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Abstract. We computethe inverseof a specificinfinite r-dimensionalmatrix, thus unifying multidimensional
matrixinversiongecentlyfoundby Milne, Lilly , andBhatnagarOurinversionis anr-dimensionakxtensionof a
matrixinversionpreviously foundby Krattenthaler We alsocomputetheinverseof anotheiinfinite »-dimensional
matrix. As applicationof our matrix inversionswe derive new summatiorformulasfor multidimensionabasic
hypeigeometricseries.

Keywords: multidimensionamatrixinversions A, basichypegeometricseries,D, basichypegeometricseries

1991MathematicsSubjectClassification:Primary— 33D20; Secondary- 05A30,11B65,33C70,33D65

1. Intr oduction

Matrix inversionsareveryimportantin mary fieldsof combinatoricandspeciafunctions.
Whendealingwith combinatoriasums applicatiorof matrixinversionmayhelpto simplify
problems.or yield new identities. Andrews [1] discoveredthatthe Bailey transform[3],
which is a very powerful tool in the theoryof (basic)hypegeometricseries,corresponds
to the inversionof two infinite lowertriangularmatrices. Gesseland Stanton[13] used
a bibasicextensionof that matrix inversionto derive a numberof basichypegeometric
summationsandtransformationsandidentitiesof Rogers-Ramanujatype. Evenearlier
Carlitz [9] hadfound an even more generalmatrix inversionthoughwithout giving ary
applications.

Gasperand Rahman[10], [25], [11], [12, sec.3.6] usedanotherbibasicmatrix inver-
siontogethemwith anindefinitebibasicsumto derive numerouseautifulhypegeometric
summatiorandtransformatiorformulas.

The most general(1-dimensional)matrix inversion, however, which containedall the
inversionsaforementionedwas found by Krattenthalef{16] who appliedhis inversionto
derive anumberof hypegeometricsummatiorformulas. Theinversematriceshegave are
basically(fy x)n.rez @and(gr,i)r 1z (Z denoteshesetof integers) where

n—1
T (a; —cx)
P =2 (1.1)
IT (¢j —cx)
j=k+1
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and

k

(s — 1) ’—I;[ 1(aj ~ )
G, = (a: — C;) J;_J; . (1.2)
I (¢j — k)

j=l

Infact,thespeciataser; = aq~7, ¢, = ¢* isequivalenttothematrixinversionof Andrews,
andthe casea; = ap~/, ¢, = ¢* is equivalentto Gesseland Stantons. Specializing
cr = ¢*, we obtainCarlitz's matrixinversion,anda; = (bp~7 /a) + ap’, ¢y, = ¢~ % + bg*
yieldstheinversionof GaspemandRahman.

Multidimensionalmatrix inversionswerefound by Milne, Lilly andBhatnagarThe A,
(or equivalently U (r + 1)) andC,. inversions(correspondindo the root systemsA,. and
C,, respectiely) of Milne andLilly [21, Theorem3.3],[22], [17], [18], whicharehigher
dimensionalgeneralization®f Andrews’ Bailey transformmatrices,were usedto derive
A, andC, extensiong21], [23] of mary of the classicalhypegeometricsummationand
transformatiorformulas.BhatnagaandMilne [4, Theorem5.7],[6, Theorem3.48]were
evenableto find an A,. extensionof GasperandRahmans bibasichypegeometricmatrix
inversion. They useda specialcaseof their matrix inversion,an A,. extensionof Carlitz’s
inversion,to derive A, identitiesof Abel-type. But noneof thesemultidimensionamatrix
inversionscontainedKrattenthalers inversionasa specialcase.

Oneof the mainresultsof this paperis a multidimensionakxtensionof Krattenthalers
matrix inverse(seeTheorem3.1). This multidimensionamatrix inversionunifiesall the
matrix inversionsmentionedso far as it containsthemall as specialcases.Besideswe
presen@notheiinterestingmultidimensionamatrix inversion(seeTheorem4.1) whichis
of differenttype.

In orderto prove ourmatrixinversiondn Theorems3.1and4.1we utilize Krattenthalers
operatormethod[15] which we review in section2. We adapta maintheoremof [15] and
addanappropriatenultidimensionatorollary (seeCorollary 2.14).

The mainmotivationfor finding a multidimensionakxtensionof Krattenthalers matrix
inversecamefrom prospectie applicationgo basichypegeometricseries.Theseapplica-
tionsarethecontentsf section5. We combineaspecialcaseof Theorem3.1andaC,. g¢~
summatiortheorenmof Milne andLilly [23] to derivea D,. ¢ summatiortheoremwhich
hasbeenderived independenthpy Bhatnagaf5] usinga differentmethod.We alsoderive
A, and D, extensionsof a quadratichypegeometricsummationformula of Gesseland
Stanton[13]. Finally, we derive a D,. extensionof a cubic summatiorformulaof Gasper
andRahmar11].

We are surethat our multidimensionalmatrix inversionsare very usefulin the theory
of basichypegeometricseriesof type A,., C,., and D,., respectrely, andwill leadto the
discovery of mary morenew identities. This claim is heavily supportecby the factthat
identitiesderived in this paperalreadyleadto new C,. and D,. extensionsof Bailey’s very-
well-poised;g¢g transformation[2]. This is ongoingresearchundertalen jointly with
Bhatnagaf7].
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Two determinanevaluationswhichareelegantgeneralizationsf theclassicabhnd“sym-
plectic’ Vandermondeeterminantsturn outto becrucialfor ourcomputationsn sections
3 and4. We decidedo give themin aseparat@ppendix.

Thiswork is partof the authors thesis,beingwritten underthe supervisiorof C. Krat-
tenthaler Theauthorfeelsespeciallyindebtedo his supervisowho patientlyhasprovided
alot of helpandideas.

2. An operator method for proving matrix inversions

Let ' = (fak)nkez" (asbefore,Z denotesthe set of integers) be an infinite lower
triangularr-dimensionamatrix; i.e. fux = 0 unlessn > k, by which we meann; > k;
foralli =1,...,r. ThematrixG' = (gi1)k 1ez IS Saidto betheinversematrix of F' if and
only if

Z Jokgx1 = On1

n>k>1

foralln,1 € Z", whereé, ) is theusualKronecler delta.

In [15] Krattenthalelgave a methodfor solvingLagrangdnversionproblemswhich are
closelyconnectedvith the problemof invertinglower-triangularmatrices.We will usehis
operatormethodfor proving our new theorems. By a formal Laurent serieswe meana
seriesof theform )" ., anz®, for somek € Z", wherez® = 27" 252 - - - 2'~. Giventhe

formal Laurentseriesa(z) andb(z) we introducethebilinearform (, ) by

where(z%)c(z) denoteshecoeficientof z° in ¢(z). Givenary linearoperatorZ actingon
formalLaurentseries,L* denotesheadjointof L with respecto (, );i.e. (La(z),b(z)) =
(a(z), L*b(z)) for all formal Laurentseriesa(z) andb(z). We needthefollowing special
caseof [15, Theorem1].

Lemma2.l Let F' = (fuk)nkez beaninfinite lowertriangular r-dimensionaimatrix
with fi # Oforallk € Z". For k € Z", definetheformal Laurentseriesfy (z) and gy (z)

by fi(z) = Yok faxz™ and gi(z) = X1y gz ™', wher (gia)x,1cz- is the uniquely
determinednversematrix of F'. Suppos¢hatfor k € Z" a systenof equationsf theform

Ujfk(Z) :cj(k)ka(z), j = 1,...,7“,

holds,wherU;, V arelinear opeators actingonformal Laurentseries,V beingbijective
and(c;(k))xez- arearbitrary sequencesf constants Moreover, we supposehat

forallm,n € Z", m # n, ther existsa j with1 < j < r andc¢;(m) # ¢;(n). (2.2)
Then,if hi(z) is a solutionof the dual system

U;‘hk(z) ZCj(k)V*hk(Z), j = 1,...,7",
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with hi(z) # 0 forall k € Z", theseriesgy (z) are givenby

1

9(2) = T V| @)

In ourapplicationsve will useacorollaryof Lemma2.1(seeCorollary2.14). Let S, be
thesymmetricgroupof orderr. For possiblynoncommutingperatord/;; let usdefinethe
columndeterminanby

det1§i,j§r (VL ) = Z sgr(a)Vg(T)’TVU(r,l),,l cee Vg(l))l. (2.3)
oES,

An equialent,recursve definitionis by meansf the expansiomalongthefirst column,

r

deti<; j<r (Vij) = Z(—l)HlV(k’l)th (2.4)
k=1

whereV () denoteghe columnminor with thei-th row andj-th columnbeingomitted.

Proposition2.5 Let (Vi;); ;_; bea matrix of linear opertors acting on formal Laurent
series.Supposé’;; = Cy; + Az fori, j = 1,..., 7, wheetheopemtors C;;, A;; obey the
following commutatiorrules

Ci;iCri = CriCyj, i£k a5, kl=1,...,m (2.6)
i.e. Cy; andCy; commutevhentakenfromdifferentrows,

CijAp = ApCij, i£k; 4,5, kl=1,...,m 2.7)
i.e. Cy; and A, commutevhentakenfromdifferentrows,therules

A A = AjAa, i,5,k,l=1,...,m (2.8)

whele the columnindices;j and! keeptheir order
Thenthecolumndeterminantlet, <, ;<,(V;;), asdefinedn (2.3) or (2.4), canbereduced

to a polynomialin the A;;'s, 4,5 = 1,...,r, of degree < 1,
deti<ij<r (Vi) =detici j<r (Cij) + Y _ (1) CE 4,5, (2.9)
i,j=1

whee C(i9) again denotesthe columnminor with the i-th row and j-th columnbeing
omitted.
Moreover, forany [ =1, ..., r theexpansion
deti<i jor (Vij) = 3 (~D)FHTEDY, (2.10)
k=1
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holds,which meanghat the determinantanbe expandedalonganyarbitrary column.

Proof: Ourcolumndeterminantanbe expandednto

—_—

deti<; j<r (Vij) = Z sgN(o) Xo(ry,r(@r) - Xoy1(q1), (2.11)
iy
whereq = (q1,¢2,...,¢-) With ¢; equalto eithery or « for i = 1,...,r, andwhere

Xij(v) = C;; andX;;(a) = A;;. Dueto (2.6)and(2.7), we obsere thatin every termof
(2.11)the X;;(~y) commutewith all othervariables.X;;(a) and Xy, («) do notcommute
unlessj = I, but dueto (2.8) we have X;; (o) Xy (o) = Xy (a) Xy (). Thisimportant
factletsall termsin (2.11) cancelwherea occursmorethanonce,sincewe canpair the
terms
and

Sgr(O' . (Z,])) N Xﬂ(]),?(a) N X,,(z)ﬁj(a) ey

having choserthefirst two occurrencesf «, for instanceandwhereall otherfactorsare
unchangedAfter cancellationwe areleft with termswith atmostoneoccurrencef « and
whereall factorscommute.This impliesthefirst assertiorof the proposition.

For proving the secondassertionwe definefor a givenpermutationr € S, a modified
columndeterminanby

—(7)

det  (Vij) = D SGM0)WVo(r(r))rr) *** Vo(r(1))r(1)» (2.12)

1<i,j<r
ogES,

i.e. thesequencef columnsin expandingthe determinants determinedyy 7. Expanding

—(7)

det<; j<, (Vij) asin (2.11)we seethatthe samecancellatioragumentapplies. Thuswe
—>(7') —

have det, <; ;<, (Vi;) =deti<; j<, (Vi;), which proves (2.10). ]

Remark2.13. Notethatin thedeterminanof Propositior2.5,wemaynotexpandalongrows
becausehenthe cancellationagumentdoesnot apply (For a counter@ample,consider
ther = 2 case.)

Corollary 2.14 Let W;, V;; belinear opeators acting on formal Laurent series,c; (k)
arbitrary constantsfor k € Z" andi,j = 1,...,r. SupposéV;; = C;; + A;;, with
the operators C;;, A;;, i,j = 1,...,r, satisfyingthe conditions(2.6), (2.7), and (2.8)
of Proposition2.5. SupposéV; = W + W), with the opertors W;, W, W (*,
i=1,...,r, satisfying
Clei :WZ-CM, 1 #k, i7/€,l: 1,...,7’7 (215)
AW = w9 A, itk ik l=1,...m (2.16)
AW = AW, ik l=1,...,m (2.17)
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Moreover the ¢; (k) are assumedo satisfy(2.2), and c?tlgingr(vij) is assumedo be
invertible Wth the notationof Lemma2.1, if

ch V;jfk Wifk(z)7 i=1,...,m, (218)
then
gi(7) = - det (V;))h(2), (2.19)

(fi(2), det (Vi5)hi(2))

whete hy(z) is a solutionof
ch Wiih(z) = Wihe(z),  i=1,...,r, (2.20)

with hy(z) Z0forallk € Z".

Proof: Sinceit follows by Proposition2.5thatthe columndeterminantﬁlgmgr(VM)
may beexpandedalongary column,we canapply Cramersrule to (2.18)to obtain

r
—

¢; (k) dety<i i< (Vi) fie(z) = D _(=1) VI, fie(2),

=1

forj =1,...,r. Thedualsystenreads

T

¢; (k) detr<iicr(Vihie(z) = S (=1 WV by (2) (2.21)
=1

= S )V Wy (a),

=1
forj = 1,...,r, andis equivalentto (2.20). Notice that, becausef (2.15),(2.16),and
(2.17),we may apply Proposition 2.5in (2.21) andshift W to theright. ~ Now apply

Lemma2.1with V =det (V;;) andU; = 3 (— 1) VEDW, fi(2). n

=1

3. A multidimensional matrix inversion

For corveniencewe introducethenotation|n| = ny + na + -+ - + n,..

Theorem3.1 Let (at);ez, (ci(ti))i,ez, @ = 1,...,r, be arbitrary sequences) arbi-
trary, suc that noneof thedenominatosin (3.2) or (3.3) vanish. Then( fuk)n kez- and
(9x1)k,1cz- areinversesof eat other where
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r |n|—1
I (@ =b/ILoek) 11T (= elk)
fare = Sl (3.2)
I1 (ci(ts) — b/ H:—l c;(k;)) H (cilts) — c;(kj))
i=1t;=k;+1 i,j=1t;=k;+1
and
_ (ci(li) — ¢;(15))
= H (calhke) - cj<k=j>>
x( —a|1\HJ 1CJ - (ap — ci(l)
(b—ap [Tj- 1;[1 (@ — i @))
k| r K|
[ (a=0/1T;=1¢i(k;)) 11 (ar — ci(ki))
thil\_tl i= 1t‘ [1]+1 (3.3)
l;[ltvl;[lv(cz‘(tz) b/ ITj=1 ci(k))) Hlt—l (citi) — ¢;(k;))

Remark3.4. The specialcasea; = 0, c;j(k;) = x; ~1¢~%i is equivalentto the A, Bailey
transformof Milne andLilly [21], [22], thespemahzanomt =0, ¢j(k;) = z; TR 4
z;q%, b = 0 is equivalentto their C,. Bailey transform[22], [17], [18]. Thellmltlng case
ar =baq7 ', ¢i(k;) = xj_lq*’“j ,thenb — 0, isequivalentto asecondA, Bailey transform
of Milne [21, TheorenB.26]. Thespecializatior; (k;) = z; ~l¢=Fi isequivalenttothe A,

matrix inverseof BhatnagaandMilne [4, Theorem 5.7], [6, Theorem 3.48]. Moreover,

ther = 1 caseis arestatemenof Krattenthalers matrix inversion(egs. (1.1) and(1.2)).
Dueto the factthat Theorem3.1 caversall knovn A, matrix inversions(to the authors

knowledge),we view Theorem3.1 asan A,. matrix inversiontheorem(alsoseeRemark
4.4).

Anotherimportantspecialcaseof Theorem3.1is a new multidimensionabibasichy-

pergeometricmatrix inversion,statedseperatelyas Theorem5.10in section5, which we
utilize in our applications.

Proof of Theorem 3.1: We will usethe operatormethodof section2. From (3.2) we
deduceor n > k therecursion

Cz nz b/ HJ 1 ] .7 H(Ci(ni) - Cs(ks))fnk
s=1
= (ajn|—1 — b/ H;:l ¢j(k) [[(ami—1 = ¢s(ks)) foeids  (35)

s=1
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for: =1,...,r, wheree; denoteghevectorof Z" whereall componentsrezeroexcept
thei-th, whichis 1. We write
|l’l‘—1 T —
qk‘(at = b/ 1Tz ¢i (ki) 11 H (at —ci(ki))
t= i=1t=|k n
fk(z) = Z r n; T n; z.
n>k [T I (ei(t) = b/ TTG=y ¢i(k;)) 11 (ci(t:) — ¢j (k)
i=1t;=k;+1 i,j=1t;=k;+1

Moreover, we definelinearoperatorsA, C; by Az" = aj, z" andC;z" = c¢;(n;)z" for all

i1 =1,...,r. Thenwe maywrite (3.5)in theform
C—b/H ) TI(C = es(ks)) fic(=)
s=1
(A= b/ [T ek TT(A = es(ho) ficla). (3.6)
s=1

valid for all k € Z". We want to write our systemof equationsin a way suchthat
Corollary2.14is applicable.In orderto achieve this, we expandthe productson bothsides
of (3.6)in termsof the elementarysymmetricfunctions(see[19, p.19])

es(cr(kn), caka), . eplhn), b/ TT _ eolks))

of ordery, for whichwewrite e; (c(k)) for short. Our recurrencesystenthenreadsusing
ert1(c(k)) = b,

> es(ekDI(=C) 1 = (= A) 1 fulz)
j=1
= [zi(—A) T + bz — (=C)"T = bl fi(z), i=1,...,7 3.7)

Now (3.7) is a systemof type (2.18) with V;; = [(—C;)" ™77 — 2z, (- A", W; =
[z (—A)" T +bz;—(—C;)" T —b],andcj (k) = e;(c(k)). Theoperatore;; = (—C;)" 177,
Agj = =z (= A= W = (=€) = 0], W = [2(—A)"! 4 bz] satisfy(2.6),
(2.7),(2.8),(2.15),(2.16),and(2.17),thefunctionsc; (k) satisfy(2.2). Henceve mayapply
Corollary2.14. Thedualsystem(2.20)for theauxiliary formal Laurentserieshy (z) in this
casereads

Zeg Co) T — (— AT 2y (2)
= [(—A) "z 4+ bz — (—CH™ —blh(z), i=1,...,r

Equivalently, we have

& =/ TI_, itk TL@: — esth et

= (" =0/ [T _ esea) TTA" = sk zuc(2), (3.8)

s=1
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foralli = 1,...,r andk € Z". Asis easilyseen,we have A*z~' = qz~! and
Ciz~' = ¢;(li)z7 fori = 1,...,r. Thus,with hy(z) = 3",y haz™', by comparing
coeficientsof z~! in (3.8) we obtain

r

(i) = b/ TT_, e ki) T (et = etk a

= (ap — b/ H;Zl cj (k) [T (ap — cs(ke)) e, -
If wesethy, = 1, we et
k|—1 rolkl—1
IT (ae = b/IT;=y ¢ (k) IT I (a¢ —ci(ki))
hoy — = i=1 t=1
kl r k;—1 r ki—1
I 1T (eitt) = b/ T e3ki)) T T (eilts) =5 (03))

Takinginto account(2.19),we have to computethe actionof

—

detr<ij<r (Vi5) =deticijor [(=CF)H177 = (=A%) 1772 (3.9)
whenappliedto

[k|—1

T =0/ Toes(h) I T (o eilh)
hk(z) - Z r k:l_‘fll ri ij‘ll Zil'
=k 1;[1 t.l;[l.(Ci(ti) = b/ TTj=1 ¢i(k))) ,1_11 t.l;[z.(ci(ti) —¢j(kj))

FromProposition2.5it follows thatthe determinan{3.9) canbewritten as

r
—

deti<ij<p (Vi) =deticij<r (Cfy) + > (—1)7F7 det 1gmermzs (G ) Ajj,
i,j=1 T

or moreexplicitly,
deti<ij<r (Vi) = detigyjer [(=CF) 177 — (A7) 1772)]
= deti<ij<r [(—C)H7]

it 3 MR rHl—nY [ pRyrHl—g
+_Zl( )™ detzmermzs [(=Cro) ] (—(—A%) %). (3.10)
)=
Notethatafter expandingthe columndeterminantdy (2.12)all summandsn (3.10) have
pairwisecommutingfactors(whenregarding(—(—.A4*)"*1~7z;) asonefactor). Since

C; lz —b T_ICJ' kj T ci(l;) —c; .
ety = 3 00 =V I s(h) (et~ es(47)

T hiaz ",
= (o =0/ TTi= ci(ky) (ap —ci(k;))

j=1
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we concludethat

det1<ij<r (Vij)hk(2)

—_— T . e
=> (det1<i,j<r (C;}) + > (—1)Z+J deti<m<rmz (CF,) A;})hklzl

1<k i,j=1 1<n<r,n#j
=3 <det1<z J<r ((—Ci(li))r+17j)
1<k

+ Z (—1)iti (ﬁlgrn,gr,‘m,#qj ((_cm(lm))r—l-l—n)

=1 1<n<rn#j

(i) =b/TT7_ sk [ (ci(li)—c;(ky)) -1
) (apj— b/H;;%(kj)) H (am—Ca‘J(’%‘)) hiaz=". (3.11)

j=1
We claimthat
dety<ij<r (Vij)hi(z) = det (vij)haz ", (3.12)
1<4,5<r
1<k
where

= (—c (L)) 1-5 —a r 1—j( ( ) b/Hs 1€ k Z c(ks>)
Vij (—ci(li)) + ( \1|) + (a‘ 1 _b/l_[S 105 s) 1;[1 am —¢s(ks)) .

The claim follows from the obseration that detq<; j<,(v;;) iS a determinantof
commutingentriesand so trivially satisfiesthe assumptionf Proposition2.5. Thus
D 1<k detlg,»,jgr(vij)hklz—l canalsobetransformednto theright sideof (3.11).

For the computatiorof det; <; j<,(v;;) we utilize LemmaA.1 with z; = —¢;(1;), ys =
—cs(ks), a = —ay), ande = (—1)"*1b, obtaining

(ap =0/ TTj=1 ¢il) 1+ (ap —ci(ly)
(ap — b/ TTj=y ¢j(k;)) -3 (apy — es(kq))

1=

XH(—Ci(lz‘)) I () —a)).

1<i<j<r

) S(}i.t ST(%‘j) =

Pluggingthis determinantvaluationinto (3.12)leadsto

deti<i <, (Vi;)hk(z) = Z( IT (eity) = ctt) [ (—eii))

1<k \1<i<j<r i=1
y (ap =0/ TTj=1 i) {4 (ap — ci(ly))
(ap = b/ Tl ¢(ky)) 115 (apg — ci(ks))
|

k|

T (@ —b/Tloye)  T1 TT (ar — calk)

t=[1]+1

" — ) (3.13)
T 1T (et = 8/ Tl ) TT 1T (et o5 (5)
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Notethatsince fux = 1, the pairing (fk(z),(g‘; (Vi5)hx(z)) is simply the coeficient of
z~ ¥ in (3.13). Thus,equation(2.19)reads

a(@) = [ (k) - calks) 1H eilki) ™ deti<ijor (Vi)hi(z),  (3.14)

1<i<j<r

wheregi(z) = > ., gz, So, extracting the coeficient of z~! in (3.14) we obtain
exactly (3.3). - [ |

4. Another multidimensional matrix inversion

Theorem4.1 Let(c¢;(t;))s,ez, @ = 1,...,r, bearbitrary sequences,arbitrary, suc that
noneof thedenominatos in (4.2) or (4.3) vanish. Then( fuk)n kez* and (g1 )k 1cz- are
inversesof eact other whee
n;—1 n;—1
o =t/ T i) T 0= alt)e ()
fae = [ 5 - 11 -5 (4.2)
=t T (eilts) =0/ TTj—y (k) o= IT (ei(ti) — ¢ (k;))

ti=k;+1 ti=k;+1
and
_ (cili) —cj(ly)) (1 —cili)e;(ly))
= H <<ci<ki> —¢j(k;)) (1 - q(ki)cj(kj)))
(1 —ci(1;)?) Teily)
><1_[(17(:Z 1211161k
ki kq
I A =beit)/ =i ci(ky)  TT (1= cilti)e;(ky))
<]1 e IT 5= . (4.3)

[T (cits) = b/ TTj=i ¢i(ky)) #9=t T (ci(ts) = ¢;(ky))

ti=l; ti=l;

Remark4.4. The specialcasec;(k;) = z; ~tq~% is a C, generalizatiorof Bressouds
matrix inversionformula[8], aspointedout in [18, secondremarkafter Theorem 2.11].
Setting,in addition,b = 0 yields a C,. Bailey transformwhich is equialentto the one
derived in [18]. Thereforewe view Theoremd.1lasa C, matrixinversiontheorem.

Proof of Theorem 4.1: Again, we will usethe operatormethodof section2. From (4.2)
we deduceor n > k therecursion

r

(ci(ng) b/H] 1 ] j H(Ci(ni)_CS(kS))fnk

s=1
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s

= (1 —bey(n; — 1) /HJ Cei(k) TT( = cilni = Des(ks)) fa—e, k. (4.5)

s=1
fori=1,...,r. Wewrite

n;—1 n;—1

[T —veilt)/ T i eiky)  » I1 (- cilti)ei(ky)

:ZH f7inlj7 - H f1?7j7 ey
i<ki=1 [ (ei(ti) = b/[Tj=y ¢j(ky)) va=1  II (eiti) —c;(ky))

ti=k;+1 ti=k;+1
Moreover, we definelinear operatorsC; by C;z" = c¢;(n;)z" fori = 1,...,r. Thenwe
maywrite (4.5)in theform
€=/ TT_, k) T1 (€ = esko)) fic(z)
s=1
(1 —C; b/H ) T = Cica(ky)) fic(2), (4.6)
s=1

I beingtheidentity operatorvalid for allk € Z". Wewill write our systenof equationsn
away suchthatCorollary2.14is applicable.Again, we expandthe productson bothsides
of (4.6)in termsof the elementarysymmetricfunctions

ej(er(kn),eaha), o ren(hn), b/ T eslhs))

of ordery, for whichwe write e; (c(k)) for short. Ourrecurrencesystenthenreadsagain
usinge,+1(c(k)) = b,

r

D ei(e(k)[(—C) T — (1) 2(=Ci)] fil2)
j=1
=[(=1)" 2z bzl — (=C)"T = b fu(z), i=1,...,r 4.7
Now, (4.7)is asystenof type(2.18)with V;; = [(—C;)" 177 — (=1)" 1 z;(=C;)7], W; =
(=) + bziCl T — (=C;)™+ — b] andc; (k) = e;(c(k)). Theoperators’,; = V;;,
Ay =0, W =W, W = 0 satisfy(2.6), (2.7),(2.8), (2.15),(2.16),and(2.17), the

K2

functionsc; (k) satisfy(2.2). Hencewe mayapply Corollary2.14. Thedualsystem(2.20)
for theauxiliary formal Laurentserieshy(z) in this casereads

r

3 e el)(=C:) 1 = (=1 (=€) i nl2)
= (=)™ (O s — (—C) Y — Bh(z), i=1,...,r

Equivalently, we have

c; —b/H ) TI(C = eo(ks))hnc(2)
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(I - Cb/H ) [T = C;ea(ks))zitu(z), (4.8)

foralli = 1,...,r andk € Z". Thus,with hy(z) = Zlék hiaz™!, by comparing
coeficientsof z~! in (4.8) we obtain

i) = b/ H ) [T (eit) = eo(ke))hia
s=1
(1 —bei(l; /H ) [T = cilli)ea(ko) hacre,
s=1
If wesethy, = 1, we get
ki—1 - ki—1
. tl:Il‘(l = bei(ta)/ Iz ¢(ky)) v tl:[l‘(l — ci(ti)e;(ky))
=1 Hl (ci(ts) = b/ T1;=1 ¢i(k;)) #9=1 Hl (ci(ti) — c;(k)))
ti=l; ti=l;
Takinginto account(2.19),we have to computethe actionof
deti<; j<r (Vi5) =deticij<, [(—CF) 77 — (1) H(=CF ) 2]
whenappliedto
k?i—l ]i)ri—].

[T (A =bei(ti)/ Tl=iei(k) - T1 (= eilti)e; ()

9= [155 T
1<ki=1 T (ci(t) = b/ TTj—y ¢ (ky)) #9=1 TT (cilts) — ¢;(k;))

ti=l; ti=l;

BecauseV;;; and V;;, commutefor iy # i andall ji,j2, all the summandsin

J1 J2

detlgw-gr (Vi%) have pairwisecommutingfactors.Since

1

' o (@) =0/ Tl (k) {5 (ell) —ci(ky) ,
All) = lgzk (1= bei(ls)/ ITjzy e (k;)) E (0 —culle k) "%
we concludethat
detr<ijr (Vi)h(z) = 3 | det (vi5)haz™, (4.9)
<k -7
where
Vij = (_Ci(li))rjqij

—(=1)""H (—ei(la)

j( ci(li) = b/l 1CS s) (kS))
(1 —be;(li)/ Tz e 1:[ 1—Cz cs(ks))
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For the computatiorof det<; ;< (v;;) we utilize Lemma A.11with z; = —¢;(l;), ys =
—cs(ks), ande = (—1)"~1b, obtaining

(L= (k)b T ci(hy)
S = L a=Camm, o)
< [T =it [T (=eata) TT (0 = eati)es (ki)™
i=1 i=1 i,j=1

< [eity) = illa)( = eili)e; (1) (1 = ei(ki)e; (k)]

1<i<j<r

Pluggingthis determinantvaluationinto (4.9)leadsto

deti<i <, (Vihi(z) = Y ( IT [(eity) = st (@ = cilli)e; (1))

1<k \1<i<j<r
X H(l — (1)) H(—Ci(li)) H(l — ci(ki)ej(ky) ™!

f[ (1= bt/ T 05 ; I (= cttes ()
155 ) (4.10
T ) =TT k) 57 T (et = (k)

t;=l; t;=l;

Again,thepairing( fx(z), det (Vi) h(z)) is simplythecoeficientof z—* in (4.10). Thus,
equation(2.19)reads

T

ge(z) =TI (e5(ky) = ecalka)) ™ [T (=ealha)) ™ detacs v (Vi) (), (4.11)

1<i<j<r i=1

wheregi(z) = >, gz . So, extracting the coeficient of z~! in (4.11) we obtain
exactly (4.3). - [

5. Applicationsto A, and D, basichypergeometricseries

Probably the mostimportantapplicationof matrix inversionis the derivation of hyper
geometricseriesidentities. Thereis a standardtechniquefor deriving new summation
formulasfrom known onesby usinginversematrices(cf. [1], [13], [26]). If (fok)n kez"
and(gu1)k 1ez- arelower triangularmatricesbeinginversesof eachother thenof course
thefollowing is true:

> faxai = by (5.1)

0<k<n
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if andonly if
Z gribr = ax. (5.2)

0<I<k

We expectthat applicationsof our matrix inversionsin Theorems3.1 and4.1 will lead
to mary new identitiesfor multidimensional(basic)hypegeometricseries. As anillus-
tration, we use specialcasesof our Theorem3.1 to derive A, and D,. extensionsof a
terminatingquadraticsummationof Gesselnd Stanton[13], D,. extensionsof Jacksors
g7 summatiorj14], anda D,. extensionof acubicsummatiorof GaspeandRahmar{11].

We recallthe standardiefinition of therising g-factorial(cf. [12]). Define

(@; @)oo := [ J (1 = ag?),

j>0
andfor ary integerk,
= (a5 q)
a;q) = 1—ag’) = —2. (5.3)
() ]1;[0( ) (ag"; q)o
Theorem5.4(An A, quadratic sum) Letzq,...,x,, a, b, and d be indeterminate let
ni,...,n, benonngativeintegers, letr > 1, and supposehat noneof the denominatos

in (5.5) vanish.Then

Z (ﬁ (1 - axiq%"’*'k') I (1 — q%"'_%ﬂxi/xj)
o<k \icl 1-—ax, \<iZi<r 1—a;/x;

: (qunjl“i/xj;f)ki . (d$i5q2)ki (a2xiq1+2‘n‘/d;q2)ki
<1 o

o (@Prifei e o (axig® /b ¢?)k, (abrig; ¢°),

y H (azi;q \k\ (b; Q)\k\ (q/b; Q)\k\ q7|k\+2 Zrlzk>
=1

(azig" 25 ) (ag/d; q) (dg=21 /a5 )

_ (aq®/bd; ¢*)n| (abq/d; ¢* ) n) H axvq Q)2n,
(aq/d; q)apn| (az;q%/b; ¢%)n, (abziq; ¢%)n,

(5.5)

Remarks.6. This quadraticsummatiorformulais an A,. extensionof
i 1—ag®  (a;9)k(b;9)x(q/b; 9)x ( 'q2) (a*q" 2" /d; ¢*)i (g~ %" ¢*)k "
1—a (¢%¢*)k(ag?/b; %)k (abg; )y (aq/d; q)k(dg=>"/a; @)k (ag® 15 q)k
_ (ag:q)2n (abg/d;¢*)n(aq®/bd; ¢*)n
(ag/d;q)2n  (ag?/b;q*)n(abg; ¢*)n
dueto GesselandStanton[13, eq.(1.4),¢ — ¢?], to which it reducedor » = 1. Many
identitieslike (5.7), involving baseof differentpowersof ¢, areknown. Hypemgeometric

k=0

(5.7)
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serieswith severalbasesvereextensvely studiedby GaspeandRahmar{10], [25], [11],
[12,sec.3.8].

Proof of Theorem 5.4: If we substitutec; (¢;) +— ¢~ 2% /x;,i = 1,...,r, a; — aq’, and
b+ a?/dx, - - - x, in TheorenB.1(thisspeciatasecanbealsoobtainedromtheinversion
[6, Theorem3.48] of BhatnagaandMilne) we seethatthe following pair of matricesare
inverseof eachother:

r 1— q1+2k,i+2\k|a2xi/d 1— q2ki_2iji/xj
fosc = H( 1 —qa’z;/d ) 1 ( 1—w;/x; )

i=1 1<i<j<r
y ﬁ (g~ ws/x55 4%, H (arig™@)ar, P h
(i q®)k, oy (@22 [dig?) g (ag?= P/ d; q)apg

i,j=1
and

T

_ f[ I I 1— g2y, /x; 11 (g *Maifz55¢%)
g = 1—ax; 11 1—a;/x;
1<i<j<r

Fale o (Prifeie®)

y ﬁ (azs; q)p ﬁ (a2z;q T2 /d; ¢?),, ﬁ (axiq/d; ¢%)
(azig" 2k q)y (a?xiq®/d; q*)i, (axiq; q)2x,
(1 —g**Ma/d) (d/ag; q)p (qa/d; q)2 g Sl
(1 - ga/d) (¢*2xla/d; q)p

i=1

Now (5.1) holdsfor

ﬁ : (a*iq/d; q*)|x

ax = (baq/d; q2 aq2 bd; q2
e = (bag/d:q")q (ag”/ ik = (axiq? /b 2k, (abxiq; @),

and

b (@21 /b; ) 1) (6" P15 ¢%) ﬁ(a%iq?’/d;qz)m(dxi/a;qQ)m
P (agP I/ d; g2) g (dg= 101 /a5 ¢2) ) -t (azig®/b;62)n, (abaig; 4)n,

by meansof an A, extensionof Jacksors g¢7-sum,taken from [20, Theorem6.14] (or
in more corvenientnotation[24, TheoremA12]). This impliesthe inverserelation(5.2)
whichis easilytransformednto (5.5). ]

It is not hardto seefrom a polynomialidentity argumentthat Theorem5.4 implies the
following summatiortheorem.

Theorem5.8(An A, quadratic sum) Letxy,...,z,, ¢i,...,c., a, andd beindetermi-
nate let NV bea nonngativeinteger, letr > 1, andsupposehat noneof the denominatos
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n (5.9) vanish.Then

5 <11[ (1 - axiq%?‘*'k') I (1 — q%’i_%f’xi/xj)
Fivokp20 \ 4=1 1 —az; 1<i<j<r 1 —a;/z;
0<|K|<N

y H (cjmi/75;4%)k, ﬁ (dxi; ¢*)r, (@Pwiq/d ] ¢j3 0%k,

(Pzi/2:0%)k, 5 (azig® N6k, (azig' =N 52y,

1,7=1

T (azis @)k (@) (@Y 0k — |k T ik
XH( K k| k2 Y ik

w0 (axig/es ) (ag/ds @) (d]T52; ¢/ a; @)

(dg/a; 4*)m(aq* /A TTj, 5 6) ﬁ (azi0%s @) (cig/azii e

| (aq?/di @ n(daTT— 5/as®ur 1y (afazss@w(azia® e @
(d/a;q®)m (GQ/dH; L) M o (aziq; ) a(cifazi; ) )

(aq/d; ¢*)ar (] [joy ¢5/a: ¢%) e H L (azs @)u(azigfes @ & T

(5.9)

Proof: Firstwe write theright sidesof (5.9) asquotientsof infinite productsusing(5.3).
Thenby theb = ¢~V caseof Theorem5.4 it follows that the identity (5.9) holds for
cj = q i, j =1,...,r. By clearingoutdenominatorsn (5.9), we geta polynomial
equationin ¢;, whichis truefor ¢—2"1, n; = 0,1,.... Thuswe obtainanidentityin c;.
By carryingoutthis procesdor ¢y, cs, . . ., ¢, also,we obtainTheoremb.8. ]

By anothespecializatiorof TheorenB.1weobtainaninterestingoibasichypegeometric
matrix inversion. We usethis inversionto derive D, basichypegeometricsummation
formulas.For explanationsvhy we associaté),. with theseformulasthereadeiis referred
to [5].

Theorem5.10 Let

[(ap™ g% s; p)jn) - i (ap!¥lg ™ /i3 D) ) — 1]

—.

1

fnk: .

T

1,j=

(5.11)

—

and

(= (1 — zaiqhith)
ga = (—1)M (T TR B e ot
1<g<r (1 _ xiqulcﬂrkj)
7 (1 —apgliaz;)(1 —apllg~ti fa;)
X
H i)

(1— ap'k'q i) (1 — aplklg=Fi fa;)
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s
_l_I1 [(ap™™Mg¥ i p) -y (ap™ Mg /35 p) ey ]
1=

X — . (5.12)

[T [(g" T/ a5 @), -1, (@R mixy; q)n, 1]
ij=1

Then (fak)n kez @nd (gu1)k ez~ are infinite lower-triangular r-dimensionalmatrices
beinginversesof eat other

Proof: InTheoremB.1weseth = 0, a; = ap’ +p~t/a,andc;(t;) = x;qt + ¢t /x; for
i =1,...,r. After someelementarymanipulationsve obtaintheinversepair (5.11)and
(5.12). [ |

Remark5.13. Theinversionin Theorem5.10is a D,. extensionof GasperandRahmars
bibasicmatrixinversion[12, (3.6.19)and(3.6.20)],to whichit reducedor r = 1.

Theorem5.14(A D, Jackson'ssum) Let zq,...,x,, a, b, and ¢ be indeterminate let
ni,...,n, benonngativeintegers, letr > 1, and supposehat noneof the denominatos
in (5.15) vanish.Then

Z ﬁ 1— axiq}“*‘k' H 1— qkifkj;pi/;pj
, 1—ax; 11 1—x;/x;
1<i<y<r

0<k;<n; i=1

i=1,...,

nj . T )
X H 3711'37 k+k H xl/IJ’ )kl (xzqu 7q)k7

1<i<j<r ij=1 (q2i/25; ),

% f[ ( (a%:;Q)uc\ (GQ/M;Q)\H—M

= (ag i q) g (ag' " /i @)

(b5 ) | (5 ) ) (a”q/be; q) qz;liki)
13 [(axiq/b; Ok, (aziq/c; qQ)r, (bews/a; q)x,]

(2

_ H axzq q n; axz‘]/bc Q)m (bxz/a Q)m (C-rz/a q)m
= (@i/a; @, (bezi/a; q)n, (aiq/b; @)n, (a230/C3 @,

(5.15)

Remarks.16. For r = 1 Theoremb.14reducego Jacksors very-well-poiseds ¢ summa-
tion formula[14], [12, (11.22)].

Proof of Theorem 5.14: Settingp = ¢ in Theorem5.10 (i.e. herewe considera D,.
extensionof Bressoud matrix inverse[8]) we seethatthe following pair of matricesare
inversef eachother:

fe = [ Qe g = et

1<i<j<r (1 —zi/z;)(1 — x525) ey (1- xf)
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T

% H ]I’Z/Ij, ) szj, H aIzq‘n‘,q . qZ::liki

(qi /xj, ki (T quHn] Dk (zig'~ ‘n‘/a Q)

1,7=1 =1

and
gkl = H (1 —q 7_1'7xi/l'j)(1 — xiqulq‘,-'rlj)
(1 —zi/z;)(1 — @iwy)

1<i<j<r

« ]._.[ Ry, (@iq"q) H (1 — agM*2;) (1 — agM=b /ay)
(qzi/z55 q), (zi259; 9) (1—az;)(1—a/z;)

7,7=1 =1
% H zi/a;q)k ﬁ (axi,q)l (a/zs; )|1\ ) qz;l“i
(aziq; ), = (ag" iz q)py (ag' = [z q)py

Now (5.1) holdsfor

(bxi/a; ), (cxi/a; q)r, (aziq/be; q)r,
- (aziq/b; @)k, (aziq/c; @)k, (bexi/a; q),

ak:

and

ﬁ (22¢;q)n, (2% ¢; Qn,

(bewi/a; q)n; (zig" I fa; @)n, | 15 (wiz; TR
(bcq 1 /a2;5q) 1) (@21 /030) n) (¢ Q) pm|
[(aziq/b; @)n; (cq~™1 /axi; q)n,]

z=1

—.

=1

by Milne andLilly’ s C, g¢7 summation[23, Theorem6.13]. This implies the inverse
relation(5.2) whichis easilytransformednto (5.15). ]

By usinga polynomialargumentwe get
Theorem5.17(A D, Jackson'ssum) Letzy,...,x,, ¢1,..., ¢, a, andb beindetermi-

nate let NV bea nonngativeinteger, letr > 1, andsupposehat noneof the denominatos
in (5.18) vanish.Then

Z ﬁ 1— axiqki+\k\ H 1— qklik]xv/xj
1—ax; Ll 1—xz/x;
1<i<j<r

kiyeoker>0 \ =1

O<|k[<N
C T;/ i34 XT;Xj5/C4 ki
% Il (l"z%ﬂlk ” |I J 1/ Js ) ( v ]/ 314 )

1<i<j<r i,j=1 ( /xj’ )

% ﬁ ((afﬂi; Q)|k| (aq/x; Q)|k\—k1,

= (amiq/cis @) (aciq /@i q) i
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(0; @)1k (@@ /b @)y (V5 q) i Dy m)
H [(aziq/b; )k, (brig=N /a; q)x, (azig* V5 q),]

=1

_H (aziq; q)n (aq/zi;q) N (aziq/bes; @) (aciq/bai; q) N (5.18)
aq/bx“ ~ (az;q/b; q)n (aciq/zi; q) N (axiq/cis q)n

Proof: Firstwe write theright sideof (5.18)asquotientof infinite productsusing(5.3).
Thenby thec = ¢~V caseof Theorem5.14 it follows that the identity (5.18) holds for
¢; =¢ ™,j=1,...,r. By clearingoutdenominatorsn (5.18), we geta polynomial
equationin ¢, whichis truefor ¢="t, n; = 0,1, .... Thuswe obtainanidentityin ¢;. By
carryingoutthis procesdor ¢, cs, . . ., ¢, also,we obtainTheorenb.17. [ |

Limiting casexf Theorem5.14 or Theorem5.17 includevarious D,. summations.By
reversingthe multisumin Theorem5.14we obtainanotherD,. Jacksors sumwhich was
independenthyderived by G. Bhatnagaf5] using a differentmethod. D, extensionsof
mary of the classicabasichypegeometricsummatiortheoremsaregiven in [5]. Further
consequencesf thenew D,. ¢ summationssuchasC, and D, extensionsof Bailey's
very-well-poised,o¢9 transformatiorformula[2], [12, (111.28)] will begivenin[7].

Remark5.19. We notethat (5.15) and (5.18) could be written (with ¢ = 1/z,4; and
k41 := —|k[) morecompactlyas

> m () T et

kidetke1=0 \1<i<j<r+1 1<i<j<r+1
r+1 7r
« HH ijz/%, ki (T /i
T;/x;
i1 1 q z/ 4 )k

r4+1
< [T (@ia/bxrsas @n, (wig/cxrias @k, (bewizpins )i,
=1
r+1

ICRY f*f()m])

H (@i0/Tr 415 @) 0o (@/TiTr 415 @) 0o (2 /bCiTr 413 @) 00 (€10 /bTiTr 115 @) o
(@/b7520 115 @) 00 (2iq/bT1 415 @) 00 (€iq/ TiTr 115 @)oo (Tiq/ CiTr 115 @) 0o

(q/bcxiTri1;q)oo(®iq/bCTr 415 q)00(€iq/CTiTri1; @)oo (Tiq/ CCiTr115 q) 00
H ( ,(5.20)

X
0 (@ia/ ez @)oo (a/Citr 15 @)oo (2iq/bCCi Ty 15 @)oo (€iG/bCTiTr 415 @)oo

provided the seriesterminates. However, we feel that the forms (5.15) and (5.18) are
preferablesincethe dependencef summationindicesin (5.20) (which just hideswhatis
really goingonin thesum)is removed.

Theremaindeof this sectionis devotedto D,. quadraticandcubicsummatiorformulas.
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Theorem5.21(A D, quadratic sum) Let z4,...,z,, a, and b be indeterminate let
ni,...,n, be nonn@ativeintegers, let » > 1, and supposehat noneof the denomina-
torsin (5.22) vanish.Then

0<k; <n7 (
i=1,...,

2k;+ k|

ﬁ(la%‘q A ) H <1q2ki2’“$i/iﬂj)
1—ax; 1<idi<r 1—x;/x;

i=1

T

_ (a2 xi /x5 6%k, (Tix0*" 5 ),
< I @aiadih, 11 £/ 534 )i, (T30 07)

<ii<r e (¢*wi/x; 4%k,

H (azi; Q)i (0q/T D i—2w  (@®q:0%) e (0:0) g (/b0 i

14+2n;. 1—2n;
= (S O (00T TEDM T ((abrig ), (azig? /562

o TLer - (M) i )

T

% n; \Lq b; 2 n bx;/a; 2 n
H aan 21 Q/a Q)z(xz/aq)7’ (522)
L3 (wi/a;q)2n, (abiq; 4*)n, (aziq?/b; ¢*)n,

wheee e; (k) is thesecondelementansymmetridunctionof {k1, ..., k. }.
Remarkb.23. Thisquadraticsummatiorformulais a D,. extensionof GessehndStantons

summatior{13, eq.(1.4)], displayedn (5.7),to whichit reducedor r = 1.

Proof of Theorem5.21: Doingthereplacementg — ¢2, p — ¢ in Theoremb.10we see
thatthefollowing pair of matricesareinversesof eachother:

1— q2k:i72kj1.i (1 — ;T _q21ﬁ+2k¢j r 1— m?q4k1
o T Jr)0 iy 2h) £ 0=t

1<i<j<r (1 —ai/a;)(1 — zixy) iy (1—2?)

" H a " wi/75 0%k, (27550, ﬁ : (aziq"™; )or, R DR

(g xz/zj 0k, (€ixig* 25, -5 (rigt =181 /a; )ar,

i,j=1
and
= H (1- qzlﬁzljxi/xj)(l — xiquzliwlj)
1<i<j<r (1 —ai/x;)(1 — zixy)

y H —2k J%Z/%’ )z (x,qu%-;qz) I, 11[ (1 _ aq|1\+2lixi)(1 _ aqm_2li/xi)

q xl/xJ q ) (I qu q ) (1 _axi)(l _a/xi)

2,7=1 i=1
y H (i/a; q)ok, ﬁ (azs; @)y (a/s; @)y ) St
(aziq; q)2k, (aqt+2kizg; q)py (agt =2k Jzg5 q))y

i=1



264 SCHLOSSER

Now (5.1) holdsfor
(wiq/ab; ¢* ), (bxi/a; ¢* )i,
(abzzQa ) (aszQ/b Q)

ak:

and

: x2q2 7*)n,

(abxiq; ¢%)n, (xiq>~ '“'/a q?)

I (zi24%; ¢ )n,
i 1<i<j<r (@i g* 2095 ),

(bql 20 02 ing (@71 /65 ¢%) n) (0265 ¢%)

1;[ [(aziq?/b; ¢%)n, (ag+PI=2m [ 62) ]

1=1

by Milne andLilly’ s C,. g¢7 summation[23, Theorem6.13]. This implies the inverse
relation(5.2) whichis easilytransformednto (5.22). ]

Remark5.24. By reversingthe multisumin (5.22) we may obtain another differently
looking, extensionof GessebhndStantons quadraticsummatiorformula(5.7).

Using the sametechniqueasin the proofs of Theorems5.8 and5.17 we obtain from
Theoremb5.21 the next two quadraticsummationtheorems(with minor substitutionsof
variablesn Theoremb.27).

Theorem5.25( A D, quadratic sum) Letzy,...,z.,c1,...,c., anda beindeterminate
let N bea nonngativeinteger, let r > 1, and supposédhat noneof the denominatos in
(5.26) vanish.Then

Z <11[ (1 _ axiq2ki+|k|) H <1 _ qzkiijxi/l'j)
k1vokr>0 \ i=1 1 — aw; 1<i<j<r 1- xi/‘rj
0<|k|<N

r 2 9
_ ciri )ik, (ix5/ci5 0%k,
X || (inj;qQ)kil_Arkj || (i) 53 4 )rs (@it /€53 0°)

1<i<j<r ij=1 (¢®xi /x5 6%k,

1+N.

H (azi; Q)i (aq/2i; Q) —2n (0% ) (1 0) i (a3 )i

L (amig/ess @) (aciq /@i @)k H [(az:ig2 N

@)k, (az;¢* N5 ¢2),]
o [

I (az:4?;¢®) v (aq? /zi5 6% i (ciq/axi; ) (vig/aci; ¢ m
i1 (¢/axi; ¢*)m (2iq/a; ¢*)m (axig? [ cis ¢*) v (aciq? /73397 m
ﬁ (az;q; q*) e (aq/zi; ) (cifaxi; ) (zifaci; @) v

1 (Vaws; @) (2i/a; ¢*) e (axiq/cis ) (aciq/xis 42 ) m

(N =2M),

(N =2M — 1),

(5.26)
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whet e; (k) is theseconcelementarnsymmetridunctionof {k1, ..., k.. }.

Theorem5.27(A D, quadratic sum) Letzq,...,z.,c1,...,c., andbbeindeterminate
let N bea nonn@gativeinteger, let » > 1, and supposehat noneof the denominatos in
(5.28) vanish.Then

T = g2tk 1 — g2ki=2kig, /x,
2. H( 1— ) 1 < 1—i/z; )

ki,okr20 \ i=1 1<i<j<r
o< [k|<N

C xl/xh ) (x'x'q1+2N/Cj3q2)ki
X H (l'ia?qu-‘rQN; k+k H
1<i<j<r =1 (Pwi/75;0°)k,
(i3 ) (02 /73 Dpeg—2ws (b5 Djael (0/050) 1 (4725 6%) i

T

i @it/ es O (@ N /Z5 D T ((basgs )i,

(xzqz/b q° )k;

%) k]
xﬁ(—xi)_ki . q2€2(k)_(‘g‘)_2N‘k|+22 L (= Uk)
i=1

T

2
L G e ©2
wheee es (k) is thesecondelementansymmetridunctionof {k1, ..., k. }.
Finally, we derive somecubic summations.
Theorem5.29(A D, cubic sum) Letz,...,z,, anda beindeterminateletn, ..., n,

be nonn@ativeintegers, let» > 1, and supposehat noneof the denominatos in (5.30)
vanish.Then

Z (ﬁ (1 — a%q3ki+|kl) H (1 - qSkLSka'L/xJ)
1—ax; \<ii<r 1—x;/x;

0<k;<n; i=1
i=1,...,7

T —3n; 3 3n;. 3
- w2530 )k, (2w 3 )k,
o T1 @i, T @l o i)

3. o q3
1<i<j<r =1 (@Pwi/ 255 ¢,
(azi;q \kl (aq/zi; Q)-sn  (1/0*1q)1 (a%¢5 9)2k
xH
(azig 25 q)ng (@q =" T30k [T (32405 ¢,
1=1

T

2|k|+1 [

< a2kl Hm[zk" - gBee= (1 )+3Zi1‘kl>
=1

[ D (310" (5.30)
—1 (xl/aa Q)?mi (agl‘iq?); q3)ni ’

wheee es (k) is thesecondelementarysymmetridunctionof {k1, ..., k. }.
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Remark5.31. This cubicsummatiorformulais a D, extensionof

m

3 1—ag™  (a;9)k (0; 9k (a/0; D)2x (a*bg"; ¢°)r (a6 )k y
= 1—a (%) (ag®/b; %) (abs @)ar (¢~ /ab; @)k (ag®™*1; q)k
_ (ag;q)3n (ab?;¢%)n
(ab; Q)Sn (aqg/b§ q3)n ’
dueto GaspemandRahman11, eq.(4.1),c — 1], to whichit reducedor r = 1.

(5.32)

Proof of Theorem 5.29: Doingthereplacementg — ¢3, p — ¢ in Theoremb.10we see
thatthefollowing pair of matricesareinversesof eachother:
(1 —¢* Wiy /a))(1 - wi4q ﬁ(l—w?qﬁ’“)
1<i<j<r (1 —a/z;)(1 — @iz;) i (1—=3)

(g )70k (w25 11 (amig™; @)sn, 35 ik
< I] ( H< B

@i /25363 )k, (@iziq® 6% )k, 1 (ig 17 as q) s,

and

B H (1 o q31i73ljxi/xj)(1 . xiqu31i+3lj)
it = (1—z;/xj)(1 —a;xj)

1<i<j<r

x H i fay; P, (w qu3kj§q3)i H (1 —ag"3hiz;) (1 — agl =3 /ay)

A T w2 (- az)(1 - o/w)
XH (i/a; @3k, H (azi; @) (@/@55 @)y ) Dt
(aﬂﬁz% q)3k; (aq1+3k’$ Q)H( = Sk’/l‘i;Q)m
Now (5.1) holdsfor
T (2i/d®; ),
% = H (((131{, 3. 3))l
=1 i49°59° ) k;
and
a ﬁ (76% ¢*)n, 1 (iz;4°; ¢*)n,
B Al—|n|/,. 43 q3—In| /4. 43 e 3130 . o3
i=1 (ziq | ‘/a,q Jni (iq ! |/a,q n 1<i<j<r (331.’13 q 75 q )m

X(12'“‘/a )l (@275 ) ) (a2 7R @)

T
-H1 [(a®2i63; %), (agFII=3m: [a;563),, ]
i

by Milne andLilly’ s C, s¢7 summation[23, Theorem6.13]. This implies the inverse
relation(5.2) which s easilytransformednto (5.30). [ |

Remark5.33. By reversingthe multisumin (5.30) we may obtain another differently
looking, D,. extensionof GasperandRahmars cubicsummatiorformula(5.32).
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Usingthesamepolynomialargumentasabore, wederivesomemoreD,. cubicsummation
theoremd$rom Theorenb.29. For sale of brevity, wewrite themin compacformasfollows.

Theorem5.34(A D, cubicsum) Letxy,...,z,, c,...,c., anda beindeterminatelet
r > 1, andsupposehat noneof thedenominatosin (5.35) vanish.Then,

Z (ﬁ (1 — a$¢q3ki+k|> H (]. _qgkigiji/xj)
1—ax; <iir 1—x;/x;

k; =0 =1
i=1,...,m

. N
X H (-fil'ja k:+k H cjxl/xﬁ k (xli/CNQ)kl

1<i<j<r ij=1 (@Pi/2550% )k,
Xf[ (azi; Q)| (aq/i @) —sr, (1/a%; @)k (€5 92
. T
i (sl D (0ea/ 260 T (@323 g2
1=1

T
) —(2Ik|+1 T ik
w2l HmZle . e (™ )+3Zi_lzkl>

T

(azig; @)oo (i/aci; @)oo (2i/0%; %) o (AP 2i6° /ci¢°) o
1 (0730/¢i5 @)oo (2i/ 0 Qoo (2i/a%¢i; ¢%)oo (0°Ti0%; ¢ ) oo

., (5.35)

1=

providedtheseriesterminateg andwhee e, (k) is the secondelementarysymmetridunc-
tionof {kq,...,k-}).

Remark5.36. Theaforementioned, cubicsummatiortheoremsarethe casesi? = ¢V
with N beinganarbitraryinteger, of Theorenb.34,wheretheright sideof (5.35)simplifies
differently, dependingn thesignof N andtheresidueclassof N mod6.

Appendix A

Herewe provide two determinaniemmaswhich we neededn the proofsof our Theo-
rems3.1and4.1. Ourlemmasareinterestinggeneralizationsf theclassicaMandermonde
determinanevaluation

det (v 7)= [ (wi—=)),

1<i,j<r -
1<i<j<r

andthe“symplectic” Vandermondeeterminantvaluation

det («f 7 —ai™)y= [ @-=) [ Q-

1<i,j<r i iy
1<i<j<r 1<i<j<r

respectrely.
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LemmaA.l Letzq,...,z., y1,...,Yr, a, andc beindeterminate Then
det 1777+17j —qrtl=a (xi — C/ ngl ys) - (xl - ys)
1<ij<r \ ° (a—c/Tliqys) (a—ys)

;:1ﬁ =

T H — ;). (A.2)

1 1<i<j<r

la—c/Iljy @) a—xz)
~ (a—¢/]T- 1%)}1 (a —yi)

7

Proof: In the determinanbn the left side of (A.2) we take x; out of the i-th row, i =
1,...,r,anda"~7 outof thej-th column,j = 1,...,r, obtaining

a(;) - xXT: e ﬁ 7'—j7 a(mi_C/HZ:1 ys) - (xlfys)

s=

In thelastdeterminantve subtracther-th columnfrom all othercolumns.We areleft with
entries(x;/a)"~7 —1fori=1,...,randj = 1,...,r — 1, but ther-th columnremains
unchanged,

_ a(xi _C/ HZ—l ys
b o T we) H

Next we expandthe determinantlongthelastcolumn,to get

S (1 e T [ s} g ()7 -0)

k=1 l’k(a - C/ Hs:l ys) s—=1 (CL - yb) iZient

or i=1,...,r.
a_ys

s=1

In theminorswe take (x;/a — 1) outof thei-th row

. T r—1—j
;"I . X; x;
1§ger,ti¢k ((Z) - 1) - H (; - 1) 1<7<€‘tl7ﬁk ( Z ( ) > ’ (A-3)
i<j<r-1 = i<j<r— s=

Now, the determinanbn theright sideof (A.3) canbereducedo the Vandermondeleter

minant L
r\N"—1—J
det ((—Z) ) ,
1<i<r,i#k a

I<j<r-1
andthereforesimplifiesto
(%)
11 a a/’
1<i<j<r
i,j#k

Substitutingour calculationsye arrive at

det x{"-ﬂ-l—j r+1 ]( C/Hs 1ys H
1<i,j<r \ " ° (a—c/ITiqys) (a—
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—Ha—m sz H x; — ;)

=1 1<i<j<r

’ Z (1 oo - z?% ﬁ; 1 ys>> (@) [J—a™ ey

s=1 a-— yé)
We aredoneif we canshav thatthe sumin (A.4) equals

(a—c/Iljmyz) 1
(a—c/ Hj:l Y;) T1¢(

i=1

a—yi)
Thisis accomplishedby splitting the sumandapplyingthe partialfractiondecomposition

o 110 - a)
I (T Z = : (A5)

andthe equialentformula

i ot - a)
H(t—b- +Z e (A6)

i=1 )b T (b — )
i
(which canbe obtainedfrom (A.5) by thereplacement$ — 1/¢, a; — 1/a;, b; — 1/b;,
fori =1,...,r) appropriatelyto its parts. Namely we write the sumon theright side of
(A.4)as

- a(wy — ¢/ ITomy ys) 71 (26— ys) 1 1
Z<1— : II >(a_mk) ;

rila— e/ Tl ve) 11 (@ —yy)

k=1 1:1—[1 (CUk _ xl)
. 1
= Z -
k=1 (a —ap) I] (2 — i)
. o Tee-w
(@ =/ TLjy ) [T (@ =) =1 (a = ) [T (@ )
. r o a [ —w)
+ /1L Y =1 . (A7)

(a = ¢/ Ty w) T(a = 0) i1 (a = w1 (o = 1)
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Thefirstexpressiorcanbesummedy thepartialfractiondecompositiorfA.6) with a; = 0,
t — 1/t,andb; — 1/b;,fori =1,...,r, andreducego

r

> : - (A8)
k=1 (a —ap) ] (2 — i) -H1(a - Ti)
i#k =
thesecondoy the partialfractiondecompositioffA.5),
. - (e~ )
(@=¢/ Ty w) I (@ =30 i1 (0 =) [T (@ =)
- iZh
_ L ( - Ea_ y; — 1) , (A.9)
(a=¢/IMmyv) I (a—y) st 175
andthethird canbe summeddy (A.6),
¢/ =1 v - “ g(x’“ ~ i)
(@ Iljowp) T(a = 9) i (0~ ) o T (o — )
= s
S (£ B ) R ST
(a—c/ Tl vy) [T(a—y;) \i=t \@ 77 i

i=1
Simplifying (A.7) by meansof (A.8), (A.9), and(A.10), we get
2 <1 - Ziﬁ : Z; %’ij Zi; 11 e = ys)> (a =) [ (e —20) !

k=1 s=1 (a - yS) 1
itk

r 1 a r (a _ y7)
“Ua—y- G =5 1)
i=1 (CL xz) (a — c/ H;:l yj) 1;[1(@ — yz) (i—l (a 371)

C/ H;: ' r a—y; r :
(e )
(a—c/IT;=19;) 1;[1(@ —yi) \i=1 v =1
_la—¢/ IT-1 ) 1
(a—c/ITj=1 v5) lz[(a—yi)7

i=1

which completeshe proof of LemmaA.1. ]
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LemmaA.1l Letzq,...,2z., y1,...,¥y., andc beindeterminate Then
dot (g1 po @i e/ Tl ys) ﬁ (% — ys)
1<i,j<r ‘ ! (1 - 177;6/ H::1 ys) s=1 (1 - xiys)
s yie/ 1lj—1 %) 1- T
(I—z) ||z
};[1 1_9510/1_[71%)11_[1 ;Dl:
T
< [T =my) ™ ] @i —25) (1 = @iy (1 = yay;)- (A.12)
i,j=1 1<i<j<r

Proof: Herewe usea completelydifferentmethodthanin the proof of LemmaA.1. In
thedeterminanbntheleft sideof (A.12)wetake z; (v;c — [[o_; ys) " [1oe (1 — ziys) !
outof thei-throw, 7 = 1,...,r, obtaining

det m?_“+1—j _x‘ ( C/H; 13/3 H
1<ij<r \° "1 = mic/ [Ty ys) — TiYs)

s=1
T

- H ,#" H (1 —2y;) ™" Ale,x,),
L (e )

=19 ij=1

whereA(c, x, y) is thedeterminant

r—j 1T oo
15,6}9 (mi (e Hs:1ys)H(1 TiYs)

s=1
_ngl(c — H::1 Ys) li[l(xl — ys)> . (A.13)
Thus,in orderto establisithe lemma,we have to shav that
Ale,x,y) = _Hl(yic - Hj:1 Y;) 1_[1(1 —x7) 1<H< [(z; — 2)(1 — miz;5)(1 — yay;)].
= 1= <i<g<sr

We will dothis by identifying all factorsusinga polynomialargument.

We seethat A(c, x,y) is a polynomialin ¢, z;,y; (i = 1,...,r) of maximal degree
(7r? —r)/2. Now obserethatif z;, = z;,,fori; # iy, tworowsin thedeterminantA.13)
areequal,hence[[, ., ;. (z; — x;) mustdivide A(c,x,y). Next supposer;, = 1/xz;,
for somei; # is. In this casethei;-th row is —:cj’" timesthei,-th row which implies
that][, ., ,,.(1 —z;z;) alsodividesA(c, x,y). If z; = 1 orz; = —1 thenall entriesof
thei-th row arezero,so[],_, (1 — z7) dividesA(c, x, y).

Theremainingfactorsof A(c, x y) areabit moredelicateto establish For eachspecial
casewewill succeedh specifyingnontrivial linearcombination®fthecolumnghatvanish.

Supposey, = 1/y; for somek £ [. Taking—(1 — z;yx)(1 —x;/yx) [] ys outofthei-th
s#k,l
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row of (A.13),foralli =1,...,r, we obtainthe determinant

1Sk, (x;_j(l —zic/ [[ we) [T 0 —wiwe)

s#£k,l s#£k,l
—a wi—¢/ [] ws) I] (= —ys)>. (A.14)
s#k,l s#k,l

We expandthe entriesof this determinantn termsof the elementarysymmetricfunctions
(se€e[19, p.19])

em(ylv o ,gka s ,gla s 7yrac/ Hs;ékxl ys)a (A15)

of orderm with » — 1 agumentsgj;, andy; indicatingthatthevariablesy;, y; areomitted.
Namely if we write e,, (y*!) for the elementarysymmetricfunction (A.15) for short,
(A.14) canbewrittenas

r—1
—_1)y™ (k1) r—j+m _ j—ld4r—1l-m
1§(}3.tgr (Z( D™em(y ) (xz x; )) . (A.16)

m=0

To prove that this determinantvanisheswe shav that the columns of (A.16) are
linearly dependent As the coeficients for the linear combination we choose
(=1)77te; 1 (y*D), forj = 1,...,r. Thenwe have

T r—1
Z(_l)j ) (k l) Z me (k l)) < r—jt+m _ xj—l-i—r—l—m)
j=1 m=0
r—1 r—1 A ‘
_ Z Z ]+m (k l)) (y(k,l)) (xzfjfler _ wiﬁ»rflfm) —0. (Al?)
7=0m=0

Thatthe sumequals) is becausat is a doublesumin j andm with termsthat are skew
symmetridn j andm. Hencewehave proved thatH1<i<j<T(1 —y,y;) dividesA(e, x,y).
Now supposec = [],,ys for somek = 1,...,r. If we take —(1 — z;y;)(1 —

z;/yx) [1._, ys outof thei-throw of (A.13)foralli = 1, ..., r, weobtainthedeterminant
r—j ) o J-1 L
et (] 1;[k<1—xzys> 2] 1;[k<xz vs) | - (A.18)

We expandthe entriesof this determinantn termsof the elementarysymmetricfunctions

em (Y1 Ths o5 Yr), (A.19)

of orderm with » — 1 argumentsy, indicatingthatthevariabley;, is omitted. Namely if
we write e,,, (y*)) for the elementanysymmetricfunction (A.19) for short,(A.18) canbe
written as
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r—1

_1\m (k) r—j+m _ _j—l4+r—1-m
et | D nmen(y®) (7 )). (A20)

To prove that this determinantvanishesve shav thatthe columnsof (A.20) arelinearly
dependentHerethe coeficients(—1)7~te;_; (y*®) for j = 1,...,r dothejob (compare
with (A.17)). Hence[ [, .,,.(c — [ ], ys) dividesA(c,x,y).

Now supposey, = 0 for somek = 1,...,r. If wetake (—z;c) out of thei-th row of
(A.13)forall: = 1,...,r, weobtainthedeterminan{A.18),andwe canproceecdasabove.
l.e.,we have alsoshovn that[ [, _, .. y; dividesA(c, x,y).

Collectingall factorsof A(c,x,y) thatwe have identifiedsofar, we now know that

T T

A(Cv X, Y) = H(ylc - Hj:1 yJ) H(l - ‘r7,2)
=1 =1
< I s =)@ = ziz) (1= yayy)] - ple,x,y), (A.21)
1<i<j<r
wherep(c, x,y) issomepolynomialin ¢, z;, y; (¢ = 1, ..., r). Butthedegreeof thefactors

wealreadyidentifiedamountgo (772 —r) /2, whichis thesamedegreeasthatof A(c, x, y).
Thusthepolynomialp hasto beaconstantvhichis easilyseerto be1, sincethecoeficients
of ° [T;_, (=] "y7) in A(c, x,y) andin theproducton theright sideof (A.21) bothequal
(=1)". [ |
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