢ — 1 case, by B. M. Minton
and P. W. Karlsson, and in the basic case by G. Gasper, by W. C. Chu, and
more recently by the author. Our identities involve multilateral basic hyper-
geometric series associated to the root system A, (or equivalently, the unitary
group U(r + 1)).

1. INTRODUCTION

The theory of hypergeometric and basic hypergeometric (or g-hypergeometric)
series (cf. L. J. Slater [33], and G. Gasper and M. Rahman [13]) contains numerous
summation and transformation formulae. Many of these appear in applications
including number theory, combinatorics, physics, representation theory, and com-
puter algebra (see e.g. G. E. Andrews [1]).

One particular example is B. M. Minton’s [26] summation formula, found in
1970, which is useful for simplifying sums that arise in certain problems in theo-
retical physics (such as Racah coefficients). B. M. Minton’s formula is of special
interest since it sums a specific hypergeometric series with an arbitrary number of
parameters. B. M. Minton derived his formula by expanding a hypergeometric se-
ries in terms of other hypergeometric series, exploiting an identity already obtained
by C. Fox [9] in 1925 (but published in 1927). B. M. Minton iterated this expansion
and suitably specialized the parameters to successively evaluate the (inner) sums.
A condition on the parameters of the specific hypergeometric series considered by
B. M. Minton is that most of the upper parameters differ from corresponding lower
ones by a nonnegative integer. B. M. Minton’s result was slightly extended by
P. W. Karlsson [19] who was using the same method.

In the early 1980’s, G. Gasper [10] found g-analogues of Karlsson and Minton’s
results. In the basic case, the condition on the parameters is that most of the upper
parameters differ multiplicatively from corresponding lower ones by a nonnegative
integral power of q. G. Gasper even extended his results to a transformation for-
mula [10, Eq. (19)]. For the above material, see the exposition in G. Gasper and
M. Rahman [13], in particular Section 1.9, and Exercises 1.30 and 1.34.
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Note that G. Gasper and M. Rahman [13] use the terminology “Karlsson—
Minton” and “g-Karlsson—Minton”, respectively, to denote the type of the series
in question. We are dropping this terminology in the present paper, since the work
is based on expanding a hypergeometric function in terms of another, which has a
longer history. Instead, we introduce the acronyms IPD and ¢-IPD, respectively,
where IPD stands for “Integral Parameter Differences” (motivated by the title of
P. W. Karlsson’s [19] article), see Section 2. It should be mentioned that expan-
sions of hypergeometric series in terms of other hypergeometric series have also
been obtained by J. L. Fields and J. Wimp [8], by A. Verma [35], and in more
generality (concerning identities between general sequences), by J. L. Fields and
M. E. H. Ismail [7]. Thus, as pointed out to us by Mourad Ismail [18], one may eas-
ily write generalizations of the Karlsson-Minton formulae to series involving partly
hypergeometric coefficients and partly general sequences.

By using an essentially different method, namely by partial fraction expansions,
W. C. Chu [5] generalized G. Gasper’s ¢-IPD type identities further to a bilateral
series transformation. In another article, G. Gasper [11, Eq. (5.13)] found a new
summation for a very-well-poised basic hypergeometric series of ¢-IPD type. Again,
W. C. Chu [6] extended G. Gasper’s result to a summation for a very-well-poised
bilateral basic hypergeometric series.

Very recently, the author [31, Sec. 8] found even more general identities of g-IPD
type, by elementary manipulations of series, using L. J. Slater’s [32] general trans-
formations for bilateral basic hypergeometric series. Already earlier J. Haglund [17,
pp. 415-416] had discovered that W. C. Chu’s [5] bilateral transformation formula
can be obtained by specializing L. J. Slater’s [32] general transformation for s,
series.

In this article, we provide multidimensional extensions of several specific trans-
formation formulae of ¢-IPD type, in particular, multivariate extensions of the
identities in Propositions 2.1, 2.2, 2.3 and 2.4. These multivariate extensions in-
volve multiple basic hypergeometric series associated to the root system A,_; (or
equivalently, the unitary group U(r)). Such type of series are considered in the
work of R. A. Gustafson, S. C. Milne, and several other authors, see e.g. [4], [14]
[15], [16], [20], [21], [22], [23], [24], [25], [27], [28], and [29)].

As a matter of fact, there are unfortunately no suitable multidimensional exten-
sions of L. J. Slater’s [32] general transformation formulae known (yet). Thus,
in higher dimensions we cannot specialize down from such higher level identi-
ties. Instead we proceed from lower level identities to systematically derive the
upper level ones. In this fashion, using certain A, ; summation theorems (from
R. A. Gustafson [15] and S. C. Milne [22]), elementary manipulation of series,
and induction, we prove two multilateral transformations of ¢-IPD type, namely
Theorems 4.2 and 4.6. The first one of these, Theorem 4.2, involves very-well-
poised multilateral series (over A,_1), and contains r-dimensional generalizations
of W. C. Chu’s [6, Theorem 2] and G. Gasper’s [11, Eq. (5.13)] summations as
special cases, see Corollaries 4.3 and 4.4, respectively. The other transformation
formula in Theorem 4.6, involves multilateral series with an arbitrary argument
z. Four other multilateral transformations of ¢-IPD type are derived by simpler
means, using tools developed in [25], see Theorems 4.7, 4.8, 4.9, and 4.10.
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In [29, Theorem 6.4], we already gave some multiple series generalizations (asso-
ciated to the root systems of classical type) of W. C. Chu’s [5] bilateral transforma-
tion. The multiple series identities in [29] were derived by using one-dimensional
identities, combined with certain determinant evaluations. Using the same determi-
nantal mathod, one could also deduce multilateral generalizations of L. J. Slater’s [32]
general transformation formulae, and in particular of the ¢-IPD type transforma-
tions which were found in [31, Sec. 8]. However, most of the results of this article, in
particular Theorems 4.2 and 4.6, are deeper since they are derived by using genuine
multidimensional summation theorems.

Our article is organized as follows. In Section 2, we introduce some standard
notation for g-series and basic hypergeometric series, and state several important
one-dimensional results. In Section 3, we consider multiple series and recollect some
specific ingredients which we need in Section 4 to state and prove our multilateral
identities of ¢-IPD type.

2. NOTATION AND ONE-DIMENSIONAL RESULTS

In order to state and prove our theorems, we employ some standard g-series
notation (cf. G. Gasper and M. Rahman [13]). For a complex number ¢ with
0 < |g| < 1, define the g-shifted factorial by

(@:9)0 := [J(1 — ag’),
=0
and
(2.1) (a;q)k = %, where k is an integer.

Further, for brevity, we also employ the notation

(a1, sam; @)k = (a1;Qk - - - (@m; O

where k is an integer or infinity. Further, we utilize the notations

o0
ap, a2, ...,0¢ (alaa/Qa"'aat;q)k k
2.2 _ g, 2| = Z,
(2:2) 9t l[bhbm---abt—l e ] };)(q,bl"--abt—l;Q)k

and

a1,02,...,0¢ . = (a17a27-'-aat;q)k: k
23) e [617527 N ,q,z] o Z (b1,ba, -, b3 @)k o
for basic hypergeometric ¢; 1 series, and bilateral basic hypergeometric ;3¢ series,
respectively. Note that G. Gasper and M. Rahman [13] have more general defini-
tions for ¢, series and for 95 series, but in this article we are only really concerned
with the case where s = r — 1 for the ,¢; series, and where r = s for the .1, series.
Clearly, a bilateral ;2; series becomes a unilateral ;¢;_; series if one of the lower
parameters, say by, is ¢ (or more generally, ¢/ where j is a positive integer). This is
because (¢;¢q);' = 0, for k = —1,-2,..., by definition (2.1). In this case, the ;1
series terminates naturally from below. On the other hand, if in a ;¢; 1 series one
of the upper parameters, say a;, equals ¢~", where n is a nonnegative integer, then
the ;¢;_1 series terminates naturally from above. This is because (¢~ ";q)r = 0, for
k=n+1,n+2,..., by definition (2.1). Such a ;¢;_1 series terminates after n + 1
terms.

k=—o0



4 MICHAEL SCHLOSSER

The ratio test gives simple criteria of when the above series converge, if they do
not terminate. Remember that we assume 0 < |g| < 1. The ;¢;—; series in (2.2)
converges absolutely in the radius |z| < 1, while the ), series in (2.3) converges
absolutely in the annulus |by ...bs/a1 ... a¢| < |z| < 1.

The classical theory of basic hypergeometric series consists of several summa-
tion and transformation formulae involving ;¢;_1 series. The classical summation
theorems for terminating s¢a, g5, and g¢; series require that the parameters sat-
isfy the additional condition of being either balanced and/or very-well-poised. A
+@¢—1 basic hypergeometric series is called balanced if by ---b,_1 = a3 ---arq and
z = q. An ;¢ 1 series is well-poised if ayq = asby = --- = azby_1. It is called
very-well-poised if it is well-poised and if as = ¢,/a1 and a3 = —q,/a;. Note that
the factor

(2.4) (¢var, —¢var; gk _ 1-aig™
(vVar, —v/a; q)x l—a

appears in a very-well-poised series. The parameter a; is usually referred to as
the special parameter of such a series, and we call (2.4) the very-well-poised term
of the series. Similarly, a bilateral ;1; basic hypergeometric series is well-poised if
a1by = asby - -+ = a;by and very-well-poised if, in addition, a; = —as = gby = —qbs.

In our proofs in Section 4, we often make use of some elementary identities
involving g-shifted factorials, listed in G. Gasper and M. Rahman [13, Appendix I].

With the above notations for basic hypergeometric and bilateral basic hyperge-
ometric series, we are ready to state some important (one-dimensional) summation
formulae.

One of the most fundamental summation theorems in the theory of (bilateral)
basic hypergeometric series is W. N. Bailey’s [2] very-well-poised gt summation,

qv/a,—qv/a,b,c,d, e a’q
Gwﬁ \/_7 _\/a7 aq/b7 GQ/Q GQ/da aq/e b @
_ (ag,aq/bc, aq/bd, aq/be, aq/cd, ag/ce, aq/de, ¢, ¢/a; @) o
~ (aa/b,aq/c,aq/d, aq/e,q/b,a/c,a/d,a/e, a’q/bede; q)oo’
provided the series either terminates, or |¢| < 1 and |a?q/bede| < 1, for convergence.
For a simple proof of (2.5) using elementary manipulations of series, see [30].

Another important summation is the terminating balanced ¢-Pfaff-Saalschiitz
summation (cf. [13, Eq. (II.12)]),

abg 1 _ (¢/a,c/big)n
20 N AT, e

S. Ramanujan’s 19; summation (cf. [13, Eq. (5.2.1)]) reads as follows,

(2.5)

a. _ (g,b/a,az,q/az;q9)
(2.7) 191 [b,q7z] = aja s bjar D

provided the series either terminates, or |¢| < 1 and |b/a| < |z| < 1, for convergence.
Finally, the terminating g-binomial theorem is (cf. [13, Eq. (IL.4)])

(2.8) 160 [q_n ', Z] = (2¢7" Q)n-

Note that (2.8) is just the special case a — ¢~™, b — ¢ of (2.7).
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In this article, we prove multidimensional extensions (associated to the root
system A,_1) of four transformations of ¢-IPD type, namely Propositions 2.1, 2.2,
2.3, and 2.4. We need to explain our terminology first.

We say that a basic hypergeometric series is of ¢g-IPD type if there are s upper pa-
rameters aq,...,as and s lower parameters by, ..., bs such that each a; differs from
b; multiplicatively by a nonnegative integral power of ¢, i.e. a; = b;q™, m; > 0.
G. Gasper [10] found some summation formulae for particular basic hypergeomet-
ric series of such type. These were g-analogues of formulae originally discovered by
B. M. Minton [26] and P. W. Karlsson [19], using C. Fox’ [9] expansion of a hyper-
geometric function in terms of other hypergeometric functions. We call the series
considered by B. M. Minton and P. W. Karlsson to be of IPD type, where IPD stands
for “Integral Parameter Differences”, motivated by the title of P. W. Karlsson’s [19]
article. G. Gasper [10, Eq. (19)] also extended his summations to a transformation
formula. Later, W. C. Chu [5] found bilateral summations and transformations of
¢-IPD type, generalizing G. Gasper’s identities of [10]. In an expository paper,
G. Gasper [11, Eq. (5.13)] derived a summation formula for a specific very-well-
poised basic hypergeometric series of ¢-IPD type. His result was then generalized
to a summation for bilateral series, again by W. C. Chu [6, Theorem 2]. (It is
maybe interesting that as application W. C. Chu [6, Eq. (5.25)] applied an inverse
relation to his bilateral summation and (re-)derived an important bibasic identity,
actually due to G. Gasper and M. Rahman [12, Eq. (2.8)]. This shows how strongly
seemingly different aspects in g-series are interconnected.)

In a recent article [31, Sec. 8], the author found formulae of ¢-IPD type covering
all of the above ¢-IPD type identities as special cases. In the following, we list the
four transformation formulae from [31, Sec. 8] which we extend to higher dimen-
sions. The first one of these involves very-well-poised bilateral basic hypergeometric
series.

Proposition 2.1 (A bilateral very-well-poised ¢-IPD type transformation). Let
a, b, c, d, e, f, and hq,...,hs be indeterminate, let m1,...,ms be nonnegative
integers, let |m| = Y7, m;, and suppose that the series in (2.9) are well-defined.
Then

(2.9) 6+2s¢6+25l av/a, ~qy/a.b.c d.e.

ag aq aq agq
va, —va, 5,53, 4 4,
14+my Ttms 2, 1—|m|
aq aq
hi, ... hs, H—, ... S .qaq
aq aq —m —me '
H"“’h_s’hlq 1,...,hsq bede

(a,4 fa fqa fa fq aq aq aq agq. Yoo < ({L_g’fagi;q)mi
H (4

rar b erdrerbfrefrdfrefrd
q.
h_i7h_i7q)mi

_(ggzgﬂﬂﬂﬂ&ﬂ.)
b'e’d e’ b c’ d? e a7f2’q°°i:1

a’ a'b'c’d’e?

fha fhs fg'tm™1 fqgttms a2gl—Im
arr o ot T T q

fa fq fhig”™1 fheg™™* > pede K
By s — =

where the series either terminate, or |a2q1_|m|/bcde| < 1, for convergence.

Note that f does not appear on the left side of (2.9).



6 MICHAEL SCHLOSSER

The special case f — b, ¢ — a/b of Proposition 2.1 is exactly W. C. Chu’s
summation in [6, Theorem 2]. If we specialize this summation then further by
setting e — a we arrive at G. Gasper’s [11, Eq. (5.13)] summation.

The following transformation formula involves bilateral basic hypergeometric
series with an independent argument z.

Proposition 2.2 (A bilateral ¢-IPD type transformation). Let a, b, ¢, z, and
hi, ..., hs be indeterminate, let my, ..., ms be nonnegative integers, let |m| =7, m;,
and suppose that the series in (2.10) are well-defined. Then

a,hiqg™, ... hsqg™*
(2.10)  14s¥14s lb(,lhl, .,hsq 9%2]
_ (c/a,ba/c,az,q/az; )0 77 (hid/; @)m,
(@/asb, azafe,cfaz @)oo 12~ (hii @),

ag/c,hig"t ™ fe,.. hsg' T e
X1+S¢1+S|: bq/c’hlq/c’“.’hsq/c 4,2,

where the series either terminate, or |bg~I™ /a| < |2| < 1, for convergence.

Note that ¢ does not appear on the left side of (2.10).
The next two transformations involve series whose argument depends on the
parameters.

Proposition 2.3 (A bilateral ¢-IPD type transformation). Let a, b, ¢, d, e, and
hi,...,hs be indeterminate, let N be an arbitrary integer, my, ..., ms be nonneg-

ative integers, let |m| = Y_;_, m;, and suppose that the series in (2.11) are well-
defined. Then

a,b g™, ... hsg™ eq”
(2.11) 2+s¢2+3[ c,dyhy,. .., hs " ab

_ (_) (e/a,e/b,cq/e, dq/e q) oo f[ hiq/e; @) m,
q (¢/a,q/b,c;d; Q)0 7 (i3 D,
% ,(p GQ/ea bq/ea h1q1+m1/€, DR hsq1+m5 /6 ) equ
Fhs¥ats cqle,dq/e, higfe, ..., hsq/e S |

where the series either terminate, or |e/ab| < |¢V| < |eq!™!/cd|, for convergence.

If we reverse the o4 59245 series on the right side of (2.11), we obtain

Proposition 2.4 (A bilateral ¢-IPD type transformation). Let a, b, ¢, d, e, and
hi,...,hs be indeterminate, let N be an arbitrary integer, my, ..., ms be nonneg-

ative integers, let |m| = Y7, m;, and suppose that the series in (2.12) are well-
defined. Then

a,b,hig™, ... hsq™  eq Y
(212) 2+S¢2+S [ C, d7 h17 . hs 7Q7 ab

_ (g)N (e/ae/b,cafe,da/e;q)oo ¥ (hid/€; D
q (¢/a,q/b,c,di Qo0 % (his Qm,

X gath e/c,e/d,e/hi,... e/hs cdgN —Im|
24sP2+4s e/a,e/b,eq*ml/hl,.. .eq mq/h 74, o s
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where the series either terminate, or |e/ab| < |¢V| < |eq!™!/cd|, for convergence.

The e = ag case of Proposition 2.4 reduces to W. C. Chu’s [5, Eq. (15)] trans-
formation. If we specialize the resulting transformation further by setting ¢ = ¢ we
obtain G. Gasper’s [10, Eq. (19)] transformation.

Propositions 2.1, 2.2, 2.3, and 2.4 appeared as Corollaries 8.6, 8.3, 8.2 and Equa-
tion (8.8) in [31]. They were originally derived as special cases from even more
general transformations for bilateral basic hypergeometric series of ¢-IPD type.

3. PRELIMINARIES ON MULTIPLE SERIES

In general, we consider multiple series of the form

(3.1) > Sk,
kl,...,kr:foo
where k = (ki1,..., k), which reduce to classical (bilateral) basic hypergeometric

series when r = 1. We call such a multiple basic hypergeometric series balanced if it
reduces to a balanced series when r = 1. We define well-poised and very-well-poised
series analogously. In case these series do not terminate from below, we also call
such series multilateral basic hypergeometric series.

In our particular cases, we also have

3.2 g™ — 2;4™ )
& 131‘11« ( T
(or something similar), as a factor of S(k). A typical example is the right side of
(3.5). Since we may associate (3.2) with the product side of the Weyl denomina-
tor formula for the root system A, ; (see e.g. D. Stanton [34]), we call our series
A,_1 basic hypergeometric series, in accordance with I. M. Gessel and C. Kratten-
thaler [14, Eq. (7.1)]. Note that often in the literature (e.g. [3], [23], [25], [27], [28])
these r-dimensional series are called A, series instead of A,_; series.

For convenience, we frequently use the notation |k| := k; + --- + k,. Note that
on the right side of (3.5) we have (in addition to (3.2))

T (1= azghitK
(3.3) g ( 1—az )
appearing as a factor in the summand of the series. It is easy to see that the
r = 1 case of (3.3) essentially reduces to (2.4). To clarify the special appear-
ance of the very-well-poised term in the multidimensional case (and even in the
one-dimensional) case, it is useful to view the series in one higher dimension. In
particular, we can write

(3.4) H M f[ 1- aziqki+(k1+---+k,\)
| BT i=1 1—az;

1<i<j<r
ki sk
s | | s L
o 2 — Zj ’
1<i<i<r+1

where 2,41 = 1/a and k,41 = —(k1 + -+ + k). Thus, some A,_; basic hyperge-
ometric series identities are sometimes better viewed as identites associated to the
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affine root system A, (or, equivalently, the special unitary group SU(r + 1)). For
such an example, see Remark 3.2.

Let a, by1,...,b.,¢,d, €1,...,€r, 21,...,2r, and w be indeterminate. For purpose
of compact notation, we define for r > 1

(3.5) 6‘Ilér)[a;b1,...,br;c,d;el,...,eT;zl,...,zT|q,w

— = 2:q" — 259" 1_azqk+|k|
- 5 (o () (e

1<i<j<r =

Xﬁ (bjzi/z5; )k 11 (€% DK

azzq/egzg,q)k = (azia/bi; @)

le(@zi;q')ki QT wlkl>.

1 azi‘]/dv Q)ki (aq/c, Q)|k|

%,7=1

The above 6\I!§5T) series is an r-dimensional gg series (which reduces to a classical
very-well-posied g1)g when r = 1).

For convenience, we sometimes use capital letters to abbreviate the (r-fold)
products of certain variables. Specifically, in this article we use A = ay---a,,
B=b--b,,C=c1--¢c,, E=e1---e,,and F = f; --- f,., respectively.

In our derivation of the multilateral ¢-IPD type transformation in Theorem 4.2
we utilize the following r-dimensional generalization of W. N. Bailey’s summation
formula in (2.5).

Theorem 3.1 ((Gustafson) An A,_; g1 summation). Let a, bi,...,b,, ¢, d,
€1,---,€r, and z1,--., 2 be indeterminate, let r > 1, and suppose that none of the
denominators in (3.6) vanishes. Then

(3.6) 6‘1’? a;by,....bpye,d;er, ... ep 21, ..., 20| €,

ar+1q]

BcdE

_ (ag/Bc,a™q/dE,aq/cd; @)oo 1y (azig/biejz;,q2i/%j;q) oo
(ar+lq/BedE, ag/c,q/d; q) s Cim1 (q2i/bizj, aziq/ejzj; @)oo

(ag/ceiz;,azq/bid, aziq, q/azi; ¢)so
(aziq/bi,q/eizi, q/czi, a9/ d; @) o

i=1
provided |a"1q/BcdE| < 1.

Remark 3.2. Using (3.4), the multilateral identity in (3.6) can also be written in a
more compact form. We then have R. A. Gustafson’s [15, Theorem 1.15] A, 1

summation: Let aq,...,a,41, b1,...,b.41, and 21,..., 2,41 be indeterminate, let
r > 1, and suppose that none of the denominators in (3.7) vanishes. Then
ks ks r4+1
zid™ — zq7 (ajzi/ 255 @)k,
(3.7) (7) (@523/25; @i
2 11 zi — zj H (bjzi/ 25 @)k

—00<k1,.krp1<00 1<i<5<r+1
k1+-+kr41=0

3,5=1

_ +1
_ (b1...bry1077,q/a1 . ary15Q00 1T (€2i/%55 05210255 Qoo

(@ b1 brrg " /ar - ar13 @)oo 2y (052i/ 25 24/ aizg5 @)oo
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provided |by ...byy1¢7"/a1 ... arq1| < 1. It is not difficult to see that (3.7) and
(3.6) are equlvalent

We also need the following r-dimensional generalization of the terminating g-
Pfaff-Saalschiitz summation from S. C. Milne [22, Theorem 4.15].

Theorem 3.3 ((Milne) An A,_; terminating 3¢» summation). Let a1,...,a,, b,
¢, and z1,...,T,, be indeterminate, let N be a nonnegative integer, let r > 1, and
suppose that none of the denominators in (3.8) vanishes. Then

k. k T
zig" — x50 (a;zi/255 )k
38) > ( I1 (’x._; )H AT
Ei,onke>0 \1<i<j<r Py ij=1 A%/ T35 D)k
0L [k <N

. (bxi; )k-. (q_NSQ)|k| k|
8 }:[1 (cxiz r; (a1-..a:0g" =N /c;q) k) 1
(c/b;g)n ﬁ (Cxi/azFQ)N.

~ (c/ai...a:b;q)n (cxi;q)N

The r =1 case of (3.8) clearly reduces to (2.6).

In our derivation of the multilateral ¢-IPD type transformation in Theorem 4.6
we utilize R. A. Gustafson’s [15, Theorem 1.17] A,_; extension of S. Ramanujan’s
191 summation (2.7).

Theorem 3.4 ((Gustafson) An A,_; 141 summation). Let ay,...,ar, b1,..., by,
Z1,...,Tr, and z be indeterminate, let r > 1, and suppose that none of the denom-
inators in (3.9) vanishes. Then

Tiq™ — X597 (a;2i/ 255 q)k, k|
(3.9) (7) (a52i/ 5 D,
kZ:—oo 1<11;[]<T Ti = T i}_'zll (bjxi/mj; Q)k,-
_ (A2q/A% 9 17 (biwi/aizs, qri/Tii @)
(2,B¢*"/A%;q) oo (qx,/azxj,b Zi/2§;Q) 00

where |Bg' ™" JA| < |z] < 1.

Further, we make use of the following terminating g¢-binomial theorem from
S. C. Milne [22, Theorem 5.46], which is a multiple extension of (2.8).

Theorem 3.5 ((Milne) An A,_; terminating g-binomial theorem). Let x1,...,
., and z be indeterminate, let ny,...,n, be nonnegative integers, let r > 1, and
suppose that none of the denominators in (3.10) vanishes. Then

ki k. T
Tiq® — 25q" (g ™azi/z5q .
(3.10) Z ( H (ﬁ) H#Hajk
0<k;<mi \1<i<j<r B J i,j=1 qTi/ %559
i=1,...,r

T
x ¢~ (5)+Tin (%‘)zk> = [[Geia™; @)n.-
i=1
In Section 4, we also give two multiple series extensions each of Propositions 2.3
and 2.4, see Theorems 4.7, 4.8, 4.9, and 4.10. These A,_; extensions are not as deep
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as those in Theorems 4.2 or 4.6. In our derivations, we make use of Lemmas 4.3
and 4.9 from [25], displayed as follows:

Lemma 3.6. Let by,...,b,. and x1,...,x, be indeterminate, let r > 1, and suppose
that none of the denominators in (3.11) vanishes. Then, if f(n) is an arbitrary
function of integers n, we have

.- fm) (@D 11 0jmi/75 )%
B1) ) (B¢ ";@)n  (Ba'"";q)0 11 (qzi/%55q) 0

n=—oo i,7=1

X i H v — 254% ﬁ (bw-/x-'q)flﬁxwi_‘k‘
T — ST T
1=

k1yeokr=—00 \1<i<j<r i,j=1
x (~1) (Mg (5) b i (3) ~f<|k|>),

provided the series converge.

Lemma 3.7. Let ay,...,ar, b1,..., by, and x1,..., 2, be indeterminate, let r > 1,
and suppose that none of the denominators in (3.12) vanishes. Then, if g(n) is an
arbitrary function of integers n, we have

312) > il )

(0. B&* " /A0 11 (0j%i/T), %/ @)oo
(Ba' ", 4/A; @)oo 2, (a7i/25,bji /i ¢)oo

o0 ki k. T
Tq" — ;9" (a;xi/x5; Ok,
9|k
<> I (MR (1K),

Bty hir=—o00 1<i<j <1 =1 (bjzi/ 55 Q).

n=—oo

provided the series converge.

4. MULTILATERAL IDENTITIES OF ¢-IPD TYPE

Here we give six new multilateral transformations of ¢-IPD type, extending the ¢-
IPD type transformations of Propositions 2.1, 2.2, 2.3, and 2.4 to higher dimensions.
The transformation formula in Theorem 4.2, which generalizes Proposition 2.1, in-
volves multiple series very-well-poised over the root system A,_;. A special case
of that theorem is given as Corollary 4.3, which is a multilateral summation for-
mula extending W. C. Chu’s [6, Theorem 2] bilateral summation to r-dimensions.
A further specialization gives a multiple extension of G. Gasper’s [11, Eq. (5.13)]
very-well-poised summation, see Corollary 4.4. In Theorem 4.6 we provide an A, 1
extension of Proposition 2.2. The interesting feature about that transformation
is that it involves multilateral series with an independent argument z (subject to
convergence), similar to the case of S. Ramanujan’s 14, summation (2.7) and its
extension in Theorem 3.4. We were, unfortunately, not able to give multidimen-
sional extensions of Propositions 2.3 or 2.4 which are as deep as Theorems 4.2 and
4.6. Instead, we derive multiple extensions of a simpler type, using Lemmas 3.6
and 3.7. Theorems 4.7 and 4.8 are simple A,_; extensions of Proposition 2.3, while
Theorems 4.9 and 4.10 are simple A,_; extensions of Proposition 2.4. Of course,
by the same method one could also derive simple multilateral generalizations of the
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¢-IPD type transformations in Propositions 2.1 and 2.2. However, we decided to
derive the identities of simpler type only in the cases were we were unable to find
corresponding deeper ones.

For our derivation of Theorem 4.2, we need the following lemma, which is easily
established by applying Theorem 3.1 twice.

Lemma 4.1. Let a, by,...,br, ¢, d, e1,...,€r, f1,..-, fr, and 2z1,..., 2, be inde-
terminate, let v > 1, and suppose that none of the denominators in (4.1) vanishes.
Then

(4.1) 6\Ilér)[a;bl,...,br;c,d;el,...,eT;zl,...,zT q,

ar+1q

Bch]

_ (Fa/d,aq/cF;q)so 17 (72, azid/e; fizj, fi2ia/bi%53 @)oo
(ag/e,a/di @)oo 2 (afjzif fizjs a7i/bizj, azid/ €525 @)oo

y ﬁ (azigq, q/azi, Fq/eizi, aziq/biF, aziq/dfi, fig/czi; 4) o
1 (Ffia/azi,aziq/F fi, aziq/bi, a/ €izi, 4/ czis aziq/ d; @)oo

lI!(T) E €1f1 erfr . d CF' b F bTF f1 f,,-
X6 6 —_—

’ IR » ’ PR [ R
a’ a a 'a a’ afy af,’ = Zr

provided |a™1q/BcdE| < 1.

% BedE

GT+1(]:|

Now, for compact notation, let us extend definition (3.5) by introducing addi-
tional indeterminates gi,...,9s and hy,..., hs:

(4.2) 6+25\Péf22s[a;b1,...,br;c diely . 21y 2y

7-~-7937h17-~ h‘qv

i k
( qu zig™ — 2" >H<1—aziq’°+| |>
wkr=—00 1<z<]<7" Fi T % i=1 1- azi
T

(b ZZ/Z], Dk - (eiziQQ)|k|

X

o (@2i4/ €525 Dk iy (0214/bi3 @)
y ﬁ (czir 9123, - - 9s2ii Ak,

i—1 azzq/d azzQ/hh sy aziQ/hs; q)ki

(dvhla"'vhs;q)\k\ k|
w .
(aq/c,aq/g1,- . .,aq/9s;q) |

We have

Theorem 4.2 (A multilateral very-well-poised A,_1 ¢-IPD type transformation).
Leta, by,...,by,c,d, e1,-...er, f1y -y fry 215---, 27, and hq, ..., hg be indetermi-
nate, let Ny, ..., Ny be nonnegative integers, let [N| =>7_, N;, v > 1, and suppose
that none of the denominators in (4.3) vanishes. Then

(4.3) 6+25\Pé223 ayby, ... bre,dyer, .o ep 2,y 2y
ag+tM agitN- atigi=IN|
hl IR h ;hla"'ahs qaw
S
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_ f[ (Fg/hj;q)n, ﬁ (aziq/ fihj; @) N;
o1 L @hgan, o (aza/hysa)w,

X(FQ/d7GQ/CF;Q)oo o (qei/ %, aziqfe; fizg, £74/bizj5 @)oo
(ag/e,q/di @)oo 22, (afizif fizjs a7i/bizj, azia) 75 @)oo

N ﬁ (aziq,q/azi, Fq/eizi, aziq/biF, aziq/dfs, fiq/czi; @)oo
-1 (Ffig/azi,aziq/F fi,aziq/bi, q/ €z, ¢/ czi, a2iq/ d; @)

X 6425 ‘I’é+23

) [F efi  efr dcF WF  bF fi o fr

b 2 ) ) b 2 b 2" b)
a’ a a 'a a’ afr afr’ = Zr
hl hs Fq1+N1 Fql—HvS ar+1q1—|N|
a?"‘7a7 hl 9 hs q7 BCdE 9

provided |a™t'¢'~IN| /BedE| < 1.

Proof. We proceed by induction on s. For s = 0 (4.3) is true by Lemma 4.1. So,
suppose that the transformation is already shown for s — s — 1. Then, by using
some elementary identities from [13, Appendix I],

T
6+2S\Ilé_22s a;by, ... be,dser, .o €21,y 20
aq1+N1 aq1+N~“ ar+1q17|N\
b 7 R shi, ... hs (I,W
S
_ Zoo ( I (zz-q’“ - zjq’“f> H (1 - aziq’“”“")
Zi — 2 1—az;
k1,..kr=—00 \1<i<j<r ? J i=1 v

" H (bj2i/25; Dk Ty (€23 Q)|x|
= (@zia/e255 Ok, iy (a2iq/bis @)
ﬁ (czi,azig"™ ™ [, . . ,aziq1+Ns—1/hs_1; D,
=t (azg/d,aziq/ N, .. aziq/hs-1; Ok,
k
x (d7 h17"'7h571;q)|k| <GT+1q1_|N|)| !
(GQ/C, h/lq_Nla"'7h/s—1q7Ns_l;q)|k| BedE
(hs; Q)| ﬁ(aziq”"’”/hs;q)ki
(hsq™ N5 @) 27 (a2ig/hs; Qs
_ (a"q/Ehs; @), ﬁ (eizig/hs; PN,
(¢/hs;Dn. i (azig/hs;@)n,

5 (I (e (e
2 — % iy 1—az;

kiyeokr=—o00 \1<i<j<r

T

< 1 ((bjzi/zﬁQ)ki T (eizi @)k

L (azig/e;z;; O o (a2:0/bi3 @) k|

5=
y ﬁ (czi, azig ™ [, . . azig ™™ot [hs_1s g
paiey (aziq/d,azig/ha,...,aziq/hs—1;Q)k,
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[k|

x (da hl)" '7h’s—1;q)|k| aT+1q1_(N1+"'+Ns—1)
(GQ/C, hlq_N17 DY hsflqi]\]‘q_1 N q)|k| BcdE

y (¢' ™ /hs;@)n, v7 (azig" ™ [hs; @) w,
(a7q/Ehs;q)n, (eizia/hs;@)n, )
Now we expand the last factors (those involving (-;q)y,) by applying the a; —

g *i/a, b ¢¥l c s q/hs, x> €5z, i =1,...,r, and N +— Nj case of the A,_;
g-Pfaff-Saalschiitz summation in Theorem 3.3. We obtain

=1

(a"q/Ehs; q)n, ﬁ (eiziq/hs; ) N.

(q/hs;)n. = (azig/hs; @) N,
X i H zig" — 24" ﬁ 1 —azig"itlkl
Zi — 24 1—az;
Eiyeonkr=—o0 \1<i<j<r J i=1 t

x H (bjzi/z3 Dk 1 (€525 Dik
(aziq/ejzj; )k 5 (azig/bi; @)

y ﬁ (czi, azi@* ™M /by, azigt TN b g5 g,
(aziq/d,aziq/h1, ... ,aziq)/hs—1;Q)k;

i=1
(d, hi,...,hs_1; q>|k| (ar+1q1(N1+~~~+N3_1) ) [k
X
(ag/e, g™, .. hom1g7Na=15q) i BedE

ls l; r —k; .
> II <€iziq _ejzjqj> II (eizig™" [azj; ),
€% — €;j2; eizife;z;; Q)
1yl >0 1<i<j<r 2 3% ij=1 (q i z/ J j’(Z)l1
0<|1|<N,

Xﬁ (ezig™l; q)u, ) (@ ™3q)y il
= (eizia/hs; @), (Ehsq=™+ [am;q)y

_ (¢7¢/Ehs;q)w, ﬁ (ei2iq/hs; ),
(@/hs;)n. - (azig/hs; N,

H (eiziq“—ejzquj> ﬁ (eizi/az;; Q)
eizi—ejzj R ( i Zq 255

€;2; /€52 .
1<i<j<r ij=1 qe; z/ 7 j’(Z)l1

X (
1,00l >0
0<[I/<N,

% (ez;Qu (™5 q"
o (eizia/hs; )i, (Eheq="e[am;q)y

(r) . co drerd L. .
X6+2(871)@6+2(S_1) a/vblv”'vbﬂcvdvelq17"'767"q FRLy -5 R

aq1+N1 aq1+N5—1 ar+1q17(N1+---+N5_1)7|1\
... shi,...,hs—1|q,
hl ) ) h571 1 yNs—1| 4 BcdE :|

By the e; — e;¢%, i =1,...,r, case of the inductive hypothesis we obtain

(a"q/Ehs; q)n, H (eiziq/hs; Q) N.
(g/hs;i@)n, i (azig/hs; @),




14

l; 1
€% — €%
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)11

(eizifazs; Q)
(qeizi/ejzj; Q)li

7.7.
0<|I|<N,
Xﬁ (ezi; @i, (@M oy
(eizia/hs;q)i;  (Ehsq=+/am;q)y

i=1

s—1

<11

y (Fq/d,aq/cF;q)oo

(Fa/hj;q)n; 1o (azig/ fihj; @),
(q/hg; )N, 1;[1 (aziq/hj; @)N; ]

(gzi/ 7, aziq*~

lj

/e;fizj, [2:0/bi%55 @) oo

(aq/c,q/d; q)oo

4,j=1

(qfjzi] f[iz5,q7i/bizj, aziq* 7Y [ejzi5 @) o

ﬁ (aziq,q/azi, Fq' 7" Je;zi, aziq/biF, aziq/df;, fiq/czi; ) o
1 (Ffig/azi, aziq/ F fi, aziq/bi, ¢' =" [eizi, ¢/ czi; aziq/ ds @)oo

(fiqki/zi - qukj/zj)

<> 11

k14 kr=—00 1<z<g<r

« H e]fzzjq [azi; Q)

filzi— fi]%;

ﬁ 1 — Ffighi+ ¥ jaz;
=1 1-— Ffi/azi

(b:F[azi; q)

1,j=1

szJQ/bgzza ) ki

i=1

H(Fq

1=l fei2i;q)

, fihs—1/azi; @)k,

- (dfi/azi, fihi]az, . ..
) 1_[1 (fiq/czi, fihiq ™ Jaz, ...

(CF/aqu1+N1/h17"'a

PNt [hy_13q)q

s fihs—1a7Ne=1 Jazi; @),

ar gt = (Vi Naon) =1

(Fq/d7Fq/h177

FQ/hs—l;Q)lm

(=

BedFE

)

)’)

_ (@"q/Ehs;g)n, ﬁ (eiziq/hs; @), S_HI
(¢/hs;d)n, % (azz-q/hs;q)zvs :

o Fa/d,aq/cF;q)o

=1

(Fq/hj;q)n; ﬁ (aziq/ fihj;q
(q/hj;Q)Nj i—1 (aziq/hjv )

(qzi/2j, az:iq/e; fizj, £32i0/i%5; @) oo

(aq/c,q/d; @)oo

=1 afizil fizgy qzifbizg, azigf €255 4)oo

N ﬁ (aziq,q/azi, Fq/eizi, aziq/b.F, aziq/dfi, fiq/czi; @) o
-1 (Ffia/azi,aziq/F fi,aziq/bi, q/ €izi, ¢/ czi, aziq/ d; @) o

[ee)
<> (m
k1, kp=—00
r
I
i,5=1

T

1<i<j<r

filzi— fil%

(fiqki/zi — f34" /Zj>

)NJ]

ey 1—Ffi/az;

(b F/azz, )|k|

(dfi/azi, fil1]az, . ..

(e]fzzj/azw )
(szJQ/b 2i5 Q) ks £[

1 (Fq/ezzza )\k\

, fihs—1/az:i5 @)k,

o (fia/czi,

(cF/a,Fg'* N1 [hy,. ..,

fihia=N1Jazg, ..., fihs—1q Vo=t azi; @),

Fg'tNe=1/hs_1;q) x|

(Fq/d,Fq/hy,...,

Fq/hs_1;q)x

ar+1q17(N1+---+N5—1)
< BedE )

(=g

k|
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li LN T kj .
y Z H (eiziq _ejzjqj) H (eifiz:q" [azj; Qu
€% — €j2; eizife;z; Q)
Ly >0 1<i<i<r <4 R i,j=1 (q % 1/ J qu)lz
0<K <N,

« ﬁ (eziq_lkl/F; q)ll . (qiNS;Q)|l| qll‘
(eiziq/hs; @i, (Ehsq=N+/am;q)p,

=1

Now, we evaluate the inner multiple sum by the a; — e;fig" /a, b — ¢~ *I/F,
¢ q/hs, x> ez, i =1,...,r, and N — N, case of the A,_; g-Pfaff-Saalschiitz
summation in Theorem 3.3, and obtain

s
i=1

(¢/hs;@)n; = (aziq/hg; )N,
(Fq/d,aq/cF; Q) 11 (42i/2),0219/€;fi25, Fi214/bi%5; O oo
(ag/e,a/d; @)oo %2 (afj2i) fizjs azi/bizj, aziafejzj; @)oo

’Li

(Fq/h;;q)n;, ﬁ (aziQ/fihj§q)Nj]

ﬁ (aziq,q/azi, Fq/eizi, aziq/b.F, aziq/dfi, fiq/czi; @) o
-1 (Ffig/azi,aziq/F fi;aziq/bi, q/ €%, 4/ czi, a2iq/ d; @) o

fid" [z — £;% 1%\ 77 (1= Ffig" ™ Jaz
11 ( filzi = fil% )H( 1-Ffi/az )

1<i<j<r

xf;_(

kl,...,k:rzfoo

(ejfizj/azi; @k, (biF/azi; ) x|
8 znl fzzJQ/b]zw D };[1 (Fq/eizs; )\k\

H dfz/azzafzhl/azzan 7fihs/azi§Q)ki
s (fia/czi, fibg N fazi, . fihsq™ N [azis @)k,

 (cF/a, Fq ™ [ha, .. g™ [hiq)e (arﬂqlN')""
(Fq/d, Fq/hl,...,Fq/hs;q)|k| BcdE ’
which is the right side of (4.3). O

A special case of Theorem 4.2 immediately gives the following summation for-
mula as a corollary. It is an A,_; extension of an identity due to W. C. Chu [6,
Theorem 2].

Corollary 4.3 (A multilateral very-well-poised A, 1 ¢-IPD type summation). Let
a,by,....,b.,d,e1,...,er, Z1,...,%r, a0d hy, ..., hs be indeterminate, let Ny, ..., N
be nonnegative integers, let |[N| = 3.7 | N;, r > 1, and suppose that none of the
denominators in (4.4) vanishes. Then

(44) 6+2S“Ilg223 |:a;b17... bT,B d €ly---3Ep321,y---42p;
aq1+N1 aqH‘NS a’r‘ql—|N\
PR ;hla"'vhs 9
hl hs dE

_ (Bq/d, ¢;0)oo H (aziq, q/azi, Bq/eizi, aziq/dbi; 4)oo
(Bg,q/d; @)oo -+ (aziq/bi, q/eizi, Bq/azi, aziq/d; 4)oo
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% ﬁ (qzl/z_j?azlq/e]b z]7 H Bq/hj7 ﬁ (aziQ/bihﬁQ)N]
(gzi/bizj, aziq/e;j25;9) (¢/hj;@)n; 1 (azia/hj;a)n;

ij=1 i=

provided |a"q' =N /dE| < 1.
Proof. In (4.3), we let ¢ — a/B and f; — b;, for i = 1,...,r. In this case the

6+23\I!é:225 series on the right side terminates from below, and from above, and
evalutes to one. In particular, the appearance of the factor

T

I (®izia/bz50)5"

i,j=1
makes the terms in the series vanish unless k; > 0, ¢ = 1,...,r. Similarly, the
appearance of the factor
(L;9)
ensures that if |k| > 0, the terms of the series are zero. In total, only the term
where k1 = --- =k, = 0 survives, and that term is just one. O
A further specialization of Corollary 4.3, namely the case ¢; — a, i =1,...,r,

yields an r-dimensional generalization of G. Gasper’s [11, Eq. (5.13)] very-well-
poised g425¢5+2s SUmmation.

Corollary 4.4 (A very-well-poised A,_; ¢-IPD type summation). Leta, by,...,b,,
d, 21,---,2r, and hy, ..., hs be indeterminate, let N1,..., Ns be nonnegative inte-
gers, let IN| =327, Ni, r > 1, and suppose that none of the denominators in (4.5)

vanishes. Then
I 2ig" — zjq" ﬁ 1 — azighitlkl
Zi — Zj i 1—az;

(4.5) f: <

E1yeenkr=0 \1<i<j<r
y H Jzz/zj, H (azi;q) |k|
5= (qzi/253q) (aziq/bi; @) x|

y ﬁ (azi/B, azquNl/hl, a0z N b Q)
ey (aziq/d, aziq/h, - - ., aziq/hs; Dk,

% (d7 h17"'7hs;q)‘k‘ (ql_Nl)k
(Bg,hig N, hsqg N q) i d
(Bq/d,q;q H (aziq,aziq/bid; q) o

~ (Bg,q/d; q (azig/bi, aziq/d; q) o

(Bq/hj;q) H (aziq/bihj; q) N,
(¢/hi; ), =) (azig/hy; @),

H

provided |¢'~!V!/d| < 1.

To derive the multilateral ¢-IPD type transformation in Theorem 4.6 we need
the following lemma, which is easily established by applying Theorem 3.4 twice.

Lemma 4.5. Let ay,...,0., by,..., by, C1yeeoyCry T1yeeey Ty, Y1,---,Yr, and 2 be
indeterminate, let r > 1, and suppose that none of the denominators in (4.6) van-
ishes. Then
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ks ks T
Tig" — wiq" (ajzi/Ti5 ks x|
4.6 E—
(4.6) Z 11 ( pa— ),H (b33 75 r, -
kr=—00 1<i<j<r 1,j=1

_ (AZaQ/AZ§Q)oo T (gwi/zj,bjwi/aixy, ciyi/aiy;, biyid/€jy5; 9) oo
(Azq"/C,Cq' 7 [Az; @)oo =2 (a¥ilYss bjciyi/ aicjyss amif aiw s bjwi/ 755 q) oo

= vid® —uid"\ 11 (@50ia/ciy5 Dri
X Z I1 . H(b”/c.‘.)z’
o Frm—00 1<i< < Yi —Yj ij=1 5Yi9/C5Y55 ) k;
where |Bq1_T/A| < |z| <1.
We have

Theorem 4.6 (A multilateral A,_; ¢-IPD type transformation). Let ay,...,a,
biyeeybr, ClyeeesCry T1yeeesTry YisenesYr, P11,...,0hes, and z be indeterminate,
let N1i1,...,Nys be nonnegative integers, let r > 1, and suppose that none of the
denominators in (4.7) vanishes. Then

i ziq zq a;x;/T;;q
COREEDY ( 11 Q—iz—)ﬂb%m»:

Ek1,0.0kr=—00 \1<i<j<r
zjq 7q \k\ |k|
X
HH i D
_ H “q "GNy (A2,0/A% Qo
i (higdy, (Azq7/C,Cq' 742 ¢)e

ﬁ (qzi /w5, b2/ aizy, ciyi/aiys bjYia/c;ys; @)oo
= (qyz/yjab Czyz/azcjyﬁql'z/azx]ab xz/xjv )

y i I yig" — y;q% H (a;9:9/ Y55 Dk
Yi — )

Fipeenshr=—c0 \1<i<j<r i/ iz (bivia/eys )k
zjq /C Q)\k\ \k\
X
G,

provided ‘Bql_T_Zi-J' N“’/A‘ <|z] < 1.
Proof. We proceed by induction on s. For s = 0 (4.7) is true by Lemma 4.5. So,

suppose that the transformation is already shown for s — s — 1. Then (again using
some elementary identities from [13, Appendix IJ),

i I (wiq’“—%‘qkj) ﬁ (ajzi/T55Q)k;
x; — (bjzi /55,

E1yeenskr=—o00 \1<i<j<r ij=1
T 5— 1 T N,
iq™ ,q (hijq™ Qi g 1 (his? 5 @)
T e fp o™ s
; his; @)k
i=1j=1 ”7 ‘k‘ i=1 ( 153 4 )| k|
Tt £ (1 () f et
i1 (his; @) n; bt 0o \1<i<j<r Ti—T; i (bjxi/xj;q)ki
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rsl

q qu k 4
X H H ” L H(hisqlkl;q)Nis .
i (hisid Jix i=1
Now we expand the last factors (those involving (+;
ni = Nig, i =1,...,7, and z > glklHN1etF+Nes
Theorem 3.5. We obtaln
T

¥
1 = ziqFi
g (hiss @), 2 ( 11 (
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r s— 1
y H H z]q

7q igq 5 4) x| LK
|k|
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x z I (M=) 11 :
0<l;< N 1<i<j<r his = hjs ij=1 (ghis /N5 q)
i=1,.

% H Bl L eIVt N U= () + 0, (”))

=1

Mot 3 (I (i) i

i (hiss ) o<ion, \1<idicr his — hjs oo
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q)
=1 qhis/hjs; q)l1

x [ Aty - g™t N l=() 420 (2)
i=1
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o= —00 1<i<j<r Ti — Ty ig=1 (bjzi/ 255 )k

’I‘Sl

XHH zgq 7q g 75 4) x|
T
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=1 j=1 hijs @)1
By the z — zgl!l case of the inductive hypothesis we obtain
H 1
(h

Z H hz’sqli - hjsqu
i=1 is3 4)V; 0<1; <Nis ( i <

3,j=1

) ﬁ (q_sthis/hjs;q)l
1<i<j<r his = hjs ij=1 (qhis/hjs; q)
1=1,...
x H Bl qist-t e 1= (3) 45 (3)
% ﬁsl—[l uq /C’ q)N. (Azq“‘,ql_‘”/Az;q)oo
i=1 j=1 ”’ N’L] (AquHlI/C,qu—r “‘/Az q)
< 11
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(qys/ys, bjciyi/aiciyj, qrifax;, bix; /255 q)

x Y II yid* —y;0% \ 17 (a5¥ia/<s95:9)
_Zwa) ]
1y kr=—o00 1<i<j<r ¢ J '

q)k;
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qu NG O ) kg o
) HH (hija"/C; ) x| (qu l) )

=1 j=1

_ H HH Uq /C O (Az,4/A% @)oo
(Azq"/C,Cq*=" A% q) o0

z:l his; 4 i=1 j=1 higi s

(qzi/xj,bixi/aixy, ciyi/aiy;, biviq/c;y;; @)oo

A2 (qui/yj, bicyifaiciys, qri/air;, bz /255 q) oo

1,j=1

o0 k: k. T

viq" —y;q J) (a;y:a/ciys; D,

X e — - - e e
> (I (M)

Y; (b59:9/¢Y55 D
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1
xﬁh higd " /C ) g
=1 j—1 z]q /C Q)|k|

hisqli - hjsqu g (qist his/hjs§ q)li
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Now, we evaluate the inner multiple sum by the x; — h;s, n; = Nijs, 0 =1,...,7,

and z + ¢ HKFHNist+Nro) /O case of the A, ; summation in Theorem 3.5. We
obtain

i1 qu ,1_1j 1 z]v Nu (Aqu/Cchl_T/Az;q)oo

ﬁ HH uq /0 Q)N (Az,4/A% ¢Q)oo

y ﬁ (qzi/x5,b52:/aixy, ciyi/aiyi, biviq/ciys; @)oo
(qyi/yj, bjciyi/ aiciy;, qxifax;, bjzi /153 @)oo

I <yiq’“—yjq’“f) H (a;%:4/;Y5; Dn:
y

I<isier i=Yi /o (b5via/eiys @
T §— 1 r+ T
(hijg" " |C5 q) 25 T (hg e
h'qT /C;q)Ni,s ’
IIIJIII zqu/C Q)|k| 11;[1 ‘

which, after an elementary manipulation of ¢-shifted factorials, gives us the right
side of (4.7), as desired. O

3,J=1

C s

kl,...,kr:—oo

Finally, we provide four more multilateral transformations of ¢-IPD type. Un-
fortunately, we were not able to find multiple extensions of Propositions 2.3 or 2.4
which are as deep as the identities in Theorems 4.2 and 4.6. The following theorems
are obtained by combining Propositions 2.3 and 2.4 each with Lemmas 3.6 and 3.7,
thus giving rise to four different multilateral transformations.

Theorem 4.7 (A multilateral A, _; ¢-IPD type transformation). Leta, b, c1,...,c,,
d, €1,---3€p, T1y---yTr, Y1y---,Yp, and hy, ..., hg be indeterminate, let N be an
integer, let mi,...,ms be nonnegative integers, let m| = Y.;_,mi, r > 1, and
suppose that none of the denominators in (4.8) vanishes. Then
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ki ki T
Z:;q™ — T4 —1 rki—|K|
II (= =) Il @/es0 H”
Ty — Ty
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(0’ /E.bq" /B, lng" ™ /B, ..., hegt™ [ E; q)pq (qu—r—N>|kl
(dqr/E,hqu/E,...,hqu/E;q)lkl ab >

provided |Eq*—" [ab| < |¢"| < |EqI™ /Cd|.
Proof. We have, for |[Eq* " /ab| < |¢"| < |Eq!™!/Cd],

a,b,hig™, ... heg™  Eg'TTTY
(4.9) 2+s¢2+s[ Cqt ", d, ha,..., hs 4, ab

~(Eq "/a,Eq" " [b,Cq/E,dq" | E;q) o H zq "/ E; Q)m,

= E -T
( 4 ) (q/aaq/bvaI_Tvd;Q)oo z Q)m,

X 2est) aqT/E,qu/E,hlq“Lml/E,...,hsq“rm-*/E_q Eql—mN
24-s¥2+s Cq/E,qu/E,hqu/E7...,hqu/E s Y ab — | >

by the ¢-IPD type transformation in (2.11). Now we apply Lemma 3.6 to the
a+sW¥ats’s on the left and on the right side of this transformation. Specifically, we
rewrite the o1 5194 s on left side of (4.9) by the b; — ¢;, i =1,...,r, and

(a,b,h1g™, ..., hsq™*;q)n qu_T_N "
(d,h1,- - hs;@)n ab

case of Lemma 3.6. The 24,02, on the right side of (4.9) is rewritten by the
bi — ciqfei, xi =y, i=1,...,7r, and

(aqr/E, qu/E’ hlqr+m1 /‘E7 e hqu+ms /E, Q)n (qurN)”
(dq"/E,hq"|E, ..., hsq" | E;q)n ab

case of Lemma 3.6. Finally, we divide both sides of the resulting equation by

f(n) =

f(n) =

(Q§ Q)oo : (iji/ﬂfj;Q)oo
(4.10) Ca 0w W (azfry 00

and simplify to obtain (4.8). O

1,j=1



MULTILATERAL TRANSFORMATIONS OF ¢-SERIES 21

Theorem 4.8 (A multilateral A,_; ¢-IPD type transformation). Let ai,...,a,, b,
Cly-vesCry dy €15y €ry T1yeeeyTpy Y1y---5Yr, a0d h1,...,hs be indeterminate, let
N be an integer, let mq, ..., m, be nonnegative integers, let |m| = 3>"_ m;, r > 1,
and suppose that none of the denominators in (4.11) vanishes. Then

00 zigh — ;4" A5%i/ %55 9) ki
(4.11) Z ( H < qxi—qu ) 1—_[ G

Ko 1<i<i<r (cjTi/T5; )k

(b, h1g™, ... hsq™ 5 q) x| (qu " N .
(dahla"'ahs;q)|k|

o (EqT/b,dq" [ E; @)oo zq /E Q)m;
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(qyi/yj,cjeiyi/aie;yj, c;wi/ x5, G/ aiT;; q) 0o
I (yiq’“—yjq’”> ﬁ (a;9:0/ €953 ks
r<igi<r N Yim Y ) oo (6iyialeiysi

(bq"/E,hag" ™ [E, ... hsq"t ™ [ B3 q) (Eq”N>'k')

3,j=1

k:l,...,k:TZ—oo

(dg"/E,mq"|E,... hsq"|E;q)x Ab
provided |Eq*~" /Ab| < |¢V| < |Eq™!/C4d|.
Proof. We have, for |[Eq'~"/Ab| < |¢V| < |Eq™/Cd|,

A,b,hig™, ... hoq™  Eq—TN
(4.12) 2+s¢2+s[ Cq' " dihy, by TP AR

~n(Eq' " /A, Eq* " [b,Cq/E,dq" | E; q) o H zq "E; @) m,
(a/A,q/b,Cq 7, d;q) o hi; @) m;

AqT/E7bq’"/E,h1q’"+m1/E,--~7hsq’"+mS/E, Eq' " N]

=(Eq™")

X2+S¢2+S[ Cq/E,dq" |E,q"|B,....hsa"JE P 4p

by the ¢-IPD type transformation in (2.11). Now we apply Lemma 3.7 to the
2+sW245’s on the left and on the right side of this transformation. Specifically, we
rewrite the o4 419, s on left side of (4.12) by the b; — ¢;, i1 =1,...,r, and

_ (bhag™, . hsg™ 5 q)n (Egt TN
9 = G e < Ab )
case of Lemma 3.7. The 2451245 on the right side of (4.12) is rewritten by the
a; = aiq/ei, by — ciqle;, xi =y, i=1,...,r, and
(n) = QL /B ™ /B, b [ Er ) (qu‘T‘N)”
(dq"/E,hq"|E, ..., hsq" | E; q)n Ab
case of Lemma 3.7. Finally, we divide both sides of the resulting equation by

(4.13) (@.Ca" /A Q) Ty (Ci2i/T),2ia/aizs; @)oo
(C—,q/4;5¢) 0 =1 (qzi/zj,¢;2i)ai%i; Q) 0o

and simplify to obtain (4.11). O
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Theorem 4.9 (A multilateral A,_; ¢-IPD type transformation). Let ai,...,a,, b,
Cly-vesCry dy €15y €ry T1yeeeyTpy Y1y---5Yr, a0d h1,...,hs be indeterminate, let
N be an integer, let mq, ..., m, be nonnegative integers, let |m| = 3>"_ m;, r > 1,
and suppose that none of the denominators in (4.14) vanishes. Then

(4.14) i ( H (%) ﬁ (cj2:/21:4) 1erk, Ik

k1, kr=—00 \1<i<j<r =1
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H Zq /E Drms ﬁ (gzi/zj,€jyi/a;y;; @)oo

(qui/yj: ¢;Ti/T5;4) o0

= (B¢~

m1

i= i,5=1
oo . k: T
Yiq™ — Y;q94™ rki—|k
S (H (—1 DR |
k1yeenkr=—00 \1<i<j<r Yi—Y; i,j=1

x (—1)— D= (5)+r 2 (%)

(E/C,Eq*~"/d,Eq*~" [h1,...,Eq*™" [h; @) i (qule ) k] )

(Eq* =" [b, Eqt—m=™1 [hy,..., Eqt=""™= [hy; q) E
provided |Eq*—" Ab| < |¢V| < |Eq'™!/C4d|.
Proof. We have, for |Eq*~"/Ab| < |¢V| < |Eq¢I™!/Cd]|,

Ab hyg™, .. hyg™  Eq' N
(4.15) 2+S¢2+5[ Cq*" d, by, by T Ay

_ Eq'="/A,Eq'~"/b,Cq/E,dq" /E; q) o 4" | E; Q)m;
_ (BN EL/A B /15/.(]/ q) H q/ 1q)
(a/A,q/b,Cqt—,d; q) o hi; @) m,
X 2y E/C,Eq* " )d,Eq* " /h,...,Eq" " hg CdgN~—1ml
24s¥W2+s qu—r/A7qufr/b7qufrfml/h17 . qu T—Mg /h 74, B )

by the ¢-IPD type transformation in (2.12). Now we apply Lemma 3.6 to the
a+sW¥ats’s on the left and on the right side of this transformation. Specifically, we
rewrite the o4 %945 on left side of (4.15) by the b; — ¢;, i =1,...,r, and

A b hag™, . heg™ ) (Bgt T\
oy = B D)
PRAD I S7q)n Ab
case of Lemma 3.6. The 24,15, on the right side of (4.15) is rewritten by the
b; »—)ci/ai, ZTi v Yi, 1= 1,...77', and
Fn) = (E/C,Eq*""/d,Eq"""|h1,...,Eq" " [hs;q)n [ Cdg™~Im\"
~ (Eqtr/b,Eq*~m—™1/hy,...,Eqt=""™s [hg; q)pn E

case of Lemma 3.6. Finally, we divide both sides of the resulting equation by (4.10)
and simplify to obtain (4.14). O
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Theorem 4.10 (A multilateral A,_; ¢-IPD type transformation). Let ai,..., ar,
b, ¢c1,.-.sCr, d, €15y, T1yeeeysXpy Y1y---5Yr, and h,..., hs be indeterminate,
let N be an integer, let mq,...,ms be nonnegative integers, let |m| = Y7 m;,
r > 1, and suppose that none of the denominators in (4.16) vanishes. Then

@) Y ( [ (B Iy ke

CiTi/T;
E1yeonkr=—00 \1<i<j<r i,j=1 ( J 1/ 39

q)

q)
5 (b, h1g™, ..., hsq™ ;@) x| (qu "~ N .
(d7h17"'7hs;q)|k|

k?z

ks

N(qu_r/bv qu/E ?)oo H zq /E Q.
(q/b,d; q)oo hi; @) m;

% ﬁ (qxi/l”j,Cjafz'/az'a?j7€jyz‘/ajyjaciyz'Q/€z'yj;Q)oo
(qui/y;,ciejyi[ajey;, ¢;oi /x5, 9] a5 @) o

= (Eq™")

i,j=1

« f: H yig" — y;q" ﬁ (e59i/ciyis Qr,
Vi — U .

Bioeekn=—oc0 \1<i<j<r Ui/ = (ebil s O

5 (qufT/d7Eq1*T/h1,...7Eq17T/hs;q)|k| (quN—m|)|k|
(Eq'=" /b, Eq'="="1 [hy,. .., Bqi="="s [hy; q) i E ’

provided |Eq*~"/Ab| < |¢V| < |Eq'™!/Cd].

Proof. We have, for |Eq'~"/Ab| < |¢V| < |Eq'™!/Cd|, (4.15) by the ¢-IPD type
transformation in (2.12). Now we apply Lemma 3.7 to the o4 5921 s’s on the left
and on the right side of this transformation. Specifically, we rewrite the o4 524 s
on left side of (4.15) by the b; = ¢;, i =1,...,r, and

_ (g™, hsg™ @) (EqTVT
g(n) = :
(dyh1y. . hs;@)n Ab

case of Lemma 3.7. The 245124 on the right side of (4.15) is rewritten by the
a; v e;fci, by = eifa;, iy, i=1,...,r, and

(Eq""/d,Eq" " [hi,...,Eq" " /hs;@)n (quN'm' ) "

90 = B b, B b, o, B [y \ B

case of Lemma 3.7. Finally, we divide both sides of the resulting equation by (4.13)
and simplify to obtain (4.16). O

The e¢; = a;jq, @ = 1,...,r, cases of Theorems 4.9 and 4.10 yield two A, ;
extensions of W. C. Chu’s [5, Eq. 15] bilateral transformation. If we specialize these
identities further by setting ¢; = ¢, i = 1,...,7, we obtain two A,_; extensions of
G. Gasper’s [10, Eq. (19)] ¢-IPD type transformation.
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