Contemporary Mathematics

A New Multidimensional Matrix Inversion in A_r

Michael Schlosser

Dedicated to Professor Dick Askey on the occasion of his 65th birthday

Abstract. We invert a specific infinite r-dimensional matrix, thus giving an extension of our previous matrix inversion result. As applications, we derive new summation formulas for series in A_r.

1. Introduction

A very powerful tool in combinatorics and special functions theory is the application of matrix inversions. In particular, with the help of so-called “inverse relations” (see Section 3), which are immediate consequences of matrix inversions, one can derive and prove identities. This method is especially useful in connection with (basic) hypergeometric series. Though in order to be able to apply this method, explicit matrix inversions must be at hand.

Over the last decades, several people discovered and rediscovered useful matrix inversions. A very general matrix inversion was found by Gould and Hsu [13] which contained a lot of inverse relations as special cases. The problem, posed by Gould and Hsu, of finding a q-analogue of their formula, was solved immediately thereafter by Carlitz [6]. However, he did not give any applications. The significance of Carlitz’s matrix inversion showed up first when Andrews [1] discovered that the Bailey transform [2], one of the corner stones in the development of the theory of (basic) hypergeometric series, is just equivalent to a very special case of Carlitz’s matrix inversion. Further important contributions to this subject were achieved by Gessel and Stanton [11], [12], Bressoud [5], and Gasper and Rahman [8], [9]. As all of these authors’ matrix inversions have certain termwise similarity, it seemingly was true that there existed some even more general matrix inversion, one which would unify these previous results but still be very explicit.

The desired unification was achieved by Krattenthaler [19]. He proved that the matrices (f_{nk})_{n,k∈Z} and (g_{kl})_{k,l∈Z} (Z denotes the set of integers) are inverses

1991 Mathematics Subject Classification. Primary 33D70; Secondary 15A09, 11B65. Key words and phrases. multidimensional matrix inversion, inverse relations, A_r basic hypergeometric series, A_r q-Abel identities, A_r q-Rothe identities.

The author was supported by the Austrian Science Foundation FWF, grant P12094-MAT.

© 0000 (copyright holder) 1

of each other, where

(1.1) f_{nk} = ∏_{n−1} j=k (a_j + b_j c_k) ∏_n j=k+1(cj − ck) , and (1.2) g_{kl} =

(a_l + b_lc_l) (a_k + b_kc_k) ∏_k j=l+1(aj + bj ck) ∏_{k−1} j=l (c_j − c_k) . In fact, Krattenthaler’s matrix inversion contains all the inversions just mentioned as special cases.

Starting in the late 1970s, Milne and co-authors, in a long series of papers (cf. [23], [24], [25], [21], [26], [27], and the references cited therein), developed a theory of multiple (basic) hypergeometric series associated to root systems. In order to have an equivalent of the (one-dimensional) Bailey transform at hand, to conveniently extend the development of the theory of (one-dimensional) basic hypergeometric series to an analogous theory for multiple series, matrix inversions in this multidimensional setting needed to be found. “Multidimensional” matrix inversions (according to our terminology these are matrix inversions that arise in the theory of multiple series) associated to root systems were found by Milne, Lilly and Milne, and by Bhatnagar and Milne. The A_r (or equivalently U(r + 1)) and C_r inversions (corresponding to the root systems A_r and C_r, respectively) of Milne [25, Theorem 3.3], and Lilly and Milne [21], which are higher-dimensional generalizations of Andrews’ Bailey transform matrices, were used to derive A_r and C_r extensions [25], [26] of many of the classical hypergeometric summation and transformation formulas. Bhatnagar and Milne [3, Theorem 3.48] were even able to find an A_r extension of Gasper’s bibasic hypergeometric matrix inversion. However, none of these multidimensional matrix inversions contained Krattenthaler’s inversion as a special case.

A multidimensional extension of Krattenthaler’s matrix inversion (1.1)/(1.2), associated to root systems, was found by the author in [29]. Theorems 3.1 and 4.1 of [29] cover all the previously discovered multidimensional matrix inversions associated to root systems [3], [21], [26] as special cases. Just recently, another multidimensional extension of Krattenthaler’s matrix inverse (1.1)/(1.2) was found [20, Theorem 3.1] which covers the inversion of [7]. The matrix inverse of [20] has applications similar to those in this article although the series considered in [20] are of simpler type.

Special cases of [29, Theorem 3.1] were used in [29] to derive several summation theorems for multidimensional basic hypergeometric series. In particular, a D_{r 8}ϕ_7 summation theorem, A_r and D_r quadratic, and D_r cubic basic hypergeometric summation theorems were derived. Moreover, the D_{r 8}ϕ_7 summation theorem of [29] lead to new C_r and D_r extensions of Bailey’s very-well-poised_{10}ϕ_9 transformation in [4]. In a very recent article [30] the author utilized special (non-hypergeometric) cases of the multidimensional matrix inversions in [29, Theorems 3.1 and 4.1] to derive some A_r terminating and nonterminating q-Abel and q-Rothe summations, and also some identities of another type which appear to be new already in the one-dimensional case.

One of the main results of this article is a new multidimensional extension of Krattenthaler’s matrix inverse (see Theorem 2.1) which even generalizes [29,

Theorem 3.1]. Thus, with our new pair of inverse matrices, we are able to derive even more general summation theorems as applications (see Section 3), than it would have been possible by just using [29, Theorem 3.1].

Our article is organized as follows. In Section 2 we present our new multidimensional matrix inversion, see Theorem 2.1, its proof using techniques developed in [18] and [29]. Then, in the following Propositions, we specialize our general matrix inversion result appropriately for the applications in the subsequent Section. In Section 3, we briefly explain the notion and use of inverse relations, together with some standard q-series notation. Then, to illustrate the usefulness of our new multidimensional matrix inversion, we derive a number of multiple series identities. In particular, we derive an A_r q-Abel-type expansion formula, three A_r q-Abel summations, two A_r q-Rothe-type expansion formulas, and three A_r q-Rothe summations. Our theorems generalize some corresponding results of [30].

In Appendix A, we provide a determinant evaluation, Lemma A.1, which generalizes [29, Lemma A.1]. It turns out to be crucial for our computations in the proof of Theorem 2.1. Recently, Zagier [31] has kindly communicated to us his short and elegant proof of [29, Lemma A.1]. Thus, our proof of Lemma A.1 is an extension of Zagier’s proof of [29, Lemma A.1]. Finally, in Appendix B, we list some background information needed in the proofs of our multiple summation theorems such as some A_r basic hypergeometric summation theorems from Milne [25].

2. A new multidimensional matrix inversion

Let F = (f_{nk})_{n,k∈Z}r (as before, Z denotes the set of integers) be an infinite lower-triangular r-dimensional matrix; i.e. f_{nk} = 0 unless n ≥ k, by which we mean n_i ≥ k_i for all i = 1, . . . , r. The matrix G = (g_{kl})_{k,l∈Z}r is said to be the inverse matrix of F if and only if ∑ n≥k≥l f_{nk}g_{kl} = δ_{nl}

for all n, l ∈ Z^r , where δ_{nl} is the usual Kronecker delta.

In [29] very general multidimensional matrix inversions were derived. In the following Theorem we are able to give a matrix inversion result which extends [29, Theorem 3.1] by an additional parameter m, thus leading to more general summation theorems in the applications, see Section 3.

For convenience, we introduce the notation |n| = n_1 + n_2 + · · · + n_r. Moreover, we denote by e_m(c(k)) the elementary symmetric function (see [22, p. 19]) of order m in the variables c_1(k_1), c_2(k_2), . . . , c_r(k_r).

Theorem 2.1. Let (a_t)_{t∈Z}, (c_i(t_i))_{ti∈Z}, i = 1, . . . , r be arbitrary sequences, d arbitrary, such that none of the denominators in (2.1) or (2.2) vanish. Moreover, let m be a fixed integer such that 0 ≤ m ≤ r. Then (f_{nk})_{n,k∈Z}r and (g_{kl})_{k,l∈Z}r are inverses of each other, where

(2.1) f_{nk} = |n|−1∏ t=|k| ( a_t −^{d−em+1(c(k))}

e_m(c(k)) )

r∏ i=1 n_i∏ t_i=k_i+1 ( c_i(t_i) −^{d−em+1(c(k))}

e_m(c(k)) ) r∏ i=1 |n|−1∏ t=|k| (a_t − c_i(k_i)) r∏ i,j=1 n_i∏ t_i=k_i+1

(c_i(t_i) − c_j (k_j )) and (2.2) g_{kl} = ∏ 1≤i<j≤r (c_i(l_i) − c_j (l_j )) (c_i(k_i) − c_j (k_j )) × (d − e_{m+1}(c(l)) − a_{|l|}e_m(c(l))) (d − e_{m+1}(c(k)) − a_{|k|}e_m(c(k))) r∏ i=1 (a_{|l|} − c_i(l_i)) (a_{|k|} − c_i(k_i))

× |k|∏ t=|l|+1 ( a_t −^{d−em+1(c(k))}

e_m(c(k)) )

r∏ i=1 k_i−1∏ t_i=l_i ( c_i(t_i) −^{d−em+1(c(k))}

e_m(c(k)) ) r∏ i=1 |k|∏ t=|l|+1 (a_t − c_i(k_i)) r∏ i,j=1 k_i−1∏ t_i=l_i (c_i(t_i) − c_j (k_j )) .

Remark 2.2. The special case m = r reduces to our previous matrix inversion result, Theorem 3.1 of [29].

Proof of Theorem 2.1. The proof is very similar to our proof of [29, Theorem 3.1]. We use Krattenthaler’s [18] operator method and its suitable modification in [29, Section 2].

From (2.1) we deduce for n ≥ k the recursion

(2.3) ( c_i(n_i) − d − e_{m+1}(c(k))

e_m(c(k)) )_r∏ s=1 (c_i(n_i) − c_s(k_s))f_{nk}

= ( a_{|n|−1} − d − e_{m+1}(c(k)) e_m(c(k)) )_r∏ s=1 (a_{|n|−1} − c_s(k_s))f_{n−ei,k}, for i = 1, . . . , r, where e_i denotes the vector of Z^r where all components are zero except the i-th, which is 1. We write

f_k(z) = ∑ n≥k

|n|−1∏ t=|k| ( a_t −^{d−em+1(c(k))}

e_m(c(k)) )

r∏ i=1 n_i∏ t_i=k_i+1 ( c_i(t_i) −^{d−em+1(c(k))}

e_m(c(k)) ) r∏ i=1 |n|−1∏ t=|k| (a_t − c_i(k_i)) r∏ i,j=1 n_i∏ t_i=k_i+1

(c_i(t_i) − c_j (k_j )) z^n.

Moreover, we define linear operators A, C_i by Az^n = a_{|n|}z^n and C_iz^n = c_i(n_i)z^n for all i = 1, . . . , r. Then we may write (2.3) in the form

(2.4) ( C_i − d − e_{m+1}(c(k)) e_m(c(k)) )_r∏ s=1 (C_i − c_s(k_s))f_k(z)

= z_i ( A − d − e_{m+1}(c(k)) e_m(c(k)) )_r∏ s=1 (A − c_s(k_s))f_k(z),

valid for all k ∈ Z^r . We want to write our system of equations in a way such that [29, Corollary 2.14] is applicable. In order to achieve this, we expand the products on both sides of (2.4) in terms of the elementary symmetric functions e_j ( c_1(k_1), c_2(k_2), . . . , c_r(k_r), d − e_{m+1}(c(k)) e_m(c(k)) ) of order j, for which we write e_j (c̄(k)) for short. Our recurrence system then reads, using e_{m+1}(c̄(k)) = d,

(2.5) ∑ 1≤j≤r+1 j≠m+1 e_j (c̄(k))[(−C_i)^{r+1−j} − z_i(−A)^{r+1−j}]f_k(z)

= ∑ 1≤j≤r e_{j+χ(j>m)}(c̄(k))[(−C_i)^{r+χ(j≤m)−j} − z_i(−A)^{r+χ(j≤m)−j}]f_k(z) = [z_i(−A)^{r+1} + dz_i(−A)^{r−m} − (−C_i)^{r+1} − d(−C_i)^{r−m}]f_k(z), i = 1, . . . , r,

where χ(P ) equals 1 if P is true and equals 0 otherwise. Now, regarding [29, Corollary 2.14], (2.5) is a system of type [29, Eq. (2.18)] with V_{ij} = [(−C_i)^{r+χ(j≤m)−j} − z_i(−A)^{r+χ(j≤m)−j}], W_i = [z_i(−A)^{r+1} + dz_i(−A)^{r−m} − (−C_i)^{r+1} − d(−C_i)^{r−m}], and c_j (k) = e_{j+χ(j>m)}(c̄(k)). The operators C_{ij} = (−C_i)^{r+χ(j≤m)−j}, A_{ij} = −z_i(−A)^{r+χ(j≤m)−j}, W^{(c)}_i = [−(−C_i)^{r+1} − d(−C_i)^{r−m}], W^{(a)}_i = [z_i(−A)^{r+1} + dz_i(−A)^{r−m}] satisfy [29, Eqs. (2.6), (2.7), (2.8), (2.15), (2.16), and (2.17)], the functions c_j (k) satisfy [29, Eq. (2.2)]. Hence we may apply [29, Corollary 2.14]. The dual system [29, Eq. (2.20)] for the auxiliary formal Laurent series h_k(z) in this case reads ∑ 1≤j≤r+1 j≠m+1 e_j (c̄(k))[(−C^∗_i )^{r+1−j} − (−A^∗)^{r+1−j}z_i]h_k(z)

= ∑ 1≤j≤r e_{j+χ(j>m)}(c̄(k))[(−C^∗_i )^{r+χ(j≤m)−j} − (−A^∗)^{r+χ(j≤m)−j}z_i]h_k(z) = [(−A^∗)^{r+1}z_i + (−A^∗)^{r−m}dz_i − (−C^∗_i )^{r+1} − (−C^∗_i )^{r−m}d]h_k(z), i = 1, . . . , r.

Equivalently, we have

(2.6) ( C^∗_i − d − e_{m+1}(c(k))

e_m(c(k)) )_r∏ s=1 (C^∗_i − c_s(k_s))h_k(z)

= ( A^∗_i − d − e_{m+1}(c(k)) e_m(c(k)) )_r∏ s=1 (A^∗ − c_s(k_s))z_ih_k(z),

for all i = 1, . . . , r and k ∈ Z^r . As is easily seen, we have A^∗z^{−l} = a_{|l|}z^{−l} and C^∗_i z^{−l} = c_i(l_i)z^{−l} for i = 1, . . . , r. Thus, with h_k(z) = ∑ l≤k h_{kl}z^{−l}, by comparing coefficients of z^{−l} in (2.6) we obtain ( c_i(l_i) − d − e_{m+1}(c(k)) e_m(c(k)) )_r∏ s=1 (c_i(l_i) − c_s(k_s))h_{kl}

= ( a_{|l|} − d − e_{m+1}(c(k)) e_m(c(k)) )_r∏ s=1 (a_{|l|} − c_s(k_s))h_{k,l+ei} .

If we set h_{kk} = 1, we get

h_{kl} = |k|−1∏ t=|l| ( a_t −^{d−em+1(c(k))}

e_m(c(k)) )

r∏ i=1 k_i−1∏ t_i=l_i ( c_i(t_i) −^{d−em+1(c(k))}

e_m(c(k)) ) r∏ i=1 |k|−1∏ t=|l| (a_t − c_i(k_i)) r∏ i,j=1 k_i−1∏ t_i=l_i (c_i(t_i) − c_j (k_j )) .

Taking into account [29, Eq. (2.19)], we have to compute the action of (2.7)^→det_{1≤i,j≤r}(V^∗_{ij} ) =^→det_{1≤i,j≤r}[(−C^∗_i )^{r+χ(j≤m)−j} − (−A^∗)^{r+χ(j≤m)−j}z_i] when applied to

h_k(z) = ∑ l≤k

|k|−1∏ t=|l| ( a_t −^{d−em+1(c(k))}

e_m(c(k)) )

r∏ i=1 k_i−1∏ t_i=l_i ( c_i(t_i) −^{d−em+1(c(k))}

e_m(c(k)) ) r∏ i=1 |k|−1∏ t=|l| (a_t − c_i(k_i)) r∏ i,j=1 k_i−1∏ t_i=l_i (c_i(t_i) − c_j (k_j )) z^{−l}.

Since

z_ih_k(z) = ∑ l≤k

( c_i(l_i) −^{d−em+1(c(k))}

e_m(c(k)) ) ( a_{|l|} −^{d−em+1(c(k))}

e_m(c(k)) ) r∏ j=1 (c_i(l_i) − c_j (k_j )) (a_{|l|} − c_j (k_j )) h_{kl}z^{−l},

we conclude that (2.8)^→det_{1≤i,j≤r} V^∗_{ij} )h_k(z) = ∑ l≤k det 1≤i,j≤r (v_{ij} )h_{kl}z^{−l},

where v_{ij} = (−c_i(l_i))^{r+χ(j≤m)−j} − (−a_{|l|})^{r+χ(j≤m)−j} ( c_i(l_i) −^{d−em+1(c(k))}

e_m(c(k)) ) ( a_{|l|} −^{d−em+1(c(k))}

e_m(c(k)) ) r∏ s=1 (c_i(l_i) − c_s(k_s)) (a_{|l|} − c_s(k_s)) .

(This follows in a similar way as in the proof of Theorem 3.1 of [29].) For the computation of det_{1≤i,j≤r}(v_{ij} ) we utilize Lemma A.1 with x_i = −c_i(l_i), y_i = −c_i(k_i), i = 1, . . . , r, y_0 =^{em+1(c(k))−d}

e_m(c(k)) , and a = −a|l|, obtaining

det 1≤i,j≤r (v_{ij} ) = (−1)^m e_m(c(l)) ( a_{|l|} −^{d−em+1(c(l))}

e_m(c(l)) ) ( a_{|l|} −^{d−em+1(c(k))}

e_m(c(k)) ) r∏ i=1 (a_{|l|} − c_i(l_i)) (a_{|l|} − c_i(k_i)) × ∏ 1≤i<j≤r (c_j (l_j ) − c_i(l_i)).

Plugging this determinant evaluation into (2.8) leads to

(2.9)^→det_{1≤i,j≤r}(V^∗_{ij} )h_k(z) = ∑ l≤k ( ∏ 1≤i<j≤r (c_j (l_j ) − c_i(l_i))

× (−1)^m e_m(c(l)) ( a_{|l|} −^{d−em+1(c(l))}

e_m(c(l)) ) ( a_{|k|} −^{d−em+1(c(k))}

e_m(c(k)) ) r∏ i=1 (a_{|l|} − c_i(l_i)) (a_{|k|} − c_i(k_i))

× |k|∏ t=|l|+1 ( a_t −^{d−em+1(c(k))}

e_m(c(k)) )

r∏ i=1 k_i−1∏ t_i=l_i ( c_i(t_i) −^{d−em+1(c(k))}

e_m(c(k)) ) r∏ i=1 |k|∏ t=|l|+1 (a_t − c_i(k_i)) r∏ i,j=1 k_i−1∏ t_i=l_i (c_i(t_i) − c_j (k_j )) z^{−l} ) .

Note that since f_{kk} = 1, the pairing ⟨f_k(z),^→det(V^∗_{ij} )h_k(z)⟩ is simply the coefficient of z^{−k} in (2.9). Thus, [29, Eq. (2.19)] reads

(2.10) g_k(z) = (−1)^m e_m(c(k))^{−1} ∏ 1≤i<j≤r (c_j (k_j ) − c_i(k_i))^{−1 →}det_{1≤i,j≤r}(V^∗_{ij} )h_k(z),

where g_k(z) = ∑ l≤k g_{kl}z^{−l}. So, extracting the coefficient of z^{−l} in (2.10) we obtain exactly (2.2). □

2.1. Specializations. In the following specializations of Theorem 2.1, we employ the (short) standard notation for the q-rising factorial in (3.6),(3.8).

First, we deduce a multidimensional matrix inversion which is used in Section 3 for deriving a nonterminating A_r q-Abel expansion formula.

Proposition 2.3. Let a, b, and x_1, . . . , x_r be indeterminate, and suppose that none of the denominators in (2.11) or (2.12) vanish. Moreover, let m be a fixed integer such that 0 ≤ m ≤ r. Then (f_{nk})_{n,k∈Z}r and (g_{kl})_{k,l∈Z}r are inverses of each other, where

(2.11) f_{nk} = (−1)^{|n|−|k|} q(^{|n|−|k|2} ) ( a + be_m(x_1q^{k1} , . . . , x_rq^{kr} ) )_{|n|−|k|}

× r∏ i,j=1 ( x_i x_j q^{1+ki−kj} )_{−1} n_i−k_i and (2.12) g_{kl} = (a + be_m(x_1q^{l1} , . . . , x_rq^{lr} )) ( a + be_m(x_1q^{k1} , . . . , x_rq^{kr} ) )_{|k|−|l|−1}

× r∏ i,j=1 ( x_i x_j q^{1+li−lj} )_{−1} k_i−l_i . Proof. In Theorem 2.1 we set a_t → −d/a and c_i(t_i) → b^{1/m}x_iq^{ti} for i = 1, . . . , r. After some elementary manipulations, which include Lemma B.1, we let d → ∞ and obtain the inverse pair (2.11)/(2.12). □

In Proposition 2.3, if we interchange a and b and transfer some factors from one matrix to the other we obtain the equivalent Proposition 2.4. In this form the inverse matrices are used in Section 3 for deriving some terminating A_r q-Abel summations.

Proposition 2.4. Let a, b, and x_1, . . . , x_r be indeterminate, and suppose that none of the denominators in (2.13) or (2.14) vanish. Moreover, let m be a fixed integer such that 0 ≤ m ≤ r. Then (f_{nk})_{n,k∈Z}r and (g_{kl})_{k,l∈Z}r are inverses of each other, where

(2.13) f_{nk} = (ae_m(x_1q^{n1} , . . . , x_rq^{nr} ) + b) ( ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b )_{|n|−1}

× (−1)^{|k|} q(^{|n|−|k|2} ) r∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i and (2.14) g_{kl} = (−1)^{|l|} ( ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b )_{−|l|}

× r∏ i,j=1

(_{xi} x_j q ) k_i (_{xi} x_j q ) l_i (_{xi} x_j q 1+l_i−l_j ) k_i−l_i .

By the following specialization of Theorem 2.1, we deduce a multidimensional matrix inversion which is used in Section 3 for deriving some nonterminating A_r q-Rothe expansions.

Proposition 2.5. Let a, b, and x_1, . . . , x_r be indeterminate, and suppose that none of the denominators in (2.15) or (2.16) vanish. Moreover, let m be a fixed integer such that 0 ≤ m ≤ r. Then (f_{nk})_{n,k∈Z}r and (g_{kl})_{k,l∈Z}r are inverses of each other, where

(2.15) f_{nk} = (−1)^{|n|−|k|} q(^{|n|−|k|2} ) ( q^{|k|} (a + be_m(x_1q^{k1} , . . . , x_rq^{kr} )) ) |n|−|k| × ( a + be_m(x_1q^{k1} , . . . , x_rq^{kr} ) )_{|n|−|k|}^r∏ i,j=1 ( x_i x_j q^{1+ki−kj} )_{−1} n_i−k_i and (2.16) g_{kl} = (−1)^{|k|−|l|} q(^{|k|+12} )^−(^{|l|+12} )

(a + be_m(x_1q^{l1} , . . . , x_rq^{lr} ) − q^{|l|}) (a + be_m(x_1q^{k1} , . . . , x_rq^{kr} ) − q^{|k|}) × ( aq^{−|k|} + bq^{−|k|}e_m(x_1q^{k1} , . . . , x_rq^{kr} ) ) |k|−|l| r∏ i,j=1 ( x_i x_j q^{1+li−lj} )_{−1} k_i−l_i .

Proof. In Theorem 2.1 we set a_t → d/(q^t − a) and c_i(t_i) → b^{1/m}x_iq^{ti} for i = 1, . . . , r. After some elementary manipulations, which include Lemma B.1, we let d → ∞ and obtain the inverse pair (2.15)/(2.16). □

In Proposition 2.5, if we interchange a and b and transfer some factors from one matrix to the other we obtain the equivalent Proposition 2.6. In this form the inverse matrices are used in Section 3 for deriving some terminating A_r q-Rothe summations.

Proposition 2.6. Let a, b, and x_1, . . . , x_r be indeterminate, and suppose that none of the denominators in (2.17) or (2.18) vanish. Moreover, let m be a fixed integer such that 0 ≤ m ≤ r. Then (f_{nk})_{n,k∈Z}r and (g_{kl})_{k,l∈Z}r are inverses of each other, where

(2.17) f_{nk} = (−1)^{|k|} q(^{|n|−|k|2} )

(b + ae_m(x_1q^{n1} , . . . , x_rq^{nr} ) − q^{|n|}) (b + ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) − q^{|n|}) × ( q (ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b) ) |n| ( ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b )_{|n|}

× r∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i and (2.18) g_{kl} = (−1)^{|l|} ( ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b )_{−|l|} (_q (ae_m(x_1q^k1 ,...,x_r q^{kr} )+b) ) |l| × r∏ i,j=1

(_{xi} x_j q ) k_i (_{xi} x_j q ) l_i (_{xi} x_j q 1+l_i−l_j ) k_i−l_i .

3. Applications to A_r series

3.1. Preliminaries. Here we introduce the basic concept of “inverse relations” and introduce some standard q-series notation.

Probably, the most important application of matrix inversion is the derivation of (hypergeometric) series identities. There is a standard technique for deriving new summation formulas from known ones by using inverse matrices (cf. [1], [11], [28]). If (f_{nk})_{n,k∈Z}r and (g_{kl})_{k,l∈Z}r are lower triangular matrices being inverses of each other, then of course the following is true: ∑ 0≤k≤n f_{nk}a_k = b_n

(3.1)

if and only if ∑ 0≤l≤k g_{kl}b_l = a_k.

(3.2)

If either (3.1) or (3.2) is known, then the other produces another summation formula. We will also use another version, the so-called “rotated inversion”, which can be used to derive nonterminating summations. It reads ∑ n≥k f_{nk}a_n = b_k

(3.3)

if and only if ∑ k≥l g_{kl}b_k = a_l,

(3.4)

subject to suitable convergence conditions. Again, if one of (3.3) or (3.4) is known, the other produces a possibly new identity.

Subsequently, we use special cases of our Theorem 2.1 to derive a couple of higher dimensional summation formulas for q-series.

Before we start to develop the applications of our multidimensional matrix inversion, we recall some standard notation for q-series. Let q be a complex number such that 0 < |q| < 1. Define

(3.5) (a; q)_∞ := ∏ j≥0 (1 − aq^j ), and the q-rising factorial,

(3.6) (a; q)_0 := 1, (a; q)_k := (1 − a)(1 − aq) · · · (1 − aq^{k−1}),

where k is a nonnegative integer. If a is not a negative integer power of q, (3.6) may also be written as

(3.7) (a; q)_k := (a; q)_∞ (aq^k; q)_∞ . As usual, we define the q-binomial coefficient as [ n k ] q := (q; q)_n (q; q)_k (q; q)_{n−k} , for nonnegative integers n, k (cf. [10, Eq. (I.39)]).

As there is no confusion with any other notation, we use the short form

(3.8) (a)_k ≡ (a; q)_k

for all q-rising factorials throughout this article.

For a thorough exposition on basic hypergeometric series including lists of selected summation and transformation formulas, we refer the reader to [10]. Here, however, we do not make use of the compact_sϕ_t notation for basic hypergeometric series (cf. [10, Eq. (1.2.22)]), since for the series occurring in this article the latter notation cannot be applied.

Concerning the nonterminating multiple series given in this article, we have stated their regions of convergence explicitly. The absolute convergence of these series can be checked by application of the multiple power series ratio test [14], [17]. However, in our proofs we have omitted such calculations. Proofs of absolute convergence of series which are very similar to those in this paper are given in [30, Appendix C].

3.2. Multiple q-Abel- and q-Rothe-type identities. For illustration of the usefulness of our new multidimensional matrix inversion, we give new multiple series extensions of the q-Abel-type expansion

(3.9) 1 = ∞∑ k=0 (a + b)(a + bq^k)^{k−1} (q)_k ( z(a + bq^k) ) ∞ z^k, being valid for |az| < 1 (see [20, Eq. (7.3)]), the q-Abel summation

(3.10) 1 = n∑ k=0 [ n k ] q (a + b) ( a + bq^k )_{k−1} c^k ( c(a + bq^k) ) n−k (see [20, Eq. (8.1)]), the q-Rothe-type expansion

(3.11) (z)_∞ = ∞∑ k=0 1 − (a + b) 1 − (aq^{−k} + b) ( aq^{−k} + b ) k (q)_k (−1)^kq(^{k2}) ( z(a + bq^k) ) ∞ z^k, being valid for |az| < 1 (see [20, Eq. (7.4)]), and the q-Rothe summation

(3.12) (c)_n = n∑ k=0 [ n k ] q 1 − (a + b) 1 − (aq^{−k} + b) ( aq^{−k} + b ) k ( c (a + bq^k) ) n−k (−1)^kq(^{k2})c^k (see [20, Eq. (8.5)]), respectively. Other terminating q-Abel and q-Rothe summations can be found in [15], [16], and [30]. Multiple series extensions of the above formulas have also been considered in [20, Sections 7 and 8] and [30, Sections 3–6] (which were also derived by multidimensional inverse relations.) There the (nontrivial) specializations which lead to the well-known Abel- and Rothe-type formulas for ordinary series (i.e. the “q = 1 case”) are given explicitly.

First, we give a multiple series extension of (3.9). Theorem 3.1 generalizes the A_r q-Abel-type expansion in [30, Theorem 3.2], to which it reduces for m = r and b → b/ ∏_r i=1 x_i.

Theorem 3.1 (An A_r q-Abel-type expansion). Let a, b, z, and x_1, . . . , x_r be indeterminate, and let m be a fixed integer such that 0 ≤ m ≤ r. Then there holds

(3.13) 1 = ∞∑ k_1,...,k_r =0 ( ∏ 1≤i<j≤r ( 1 −^{xi}_{xj} q^{ki−kj} 1 −^{xi}_{xj} )_r ∏ i,j=1 ( x_i x_j q )_{−1} k_i × (a + be_m(x_1, . . . , x_r)) ( a + be_m(x_1q^{k1} , . . . , x_rq^{kr} ) )_{|k|−1}

× (−1)^{(r−1)|k|} q^−(^{|k|2} )^{+r ∑ri=1} (^{ki2} )^{+∑ri=1(i−1)ki} r∏ i=1 x^{rki−|k|} i × z^{|k|} ( z(a + be_m(x_1q^{k1} , . . . , x_rq^{kr} )) ) ∞ ) , provided |az| < | |q^{r−1}_2 x_{−rj} ∏r_{i=1} x_i | | for j = 1, . . . , r. Proof. Let the multidimensional inverse matrices f_{nk} and g_{kl} be defined as in (2.11)/(2.12). Then (3.3) holds for

a_n = (−1)^{(r−1)|n|} q^−(^{|n|2} )^{+r ∑ri=1} (^{ni2} )^{+∑ri=1(i−1)ni} z^{|n|} r∏ i=1 x^{rni−|n|} i × ∏ 1≤i<j≤r ( 1 − x_i x_j q^{ni−nj} )

and b_k = (−1)^{(r−1)|k|} q^−(^{|k|2} )^{+r ∑ri=1} (^{ki2} )^{+∑ri=1(i−1)ki} z^{|k|} r∏ i=1 x^{rki−|k|} i × ( z(a + be_m(x_1q^{k1} , . . . , x_rq^{kr} )) ) ∞ ∏ 1≤i<j≤r ( 1 − x_i x_j q^{ki−kj} )

by the A_{r 0}ϕ_0-summation (B.2) in Theorem B.4. This implies the inverse relation (3.4), with the above values of a_n and b_k. After performing the shifts k_i → k_i + l_i, i = 1, . . . , r, and the substitutions x_i → x_iq^{−li} , i = 1, . . . , r, we get rid of the l_i’s and eventually obtain (3.13). □

Next, we give three A_r q-Abel summations. These are multiple series extensions of (3.10). Theorems 3.2, 3.3, and 3.4 generalize the A_r q-Abel summations in [30, Theorems 4.6, 4.7, and 4.8], respectively, to which they reduce for m = r and a → a ∏_r i=1 x_i.

Theorem 3.2 (An A_r q-Abel summation). Let a, b, c, and x_1, . . . , x_r be indeterminate, and let n_1, . . . , n_r be nonnegative integers. Moreover, let m be a fixed integer such that 0 ≤ m ≤ r. Then there holds

(3.14) 1 = ∑ 0≤k_i≤n_i i=1,...,r

(_r ∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i × (ae_m(1/x_1, . . . , 1/x_r) + b) ( aq^{|k|}e_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + bq^{|k|} )_{|k|−1}

× c^{|k|} ( c(aq^{|k|}e_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + bq^{|k|}) ) |n|−|k| ) . Proof. Let the multidimensional inverse matrices f_{nk} and g_{kl} be defined as in (2.13)/(2.14). Then (3.2) holds for

a_k = ( q c(ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b) ) |k| and b_l = q(^{|l|+12} ) c^{−|l|} by the A_r terminating q-binomial theorem (B.3) in Theorem B.6. This implies the inverse relation (3.1), with the above values of a_k and b_l. In the resulting identity, we reverse order of summations by performing the substitutions k_i → n_i − k_i, i = 1, . . . , r. After performing the substitutions c → cq^{|n|}, x_i → q^{−ni} /x_i, i = 1, . . . , r, we eventually obtain (3.14). □

Theorem 3.3 (An A_r q-Abel summation). Let a, b, c, and x_1, . . . , x_r be indeterminate, and let n_1, . . . , n_r be nonnegative integers. Moreover, let m be a fixed integer such that 0 ≤ m ≤ r. Then there holds

(3.15) 1 = ∑ 0≤k_i≤n_i i=1,...,r

(_r ∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i c^{|k|}

× (ae_m(1/x_1, . . . , 1/x_r) + b) ( aq^{|k|}e_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + bq^{|k|} )_{|k|−1}

× q^{−e2(k)} r∏ i=1 x^{ki}_i ( cx_iq^{ki} (ae_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + b) ) n_i−k_i ) , where e_2(k) is the second elementary symmetric function of {k_1, . . . , k_r}.

Proof. Let the multidimensional inverse matrices f_{nk} and g_{kl} be defined as in (2.13)/(2.14). Then (3.2) holds for

a_k = r∏ i=1 ( qx_i c(ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b) ) k_i

and b_l = q^{|l|+∑ri=1} (^{li2} ) c^{−|l|} r∏ i=1 x^{li}_i by the A_r terminating q-binomial theorem (B.4) in Theorem B.6. This implies the inverse relation (3.1), with the above values of a_k and b_l. In the resulting identity, we reverse order of summations by performing the substitutions k_i → n_i − k_i, i = 1, . . . , r. After performing the substitutions x_i → q^{−ni} /x_i, i = 1, . . . , r, we eventually obtain (3.15). □

Theorem 3.4 (An A_r q-Abel summation). Let a, b, c, and x_1, . . . , x_r be indeterminate, and let n_1, . . . , n_r be nonnegative integers. Moreover, let m be a fixed integer such that 0 ≤ m ≤ r. Then there holds

(3.16) 1 = ∑ 0≤k_i≤n_i i=1,...,r

(_r ∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i q^{e2(k)}

× (ae_m(1/x_1, . . . , 1/x_r) + b) ( aq^{|k|}e_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + bq^{|k|} )_{|k|−1}

× c^{|k|} r∏ i=1 x^{−ki}_i ( c x_i q^{|n|−ni} (aq^{|k|}e_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + bq^{|k|}) ) n_i−k_i ) ,

where e_2(k) is the second elementary symmetric function of {k_1, . . . , k_r}.

Proof. Let the multidimensional inverse matrices f_{nk} and g_{kl} be defined as in (2.13)/(2.14). Then (3.2) holds for

a_k = r∏ i=1 ( q^{1+|k|−ki} cx_i(ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b) ) k_i and b_l = q^{e2(l)+}(^{|l|+12} ) c^{−|l|} r∏ i=1 x^{−li}_i by the A_r terminating q-binomial theorem (B.5) in Theorem B.6. This implies the inverse relation (3.1), with the above values of a_k and b_l. In the resulting identity, we reverse order of summations by performing the substitutions k_i → n_i − k_i, i = 1, . . . , r. After performing the substitutions c → cq^{2|n|}, x_i → q^{−ni} /x_i, i = 1, . . . , r, we eventually obtain (3.16). □

In the following, we give two A_r q-Rothe-type expansions. These are multiple series extensions of (3.11). Theorems 3.5 and 3.6 generalize the A_r q-Rothe-type expansions in [30, Theorems 5.1 and 5.2], respectively, to which they reduce for m = r and b → b/ ∏_r i=1 x_i.

Theorem 3.5 (An A_r q-Rothe-type expansion). Let a, b, z, and x_1, . . . , x_r be indeterminate, and let m be a fixed integer such that 0 ≤ m ≤ r. Then there holds

(3.17) (z)_∞ = ∞∑ k_1,...,k_r =0 ( ∏ 1≤i<j≤r ( 1 −^{xi}_{xj} q^{ki−kj} 1 −^{xi}_{xj} )_r ∏ i,j=1 ( x_i x_j q )_{−1} k_i × (−1)^{r|k|} (1 − (a + be_m(x_1, . . . , x_r))) (1 − (aq^{−|k|} + bq^{−|k|}e_m(x_1q^{k1} , . . . , x_rq^{kr} ))) × ( aq^{−|k|} + bq^{−|k|}e_m(x_1q^{k1} , . . . , x_rq^{kr} ) ) |k| r∏ i=1 x^{rki−|k|} i × q^{r ∑ri=1} (^{ki2} )^{+∑ri=1(i−1)ki} z^{|k|} ( z(a + be_m(x_1q^{k1} , . . . , x_rq^{kr} )) ) ∞ ) , provided |az| < | | |q^{r−12} x^{−r}_j ∏_r i=1 x_i | | | for j = 1, . . . , r. Proof. Let the multidimensional inverse matrices f_{nk} and g_{kl} be defined as in (2.15)/(2.16). Then (3.3) holds for

a_n = (−1)^{(r−1)|n|} q^−(^{|n|2} )^{+r ∑ri=1} (^{ni2} )^{+∑ri=1(i−1)ni} r∏ i=1 x^{rni−|n|} i × z^{|n|} (z)^{−1}_{|n|} ∏ 1≤i<j≤r ( 1 − x_i x_j q^{ni−nj} )

and b_k = (−1)^{(r−1)|k|} q^−(^{|k|2} )^{+r ∑ri=1} (^{ki2} )^{+∑ri=1(i−1)ki} r∏ i=1 x^{rki−|k|} i × z^{|k|} ( z(a + be_m(x_1q^{k1} , . . . , x_rq^{kr} )) ) ∞ (z)_∞ ∏ 1≤i<j≤r ( 1 − x_i x_j q^{ki−kj} )

by the A_{r 1}ϕ_1-summation (B.6) in Theorem B.8. This implies the inverse relation (3.4), with the above values of a_n and b_k. After performing the shifts k_i → k_i + l_i, i = 1, . . . , r, and the substitutions a → aq^{|l|}, b → bq^{|l|}, z → zq^{−|l|}, x_i → x_iq^{−li} , i = 1, . . . , r, we get rid of the l_i’s and eventually obtain (3.17). □

Theorem 3.6 (An A_r q-Rothe-type expansion). Let a, b, z, and x_1, . . . , x_r be indeterminate, and let m be a fixed integer such that 0 ≤ m ≤ r. Then there holds

(3.18) (z)_∞ = ∞∑ k_1,...,k_r =0 ( ∏ 1≤i<j≤r ( 1 −^{xi}_{xj} q^{ki−kj} 1 −^{xi}_{xj} )_r ∏ i,j=1 ( x_i x_j q )_{−1} k_i × (1 − (a + be_m(x_1, . . . , x_r))) (1 − (aq^{−|k|} + bq^{−|k|}e_m(x_1q^{k1} , . . . , x_rq^{kr} ))) × ( aq^{−|k|} + bq^{−|k|}e_m(x_1q^{k1} , . . . , x_rq^{kr} ) ) |k| (−1)^{|k|} × q(^{|k|2} )^{+∑ri=1(i−1)ki} z^{|k|} ( z(a + be_m(x_1q^{k1} , . . . , x_rq^{kr} )) ) ∞ ) , provided |az| < 1.

Proof. Let the multidimensional inverse matrices f_{nk} and g_{kl} be defined as in (2.15)/(2.16). Then (3.3) holds for a_n = z^{|n|} (z)^{−1}_{|n|} q^{∑ri=1(i−1)ni} ∏ 1≤i<j≤r ( 1 − x_i x_j q^{ni−nj} )

and b_k = z^{|k|} ( z(a + be_m(x_1q^{k1} , . . . , x_rq^{kr} )) ) ∞ (z)_∞ q^{∑ri=1(i−1)ki} ∏ 1≤i<j≤r ( 1 − x_i x_j q^{ki−kj} )

by the A_{r 1}ϕ_1-summation (B.7) in Theorem B.8. This implies the inverse relation (3.4), with the above values of a_n and b_k. After performing the shifts k_i → k_i + l_i, i = 1, . . . , r, and the substitutions a → aq^{|l|}, b → bq^{|l|}, z → zq^{−|l|}, x_i → x_iq^{−li} , i = 1, . . . , r, we get rid of the l_i’s and eventually obtain (3.18). □

Finally, we give three A_r q-Rothe summations. These are multiple series extensions of (3.12). Theorems 3.7, 3.8, and 3.9 generalize the A_r q-Rothe summations in [30, Theorems 6.3, 6.4, and 6.5], respectively, to which they reduce for m = r and a → a ∏_r i=1 x_i.

Theorem 3.7 (An A_r q-Rothe summation). Let a, b, c, and x_1, . . . , x_r be indeterminate, and let n_1, . . . , n_r be nonnegative integers. Moreover, let m be a fixed integer such that 0 ≤ m ≤ r. Then there holds

(3.19) r∏ i=1 (cx_i)_{ni} = ∑ 0≤k_i≤n_i i=1,...,r

(_r ∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i q ∑_r i=1 (^{ki}_2 )

× (1 − (ae_m(1/x_1, . . . , 1/x_r) + b)) (1 − (ae_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + b)) ( ae_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + b ) |k| × (−1)^{|k|} c^{|k|} r∏ i=1 x^{ki}_i ( cx_iq^{ki} (ae_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + b) ) n_i−k_i ) . Proof. Let the multidimensional inverse matrices f_{nk} and g_{kl} be defined as in (2.17)/(2.18). Then (3.2) holds for

a_k = ( q (ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b) )_{−1} |k| r∏ i=1 ( qx_i c(ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b) ) k_i and b_l = q^{|l|+∑ri=1} (^{li2} ) c^{−|l|} r∏ i=1 x^{li}_i ( c x_i q^{|l|−li} ) l_i by the A_r q-Chu–Vandermonde summation (B.8) in Theorem B.10. This implies the inverse relation (3.1), with the above values of a_k and b_l. In the resulting identity, we reverse order of summations by performing the substitutions k_i → n_i − k_i, i = 1, . . . , r. After performing the substitutions a → aq^{|n|}, b → bq^{|n|}, c → cq^{−|n|}, x_i → q^{−ni} /x_i, i = 1, . . . , r, we eventually obtain (3.19). □

Theorem 3.8 (An A_r q-Rothe summation). Let a, b, c, and x_1, . . . , x_r be indeterminate, and let n_1, . . . , n_r be nonnegative integers. Moreover, let m be a fixed integer such that 0 ≤ m ≤ r. Then there holds

(3.20) r∏ i=1 ( c x_i q^{|n|−ni} ) n_i = ∑ 0≤k_i≤n_i i=1,...,r

(_r ∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i × q^{e2(k)+}(^{|k|2} )

(1 − (ae_m(1/x_1, . . . , 1/x_r) + b)) (1 − (ae_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + b)) × ( ae_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + b ) |k| (−1)^{|k|} c^{|k|} × r∏ i=1 x^{−ki}_i ( c x_i q^{|n|−ni} (aq^{|k|}e_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + bq^{|k|}) ) n_i−k_i ) , where e_2(k) is the second elementary symmetric function of {k_1, . . . , k_r}.

Proof. Let the multidimensional inverse matrices f_{nk} and g_{kl} be defined as in (2.17)/(2.18). Then (3.2) holds for

a_k = ( q (ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b) )_{−1} |k| r∏ i=1 ( q^{1+|k|−ki} cx_i(ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b) ) k_i and b_l = q^{e2(l)+}(^{|l|+12} ) c^{−|l|} r∏ i=1 x^{−li}_i (cx_i)_{li} by the A_r q-Chu–Vandermonde summation (B.9) in Theorem B.10. This implies the inverse relation (3.1), with the above values of a_k and b_l. In the resulting identity, we reverse order of summations by performing the substitutions k_i → n_i − k_i, i = 1, . . . , r. After performing the substitutions a → aq^{|n|}, b → bq^{|n|}, c → cq^{|n|}, x_i → q^{−ni} /x_i, i = 1, . . . , r, we eventually obtain (3.20). □

Theorem 3.9 (An A_r q-Rothe summation). Let a, b, c, and x_1, . . . , x_r be indeterminate, and let n_1, . . . , n_r be nonnegative integers. Moreover, let m be a fixed integer such that 0 ≤ m ≤ r. Then there holds

(3.21) (c)_{|n|} = ∑ 0≤k_i≤n_i i=1,...,r

(_r ∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i × (1 − (ae_m(1/x_1, . . . , 1/x_r) + b)) (1 − (ae_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + b)) ( ae_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + b ) |k| × (−1)^{|k|} q(^{|k|2} ) c^{|k|} ( c(aq^{|k|}e_m(q^{−k1} /x_1, . . . , q^{−kr} /x_r) + bq^{|k|}) ) |n|−|k| ) . Proof. Let the multidimensional inverse matrices f_{nk} and g_{kl} be defined as in (2.17)/(2.18). Then (3.2) holds for

a_k = ( q (ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b) )_{−1} |k| ( q c(ae_m(x_1q^{k1} , . . . , x_rq^{kr} ) + b) ) |k|

and b_l = q(^{|l|+12} ) c^{−|l|} (c)_{|l|} by the A_r q-Chu–Vandermonde summation (B.10) in Theorem B.10. This implies the inverse relation (3.1), with the above values of a_k and b_l. In the resulting identity, we reverse order of summations by performing the substitutions k_i → n_i − k_i, i = 1, . . . , r. After performing the substitutions a → aq^{|n|}, b → bq^{|n|}, x_i → q^{−ni} /x_i, i = 1, . . . , r, we eventually obtain (3.21). □

Concluding Remark 3.10. In this Section, we derived multidimensional q- Abel- and q-Rothe-type identities by inverse relations. If we specialized our inverse pair of matrices as in the Propositions of Section 2 but with c_i(t_i) → b^{1/m}(x_i + t_i) instead of c_i(t_i) → b^{1/m}x_iq^{ti} (and similarly adjusting the specialization of a_t), in combination with certain A_r hypergeometric series, we could have derived some Abel and Rothe summations for “ordinary” (q = 1) A_r series (see [3] and [30] for other A_r Abel and Rothe summations). However, we did not aim to give a complete treatment of possible applications of our matrix inversion in Theorem 2.1, but rather wanted to provide a few examples for evidence.

Appendix A. A determinant evaluation

We need the following Lemma in the proof of Theorem 2.1. Lemma A.1. Let x_1, . . . , x_r, y_0, y_1, . . . , y_r, and a be indeterminate. Let P (x) = (x − y_0) . . . (x − y_r), and let m be a fixed integer with 0 ≤ m ≤ r. Then (A.1) P (a) · det_{1≤i,j≤r} ( x^{r+χ(j≤m)−j} i − a^{r+χ(j≤m)−j} P (x_i) P (a) )

= (ae_m(x_1, . . . , x_r) + e_{m+1}(x_1, . . . , x_r) − e_{m+1}(y_0, . . . , y_r)) × r∏ i=1 (a − x_i) ∏ 1≤i<j≤r (x_i − x_j ).

Remark A.2. This generalizes [29, Lemma A.1], which is the special case m = r. For m = r the following proof reduces to Don Zagier’s [31] shorter and more elegant proof of [29, Lemma A.1] which he kindly communicated to us.

Proof of Lemma A.1. From the standard identity det (_{M η} ξ c ) = c det(M − c^{−1}ξη) applied to M = (x^{r+χ(j≤m)−j} i ), ξ = (a^{r+χ(j≤m)−j}), η = (P (x_i)) and c = P (a), we see that the left-hand side of (A.1) is just the determinant D of the (r + 1) × (r + 1) matrix with rows (x^{r+χ(1≤m)−1} i , x^{r+χ(2≤m)−2} i , . . . , x^{χ(r≤m)}_i , P (x_i)), where x_{r+1} = a. Substracting from the last column a linear combination of the other columns to replace P (x) by x^{r+1}+ (−1)^{m+1}e_{m+1}(y_0, . . . , y_r)x^{r−m} we can simplify D to

(−1)^r det 1≤i,j≤r+1 ( x^{r+1+χ(j≤m+1)−j} i ) +(−1)^{r+1}e_{m+1}(y_0, . . . , y_r) det_{1≤i,j≤r+1} ( x^{r+1−j} i )

= (e_{m+1}(x_1, . . . , x_r, a) − e_{m+1}(y_0, . . . , y_r)) r∏ i=1 (a − x_i) ∏ 1≤i<j≤r (x_i − x_j ),

where we made use of [22, (3.1) and (3.9)]. □

Appendix B. Background information – A_r basic hypergeometric summation theorems

Here we state a simplification lemma, and some A_r basic hypergeometric summations from Milne [25] we need in the proofs of our theorems of Section 3.

Lemma B.1. ∏ 1≤i<j≤r ( 1 −^{xi}_{xj} q^{ki−kj} 1 −^{xi}_{xj} q^{li−lj} )_r ∏ i,j=1

(_{xi} x_j q l_i−k_j ) k_i−l_i (_{xi} x_j q 1+l_i−l_j ) k_i−l_i = (−1)^{|k|−|l|}q^−(^{|k|−|l|2} )^{−∑ri=1 i(ki−li)}.

Remark B.2. Lemma B.1 is equivalent to Lemma 4.3 of [25], which is proved by some elementary manipulations.

Remark B.3. When reversing order of the summations in the proofs of Section 3, we permanently make use of the fact that the “A_r q-binomial coefficient”

(B.1) r∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i remains unchanged after performing the substitutions k_i → n_i − k_i and x_i → q^{−ni} /x_i, for i = 1, . . . , r. This can be seen using Lemma B.1.

Theorem B.4 (An A_{r 0}ϕ_0-summation). Let a and x_1, . . . , x_r be indeterminate. Then there holds

(B.2) (a)_∞ = ∞∑ k_1,...,k_r =0 ( ∏ 1≤i<j≤r ( 1 −^{xi}_{xj} q^{ki−kj} 1 −^{xi}_{xj} )_r ∏ i,j=1 ( x_i x_j q )_{−1} k_i × (−1)^{r|k|} a^{|k|} q^{r ∑ri=1} (^{ki2} )^{+∑ri=1(i−1)ki} r∏ i=1 x^{rki−|k|} i ) . Remark B.5. Theorem B.4 can be obtained from Theorem 1.47 of [25] by substituting z → z/ ∏_r i=1 a_i, then letting a_1 → ∞, . . . , a_r → ∞, and relabelling z → a. Theorem B.6 (A_r terminating q-binomial theorems). Let z and x_1, . . . , x_r be indeterminate, and let n_1, . . . , n_r be nonnegative integers. Then there holds

(B.3) (z)_{|n|} = ∑ 0≤k_i≤n_i i=1,...,r

(_r ∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i (−1)^{|k|}q(^{|k|2} )z^{|k|} ) ,

(B.4) r∏ i=1 (zx_i)_{ni} = ∑ 0≤k_i≤n_i i=1,...,r

(_r ∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i × (−1)^{|k|} q^{∑ri=1} (^{ki2} ) z^{|k|} r∏ i=1 x^{ki}_i ) ,

(B.5) r∏ i=1 ( z x_i q^{|n|−ni} ) n_i = ∑ 0≤k_i≤n_i i=1,...,r

(_r ∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i × (−1)^{|k|} q^{e2(k)+}(^{|k|2} ) z^{|k|} r∏ i=1 x^{−ki}_i ) , where e_2(k) is the second elementary symmetric function of {k_1, . . . , k_r}.

Remark B.7. The summations (B.3), (B.4), and (B.5) are Theorems 5.44, 5.46, and 5.48 of [25], respectively (slightly rewritten using Lemma B.1).

Theorem B.8 (A_{r 1}ϕ_1-summations). Let a, c, and x_1, . . . , x_r be indeterminate. Then there holds

(B.6) (c/a)_∞ (c)_∞ = ∞∑ k_1,...,k_r =0 ( ∏ 1≤i<j≤r ( 1 −^{xi}_{xj} q^{ki−kj} 1 −^{xi}_{xj} )_r ∏ i,j=1 ( x_i x_j q )_{−1} k_i × (a)_{|k|} (c)_{|k|} (−1)^{r|k|} q^{r ∑ri=1} (^{ki2} )^{+∑ri=1(i−1)ki} ( c a )_{|k|}^r∏ i=1 x^{rki−|k|} i ) ,

(B.7) (c/a)_∞ (c)_∞ = ∞∑ k_1,...,k_r =0 ( ∏ 1≤i<j≤r ( 1 −^{xi}_{xj} q^{ki−kj} 1 −^{xi}_{xj} )_r ∏ i,j=1 ( x_i x_j q )_{−1} k_i × (a)_{|k|} (c)_{|k|} (−1)^{|k|} q(^{|k|2} )^{+∑ri=1(i−1)ki} ( c a )_{|k|} ) . Remark B.9. The summation (B.6) can be obtained from Theorem 7.6 of [25] by letting a_1 → ∞, . . . , a_r → ∞, and relabelling b → a. The summation (B.7) can be obtained from Theorem 7.9 of [25] by letting b → ∞.

Theorem B.10 (A_r q-Chu–Vandermonde summations). Let a, c, and x_1, . . . , x_r be indeterminate, and let n_1, . . . , n_r be nonnegative integers. Then there holds

(B.8) ∏_r i=1(cx_i/a)_{ni} (c)_{|n|} = ∑ 0≤k_i≤n_i i=1,...,r

(_r ∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i

× ∏_r i=1 (_a x_i q |k|−k_i ) k_i (c)_{|k|} (−1)^{|k|} q^{∑ri=1} (^{ki2} ) ( c a )_{|k|}^r∏ i=1 x^{ki}_i ) ,

(B.9) ∏_r i=1 (_c ax_i q |n|−n_i ) n_i (c)_{|n|} = ∑ 0≤k_i≤n_i i=1,...,r

(_r ∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i × ∏_r i=1(ax_i)_{ki} (c)_{|k|} (−1)^{|k|} q^{e2(k)+}(^{|k|2} ) ( c a )_{|k|}^r∏ i=1 x^{−ki}_i ) , where e_2(k) is the second elementary symmetric function of {k_1, . . . , k_r},

(B.10) (c/a)_{|n|} (c)_{|n|} = ∑ 0≤k_i≤n_i i=1,...,r

(_r ∏ i,j=1

(_{xi} x_j q ) n_i (_{xi} x_j q ) k_i (_{xi} x_j q 1+k_i−k_j ) n_i−k_i × (a)_{|k|} (c)_{|k|} (−1)^{|k|} q(^{|k|2} ) ( c a )_{|k|} ) . Remark B.11. The summations (B.8) and (B.9) are Theorems 5.28 and 5.32 of [25], respectively (slightly rewritten using Lemma B.1). The summation (B.10) can be obtained from Theorem 7.6 of [25] by letting a_i → q^{−ni} , i = 1, . . . , r, and relabelling b → a.

References

[1] G. E. Andrews, Connection coefficient problems and partitions, Proc. Sympos. Pure Math.

(D. Ray-Chaudhuri, ed.) 34 (1979), 1–24.

[2] W. N. Bailey, Some identities in combinatory analysis, Proc. London Math. Soc. (2) 49 (1947), 421–435.

[3] G. Bhatnagar and S. C. Milne, Generalized bibasic hypergeometric series and their U(n) extensions, Adv. in Math. 131 (1997), 188–252.

[4] G. Bhatnagar and M. Schlosser, C_n and D_n very-well-poised_{10}ϕ_9 transformations, Constr.

Approx. 14 (1998), 531–567.

[5] D. M. Bressoud, A matrix inverse, Proc. Amer. Math. Soc. 88 (1983), 446–448. [6] L. Carlitz, Some inverse relations, Duke Math. J. 40 (1973), 893–901. [7] W.-C. Chu, Some multifold reciprocal transformations with applications to series expansions, Europ. J. Comb. 12 (1991), 1–8.

[8] G. Gasper, Summation, transformation and expansion formulas for bibasic series, Trans.

Amer. Soc. 312 (1989), 257-278.

[9] G. Gasper and M. Rahman, An indefinite bibasic summation formula and some quadratic, cubic and quartic summation and transformation formulae, Canad. J. Math. 42 (1990), 1–27.

[10] , Basic hypergeometric series, Encyclopedia of Mathematics And Its Applications 35, Cambridge University Press, Cambridge, 1990.

[11] I. M. Gessel and D. Stanton, Application of q-Lagrange inversion to basic hypergeometric series, Trans. Amer. Math. Soc. 277 (1983), 173–203.

[12] , Another family of q-Lagrange inversion formulas, Rocky Mountain J. Math. 16 (1986), 373–384.

[13] H. W. Gould and L. C. Hsu, Some new inverse series relations, Duke Math. J. 40 (1973), 885–891.

[14] J. Horn, Ueber die Convergenz der hypergeometrischen Reihen zweier und dreier Veränderlichen, Math. Ann. 34 (1889), 544–600.

[15] F. H. Jackson, A q-generalization of Abel’s series, Rend. Circ. Math. Palermo 29 (1910), 340–346.

[16] W. P. Johnson, q-Extensions of identities of Abel–Rothe type, Discrete Math. 159 (1996), 161–177.

[17] P. W. Karlsson and H. M. Srivastava, Multiple Gaussian hypergeometric series, Ellis Horwood Series: Mathematics and Its Applications, Halsted Press, J. Wiley & Sons, New York, 1985.

[18] C. Krattenthaler, Operator methods and Lagrange inversion, a unified approach to Lagrange formulas, Trans. Amer. Math. Soc. 305 (1988), 325–334.

[19] , A new matrix inverse, Proc. Amer. Math. Soc. 124 (1996), 47–59. [20] C. Krattenthaler and M. Schlosser, A new multidimensional matrix inverse with applications to multiple q-series, Discrete Math. 204 (1999), 249–279.

[21] G. M. Lilly and S. C. Milne, The C_l Bailey Transform and Bailey Lemma, Constr. Approx.

9 (1993), 473–500.

[22] I. G. Macdonald, Symmetric Functions and Hall Polynomials, second edition, Oxford University Press, New York/London, 1995.

[23] S. C. Milne, Basic hypergeometric series very well-poised in U(n), J. Math. Anal. Appl. 122 (1987), 223–256.

[24] , q-analog of a Whipple’s transformation for hypergeometric series in U(n), Adv. in Math. 108 (1994), 1–76.

[25] , Balanced_3ϕ_2 summation theorems for U(n) basic hypergeometric series, Adv. in Math. 131 (1997), 93–187.

[26] S. C. Milne and G. M. Lilly, Consequences of the A_l and C_l Bailey transform and Bailey lemma, Discrete Math. 139 (1995), 319–346.

[27] S. C. Milne and J. W. Newcomb, U(n) very-well-poised_{10}ϕ_9 transformations, J. Comput.

Appl. Math. 68 (1996), 239–285.

[28] J. Riordan, Combinatorial identities, J. Wiley, New York, 1968.

[29] M. Schlosser, Multidimensional matrix inversions and A_r and D_r basic hypergeometric series, The Ramanujan J. 1 (1997), 243–274.

[30] , Some new applications of matrix inversions in A_r, The Ramanujan J., to appear. [31] D. Zagier, private communication, May 1998.

Institut für Mathematik der Universität Wien, Strudlhofgasse 4, A-1090 Wien, Austria

Current address: Department of Mathematics, The Ohio State University, 231 West 18th Avenue, Columbus, Ohio 43210

E-mail address: mschloss@math.ohio-state.edu
URL: http://radon.mat.univie.ac.at/People/mschloss