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Abstract. We computethe inverseof a specificinfinite r-dimensionalmatrix, thusunifying multidimensional
matrix inversionsrecentlyfoundby Milne, Lilly , andBhatnagar. Our inversionis anr-dimensionalextensionof a
matrixinversionpreviouslyfoundby Krattenthaler. Wealsocomputetheinverseof anotherinfiniter-dimensional
matrix. As applicationsof ourmatrix inversions,wederivenew summationformulasfor multidimensionalbasic
hypergeometricseries.
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1. Intr oduction

Matrix inversionsareveryimportantin many fieldsof combinatoricsandspecialfunctions.
Whendealingwith combinatorialsums,applicationof matrixinversionmayhelptosimplify
problems,or yield new identities. Andrews [1] discoveredthat the Bailey transform[3],
which is a very powerful tool in the theoryof (basic)hypergeometricseries,corresponds
to the inversionof two infinite lower-triangularmatrices. GesselandStanton[13] used
a bibasicextensionof that matrix inversionto derive a numberof basichypergeometric
summationsandtransformations,andidentitiesof Rogers-Ramanujantype. Evenearlier,
Carlitz [9] hadfound an even moregeneralmatrix inversionthoughwithout giving any
applications.

GasperandRahman[10], [25], [11], [12, sec.3.6] usedanotherbibasicmatrix inver-
siontogetherwith anindefinitebibasicsumto derive numerousbeautifulhypergeometric
summationandtransformationformulas.

The most general(1-dimensional)matrix inversion,however, which containedall the
inversionsaforementioned,was foundby Krattenthaler[16] who appliedhis inversionto
deriveanumberof hypergeometricsummationformulas.Theinversematriceshegaveare
basically(fn,k)n,k∈Z and(gk,l)k,l∈Z (Z denotesthesetof integers),where

fnk =

n−1∏
j=k

(aj − ck)

n∏
j=k+1

(cj − ck)
, (1.1)

* Theauthorwas supportedby theAustrianScienceFoundationFWF, grantP10191-MAT.
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and

gk,l =
(al − cl)
(ak − ck)

k∏
j=l+1

(aj − ck)

k−1∏
j=l

(cj − ck)

. (1.2)

In fact,thespecialcaseaj = aq−j , ck = qk isequivalenttothematrixinversionof Andrews,
and the caseaj = ap−j , ck = qk is equivalent to Gesseland Stanton’s. Specializing
ck = qk, weobtainCarlitz’s matrix inversion,andaj = (bp−j/a) + apj , ck = q−k + bqk

yieldstheinversionof GasperandRahman.
Multidimensionalmatrix inversionswerefoundby Milne, Lilly andBhatnagar. TheAr

(or equivalentlyU(r + 1)) andCr inversions(correspondingto the root systemsAr and
Cr, respectively) of Milne andLilly [21, Theorem3.3], [22], [17], [18], whicharehigher-
dimensionalgeneralizationsof Andrews’ Bailey transformmatrices,wereusedto derive
Ar andCr extensions[21], [23] of many of theclassicalhypergeometricsummationand
transformationformulas.BhatnagarandMilne [4, Theorem5.7], [6, Theorem3.48]were
evenableto find anAr extensionof GasperandRahman’s bibasichypergeometricmatrix
inversion.They useda specialcaseof their matrix inversion,anAr extensionof Carlitz’s
inversion,to deriveAr identitiesof Abel-type.But noneof thesemultidimensionalmatrix
inversionscontainedKrattenthaler’s inversionasaspecialcase.

Oneof themainresultsof this paperis a multidimensionalextensionof Krattenthaler’s
matrix inverse(seeTheorem3.1). This multidimensionalmatrix inversionunifiesall the
matrix inversionsmentionedso far as it containsthemall asspecialcases.Besides,we
presentanotherinterestingmultidimensionalmatrix inversion(seeTheorem4.1)which is
of differenttype.

In orderto proveourmatrix inversionsin Theorems3.1and4.1weutilize Krattenthaler’s
operatormethod[15] which we review in section2. We adapta maintheoremof [15] and
addanappropriatemultidimensionalcorollary(seeCorollary2.14).

Themainmotivationfor finding a multidimensionalextensionof Krattenthaler’s matrix
inversecamefrom prospectiveapplicationsto basichypergeometricseries.Theseapplica-
tionsarethecontentsof section5. Wecombineaspecialcaseof Theorem3.1andaCr 8φ7

summationtheoremof Milne andLilly [23] to deriveaDr 8φ7 summationtheorem,which
hasbeenderived independentlyby Bhatnagar[5] usingadifferentmethod.Wealsoderive
Ar andDr extensionsof a quadratichypergeometricsummationformula of Gesseland
Stanton[13]. Finally, we derive aDr extensionof a cubicsummationformulaof Gasper
andRahman[11].

We aresurethat our multidimensionalmatrix inversionsarevery useful in the theory
of basichypergeometricseriesof typeAr, Cr, andDr, respectively, andwill leadto the
discovery of many morenew identities. This claim is heavily supportedby the fact that
identitiesderived in thispaperalreadyleadto new Cr andDr extensionsof Bailey’svery-
well-poised10φ9 transformation[2]. This is ongoingresearchundertaken jointly with
Bhatnagar[7].
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Twodeterminantevaluations,whichareelegantgeneralizationsof theclassicaland“sym-
plectic” Vandermondedeterminants,turnout to becrucialfor ourcomputationsin sections
3 and4. Wedecidedto give themin aseparateappendix.

This work is partof theauthor’s thesis,beingwritten underthesupervisionof C. Krat-
tenthaler. Theauthorfeelsespeciallyindebtedto hissupervisorwhopatientlyhasprovided
a lot of helpandideas.

2. An operator method for proving matrix inversions

Let F = (fnk)n,k∈Zr (as before, Z denotesthe set of integers)be an infinite lower-
triangularr-dimensionalmatrix; i.e. fnk = 0 unlessn ≥ k, by which we meanni ≥ ki
for all i = 1, . . . , r. ThematrixG = (gkl)k,l∈Z is saidto bethe inversematrixof F if and
only if ∑

n≥k≥l

fnkgkl = δnl

for all n, l ∈ Zr, whereδn,l is theusualKroneckerdelta.
In [15] Krattenthalergaveamethodfor solvingLagrangeinversionproblems,whichare

closelyconnectedwith theproblemof invertinglower-triangularmatrices.Wewill usehis
operatormethodfor proving our new theorems.By a formal Laurent serieswe meana
seriesof theform

∑
n≥k

anz
n, for somek ∈ Zr, wherezn = zn1

1 zn2

2 · · · znrr . Giventhe
formalLaurentseriesa(z) andb(z) we introducethebilinearform 〈 , 〉 by

〈a(z), b(z)〉 = 〈z0〉(a(z) · b(z)),

where〈z0〉c(z) denotesthecoefficientof z0 in c(z). Givenany linearoperatorL actingon
formalLaurentseries,L∗ denotestheadjointof Lwith respectto 〈 , 〉; i.e. 〈La(z), b(z)〉 =
〈a(z), L∗b(z)〉 for all formal Laurentseriesa(z) andb(z). We needthefollowing special
caseof [15, Theorem1].

Lemma 2.1 Let F = (fnk)n,k∈Zr be an infinite lower-triangular r-dimensionalmatrix
with fkk 6= 0 for all k ∈ Zr. For k ∈ Zr, definetheformalLaurentseriesfk(z) andgk(z)
by fk(z) =

∑
n≥k

fnkz
n and gk(z) =

∑
l≤k

gklz
−l, where (gkl)k,l∈Zr is the uniquely

determinedinversematrixofF . Supposethat for k ∈ Zr a systemof equationsof theform

Ujfk(z) = cj(k)V fk(z), j = 1, . . . , r,

holds,whereUj , V arelinear operatorsactingonformalLaurentseries,V beingbijective,
and(cj(k))k∈Zr arearbitrary sequencesof constants.Moreover, wesupposethat

for all m,n ∈ Zr, m 6= n, thereexistsa j with 1 ≤ j ≤ r andcj(m) 6= cj(n). (2.2)

Then,if hk(z) is a solutionof thedual system

U∗j hk(z) = cj(k)V ∗hk(z), j = 1, . . . , r,
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with hk(z) 6≡ 0 for all k ∈ Zr, theseriesgk(z) aregivenby

gk(z) =
1

〈fk(z), V ∗hk(z)〉V
∗hk(z).

In ourapplicationswewill useacorollaryof Lemma2.1(seeCorollary2.14).LetSr be
thesymmetricgroupof orderr. For possiblynoncommutingoperatorsVij let usdefinethe
columndeterminantby

−→
det1≤i,j≤r (Vij) :=

∑

σ∈Sr
sgn(σ)Vσ(r),rVσ(r−1),r−1 · · ·Vσ(1),1. (2.3)

An equivalent,recursivedefinitionis by meansof theexpansionalongthefirst column,

−→
det1≤i,j≤r (Vij) =

r∑

k=1

(−1)k+1~V (k,1)Vk1, (2.4)

where~V (i,j) denotesthecolumnminorwith thei-th row andj-th columnbeingomitted.

Proposition2.5 Let (Vij)
r
i,j=1 bea matrix of linear operators actingon formal Laurent

series.SupposeVij = Cij +Aij for i, j = 1, . . . , r, wheretheoperatorsCij , Aij obey the
followingcommutationrules

CijCkl = CklCij , i 6= k; i, j, k, l = 1, . . . , r, (2.6)

i.e. Cij andCkl commutewhentakenfromdifferentrows,

CijAkl = AklCij , i 6= k; i, j, k, l = 1, . . . , r, (2.7)

i.e. Cij andAkl commutewhentakenfromdifferentrows,therules

AijAkl = AkjAil, i, j, k, l = 1, . . . , r, (2.8)

where thecolumnindicesj andl keeptheir order.

Thenthecolumndeterminant
−→
det1≤i,j≤r(Vij), asdefinedin (2.3) or (2.4), canbereduced

to a polynomialin theAij ’s, i, j = 1, . . . , r, of degree≤ 1,

−→
det1≤i,j≤r (Vij) =

−→
det1≤i,j≤r (Cij) +

r∑

i,j=1

(−1)i+j ~C(i,j)Aij , (2.9)

where ~C(i,j) again denotesthe columnminor with the i-th row and j-th columnbeing
omitted.

Moreover, for any l = 1, . . . , r theexpansion

−→
det1≤i,j≤r (Vij) =

r∑

k=1

(−1)k+l~V (k,l)Vkl (2.10)
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holds,which meansthat thedeterminantcanbeexpandedalonganyarbitrary column.

Proof: Ourcolumndeterminantcanbeexpandedinto

−→
det1≤i,j≤r (Vij) =

∑

σ∈Sr
q∈{γ,α}r

sgn(σ)Xσ(r),r(qr) · · ·Xσ(1),1(q1), (2.11)

whereq = (q1, q2, . . . , qr) with qi equalto eitherγ or α for i = 1, . . . , r, andwhere
Xij(γ) = Cij andXij(α) = Aij . Dueto (2.6)and(2.7),weobserve thatin every termof
(2.11)theXij(γ) commutewith all othervariables.Xij(α) andXkl(α) do not commute
unlessj = l, but dueto (2.8) we haveXij(α)Xkl(α) = Xkj(α)Xil(α). This important
fact letsall termsin (2.11)cancelwhereα occursmorethanonce,sincewe canpair the
terms

sgn(σ) . . . Xσ(i),i(α) . . . Xσ(j),j(α) . . .

and
sgn(σ · (i, j)) . . . Xσ(j),i(α) . . . Xσ(i),j(α) . . . ,

having chosenthefirst two occurrencesof α, for instance,andwhereall otherfactorsare
unchanged.After cancellation,weareleft with termswith atmostoneoccurrenceof α and
whereall factorscommute.This impliesthefirst assertionof theproposition.

For proving thesecondassertion,we definefor a givenpermutationτ ∈ Sr a modified
columndeterminantby

→ (τ)

det
1≤i,j≤r

(Vij) =
∑

σ∈Sr
sgn(σ)Vσ(τ(r)),τ(r) · · ·Vσ(τ(1)),τ(1), (2.12)

i.e. thesequenceof columnsin expandingthedeterminantis determinedby τ . Expanding
−→
det

(τ)

1≤i,j≤r (Vij) asin (2.11)weseethatthesamecancellationargumentapplies.Thuswe

have
−→
det

(τ)

1≤i,j≤r (Vij) =
−→
det1≤i,j≤r (Vij), whichproves (2.10).

Remark2.13.Notethatin thedeterminantof Proposition2.5,wemaynotexpandalongrows
becausethenthecancellationargumentdoesnot apply. (For a counterexample,consider
ther = 2 case.)

Corollary 2.14 Let Wi, Vij be linear operators acting on formal Laurent series,cj(k)
arbitrary constantsfor k ∈ Zr and i, j = 1, . . . , r. SupposeVij = Cij + Aij , with
the operators Cij , Aij , i, j = 1, . . . , r, satisfyingthe conditions(2.6), (2.7), and (2.8)

of Proposition2.5. SupposeWi = W
(c)
i + W

(a)
i , with the operators Wi,W

(c)
i ,W

(a)
i ,

i = 1, . . . , r, satisfying

CklWi = WiCkl, i 6= k; i, k, l = 1, . . . , r, (2.15)

AklW
(c)
i = W

(c)
i Akl, i 6= k; i, k, l = 1, . . . , r, (2.16)

AklW
(a)
i = AilW

(a)
k , i, k, l = 1, . . . , r. (2.17)
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Moreover the cj(k) are assumedto satisfy(2.2), and
−→
det1≤i,j≤r (Vij) is assumedto be

invertible. With thenotationof Lemma2.1,if

r∑

j=1

cj(k)Vijfk(z) = Wifk(z), i = 1, . . . , r, (2.18)

then

gk(z) =
1

〈fk(z),
−→
det (V ∗ij)hk(z)〉

−→
det (V ∗ij)hk(z), (2.19)

wherehk(z) is a solutionof

r∑

j=1

cj(k)V ∗ijhk(z) = W ∗i hk(z), i = 1, . . . , r, (2.20)

with hk(z) 6≡ 0 for all k ∈ Zr.

Proof: Sinceit follows by Proposition2.5 that thecolumndeterminant
−→
det1≤i,j≤r(Vij)

maybeexpandedalongany column,wecanapplyCramer’s rule to (2.18)to obtain

cj(k)
−→
det1≤i,l≤r(Vil)fk(z) =

r∑

i=1

(−1)i+j ~V (i,j)Wifk(z),

for j = 1, . . . , r. Thedualsystemreads

cj(k)
−→
det1≤i,l≤r(V

∗
il )hk(z) =

r∑

i=1

(−1)i+jW ∗i ~V ∗
(i,j)

hk(z) (2.21)

=
r∑

i=1

(−1)i+j ~V ∗
(i,j)

W ∗i hk(z),

for j = 1, . . . , r, andis equivalentto (2.20). Notice that, becauseof (2.15), (2.16),and
(2.17),we may apply Proposition 2.5 in (2.21)andshift W ∗i to the right. Now apply

Lemma2.1with V =
−→
det (Vij) andUj =

r∑
i=1

(−1)i+j ~V (i,j)Wifk(z).

3. A multidimensional matrix inversion

For convenience,we introducethenotation|n| = n1 + n2 + · · ·+ nr.

Theorem3.1 Let (at)t∈Z , (ci(ti))ti∈Z , i = 1, . . . , r, be arbitrary sequences,b arbi-
trary, such that noneof thedenominators in (3.2) or (3.3) vanish.Then(fnk)n,k∈Zr and
(gkl)k,l∈Zr are inversesof each other, where
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fnk =

|n|−1∏
t=|k|

(at − b/
∏r
j=1 cj(kj))

r∏
i=1

ni∏
ti=ki+1

(ci(ti)− b/
∏r
j=1 cj(kj))

r∏
i=1

|n|−1∏
t=|k|

(at − ci(ki))
r∏

i,j=1

ni∏
ti=ki+1

(ci(ti)− cj(kj))
(3.2)

and

gkl =
∏

1≤i<j≤r

(ci(li)− cj(lj))
(ci(ki)− cj(kj))

×
(b− a|l|

∏r
j=1 cj(lj))

(b− a|k|
∏r
j=1 cj(kj))

r∏

i=1

(a|l| − ci(li))
(a|k| − ci(ki))

×

|k|∏
t=|l|+1

(at − b/
∏r
j=1 cj(kj))

r∏
i=1

ki−1∏
ti=li

(ci(ti)− b/
∏r
j=1 cj(kj))

r∏
i=1

|k|∏
t=|l|+1

(at − ci(ki))

r∏
i,j=1

ki−1∏
ti=li

(ci(ti)− cj(kj))
. (3.3)

Remark3.4. Thespecialcaseat = 0, cj(kj) = x−1
j q−kj is equivalentto theAr Bailey

transformof Milne andLilly [21], [22], thespecializationat = 0, cj(kj) = x−1
j q−kj +

xjq
kj , b = 0 is equivalentto theirCr Bailey transform[22], [17], [18]. Thelimiting case

at = b aq−t, cj(kj) = x−1
j q−kj , thenb→ 0, isequivalentto asecondAr Bailey transform

of Milne [21,Theorem8.26]. Thespecializationcj(kj) = x−1
j q−kj is equivalentto theAr

matrix inverseof BhatnagarandMilne [4, Theorem 5.7], [6, Theorem 3.48]. Moreover,
ther = 1 caseis a restatementof Krattenthaler’s matrix inversion(eqs. (1.1) and(1.2)).
Due to the fact that Theorem3.1 coversall known Ar matrix inversions(to the author’s
knowledge),we view Theorem3.1 asanAr matrix inversiontheorem(alsoseeRemark
4.4).

Another importantspecialcaseof Theorem3.1 is a new multidimensionalbibasichy-
pergeometricmatrix inversion,statedseperatelyasTheorem5.10in section5, which we
utilize in ourapplications.

Proof of Theorem 3.1: We will usethe operatormethodof section2. From (3.2) we
deducefor n ≥ k therecursion

(ci(ni)− b/
∏r

j=1
cj(kj))

r∏

s=1

(ci(ni)− cs(ks))fnk

= (a|n|−1 − b/
∏r

j=1
cj(kj))

r∏

s=1

(a|n|−1 − cs(ks))fn−ei,k, (3.5)
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for i = 1, . . . , r, whereei denotesthevectorof Zr whereall componentsarezeroexcept
thei-th, which is 1. Wewrite

fk(z) =
∑

n≥k

|n|−1∏
t=|k|

(at − b/
∏r
j=1 cj(kj))

r∏
i=1

ni∏
ti=ki+1

(ci(ti)− b/
∏r
j=1 cj(kj))

r∏
i=1

|n|−1∏
t=|k|

(at − ci(ki))
r∏

i,j=1

ni∏
ti=ki+1

(ci(ti)− cj(kj))
zn.

Moreover, we definelinearoperatorsA, Ci byAzn = a|n|zn andCizn = ci(ni)z
n for all

i = 1, . . . , r. Thenwemaywrite (3.5) in theform

(Ci − b/
∏r

j=1
cj(kj))

r∏

s=1

(Ci − cs(ks))fk(z)

= zi(A− b/
∏r

j=1
cj(kj))

r∏

s=1

(A− cs(ks))fk(z), (3.6)

valid for all k ∈ Zr. We want to write our systemof equationsin a way such that
Corollary2.14is applicable.In orderto achievethis,weexpandtheproductsonbothsides
of (3.6) in termsof theelementarysymmetricfunctions(see[19, p.19])

ej(c1(k1), c2(k2), . . . , cr(kr), b/
∏r

s=1
cs(ks))

of orderj, for whichwewrite ej(c(k)) for short.Our recurrencesystemthenreads,using
er+1(c(k)) = b,

r∑

j=1

ej(c(k))[(−Ci)r+1−j − zi(−A)r+1−j ]fk(z)

= [zi(−A)r+1 + bzi − (−Ci)r+1 − b]fk(z), i = 1, . . . , r. (3.7)

Now (3.7) is a systemof type (2.18) with Vij = [(−Ci)r+1−j − zi(−A)r+1−j ], Wi =
[zi(−A)r+1+bzi−(−Ci)r+1−b], andcj(k) = ej(c(k)). TheoperatorsCij = (−Ci)r+1−j ,

Aij = −zi(−A)r+1−j ,W (c)
i = [−(−Ci)r+1−b],W (a)

i = [zi(−A)r+1+bzi] satisfy(2.6),
(2.7),(2.8),(2.15),(2.16),and(2.17),thefunctionscj(k) satisfy(2.2). Hencewemayapply
Corollary2.14.Thedualsystem(2.20)for theauxiliaryformalLaurentserieshk(z) in this
casereads

r∑

j=1

ej(c(k))[(−C∗i )r+1−j − (−A∗)r+1−jzi]hk(z)

= [(−A∗)r+1zi + bzi − (−C∗i )r+1 − b]hk(z), i = 1, . . . , r.

Equivalently, wehave

(C∗i − b/
∏r

j=1
cj(kj))

r∏

s=1

(C∗i − cs(ks))hk(z)

= (A∗ − b/
∏r

j=1
cj(kj))

r∏

s=1

(A∗ − cs(ks))zihk(z), (3.8)
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for all i = 1, . . . , r and k ∈ Zr. As is easily seen,we have A∗z−l = a|l|z−l and
C∗i z−l = ci(li)z

−l for i = 1, . . . , r. Thus,with hk(z) =
∑

l≤k
hklz

−l, by comparing
coefficientsof z−l in (3.8)weobtain

(ci(li)− b/
∏r

j=1
cj(kj))

r∏

s=1

(ci(li)− cs(ks))hkl

= (a|l| − b/
∏r

j=1
cj(kj))

r∏

s=1

(a|l| − cs(ks))hk,l+ei .

If wesethkk = 1, we get

hkl =

|k|−1∏
t=|l|

(at − b/
∏r
j=1 cj(kj))

r∏
i=1

ki−1∏
ti=li

(ci(ti)− b/
∏r
j=1 cj(kj))

r∏
i=1

|k|−1∏
t=|l|

(at − ci(ki))

r∏
i,j=1

ki−1∏
ti=li

(ci(ti)− cj(kj))
.

Takinginto account(2.19),wehave to computetheactionof

−→
det1≤i,j≤r (V ∗ij) =

−→
det1≤i,j≤r [(−C∗i )r+1−j − (−A∗)r+1−jzi] (3.9)

whenappliedto

hk(z) =
∑

l≤k

|k|−1∏
t=|l|

(at − b/
∏r
j=1 cj(kj))

r∏
i=1

ki−1∏
ti=li

(ci(ti)− b/
∏r
j=1 cj(kj))

r∏
i=1

|k|−1∏
t=|l|

(at − ci(ki))

r∏
i,j=1

ki−1∏
ti=li

(ci(ti)− cj(kj))
z−l.

FromProposition2.5 it follows thatthedeterminant(3.9)canbewrittenas

−→
det1≤i,j≤r (V ∗ij) =

−→
det1≤i,j≤r (C∗ij) +

r∑

i,j=1

(−1)i+j
−→
det 1≤m≤r,m6=i

1≤n≤r,n6=j
(C∗mn)A∗ij ,

or moreexplicitly,
−→
det1≤i,j≤r (V ∗ij) =

−→
det1≤i,j≤r [(−C∗i )r+1−j − (−A∗)r+1−jzi]

=
−→
det1≤i,j≤r [(−C∗i )r+1−j ]

+
r∑

i,j=1

(−1)i+j
−→
det 1≤m≤r,m6=i

1≤n≤r,n6=j
[(−C∗m)r+1−n]

(
−(−A∗)r+1−jzi

)
. (3.10)

Notethatafterexpandingthecolumndeterminantsby (2.12)all summandsin (3.10)have
pairwisecommutingfactors(whenregarding(−(−A∗)r+1−jzi) asonefactor).Since

zihk(z) =
∑

l≤k

(ci(li)− b/
∏r
j=1 cj(kj))

(a|l| − b/
∏r
j=1 cj(kj))

r∏

j=1

(ci(li)− cj(kj))
(a|l| − cj(kj))

hklz
−l,
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weconcludethat
−→
det1≤i,j≤r (V ∗ij)hk(z)

=
∑
l≤k

( −→
det1≤i,j≤r (C∗ij) +

r∑
i,j=1

(−1)i+j
−→
det 1≤m≤r,m6=i

1≤n≤r,n6=j
(C∗mn)A∗ij

)
hklz

−l

=
∑
l≤k

(
−→
det1≤i,j≤r

(
(−ci(li))r+1−j)

+
r∑

i,j=1

(−1)i+j
−→
det 1≤m≤r,m6=i

1≤n≤r,n6=j

(
(−cm(lm))r+1−n)

·
(
−(−a|l|)r+1−j) (ci(li)−b/

∏r

j=1
cj(kj))

(a|l|−b/
∏r

j=1
cj(kj))

r∏
j=1

(ci(li)−cj(kj))
(a|l|−cj(kj))

)
hklz

−l. (3.11)

Weclaim that
−→
det1≤i,j≤r (V ∗ij)hk(z) =

∑

l≤k

det
1≤i,j≤r

(vij)hklz
−l, (3.12)

where

vij = (−ci(li))r+1−j − (−a|l|)r+1−j (ci(li)− b/
∏r
s=1 cs(ks))

(a|l| − b/
∏r
s=1 cs(ks))

r∏

s=1

(ci(li)− cs(ks))
(a|l| − cs(ks))

.

The claim follows from the observation that det1≤i,j≤r(vij) is a determinantof
commutingentriesand so trivially satisfiesthe assumptionsof Proposition2.5. Thus∑

l≤k
det1≤i,j≤r(vij)hklz

−l canalsobetransformedinto theright sideof (3.11).
For thecomputationof det1≤i,j≤r(vij) we utilize LemmaA.1 with xi = −ci(li), ys =
−cs(ks), a = −a|l|, andc = (−1)r+1b, obtaining

det
1≤i,j≤r

(vij) =
(a|l| − b/

∏r
j=1 cj(lj))

(a|l| − b/
∏r
j=1 cj(kj))

r∏

i=1

(a|l| − ci(li))
(a|l| − ci(ki))

×
r∏

i=1

(−ci(li))
∏

1≤i<j≤r
(cj(lj)− ci(li)).

Pluggingthisdeterminantevaluationinto (3.12)leadsto

−→
det1≤i,j≤r (V ∗ij)hk(z) =

∑

l≤k

( ∏

1≤i<j≤r
(cj(lj)− ci(li))

r∏

i=1

(−ci(li))

×
(a|l| − b/

∏r
j=1 cj(lj))

(a|k| − b/
∏r
j=1 cj(kj))

r∏

i=1

(a|l| − ci(li))
(a|k| − ci(ki))

×

|k|∏
t=|l|+1

(at − b/
∏r
j=1 cj(kj))

r∏
i=1

ki−1∏
ti=li

(ci(ti)− b/
∏r
j=1 cj(kj))

r∏
i=1

|k|∏
t=|l|+1

(at − ci(ki))

r∏
i,j=1

ki−1∏
ti=li

(ci(ti)− cj(kj))
z−l

)
. (3.13)
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Note thatsincefkk = 1, thepairing 〈fk(z),
−→
det (V ∗ij)hk(z)〉 is simply thecoefficient of

z−k in (3.13).Thus,equation(2.19)reads

gk(z) =
∏

1≤i<j≤r
(cj(kj)− ci(ki))−1

r∏

i=1

(−ci(ki))−1
−→
det1≤i,j≤r (V ∗ij)hk(z), (3.14)

wheregk(z) =
∑

l≤k
gklz

−l. So, extracting the coefficient of z−l in (3.14) we obtain
exactly (3.3).

4. Another multidimensional matrix inversion

Theorem4.1 Let(ci(ti))ti∈Z , i = 1, . . . , r, bearbitrary sequences,b arbitrary, such that
noneof thedenominators in (4.2) or (4.3) vanish.Then(fnk)n,k∈Zr and(gkl)k,l∈Zr are
inversesof each other, where

fnk =
r∏

i=1

ni−1∏
ti=ki

(1− bci(ti)/
∏r
j=1 cj(kj))

ni∏
ti=ki+1

(ci(ti)− b/
∏r
j=1 cj(kj))

r∏

i,j=1

ni−1∏
ti=ki

(1− ci(ti)cj(kj))
ni∏

ti=ki+1

(ci(ti)− cj(kj))
(4.2)

and

gkl =
∏

1≤i<j≤r

(
(ci(li)− cj(lj))
(ci(ki)− cj(kj))

(1− ci(li)cj(lj))
(1− ci(ki)cj(kj))

)

×
r∏

i=1

(1− ci(li)2)

(1− ci(ki)2)

r∏

i=1

ci(li)

ci(ki)

×
r∏

i=1

ki∏
ti=li+1

(1− bci(ti)/
∏r
j=1 cj(kj))

ki−1∏
ti=li

(ci(ti)− b/
∏r
j=1 cj(kj))

r∏

i,j=1

ki∏
ti=li+1

(1− ci(ti)cj(kj))

ki−1∏
ti=li

(ci(ti)− cj(kj))
. (4.3)

Remark4.4. The specialcasecj(kj) = x−1
j q−kj is a Cr generalizationof Bressoud’s

matrix inversionformula [8], aspointedout in [18, secondremarkafterTheorem 2.11].
Setting,in addition,b = 0 yields a Cr Bailey transformwhich is equivalent to the one
derived in [18]. Therefore,weview Theorem4.1asaCr matrix inversiontheorem.

Proof of Theorem 4.1: Again, we will usetheoperatormethodof section2. From(4.2)
wededucefor n ≥ k therecursion

(ci(ni)− b/
∏r

j=1
cj(kj))

r∏

s=1

(ci(ni)− cs(ks))fnk
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= (1− bci(ni − 1)/
∏r

j=1
cj(kj))

r∏

s=1

(1− ci(ni − 1)cs(ks))fn−ei,k, (4.5)

for i = 1, . . . , r. Wewrite

fk(z) =
∑

l≤k

r∏

i=1

ni−1∏
ti=ki

(1− bci(ti)/
∏r
j=1 cj(kj))

ni∏
ti=ki+1

(ci(ti)− b/
∏r
j=1 cj(kj))

r∏

i,j=1

ni−1∏
ti=ki

(1− ci(ti)cj(kj))
ni∏

ti=ki+1

(ci(ti)− cj(kj))
zn.

Moreover, we definelinear operatorsCi by Cizn = ci(ni)z
n for i = 1, . . . , r. Thenwe

maywrite (4.5) in theform

(Ci − b/
∏r

j=1
cj(kj))

r∏

s=1

(Ci − cs(ks))fk(z)

= zi(I − Cib/
∏r

j=1
cj(kj))

r∏

s=1

(I − Cics(ks))fk(z), (4.6)

I beingtheidentityoperator, valid for all k ∈ Zr. Wewill write oursystemof equationsin
awaysuchthatCorollary2.14is applicable.Again,weexpandtheproductsonbothsides
of (4.6) in termsof theelementarysymmetricfunctions

ej(c1(k1), c2(k2), . . . , cr(kr), b/
∏r

s=1
cs(ks))

of orderj, for whichwewrite ej(c(k)) for short.Our recurrencesystemthenreads,again
usinger+1(c(k)) = b,

r∑

j=1

ej(c(k))[(−Ci)r+1−j − (−1)r+1zi(−Ci)j ]fk(z)

= [(−1)r+1zi + bziCr+1
i − (−Ci)r+1 − b]fk(z), i = 1, . . . , r. (4.7)

Now, (4.7) is asystemof type(2.18)with Vij = [(−Ci)r+1−j − (−1)r+1zi(−Ci)j ],Wi =
[(−1)r+1zi + bziCr+1

i − (−Ci)r+1 − b] andcj(k) = ej(c(k)). TheoperatorsCij = Vij ,

Aij = 0, W (c)
i = Wi, W

(a)
i = 0 satisfy(2.6), (2.7), (2.8), (2.15),(2.16),and(2.17),the

functionscj(k) satisfy(2.2). HencewemayapplyCorollary2.14.Thedualsystem(2.20)
for theauxiliary formalLaurentserieshk(z) in this casereads

r∑

j=1

ej(c(k))[(−C∗i )r+1−j − (−1)r+1(−C∗i )jzi]hk(z)

= [(−1)r+1zi + b(C∗i )r+1zi − (−C∗i )r+1 − b]hk(z), i = 1, . . . , r.

Equivalently, wehave

(C∗i − b/
∏r

j=1
cj(kj))

r∏

s=1

(C∗i − cs(ks))hk(z)
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= (I − C∗i b/
∏r

j=1
cj(kj))

r∏

s=1

(I − C∗i cs(ks))zihk(z), (4.8)

for all i = 1, . . . , r and k ∈ Zr. Thus, with hk(z) =
∑

l≤k
hklz

−l, by comparing
coefficientsof z−l in (4.8)weobtain

(ci(li)− b/
∏r

j=1
cj(kj))

r∏

s=1

(ci(li)− cs(ks))hkl

= (1− bci(li)/
∏r

j=1
cj(kj))

r∏

s=1

(1− ci(li)cs(ks))hk,l+ei .

If wesethkk = 1, we get

hkl =
r∏

i=1

ki−1∏
ti=li

(1− bci(ti)/
∏r
j=1 cj(kj))

ki−1∏
ti=li

(ci(ti)− b/
∏r
j=1 cj(kj))

r∏

i,j=1

ki−1∏
ti=li

(1− ci(ti)cj(kj))

ki−1∏
ti=li

(ci(ti)− cj(kj))
.

Takinginto account(2.19),wehave to computetheactionof

−→
det1≤i,j≤r (V ∗ij) =

−→
det1≤i,j≤r [(−C∗i )r+1−j − (−1)r+1(−C∗i )jzi]

whenappliedto

hk(z) =
∑

l≤k

r∏

i=1

ki−1∏
ti=li

(1− bci(ti)/
∏r
j=1 cj(kj))

ki−1∏
ti=li

(ci(ti)− b/
∏r
j=1 cj(kj))

r∏

i,j=1

ki−1∏
ti=li

(1− ci(ti)cj(kj))

ki−1∏
ti=li

(ci(ti)− cj(kj))
z−l.

BecauseV ∗i1j1 and V ∗i2j2 commutefor i1 6= i2 and all j1, j2, all the summandsin
−→
det1≤i,j≤r (V ∗ij) havepairwisecommutingfactors.Since

zihk(z) =
∑

l≤k

(ci(li)− b/
∏r
j=1 cj(kj))

(1− bci(li)/
∏r
j=1 cj(kj))

r∏

j=1

(ci(li)− cj(kj))
(1− ci(li)cj(kj))

hklz
−l,

weconcludethat
−→
det1≤i,j≤r (V ∗ij)hk(z) =

∑

l≤k

det
1≤i,j≤r

(vij)hklz
−l, (4.9)

where

vij = (−ci(li))r+1−j

−(−1)r+1(−ci(li))j
(ci(li)− b/

∏r
s=1 cs(ks))

(1− bci(li)/
∏r
s=1 cs(ks))

r∏

s=1

(ci(li)− cs(ks))
(1− ci(li)cs(ks))

.
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For thecomputationof det1≤i,j≤r(vij) we utilize Lemma A.11 with xi = −ci(li), ys =
−cs(ks), andc = (−1)r−1b, obtaining

det
1≤i,j≤r

(vij) =
r∏

i=1

(1− ci(ki)b/
∏r
j=1 cj(kj))

(1− ci(li)b/
∏r
j=1 cj(kj))

×
r∏

i=1

(1− ci(li)2)
r∏

i=1

(−ci(li))
r∏

i,j=1

(1− ci(li)cj(kj))−1

×
∏

1≤i<j≤r
[(cj(lj)− ci(li))(1− ci(li)cj(lj))(1− ci(ki)cj(kj))].

Pluggingthisdeterminantevaluationinto (4.9) leadsto

−→
det1≤i,j≤r (V ∗ij)hk(z) =

∑

l≤k

( ∏

1≤i<j≤r
[(cj(lj)− ci(li))(1− ci(li)cj(lj))]

×
r∏

i=1

(1− ci(li)2)
r∏

i=1

(−ci(li))
∏

i≤j
(1− ci(ki)cj(kj))−1

×
r∏

i=1

ki∏
ti=li+1

(1− bci(ti)/
∏r
j=1 cj(kj))

ki−1∏
ti=li

(ci(ti)− b/
∏r
j=1 cj(kj))

r∏

i,j=1

ki∏
ti=li+1

(1− ci(ti)cj(kj))

ki−1∏
ti=li

(ci(ti)− cj(kj))
z−l

)
. (4.10)

Again,thepairing〈fk(z),
−→
det (V ∗ij)hk(z)〉 is simplythecoefficientof z−k in (4.10).Thus,

equation(2.19)reads

gk(z) =
∏

1≤i<j≤r
(cj(kj)− ci(ki))−1

r∏

i=1

(−ci(ki))−1
−→
det1≤i,j≤r (V ∗ij)hk(z), (4.11)

wheregk(z) =
∑

l≤k
gklz

−l. So, extracting the coefficient of z−l in (4.11) we obtain
exactly (4.3).

5. Applications to Ar andDr basichypergeometricseries

Probably, the most importantapplicationof matrix inversionis the derivation of hyper-
geometricseriesidentities. Thereis a standardtechniquefor deriving new summation
formulasfrom known onesby usinginversematrices(cf. [1], [13], [26]). If (fnk)n,k∈Zr

and(gkl)k,l∈Zr arelower triangularmatricesbeinginversesof eachother, thenof course
thefollowing is true:

∑

0≤k≤n

fnkak = bn (5.1)
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if andonly if
∑

0≤l≤k

gklbl = ak. (5.2)

We expectthatapplicationsof our matrix inversionsin Theorems3.1 and4.1 will lead
to many new identitiesfor multidimensional(basic)hypergeometricseries. As an illus-
tration, we usespecialcasesof our Theorem3.1 to derive Ar andDr extensionsof a
terminatingquadraticsummationof GesselandStanton[13], Dr extensionsof Jackson’s
8φ7 summation[14], andaDr extensionof acubicsummationof GasperandRahman[11].

Werecallthestandarddefinitionof therising q-factorial(cf. [12]). Define

(a; q)∞ :=
∏

j≥0

(1− aqj),

andfor any integerk,

(a; q)k :=
k−1∏

j=0

(1− aqj) =
(a; q)∞

(aqk; q)∞
. (5.3)

Theorem5.4(An Ar quadratic sum) Let x1, . . . , xr, a, b, and d be indeterminate, let
n1, . . . , nr benonnegativeintegers, let r ≥ 1, andsupposethat noneof thedenominators
in (5.5) vanish.Then

∑

0≤ki≤ni
i=1,...,r

(
r∏

i=1

(
1− axiq2ki+|k|

1− axi

) ∏

1≤i<j≤r

(
1− q2ki−2kjxi/xj

1− xi/xj

)

×
r∏

i,j=1

(q−2njxi/xj ; q
2)ki

(q2xi/xj ; q2)ki

r∏

i=1

(dxi; q
2)ki (a2xiq

1+2|n|/d; q2)ki
(axiq2/b; q2)ki (abxiq; q2)ki

×
r∏

i=1

(axi; q)|k|
(axiq1+2ni ; q)|k|

· (b; q)|k| (q/b; q)|k|
(aq/d; q)|k| (dq−2|n|/a; q)|k|

q−|k|+2
∑r

i=1
i ki

)

=
(aq2/bd; q2)|n| (abq/d; q2)|n|

(aq/d; q)2|n|

r∏

i=1

(axiq; q)2ni

(axiq2/b; q2)ni (abxiq; q2)ni
. (5.5)

Remark5.6. Thisquadraticsummationformulais anAr extensionof

n∑

k=0

1− aq3k

1− a
(a; q)k(b; q)k(q/b; q)k (d; q2)k(a2q1+2n/d; q2)k(q−2n; q2)k

(q2; q2)k(aq2/b; q2)k(abq; q2)k (aq/d; q)k(dq−2n/a; q)k(aq2n+1; q)k
qk

=
(aq; q)2n

(aq/d; q)2n

(abq/d; q2)n(aq2/bd; q2)n
(aq2/b; q2)n(abq; q2)n

, (5.7)

dueto GesselandStanton[13, eq. (1.4), q → q2], to which it reducesfor r = 1. Many
identitieslike (5.7), involving basesof differentpowersof q, areknown. Hypergeometric
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serieswith severalbaseswereextensively studiedby GasperandRahman[10], [25], [11],
[12, sec.3.8].

Proof of Theorem 5.4: If we substituteci(ti) 7→ q−2ti/xi, i = 1, . . . , r, at 7→ aqt, and
b 7→ a2/dx1 · · ·xn in Theorem3.1(thisspecialcasecanbealsoobtainedfromtheinversion
[6, Theorem3.48]of BhatnagarandMilne) we seethat thefollowing pair of matricesare
inversesof eachother:

fnk =
r∏

i=1

(
1− q1+2ki+2|k|a2xi/d

1− qa2xi/d

) ∏

1≤i<j≤r

(
1− q2ki−2kjxi/xj

1− xi/xj

)

×
r∏

i,j=1

(q−2njxi/xj ; q
2)ki

(q2xi/xj ; q2)ki

r∏

i=1

(axiq
|n|; q)2ki

(a2xiq3+2ni/d; q2)|k|
· q2

∑r

i=1
i ki

(aq2−|n|/d; q)2|k|

and

gkl =

r∏

i=1

(
1− axiq2li+|l|

1− axi

) ∏

1≤i<j≤r

(
1− q2li−2ljxi/xj

1− xi/xj

) r∏

i,j=1

(q−2kjxi/xj ; q
2)li

(q2xi/xj ; q2)li

×
r∏

i=1

(axi; q)|l|
(axiq1+2ki ; q)|l|

r∏

i=1

(a2xiq
1+2|k|/d; q2)li

(a2xiq3/d; q2)li

r∏

i=1

(a2xiq/d; q2)|k|
(axiq; q)2ki

× (1− q1+|l|a/d)

(1− qa/d)

(d/aq; q)|l| (qa/d; q)2|k|
(q2−2|k|a/d; q)|l|

q−|l|+2
∑r

i=1
i li .

Now (5.1)holdsfor

ak = (baq/d; q2)|k| (aq
2/bd; q2)|k|

r∏

i=1

(a2xiq/d; q2)|k|
(axiq2/b; q2)ki (abxiq; q)ki

and

bn =
(q2−|n|/b; q2)|n| (bq1−|n|; q2)|n|

(aq3−|n|/d; q2)|n| (dq−|n|/a; q2)|n|

r∏

i=1

(a2xiq
3/d; q2)ni (dxi/a; q2)ni

(axiq2/b; q2)ni (abxiq; q2)ni

by meansof anAr extensionof Jackson’s 8φ7-sum,taken from [20, Theorem6.14] (or
in moreconvenientnotation[24, TheoremA12]). This implies the inverserelation(5.2)
which is easilytransformedinto (5.5).

It is not hardto seefrom a polynomialidentity argumentthatTheorem5.4 implies the
following summationtheorem.

Theorem5.8(An Ar quadratic sum) Let x1, . . . , xr, c1, . . . , cr, a, andd beindetermi-
nate, letN bea nonnegativeinteger, let r ≥ 1, andsupposethatnoneof thedenominators
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in (5.9) vanish.Then

∑

k1,...,kr≥0

0≤|k|≤N

(
r∏

i=1

(
1− axiq2ki+|k|

1− axi

) ∏

1≤i<j≤r

(
1− q2ki−2kjxi/xj

1− xi/xj

)

×
r∏

i,j=1

(cjxi/xj ; q
2)ki

(q2xi/xj ; q2)ki

r∏

i=1

(dxi; q
2)ki (a2xiq/d

∏r
j=1 cj ; q

2)ki

(axiq2+N ; q2)ki (axiq1−N ; q2)ki

×
r∏

i=1

(axi; q)|k|
(axiq/ci; q)|k|

· (q−N ; q)|k| (q1+N ; q)|k|
(aq/d; q)|k| (d

∏r
j=1 cj/a; q)|k|

q−|k|+2
∑r

i=1
i ki

)

=





(dq/a; q2)M (aq2/d
∏r
j=1 cj ; q

2)M

(aq2/d; q2)M (dq
∏r
j=1 cj/a; q2)M

r∏

i=1

(axiq
2; q2)M (ciq/axi; q

2)M
(q/axi; q2)M (axiq2/ci; q2)M

(N = 2M),

(d/a; q2)M (aq/d
∏r
j=1 cj ; q

2)M

(aq/d; q2)M (d
∏r
j=1 cj/a; q2)M

r∏

i=1

(axiq; q
2)M (ci/axi; q

2)M
(1/axi; q2)M (axiq/ci; q2)M

(N = 2M − 1).

(5.9)

Proof: First we write theright sidesof (5.9)asquotientsof infinite productsusing(5.3).
Then by the b = q−N caseof Theorem5.4 it follows that the identity (5.9) holds for
cj = q−2nj , j = 1, . . . , r. By clearingout denominatorsin (5.9), we get a polynomial
equationin c1, which is true for q−2n1 , n1 = 0, 1, . . .. Thuswe obtainan identity in c1.
By carryingout thisprocessfor c2, c3, . . . , cr also,weobtainTheorem5.8.

By anotherspecializationof Theorem3.1weobtainaninterestingbibasichypergeometric
matrix inversion. We usethis inversionto derive Dr basichypergeometricsummation
formulas.For explanationswhy weassociateDr with theseformulasthereaderis referred
to [5].

Theorem5.10 Let

fnk =

r∏
i=1

[
(ap|k|qkixi; p)|n|−|k| (ap|k|q−ki/xi; p)|n|−|k|

]

r∏
i,j=1

[(q1+ki−kjxi/xj ; q)ni−ki (q1+ki+kjxixj ; q)ni−ki ]
(5.11)

and

gkl = (−1)|k|−|l| q(
|k|−|l|

2 )
∏

1≤i<j≤r

(1− xixjqli+lj )
(1− xixjqki+kj )

×
r∏

i=1

(1− ap|l|qlixi)(1− ap|l|q−li/xi)
(1− ap|k|qkixi)(1− ap|k|q−ki/xi)
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×

r∏
i=1

[
(ap1+|l|qkixi; p)|k|−|l| (ap1+|l|q−ki/xi; p)|k|−|l|

]

r∏
i,j=1

[(q1+li−ljxi/xj ; q)ki−li (qli+kjxixj ; q)ki−li ]
. (5.12)

Then(fnk)n,k∈Zr and (gkl)k,l∈Zr are infinite lower-triangular r-dimensionalmatrices
beinginversesof each other.

Proof: In Theorem3.1wesetb = 0, at = apt + p−t/a, andci(ti) = xiq
ti + q−ti/xi for

i = 1, . . . , r. After someelementarymanipulationswe obtainthe inversepair (5.11)and
(5.12).

Remark5.13. The inversionin Theorem5.10is aDr extensionof GasperandRahman’s
bibasicmatrix inversion[12, (3.6.19)and(3.6.20)],to which it reducesfor r = 1.

Theorem5.14(A Dr Jackson’s sum) Let x1, . . . , xr, a, b, and c be indeterminate, let
n1, . . . , nr benonnegativeintegers, let r ≥ 1, andsupposethat noneof thedenominators
in (5.15) vanish.Then

∑

0≤ki≤ni
i=1,...,r

(
r∏

i=1

(
1− axiqki+|k|

1− axi

) ∏

1≤i<j≤r

(
1− qki−kjxi/xj

1− xi/xj

)

×
∏

1≤i<j≤r
(xixj ; q)

−1
ki+kj

r∏

i,j=1

(q−njxi/xj ; q)ki (xixjq
nj ; q)ki

(qxi/xj ; q)ki

×
r∏

i=1

(axi; q)|k| (aq/xi; q)|k|−ki
(aq1+nixi; q)|k| (aq1−ni/xi; q)|k|

× (b; q)|k| (c; q)|k| (a2q/bc; q)|k|
r∏
i=1

[(axiq/b; q)ki (axiq/c; q)ki (bcxi/a; q)ki ]
q
∑r

i=1
i ki

)

=

r∏

i=1

(axiq; q)ni (axiq/bc; q)ni (bxi/a; q)ni (cxi/a; q)ni
(xi/a; q)ni (bcxi/a; q)ni (axiq/b; q)ni (axiq/c; q)ni

. (5.15)

Remark5.16.For r = 1 Theorem5.14reducesto Jackson’svery-well-poised8φ7 summa-
tion formula[14], [12, (II.22)].

Proof of Theorem 5.14: Settingp = q in Theorem5.10 (i.e. herewe considera Dr

extensionof Bressoud’s matrix inverse[8]) we seethat thefollowing pair of matricesare
inversesof eachother:

fnk =
∏

1≤i<j≤r

(1− qki−kjxi/xj)(1− xixjqki+kj )
(1− xi/xj)(1− xixj)

r∏

i=1

(1− x2
i q

2ki)

(1− x2
i )
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×
r∏

i,j=1

(q−njxi/xj ; q)ki (xixj ; q)ki
(qxi/xj ; q)ki (xixjq1+nj ; q)ki

r∏

i=1

(axiq
|n|; q)ki

(xiq1−|n|/a; q)ki
· q
∑r

i=1
i ki

and

gkl =
∏

1≤i<j≤r

(1− qli−ljxi/xj)(1− xixjqli+lj )
(1− xi/xj)(1− xixj)

×
r∏

i,j=1

(q−kjxi/xj ; q)li (xixjq
kj ; q)li

(qxi/xj ; q)li (xixjq; q)li

r∏

i=1

(1− aq|l|+lixi)(1− aq|l|−li/xi)
(1− axi)(1− a/xi)

×
r∏

i=1

(xi/a; q)ki
(axiq; q)ki

r∏

i=1

(axi; q)|l| (a/xi; q)|l|
(aq1+kixi; q)|l| (aq1−ki/xi; q)|l|

· q
∑r

i=1
i li .

Now (5.1)holdsfor

ak =
r∏

i=1

(bxi/a; q)ki (cxi/a; q)ki (axiq/bc; q)ki
(axiq/b; q)ki (axiq/c; q)ki (bcxi/a; q)ki

and

bn =
r∏

i=1

(x2
i q; q)ni

(bcxi/a; q)ni (xiq1−|n|/a; q)ni

∏

1≤i<j≤r

(xixjq; q)ni
(xixjq1+nj ; q)ni

× (bcq−|n|/a2; q)|n| (q1−|n|/b; q)|n| (c; q)|n|
r∏
i=1

[(axiq/b; q)ni (cq−ni/axi; q)ni ]

by Milne and Lilly’ s Cr 8φ7 summation[23, Theorem6.13]. This implies the inverse
relation(5.2)which is easilytransformedinto (5.15).

By usingapolynomialargumentweget

Theorem5.17(A Dr Jackson’s sum) Let x1, . . . , xr, c1, . . . , cr, a, and b be indetermi-
nate, letN bea nonnegativeinteger, let r ≥ 1, andsupposethatnoneof thedenominators
in (5.18) vanish.Then

∑

k1,...,kr≥0

0≤|k|≤N

(
r∏

i=1

(
1− axiqki+|k|

1− axi

) ∏

1≤i<j≤r

(
1− qki−kjxi/xj

1− xi/xj

)

×
∏

1≤i<j≤r
(xixj ; q)

−1
ki+kj

r∏

i,j=1

(cjxi/xj ; q)ki (xixj/cj ; q)ki
(qxi/xj ; q)ki

×
r∏

i=1

(axi; q)|k| (aq/xi; q)|k|−ki
(axiq/ci; q)|k| (aciq/xi; q)|k|
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× (b; q)|k| (a2q1+N/b; q)|k| (q−N ; q)|k|
r∏
i=1

[(axiq/b; q)ki (bxiq−N/a; q)ki (axiq1+N ; q)ki ]
q
∑r

i=1
i ki

)

=

r∏

i=1

(axiq; q)N (aq/xi; q)N (axiq/bci; q)N (aciq/bxi; q)N
(aq/bxi; q)N (axiq/b; q)N (aciq/xi; q)N (axiq/ci; q)N

. (5.18)

Proof: First we write theright sideof (5.18)asquotientof infinite productsusing(5.3).
Thenby the c = q−N caseof Theorem5.14 it follows that the identity (5.18)holdsfor
cj = q−nj , j = 1, . . . , r. By clearingout denominatorsin (5.18),we get a polynomial
equationin c1, which is truefor q−n1 , n1 = 0, 1, . . .. Thusweobtainanidentity in c1. By
carryingout thisprocessfor c2, c3, . . . , cr also,weobtainTheorem5.17.

Limiting casesof Theorem5.14or Theorem5.17includevariousDr summations.By
reversingthemultisumin Theorem5.14we obtainanotherDr Jackson’s sumwhich was
independentlyderived by G. Bhatnagar[5] usinga differentmethod. Dr extensionsof
many of theclassicalbasichypergeometricsummationtheoremsaregiven in [5]. Further
consequencesof thenew Dr 8φ7 summations,suchasCr andDr extensionsof Bailey’s
very-well-poised10φ9 transformationformula[2], [12, (III.28)] will begiven in [7].

Remark5.19. We note that (5.15) and (5.18) could be written (with a = 1/xr+1 and
kr+1 := −|k|) morecompactlyas

∑

k1+···+kr+1=0

( ∏

1≤i<j≤r+1

(
1− qki−kjxi/xj

1− xi/xj

) ∏

1≤i<j≤r+1

(xixj ; q)
−1
ki+kj

×
r+1∏

i=1

r∏

j=1

(cjxi/xj ; q)ki (xixj/cj ; q)ki
(qxi/xj ; q)ki

×
r+1∏

i=1

[(xiq/bxr+1; q)ki (xiq/cxr+1; q)ki (bcxixr+1; q)ki ]
−1

×
r+1∏

i=1

xkii · q
∑r+1

i=1
[(ki2 )+i ki]

)

=

r∏

i=1

(xiq/xr+1; q)∞(q/xixr+1; q)∞(xiq/bcixr+1; q)∞(ciq/bxixr+1; q)∞
(q/bxixr+1; q)∞(xiq/bxr+1; q)∞(ciq/xixr+1; q)∞(xiq/cixr+1; q)∞

×
r∏

i=1

(q/bcxixr+1; q)∞(xiq/bcxr+1; q)∞(ciq/cxixr+1; q)∞(xiq/ccixr+1; q)∞
(xiq/cxr+1; q)∞(q/cxixr+1; q)∞(xiq/bccixr+1; q)∞(ciq/bcxixr+1; q)∞

,(5.20)

provided the seriesterminates. However, we feel that the forms (5.15) and (5.18) are
preferablesincethedependenceof summationindicesin (5.20)(which just hideswhat is
reallygoingon in thesum)is removed.

Theremainderof thissectionis devotedtoDr quadraticandcubicsummationformulas.
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Theorem5.21(A Dr quadratic sum) Let x1, . . . , xr, a, and b be indeterminate, let
n1, . . . , nr be nonnegative integers, let r ≥ 1, and supposethat noneof the denomina-
tors in (5.22) vanish.Then

∑

0≤ki≤ni
i=1,...,r

(
r∏

i=1

(
1− axiq2ki+|k|

1− axi

) ∏

1≤i<j≤r

(
1− q2ki−2kjxi/xj

1− xi/xj

)

×
∏

1≤i<j≤r
(xixj ; q

2)−1
ki+kj

r∏

i,j=1

(q−2njxi/xj ; q
2)ki (xixjq

2nj ; q2)ki
(q2xi/xj ; q2)ki

×
r∏

i=1

(axi; q)|k| (aq/xi; q)|k|−2ki

(axiq1+2ni ; q)|k| (aq1−2ni/xi; q)|k|
· (a2q; q2)|k| (b; q)|k| (q/b; q)|k|

r∏
i=1

[(abxiq; q2)ki (axiq2/b; q2)ki ]

×(−a)|k|
r∏

i=1

x−kii · q2e2(k)−(|k|+1

2 )+2
∑r

i=1
i ki

)

=
r∏

i=1

(axiq; q)2ni (xiq/ab; q
2)ni (bxi/a; q2)ni

(xi/a; q)2ni (abxiq; q2)ni (axiq2/b; q2)ni
, (5.22)

wheree2(k) is thesecondelementarysymmetricfunctionof {k1, . . . , kr}.

Remark5.23.Thisquadraticsummationformulais aDr extensionof GesselandStanton’s
summation[13, eq.(1.4)], displayedin (5.7),to which it reducesfor r = 1.

Proof of Theorem5.21: Doing thereplacementsq → q2, p→ q in Theorem5.10wesee
thatthefollowing pair of matricesareinversesof eachother:

fnk =
∏

1≤i<j≤r

(1− q2ki−2kjxi/xj)(1− xixjq2ki+2kj )

(1− xi/xj)(1− xixj)
r∏

i=1

(1− x2
i q

4ki)

(1− x2
i )

×
r∏

i,j=1

(q−2njxi/xj ; q
2)ki (xixj ; q

2)ki
(q2xi/xj ; q2)ki (xixjq2+2nj ; q2)ki

r∏

i=1

(axiq
|n|; q)2ki

(xiq1−|n|/a; q)2ki

· q2
∑r

i=1
i ki

and

gkl =
∏

1≤i<j≤r

(1− q2li−2ljxi/xj)(1− xixjq2li+2lj )

(1− xi/xj)(1− xixj)

×
r∏

i,j=1

(q−2kjxi/xj ; q
2)li (xixjq

2kj ; q2)li
(q2xi/xj ; q2)li (xixjq2; q2)li

r∏

i=1

(1− aq|l|+2lixi)(1− aq|l|−2li/xi)

(1− axi)(1− a/xi)

×
r∏

i=1

(xi/a; q)2ki

(axiq; q)2ki

r∏

i=1

(axi; q)|l| (a/xi; q)|l|
(aq1+2kixi; q)|l| (aq1−2ki/xi; q)|l|

· q2
∑r

i=1
i li .
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Now (5.1)holdsfor

ak =
r∏

i=1

(xiq/ab; q
2)ki (bxi/a; q2)ki

(abxiq; q2)ki (axiq2/b; q2)ki

and

bn =
r∏

i=1

(x2
i q

2; q2)ni
(abxiq; q2)ni (xiq2−|n|/a; q2)ni

∏

1≤i<j≤r

(xixjq
2; q2)ni

(xixjq2+2nj ; q2)ni

× (bq1−|n|; q2)|n| (q2−|n|/b; q2)|n| (a2q; q2)|n|
r∏
i=1

[
(axiq2/b; q2)ni (aq1+|n|−2ni/xi; q2)ni

]

by Milne and Lilly’ s Cr 8φ7 summation[23, Theorem6.13]. This implies the inverse
relation(5.2)which is easilytransformedinto (5.22).

Remark5.24. By reversingthe multisum in (5.22) we may obtain another, differently
looking,extensionof GesselandStanton’s quadraticsummationformula(5.7).

Using the sametechniqueas in the proofsof Theorems5.8 and5.17 we obtain from
Theorem5.21 the next two quadraticsummationtheorems(with minor substitutionsof
variablesin Theorem5.27).

Theorem5.25( A Dr quadratic sum) Letx1, . . . , xr, c1, . . . , cr, andabeindeterminate,
let N bea nonnegativeinteger, let r ≥ 1, andsupposethat noneof thedenominators in
(5.26) vanish.Then

∑

k1,...,kr≥0

0≤|k|≤N

(
r∏

i=1

(
1− axiq2ki+|k|

1− axi

) ∏

1≤i<j≤r

(
1− q2ki−2kjxi/xj

1− xi/xj

)

×
∏

1≤i<j≤r
(xixj ; q

2)−1
ki+kj

r∏

i,j=1

(cjxi/xj ; q
2)ki (xixj/cj ; q

2)ki
(q2xi/xj ; q2)ki

×
r∏

i=1

(axi; q)|k| (aq/xi; q)|k|−2ki

(axiq/ci; q)|k| (aciq/xi; q)|k|
· (a2q; q2)|k| (q1+N ; q)|k| (q−N ; q)|k|

r∏
i=1

[(axiq2+N ; q2)ki (axiq1−N ; q2)ki ]

×(−a)|k|
r∏

i=1

x−kii · q2e2(k)−(|k|+1

2 )+2
∑r

i=1
i ki

)

=





r∏

i=1

(axiq
2; q2)M (aq2/xi; q

2)M (ciq/axi; q
2)M (xiq/aci; q

2)M
(q/axi; q2)M (xiq/a; q2)M (axiq2/ci; q2)M (aciq2/xi; q2)M

(N = 2M),

r∏

i=1

(axiq; q
2)M (aq/xi; q

2)M (ci/axi; q
2)M (xi/aci; q

2)M
(1/axi; q2)M (xi/a; q2)M (axiq/ci; q2)M (aciq/xi; q2)M

(N = 2M − 1),

(5.26)
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wheree2(k) is thesecondelementarysymmetricfunctionof {k1, . . . , kr}.

Theorem5.27(A Dr quadratic sum) Letx1, . . . , xr, c1, . . . , cr, andb beindeterminate,
let N bea nonnegativeinteger, let r ≥ 1, andsupposethat noneof thedenominators in
(5.28) vanish.Then

∑

k1,...,kr≥0

0≤|k|≤N

(
r∏

i=1

(
1− xiq2ki+|k|

1− xi

) ∏

1≤i<j≤r

(
1− q2ki−2kjxi/xj

1− xi/xj

)

×
∏

1≤i<j≤r
(xixjq

1+2N ; q2)−1
ki+kj

r∏

i,j=1

(cjxi/xj ; q
2)ki (xixjq

1+2N/cj ; q
2)ki

(q2xi/xj ; q2)ki

×
r∏

i=1

(xi; q)|k| (q−2N/xi; q)|k|−2ki

(xiq/ci; q)|k| (ciq−2N/xi; q)|k|
· (b; q)|k| (q/b; q)|k| (q−2N ; q2)|k|

r∏
i=1

[(bxiq; q2)ki (xiq2/b; q2)ki ]

×
r∏

i=1

(−xi)−ki · q2e2(k)−(|k|
2 )−2N |k|+2

∑r

i=1
(i−1)ki

)

=
r∏

i=1

(xiq; q)2N (bxiq/ci; q
2)N (xiq

2/bci; q
2)N

(xiq/ci; q)2N (xiq2/b; q2)N (bxiq; q2)N
, (5.28)

wheree2(k) is thesecondelementarysymmetricfunctionof {k1, . . . , kr}.
Finally, wederivesomecubicsummations.

Theorem5.29(A Dr cubic sum) Letx1, . . . , xr, anda beindeterminate, let n1, . . . , nr
benonnegativeintegers, let r ≥ 1, andsupposethat noneof thedenominators in (5.30)
vanish.Then

∑

0≤ki≤ni
i=1,...,r

(
r∏

i=1

(
1− axiq3ki+|k|

1− axi

) ∏

1≤i<j≤r

(
1− q3ki−3kjxi/xj

1− xi/xj

)

×
∏

1≤i<j≤r
(xixj ; q

3)−1
ki+kj

r∏

i,j=1

(q−3njxi/xj ; q
3)ki (xixjq

3nj ; q3)ki
(q3xi/xj ; q3)ki

×
r∏

i=1

(axi; q)|k| (aq/xi; q)|k|−3ki

(axiq1+3ni ; q)|k| (aq1−3ni/xi; q)|k|
· (1/a2; q)|k| (a2q; q)2|k|

r∏
i=1

(a3xiq3; q3)ki

×a2|k|
r∏

i=1

x−2ki
i · q6e2(k)−(2|k|+1

2 )+3
∑r

i=1
i ki

)

=
r∏

i=1

(axiq; q)3ni (xi/a
3; q3)ni

(xi/a; q)3ni (a3xiq3; q3)ni
, (5.30)

wheree2(k) is thesecondelementarysymmetricfunctionof {k1, . . . , kr}.
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Remark5.31.Thiscubicsummationformulais aDr extensionof
m∑

k=0

1− aq4k

1− a
(a; q)k (b; q)k (q/b; q)2k (a2bq3n; q3)k (q−3n; q3)k

(q3; q3)k (aq3/b; q3)k (ab; q)2k (q1−3n/ab; q)k (aq3n+1; q)k
qk

=
(aq; q)3n

(ab; q)3n

(ab2; q3)n
(aq3/b; q3)n

, (5.32)

dueto GasperandRahman[11, eq.(4.1),c→ 1], to which it reducesfor r = 1.

Proof of Theorem5.29: Doing thereplacementsq → q3, p→ q in Theorem5.10wesee
thatthefollowing pair of matricesareinversesof eachother:

fnk =
∏

1≤i<j≤r

(1− q3ki−3kjxi/xj)(1− xixjq3ki+3kj )

(1− xi/xj)(1− xixj)
r∏

i=1

(1− x2
i q

6ki)

(1− x2
i )

×
r∏

i,j=1

(q−3njxi/xj ; q
3)ki (xixj ; q

3)ki
(q3xi/xj ; q3)ki (xixjq3+3nj ; q3)ki

r∏

i=1

(axiq
|n|; q)3ki

(xiq1−|n|/a; q)3ki

· q3
∑r

i=1
i ki

and

gkl =
∏

1≤i<j≤r

(1− q3li−3ljxi/xj)(1− xixjq3li+3lj )

(1− xi/xj)(1− xixj)

×
r∏

i,j=1

(q−3kjxi/xj ; q
3)li (xixjq

3kj ; q3)li
(q3xi/xj ; q3)li (xixjq3; q3)li

r∏

i=1

(1− aq|l|+3lixi)(1− aq|l|−3li/xi)

(1− axi)(1− a/xi)

×
r∏

i=1

(xi/a; q)3ki

(axiq; q)3ki

r∏

i=1

(axi; q)|l| (a/xi; q)|l|
(aq1+3kixi; q)|l| (aq1−3ki/xi; q)|l|

· q3
∑r

i=1
i li .

Now (5.1)holdsfor

ak =
r∏

i=1

(xi/a
3; q3)ki

(a3xiq3; q3)ki

and

bn =
r∏

i=1

(x2
i q

3; q3)ni
(xiq1−|n|/a; q3)ni (xiq3−|n|/a; q3)ni

∏

1≤i<j≤r

(xixjq
3; q3)ni

(xixjq3+3nj ; q3)ni

× (q1−2|n|/a2; q3)|n| (a2q3−|n|; q3)|n| (a2q1−|n|; q3)|n|
r∏
i=1

[
(a3xiq3; q3)ni (aq1+|n|−3ni/xi; q3)ni

]

by Milne and Lilly’ s Cr 8φ7 summation[23, Theorem6.13]. This implies the inverse
relation(5.2)which is easilytransformedinto (5.30).

Remark5.33. By reversingthe multisum in (5.30) we may obtain another, differently
looking,Dr extensionof GasperandRahman’s cubicsummationformula(5.32).
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Usingthesamepolynomialargumentasabove, wederivesomemoreDr cubicsummation
theoremsfromTheorem5.29.For sakeof brevity, wewritethemin compactformasfollows.

Theorem5.34(A Dr cubic sum) Let x1, . . . , xr, c1, . . . , cr, anda be indeterminate, let
r ≥ 1, andsupposethatnoneof thedenominators in (5.35) vanish.Then,

∑

ki≥0

i=1,...,r

(
r∏

i=1

(
1− axiq3ki+|k|

1− axi

) ∏

1≤i<j≤r

(
1− q3ki−3kjxi/xj

1− xi/xj

)

×
∏

1≤i<j≤r
(xixj ; q

3)−1
ki+kj

r∏

i,j=1

(cjxi/xj ; q
3)ki (xixj/cj ; q

3)ki
(q3xi/xj ; q3)ki

×
r∏

i=1

(axi; q)|k| (aq/xi; q)|k|−3ki

(axiq/ci; q)|k| (aciq/xi; q)|k|
· (1/a2; q)|k| (a2q; q)2|k|

r∏
i=1

(a3xiq3; q3)ki

×a2|k|
r∏

i=1

x−2ki
i · q6e2(k)−(2|k|+1

2 )+3
∑r

i=1
i ki

)

=
r∏

i=1

(axiq; q)∞ (xi/aci; q)∞ (xi/a
3; q3)∞ (a3xiq

3/ci; q
3)∞

(axiq/ci; q)∞ (xi/a; q)∞ (xi/a3ci; q3)∞ (a3xiq3; q3)∞
, (5.35)

providedtheseriesterminates(andwheree2(k) is thesecondelementarysymmetricfunc-
tion of {k1, . . . , kr}).

Remark5.36. TheaforementionedDr cubicsummationtheoremsarethecasesa2 = qN ,
withN beinganarbitraryinteger, of Theorem5.34,wheretheright sideof (5.35)simplifies
differently, dependingon thesignof N andtheresidueclassof N mod6.

Appendix A

Herewe provide two determinantlemmaswhich we neededin the proofsof our Theo-
rems3.1and4.1. Our lemmasareinterestinggeneralizationsof theclassicalVandermonde
determinantevaluation

det
1≤i,j≤r

(xr−ji ) =
∏

1≤i<j≤r
(xi − xj),

andthe“symplectic”Vandermondedeterminantevaluation

det
1≤i,j≤r

(xr−ji − xr+ji ) =
∏

1≤i<j≤r
(xi − xj)

∏

1≤i≤j≤r
(1− xixj),

respectively.
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Lemma A.1 Letx1, . . . , xr, y1, . . . , yr, a, andc beindeterminate. Then

det
1≤i,j≤r

(
xr+1−j
i − ar+1−j (xi − c/

∏r
s=1 ys)

(a− c/∏r
s=1 ys)

r∏

s=1

(xi − ys)
(a− ys)

)

=
(a− c/∏r

j=1 xj)

(a− c/∏r
j=1 yj)

r∏

i=1

(a− xi)
(a− yi)

r∏

i=1

xi
∏

1≤i<j≤r
(xi − xj). (A.2)

Proof: In the determinanton the left sideof (A.2) we take xi out of the i-th row, i =
1, . . . , r, andar−j outof thej-th column,j = 1, . . . , r, obtaining

a(r2)
r∏

i=1

xi det
1≤i,j≤r

((xi
a

)r−j
− a(xi − c/

∏r
s=1 ys)

xi(a− c/
∏r
s=1 ys)

r∏

s=1

(xi − ys)
(a− ys)

)
.

In thelastdeterminantwesubtractther-th columnfrom all othercolumns.Weareleft with
entries(xi/a)r−j − 1 for i = 1, . . . , r andj = 1, . . . , r − 1, but ther-th columnremains
unchanged,

1− a(xi − c/
∏r
s=1 ys)

xi(a− c/
∏r
s=1 ys)

r∏

s=1

(xi − ys)
(a− ys)

for i = 1, . . . , r.

Next weexpandthedeterminantalongthelastcolumn,to get

r∑

k=1

(−1)r+k

(
1− a(xk − c/

∏r
s=1 ys)

xk(a− c/∏r
s=1 ys)

r∏

s=1

(xk − ys)
(a− ys)

)
det

1≤i≤r,i6=k
1≤j≤r−1

((xi
a

)r−j
− 1

)
.

In theminorswe take (xi/a− 1) outof thei-th row

det
1≤i≤r,i6=k
1≤j≤r−1

((xi
a

)r−j
− 1

)
=

r∏

i=1

i 6=k

(xi
a
− 1
)

det
1≤i≤r,i6=k
1≤j≤r−1

(
r−1−j∑

s=0

(xi
a

)s
)
. (A.3)

Now, thedeterminanton theright sideof (A.3) canbereducedto theVandermondedeter-
minant

det
1≤i≤r,i6=k
1≤j≤r−1

((xi
a

)r−1−j)
,

andthereforesimplifiesto ∏

1≤i<j≤r
i,j 6=k

(xi
a
− xj

a

)
.

Substitutingourcalculations,wearriveat

det
1≤i,j≤r

(
xr+1−j
i − ar+1−j (xi − c/

∏r
s=1 ys)

(a− c/∏r
s=1 ys)

r∏

s=1

(xi − ys)
(a− ys)

)
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=
r∏

i=1

(a− xi)
r∏

i=1

xi
∏

1≤i<j≤r
(xi − xj)

×
r∑

k=1

(
1− a(xk − c/

∏r
s=1 ys)

xk(a− c/∏r
s=1 ys)

r∏

s=1

(xk − ys)
(a− ys)

)
(a− xk)−1

r∏

i=1

i6=k

(xk − xi)−1. (A.4)

Wearedoneif wecanshow thatthesumin (A.4) equals

(a− c/∏r
j=1 xj)

(a− c/∏r
j=1 yj)

1
r∏
i=1

(a− yi)
.

This is accomplishedby splitting thesumandapplyingthepartialfractiondecomposition

r∏

i=1

(t− ai)
(t− bi)

= 1 +
r∑

j=1

r∏
i=1

(bj − ai)

(t− bj)
r∏
i=1

i 6=j

(bj − bi)
, (A.5)

andtheequivalentformula

r∏

i=1

(t− ai)
(t− bi)

=
r∏

i=1

ai
bi

+
r∑

j=1

t
r∏
i=1

(bj − ai)

(t− bj) bj
r∏
i=1

i 6=j

(bj − bi)
, (A.6)

(which canbeobtainedfrom (A.5) by thereplacementst → 1/t, ai → 1/ai, bi → 1/bi,
for i = 1, . . . , r) appropriatelyto its parts.Namely, we write thesumon theright sideof
(A.4) as

r∑

k=1

(
1− a(xk − c/

∏r
s=1 ys)

xk(a− c/∏r
s=1 ys)

r∏

s=1

(xk − ys)
(a− ys)

)
1

(a− xk)

1
r∏
i=1

i 6=k

(xk − xi)

=
r∑

k=1

1

(a− xk)
r∏
i=1

i 6=k

(xk − xi)

− a

(a− c/∏r
j=1 yj)

r∏
i=1

(a− yi)

r∑

k=1

r∏
i=1

(xk − yi)

(a− xk)
r∏
i=1

i 6=k

(xk − xi)

+
c/
∏r
j=1 yj

(a− c/∏r
j=1 yj)

r∏
i=1

(a− yi)

r∑

k=1

a
r∏
i=1

(xk − yi)

(a− xk)xk
r∏
i=1

i 6=k

(xk − xi)
. (A.7)
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Thefirstexpressioncanbesummedbythepartialfractiondecomposition(A.6) with ai = 0,
t→ 1/t, andbi → 1/bi, for i = 1, . . . , r, andreducesto

r∑

k=1

1

(a− xk)
r∏
i=1

i 6=k

(xk − xi)
=

1
r∏
i=1

(a− xi)
, (A.8)

thesecondby thepartialfractiondecomposition(A.5),

a

(a− c/∏r
j=1 yj)

r∏
i=1

(a− yi)

r∑

k=1

r∏
i=1

(xk − yi)

(a− xk)
r∏
i=1

i 6=k

(xk − xi)

=
a

(a− c/∏r
j=1 yj)

r∏
i=1

(a− yi)

(
r∏

i=1

(a− yi)
(a− xi)

− 1

)
, (A.9)

andthethird canbesummedby (A.6),

c/
∏r
j=1 yj

(a− c∏r
j=1 yj)

r∏
i=1

(a− yi)

r∑

k=1

a
r∏
i=1

(xk − yi)

(a− xk)xk
r∏
i=1

i 6=k

(xk − xi)

=
c/
∏r
j=1 yj

(a− c/∏r
j=1 yj)

r∏
i=1

(a− yi)

(
r∏

i=1

(a− yi)
(a− xi)

−
r∏

i=1

yi
xi

)
. (A.10)

Simplifying (A.7) by meansof (A.8), (A.9), and(A.10),weget

r∑

k=1

(
1− a(xk − c/

∏r
s=1 ys)

xk(a− c/∏r
s=1 ys)

r∏

s=1

(xk − ys)
(a− ys)

)
(a− xk)−1

r∏

i=1

i 6=k

(xk − xi)−1

=
r∏

i=1

1

(a− xi)
− a

(a− c/∏r
j=1 yj)

r∏
i=1

(a− yi)

(
r∏

i=1

(a− yi)
(a− xi)

− 1

)

+
c/
∏r
j=1 yj

(a− c/∏r
j=1 yj)

r∏
i=1

(a− yi)

(
r∏

i=1

(a− yi)
(a− xi)

−
r∏

i=1

yi
xi

)

=
(a− c/∏r

j=1 xj)

(a− c/∏r
j=1 yj)

1
r∏
i=1

(a− yi)
,

whichcompletestheproofof LemmaA.1.
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Lemma A.11 Letx1, . . . , xr, y1, . . . , yr, andc beindeterminate. Then

det
1≤i,j≤r

(
xr+1−j
i − xji

(xi − c/
∏r
s=1 ys)

(1− xic/
∏r
s=1 ys)

r∏

s=1

(xi − ys)
(1− xiys)

)

=
r∏

i=1

(1− yic/
∏r
j=1 yj)

(1− xic/
∏r
j=1 yj)

r∏

i=1

(1− x2
i )

r∏

i=1

xi

×
r∏

i,j=1

(1− xiyj)−1
∏

1≤i<j≤r
[(xi − xj)(1− xixj)(1− yiyj)]. (A.12)

Proof: Herewe usea completelydifferentmethodthanin theproof of LemmaA.1. In
thedeterminantontheleft sideof (A.12)wetakexi(xic−

∏r
s=1 ys)

−1
∏r
s=1(1−xiys)−1

outof thei-th row, i = 1, . . . , r, obtaining

det
1≤i,j≤r

(
xr+1−j
i − xji

(xi − c/
∏r
s=1 ys)

(1− xic/
∏r
s=1 ys)

r∏

s=1

(xi − ys)
(1− xiys)

)

=
r∏

i=1

xi
(xic−

∏r
j=1 yj)

r∏

i,j=1

(1− xiyj)−1 ·∆(c,x,y),

where∆(c,x,y) is thedeterminant

det
1≤i,j≤r

(
xr−ji (xic−

∏r

s=1
ys)

r∏

s=1

(1− xiys)

−xj−1
i (c− xi

∏r

s=1
ys)

r∏

s=1

(xi − ys)
)
. (A.13)

Thus,in orderto establishthelemma,wehave to show that

∆(c,x,y) =
r∏

i=1

(yic−
∏r

j=1
yj)

r∏

i=1

(1− x2
i )

∏

1≤i<j≤r
[(xi − xj)(1− xixj)(1− yiyj)].

Wewill do thisby identifyingall factorsusingapolynomialargument.
We seethat ∆(c,x,y) is a polynomial in c, xi, yi (i = 1, . . . , r) of maximal degree

(7r2−r)/2. Now observethatif xi1 = xi2 , for i1 6= i2, two rowsin thedeterminant(A.13)
areequal,hence

∏
1≤i<j≤r(xi − xj) mustdivide ∆(c,x,y). Next supposexi1 = 1/xi2

for somei1 6= i2. In this casethe i1-th row is−x−2r
i2

timesthe i2-th row which implies
that

∏
1≤i<j≤r(1− xixj) alsodivides∆(c,x,y). If xi = 1 or xi = −1 thenall entriesof

thei-th row arezero,so
∏r
i=1(1− x2

i ) divides∆(c,x,y).
Theremainingfactorsof ∆(c,x,y) areabit moredelicateto establish.For eachspecial

casewewill succeedin specifyingnontrivial linearcombinationsof thecolumnsthatvanish.
Supposeyk = 1/yl for somek 6= l. Taking−(1−xiyk)(1−xi/yk)

∏
s6=k,l

ys outof thei-th
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row of (A.13), for all i = 1, . . . , r, weobtainthedeterminant

det
1≤i,j≤r

(
xr−ji (1− xic/

∏

s6=k,l
ys)

∏

s6=k,l
(1− xiys)

−xj−1
i (xi − c/

∏

s6=k,l
ys)

∏

s6=k,l
(xi − ys)

)
. (A.14)

We expandtheentriesof this determinantin termsof theelementarysymmetricfunctions
(see[19, p.19])

em(y1, . . . , ŷk, . . . , ŷl, . . . , yr, c/
∏

s6=k,l
ys), (A.15)

of orderm with r− 1 arguments,̂yk andŷl indicatingthatthevariablesyk, yl areomitted.
Namely, if we write em(y(k,l)) for the elementarysymmetricfunction (A.15) for short,
(A.14) canbewrittenas

det
1≤i,j≤r

(
r−1∑

m=0

(−1)mem(y(k,l))
(
xr−j+mi − xj−1+r−1−m

i

))
. (A.16)

To prove that this determinantvanisheswe show that the columns of (A.16) are
linearly dependent. As the coefficients for the linear combination we choose
(−1)j−1ej−1(y(k,l)), for j = 1, . . . , r. Thenwehave

r∑

j=1

(−1)j−1ej−1(y(k,l))
r−1∑

m=0

(−1)mem(y(k,l))
(
xr−j+mi − xj−1+r−1−m

i

)

=

r−1∑

j=0

r−1∑

m=0

(−1)j+mej(y
(k,l))em(y(k,l))

(
xr−j−1+m
i − xj+r−1−m

i

)
= 0. (A.17)

That thesumequals0 is becauseit is a doublesumin j andm with termsthatareskew
symmetricin j andm. Hencewehaveproved that

∏
1≤i<j≤r(1−yiyj) divides∆(c,x,y).

Now supposec =
∏
s6=k ys for somek = 1, . . . , r. If we take −(1 − xiyk)(1 −

xi/yk)
∏r
s=1 ys outof thei-th row of (A.13) for all i = 1, . . . , r, weobtainthedeterminant

det
1≤i,j≤r


xr−ji

∏

s6=k
(1− xiys)− xj−1

i

∏

s6=k
(xi − ys)


 . (A.18)

Weexpandtheentriesof thisdeterminantin termsof theelementarysymmetricfunctions

em(y1, . . . , ŷk, . . . , yr), (A.19)

of orderm with r − 1 arguments,̂yk indicatingthatthevariableyk is omitted.Namely, if
we write em(y(k)) for theelementarysymmetricfunction(A.19) for short,(A.18) canbe
writtenas
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det
1≤i,j≤r

(
r−1∑

m=0

(−1)mem(y(k))
(
xr−j+mi − xj−1+r−1−m

i

))
. (A.20)

To prove that this determinantvanisheswe show that the columnsof (A.20) arelinearly
dependent.Herethecoefficients(−1)j−1ej−1(y(k)) for j = 1, . . . , r do thejob (compare
with (A.17)). Hence

∏
1≤i≤r(c−

∏
s6=i ys) divides∆(c,x,y).

Now supposeyk = 0 for somek = 1, . . . , r. If we take (−xic) out of the i-th row of
(A.13) for all i = 1, . . . , r, weobtainthedeterminant(A.18),andwecanproceedasabove.
I.e.,wehavealsoshown that

∏
1≤i≤r yi divides∆(c,x,y).

Collectingall factorsof ∆(c,x,y) thatwehave identifiedsofar, wenow know that

∆(c,x,y) =
r∏

i=1

(yic−
∏r

j=1
yj)

r∏

i=1

(1− x2
i )

×
∏

1≤i<j≤r
[(xi − xj)(1− xixj)(1− yiyj)] · p(c,x,y), (A.21)

wherep(c,x,y) is somepolynomialin c, xi, yi (i = 1, . . . , r). But thedegreeof thefactors
wealreadyidentifiedamountsto (7r2−r)/2, whichis thesamedegreeasthatof ∆(c,x,y).
Thusthepolynomialp hastobeaconstantwhichiseasilyseentobe1,sincethecoefficients
of c0

∏r
i=1(xr−ii yri ) in ∆(c,x,y) andin theproducton theright sideof (A.21) bothequal

(−1)r.
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