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Causal loops escape paradoxes if they generate valid probabilities under arbitrary independent
local interventions. We show that a deterministic classical process is logically consistent if and only
if it contains no signaling loops: cyclic signaling is forbidden but cyclic causation is not, allowing
indefinite causal order. Logical consistency is then found to hold exactly when the list of events
of a process is pairwise exclusive and complete, providing the first event-based, intervention-free,
non-recursive characterization of consistent causal loops. Our results repair a previously introduced
intervention-free criterion that misses global loops and reveal that what makes deterministic classical
communications without causal order consistent is a multipartite form of Specker’s principle: if any
two of several questions can be answered jointly, so can all of them.

Introduction. The assumption that physical events un-
fold within a well-defined causal order underlies both
classical and quantum physics. Yet, general relativity
admits spacetime geometries containing closed timelike
curves (CTCs) [1, 2]. The latter famously give rise
to the grandfather paradoz, a (hypothetically) physical
contradiction induced by the suppression of a cause by
its own effect. What principle, then, prevents causal
loops from generating such contradictions? Hawking’s
chronology protection conjecture [3] answers this question
by forbidding CTCs altogether, whereas Novikov’s self-
consistency principle permits them, provided that events
along the loop are self-consistent, i.e. never lead to a con-
tradiction [4, 5].

Self-consistency, however, introduces a second puz-
zle. A causal loop may contain an effect that is also
its own cause, producing an apparently self-originating
piece of information, the bootstrap paradox. Although
such loops might be dismissed as a benign underde-
termination, information-theoretic considerations show
that, under the principle of freedom of choice—the abil-
ity of local agents to choose their interventions indepen-
dently—bootstrap and grandfather paradoxes become
operationally equivalent [6]. A satisfactory notion of con-
sistency must therefore exclude not only contradictions,
but also tautologies.

This criterion is captured by logical consistency, the
information-theoretic requirement that a communication
process should always generate valid joint probabilities
under arbitrary, independent local operations. Surpris-
ingly, logical consistency does not require a fixed global
causal order. It permits indefinite causal structures, in-
cluding correlations that violate causal inequalities [7].
Such non-causal behaviors do not solely arise from quan-

tum [8] or probabilistic [9] dynamics. They also manifest
in fully classical, deterministic single-round communica-

tion channels known as process functions [10, 11]. Pro-
cess functions without global past [10-17], such as the
canonical tripartite Lugano process [l 1, 12], dynamically

route information through a mesh of mutual controls of
causal structures, such that no party’s input remains in-
dependent of the others’ outputs, while still preserving
freedom of choice.

By definition, logical consistency is the mechanism
that shields these causal loops from paradoxes. But can
it be characterized by the communication events alone,
without invoking the agents or checking every group of
them? Its relation to paradoxes is explicitly formalized
through fized-point uniqueness (Theorem 1) [13, 18]: log-
ically consistent causal loops must yield a unique fixed
point for any local interventions, while grandfather and
bootstrap antinomies corresponding precisely to dynam-
ics with zero or multiple fixed points, respectively. How-
ever, evaluating fixed points requires checking the in-
duced dynamics for every choice of local interventions.
Instead, unipartite reducibility (Theorem 2) [13] captures
the intuitive idea that reducibility under the free local
operations of a single agent provides another core rep-
resentation of logical consistency. It remains however
recursive and intervention-dependent. Inspired by the
idea that non-causal process functions rely on a non-
trivial mesh of classical controls of causal orders, earlier
works sought an intervention-free alternative in output-
reducibility (Proposition 1) [13, 14]—a criterion that, as
we show below, turns out to be incomplete.

Results. First, we reformulate fixed point uniqueness
as an explicit prohibition of any signaling loop, whether
it is local, internal, or global (Corollary 1). It reveals
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that output-reducibility is incomplete, as it fails to rule
out global loops. We then show how output-reducibility
can be rectified by non-erasing reducibility (Theorem 3),
based on reductions that preserve dependencies, detect-
ing all signaling loops. Alternatively, it can be com-
pleted with a linear process-matriz constraint (Theorem
4), also formulated as function-level phase-erasure con-
ditions (Theorem 5). In fact, as process functions are
classical deterministic process matrices, all linear con-
straints characterizing the latter can be transformed into
a phase erasure characterization (Theorem 6). This gen-
eralizes to arbitrary local dimension the constraints of the
Boolean “parity-erasure” principle, recently proposed in
Ref. [19] as a fundamental principle underlying indefinite
causal order. Finally, we introduce the first purely event-
based characterization of process functions (Theorem 7):
a process function is valid if and only if it forms a com-
plete list of pairwise exclusive events, where two global
events are defined as exclusive whenever some party as-
signs them distinct outcomes for the same local setting.
Thus, consistency of a causal loop only requires the com-
munication structure to be well-defined for every tuple of
local outcomes. This provides a complete, conceptually
parsimonious, non-recursive and intervention-free char-
acterization of logical consistency. It identifies the lat-
ter as a multipartite form of Specker’s principle [20, 21],
the motivational basis [22-24] of the local orthogonality
[25] and exclusivity [26] principles, which play a central
role in explaining why quantum correlations are not more
nonlocal than they are.

Process functions. Consider n parties, labeled k €
{1,...,n} = N. Each party receives classical inputs zj, €
X and i, € Z; and produces classical outputs ay € Ay
and o € Ok. For compactness, we will use the nota-
tions X = XZ:1 X, A = Xzzl A, € = (21, ..., Tn),
a = (a1,..,a,), a\; = (a1,...,0i-1,0i41,..,0p) etc.
Here' X}, A, are exchanged with a shared communica-
tion resource—analogous to hidden variables mediating
the correlations in a Bell scenario—while Z, Oy are the
local setting and outcome registers. The parties are op-
erationally isolated, interacting only through the shared
resource; their settings i, are freely chosen, and each
party applies a local stochastic channel P(ag,og|k, ix)
exactly once. The observed correlations are

P(ofi) = Z(H P(ak,ok|xk,ik))P(:p|a), (1)
a,x k=1
where P(x|a) is the classical process implemented by the
resource. The process is logically consistent if Eq. (1)
yields a valid distribution, i.e. P(o|i) > 0, >~ P(oli) =
1, for every choice of local operations.

L Our notation is distinct from that adopted in Refs. [9, 11, 13, 14,

1.

Definition 1 (Process function). A deterministic log-
ically consistent process defines a map w called the pro-
cess function, composed of a set of local functions w =
(wg)r where wy, : A — X, which specifies the relation be-
tween outputs and inputs in Eq. (1) via P(x|a) = 0z w(a),
where 0; ; is the Kronecker delta. Similarly, determinis-
tic local channels, also called local interventions, de-
fine functions f := (frx)r where fi : Xp X Ty — A X Ok
such that P(ak, Ok|l‘k, ik) = 5(ak70k);fk(1k;ik)'

Fized point uniqueness. Let us consider the simplified
scenario where |Zy| = |Ok| = 1 for all parties k. Logi-
cal consistency then reduces to Y 1} 0zp wp(£@) = 1,
equivalently > 1, 0ay. fr(wi(a)) = 1 for any local inter-
ventions f. This yields the following characterization:

Theorem 1 (Fized point uniqueness). A quasi-
process function w : A — X, that is, a set of local
functions w = (wy)r where wy : A — X, is a pro-
cess function if and only if for every f = (f1,..., fn),
fr + X — Ag, the composed map w o f has a unique
fixed point

VE:X = A 3zt st VE, x£ =wp(f(2h), (2
or equivalently, f o w has a unique fized point.
Proof. Eq. (2) is proven in Refs. [13, 18]. O

Fixed-point uniqueness excludes both the grandfather
antinomy (a collection of interventions f is such that
f o w has no fixed point, a self-contradiction, e.g. ar =
ax ®1) and the bootstrap antinomy (a collection of inter-
ventions f is such that f ow has several fixed points, a
tautology, e.g. ax = ay), which are anyway equivalent un-
der local operations [6]. It thus acts as a “time-policing”
principle compatible with freedom of choice. It relies,
however, on every possible local intervention.

Unipartite reducibility. Another complete character-
ization [13, Lemma 3] replaces the global composition
w o f of Theorem 1 by a composition with a single local
operation fy, yielding a reduced process function.

Definition 2. (Reduced process function) Let w :
A — X be non-self-signaling, i.e. wi(a) = wi(a\y) for
all k. For a local operation fy : X — Ag, the reduced
process function w'* : Ak — X\, is obtained by feed-
ing xr = wg(ay) into f and closing the loop (Fig. 1):
wht(a\,) = w\p(a, fr(wr(a)))-

Theorem 2 (Unipartite reducibility). Let w : A —
X be a non-self-signaling function. Then w is an
n—partite process function if and only if there exists a
party k such that wf* is a valid (n — 1)—partite process
function for every fi. (Necessity in fact holds for every

party k.)



FIG. 1. Visualization of the reduced process function as de-
fined in Def. (2) for the case of fixing fi, a local operation of
the first party.

Proof. Proven in Ref. [13, Lemma 3]. O

While losing the explicit relation with the prohibition
of paradoxes, unipartite reducibility is structurally infor-
mative. It expresses the idea that logical consistency is
conserved when a party is absorbed into the process. It
is however hard to apply, as it is recursive and quantifies
over all local operations fj.

Output reducibility. Refs. [13, 11] proposed a simplifi-
cation using only constant interventions fi(zx) = ay for
all xx, where party k feeds to the shared communication
resource the same value ay irrespective of the input xj
received from the resource. The resulting output-reduced
function is

w* (a\k) = (wj(a\kaa'k))j;,ék' (3)

Proposition 1 (OQutput-reducibility). A quasi-process
function w : A — X is a process function only if w is
a valid (n—1)—partite process function for every party k
and every ay € Ay.

Proof. Necessity follows directly from Theorem 2. O

Crucially, this condition is operationally intervention-
free: one can fix outputs without invoking local opera-
tions. Nevertheless, output-reducibility is not sufficient:
it may incorrectly classify certain logically inconsistent
quasi-processes [J] as valid. The simplest counterexam-
ples are the Guess-Your-Neighbor’s-Input (GYNI) [28]
processes, w : A — X where each component wy de-
pends on a single output a;+, and every party’s output
is fed into exactly one other party’s input, forming a sig-
naling loop through all parties. A standard tripartite
example is (cf. Fig. 2)

W3-GYNI - Ty ‘= a3, T2 :=Aai, I3 :i= az, (4)
with straightforward n-partite generalizations. Such
loops satisfy output-reducibility: fixing any output, say

a1, yields the bipartite reduction ws'oyyi(az,as) =
(x2 = a1, x3 = ag), which is one-way signaling, hence
valid, and the same holds for the other reductions. How-
ever, GYNI processes are manifestly inconsistent. For in-
stance, if all parties apply an identity channel ay := xy,
Eq. (4) gives 1 = a3 = 3 = a2 = 2 = a1 = @7, l.e.
the bootstrap paradox arises. Thus, this inconsistency
evades detection here.

In order to understand more generally what makes
output-reducibility incomplete, let us define a signaling
loop on a nonempty subset X C N as follows. Fix the
outputs @ := axn g of all parties outside KC, and choose
local interventions fj : X — Aj, for k € K. These induce
the closed-loop map L%f s A — Ag,

(LE (ax)), = (fu(wi(ax,a))),. (5)

We say that K forms a signaling loop whenever this map
fails to have exactly one fixed point. This establishes a
scale of loops, see Fig. 2, which can be local (K| =1, a
party signaling to itself), internal (X C N, manifested in
a reduced function), and global (K = N, as in Eq. (4)).
Hence, the following corollary can be derived:

Corollary 1 (No-K-signaling loop). A quasi-process
function, i.e. any tuple w = (wg), wg : A = X, is a
process function if and only if, no subset of K C N parties
form a signaling loop, for any fixed remaining outputs.

Proof. By definition, a signaling loop yields paradoxes.
The claim therefore follows directly from Theorem 1, and
conversely. O

Forbidding signaling loops do not forbid all kinds of
cyclic dependencies. In the Lugano process [11, 12],

x3 = az(a; ® 1),

(6)

each bipartite signaling relation is controlled by the third
party, such that no loop survives. Yet, this process
function admits no global past, i.e. no xj is constant.
Non-causality of process functions therefore rests not on
signaling loops, but on a mesh of classically controlled
causal orders.

r1:=az(az ® 1), x2:=ai(az®1),

Corollary 1 sheds light on the incompleteness of
output-reducibility. The latter does rule out local and
internal loops. A global loop, however, is cut by the very
act of fixing an output, and thereby escapes every re-
duction. This diagnosis comes nevertheless with its cure.

Non-erasing reducibility. On the one hand, one can
correct output-reducibility at its source, by requiring re-
ducibility under operations that preserve dependencies
rather than erase them.



FIG. 2. Examples of three non-valid n = 3 quasi-processes
structures containing (left) a local loop on A1, e.g., x1 := a1,
22 := 0, 3 := a2 ; (middle) an internal loop between A; and
Az, e.g., x1 := ag, T2 1= a1, x3 := 0; (right) a global loop,
e.g., the GYNI quasi-process 1 := a3, 2 := a1, x3 := az. For
each of these forbidden structures, there exists a set of local
interventions that lead to a self-contradiction a1 = a1 ®1 (e.g.
for fi:x1 = a1 =211, fo:x2 = a2 :=x2 and f3: 13 —

as := x3) or a tautology a1 = a1 (e.g. for fx : xp — ar := zk
for all k).

Definition 3 (Non-erasing operation). A local oper-
ation fi : Xp — Ay is non-erasing for w if it preserves
at least one dependence on ay: there exist a party j, an
assignment a\y, and inputs xy,x) € Xy such that

w; (fe(zr), av) # w; (fre(2y), avg). (7)

Two compositions must be distinguished. Testing
whether fj is non-erasing probes the substitution ay —
fe(zp) with xi kept free, isolating which dependencies
survive. The reduction w’* instead closes the loop, feed-
ing 2 = wi(a\g), i.e. ar = fr(wr(a\i)). This yields:

Theorem 3 (Non-erasing reducibility). A quasi-
process function w : A — X is a valid n—partite process
function if and only if

(i) for n =1, w is constant;

(i) for n > 1, for every party k and every non-erasing
operation fr : X — Ay, the reduced function
wl* - Ak — X\ is well-defined and is a valid
(n—1)—partite process function.

Proof. See Appendix. O

Completing output-reducibility. On the other hand,
output-reducibility can be made sufficient by adding a
constraint ruling out genuine global signaling loops, i.e.
non-valid quasi-process that do not contain local nor in-
ternal loops. Since process functions are equivalent to
deterministic classical process matrices, it is natural to
consider the latter framework to formalize the missing
constraint. By Theorem 4 of Ref. [15], w can be encoded
as a process matrix Wy, (Supplemented Material (SM),
Eq. (19)). In the trace-and-replace notation of Eq. (18),
with Ako the output space of party k, the single linear
constraint

1149 W =0, (8)

forbids W, from having component depending jointly on
all n outputs. The GYNI process function (Eq. (4)) vio-
lates Eq. (8), while all its output-reductions are valid.
Eq. (8) completes precisely what output-reducibility,
which excludes every loop among proper subsets of par-
ties, leaves out: it is violated by any quasi-process whose
sole defect is a global loop. It is not, however, a stand-
alone diagnostic for global loops. See Appendix.

Theorem 4 (Output-reducibility and mno global
loop). A quasi-process function w : A — X is a valid
n-partite process function if and only if

(i) Proposition 1 holds and

(i) 11,[1-a9)Ww = 0.
Proof. As W,, is automatically positive and nor-
malized, validity reduces to the linear constraints
er)c[lng]Af\P\;ch = 0 for all @ 7é K Q N [ - ]
Averaging a reduced process w® over a; amounts to
tracing out the input and output spaces Aio of party k.
Hence (i) implies the process-matrix constraints for every
K C N, choosing any k ¢ K, while (i) is the remaining
case K = N. Conversely, the full family of constraints
implies both (7) and (4éi). More details can be found in
Appendix. O

Because Eq. (8) is defined on the process matrix W,,,
while w is purely a classical function, one may ask
whether this constraint can be expressed without in-
voking Hilbert spaces. Indeed, it admits an equiva-
lent, purely classical representation in an explicit phase-
erasure form:

Theorem 5 (Output-reducibility and phase era-
sure). A quasi-process function w : A — X is a valid
n-partite process function if and only if

(i) Proposition 1 holds and

(il') for every @ € X and every v = (v1,...,vy,) with
Vi € {17adk - 1}7 dk = |Ak|7
Z 5w(a)7 x e2mivi an/di — (. 9)
a k=1
Proof. See SM. O
Eq. (9) is the Fourier transform of Eq. (8). For each

global setting @, the set of outputs producing it carries
no Fourier component in which every party has a nonzero
frequency. The inputs generated by w are thus never
controlled by all n outputs jointly, and genuine global
loops are ruled out.

A complete phase erasure characterization. Noting
that W,, satisfies all process-matrix linear constraints,
the same translation applies to each subset K, yielding a
complete family of phase-erasure constraints, which com-
pletely characterize process functions:



Theorem 6 (Phase erasure). A quasi-process function
w: A — X is a valid n-partite process function if and
only if, for every nonempty K C N, every xx € X and
every (V) ke with vy € {1,...,dx — 1},

Z H 5wk(a),wk e2mivkak/de — ), (10)

acA kek

Proof. See SM. O

Theorems (1-6) are multiple faces of the same con-
dition: the deterministic classical special case of the
process-matrix constraints that detects signal loops at
every scale. Remarkably, in the Boolean case, vy = 1
and Eq. (10) reduces to the parity condition

Z H 51%(@)73:1@ (_1)2%;@% =0, (11)

acA kek

recovering the constraints on which the parity-erasure
principle for higher-order processes [19] is based on.

All the above criteria ultimately chase signaling loops
(and thus paradoxes), in the signaling structure (Corol-
lary 1), through local reductions (Theorems 3-5) or in
the Fourier coefficients (Theorem 6) of w. All inherit ei-
ther a recursion over parties or a quantification over their
subsets. Is logical consistency expressible without these
features?

Pairwise exclusive completeness. Here, we find such a
criterion, phrased on w alone, based on a single check
over all pairs of events, with no intervention, recursion,
nor subset involved.

An event is a pair of tuples (a|x) € A X X, read
as “the parties produce the outputs a upon receiving
the inputs «”. Two events are exclusive if some party k
satisfies x, = z, and ay # a}: receiving the same input,
it would have to produce two different outputs, which no
local function can do. Exclusive events therefore never
occur under a common intervention. A list £ C A x X
is complete if |E| = |A|.

Theorem 7 (Paitrwise-exclusive completeness). A
list of events E C AX X is the event list {(a|w(a))}aca
of an n-partite process function if and only if it is com-
plete and pairwise exclusive.

Proof. Two events sharing the same a are never exclu-
sive, so a pairwise exclusive list has pairwise distinct out-
puts, hence at most |A| events. If the list is moreover
complete, its outputs exhaust A, and F is associated with
a total function w : A — X. Conversely the event list of
a total function is automatically complete. It remains to
show that a total quasi-process function w is a process
function if and only if F is pairwise exclusive.

(«<=) Sufficiency follows from Ref. [17, Theorem 3]. Let
=)k, fx: X — Ag, be an arbitrary intervention,

and suppose a # a’ are both fixed points of fow. Ex-
clusivity of the corresponding events gives a party k with
ar # a, and wg(a) = wg(a’), hence

ar = fr(wr(a)) = fr(wi(a’)) = ay, (12)

a contradiction. Every intervention thus admits at most
one fixed point. Hence the quasi-process function does
not generate bootstrap paradoxes. By Ref. [6, Theo-
rem 1], any total quasi-process function w that does
not suffer from the bootstrap paradox has a unique fixed
point. Hence, w is a process function by Theorem 1.

(=) Let w : A — X be a process function with event
list £ = {(a|]z) | x = w(a)}. Assume now ad absurdum
that there exist two events (a|x) # (a’|z’) in E violating
exclusivity, i.e. for every party k,

T =1}, = ar =ay and a # ap, = zp #x),.  (13)
Let D = {k : ar # a},} # @ because (a|z) # (a'|z’).
Define the following intervention for every k,

! /
ap Tk = Ty,

fe(oy) = { (14)

ar otherwise.

For k € D the inputs z; # xj, are distinct, hence
fr(z)) = aj, and fr(zx) = ax; for k ¢ D, fi is the
constant map ay = aj, and both equalities hold as well.
Since wi(a) = =z and wy(a’) = ), both a and a’ are
distinct fixed points of fow with f := (fx)x, contradict-
ing Theorem 1. Hence, the process function w satisfies
pairwise exclusivity. O

Discussion. The characterizations of process functions
brought together in Table I resolve the central question
of this work on three distinct levels.

On one hand, logical consistency requires forbidding
closed signaling loops across all scales (Corollary 1). No-
tably, this restriction against cyclic signaling does not
enforce global causality: cyclic dependence may remain
viable if it is mediated by classical control, where each
party’s causal placement is dynamically selected by prior
outputs (Eq. (6)).

On the other hand, traditional criteria establish valid-
ity based on interventions or a quantification over subsets
of parties. In contrast, pairwise-exclusive completeness
(Theorem 7) bypasses this requirement: a causal loop is
valid precisely when its allowed events form a partition of
the output space into mutually exclusive outcomes. By
eliminating any direct reliance on loops, interventions, or
recursive calls, this property is the simplest to state, in-
herently non-sequential and thus straightforward to par-
allelize. Because pairwise exclusivity always holds for
complete Boolean event lists, this drastically simplifies
exhaustive enumeration—retrieving the 12 bipartite and
744 tripartite Boolean process functions (64 of which pos-
sess no global past) corresponding to the deterministic
extremal points of the classical processes polytope [11].



Characterization Condition on w Type Ref.
Fixed-point uniqueness f o w has a unique fixed point, Vf interventions [18]
Unipartite reducibility w?* valid for some k and all fj recursive [13]

No signaling loop
Non-erasing reducibility
Output-red. + no global loop w valid Vk, ay [13,
Output-red. + phase erasure
Phase erasure

Pairwise-exclusive completeness

no K C N forms a signaling loop

w’* valid Yk and all non-erasing fi

w valid Vk, ax, and Eq. (9)
Eq. (10) forall @ # K C N

|E| = |A|, all events of E pairwise exclusive

signaling structure Cor. 1

recursive Thm. 3

], and Hk[lng]W“’ =0 recursive + matrix Thm. 4
recursive + functions Thm. 5

functions Thm. 6

combinatorial Thm. 7

TABLE I. Complete characterizations of process functions: those previously known (top) and those established here (bottom).
Only phase erasure and pairwise-exclusive completeness avoid recursion, and only the latter is a condition on pairs of events,

hence testable in parallel.

This criterion recovers the correspondence between
process functions and unambiguous complete product
bases [17], which specify a list of events that is pairwise
exclusive (by unambiguity) and complete. With it comes
the relation between process functions and non-signaling
inequalities of the local orthogonality type [17, 25]. Pair-
wise exclusive completeness is in fact a structural [22]
reading of Specker’s principle [20, 21]—*if you have sev-
eral questions and you can answer any two of them, then
you can also answer all of them”—in a Bell scenario,
i.e. a structural version of the local orthogonality prin-
ciple [25, 32]. Known as orthocoherence, it also plays a
key role in the discussion of tensor products in quantum
logic [33-35]. As we show in forthcoming work, pairwise
exclusive completeness anchors in fact process functions
within the hypergraph-theoretic language of contextual-
ity scenarios [30].

These verifiable membership criteria enable a more
systematic study of logically consistent classical pro-
cesses with indefinite causal order. They may, for in-
stance, help establish the conjecture of Ref. [37] that a
“siblings-on-cycles” property suffices for a causal struc-
ture to be admissible. Moreover, the physical realizability
of these consistent loops remains fundamentally tied to
their spacetime embeddability [38]. Since process matri-
ces—and by extension process functions—form a linear
subset of both post-selected closed timelike curves [39—

| and pre-and-post-selected quantum states [12], pro-
cess functions can be simulated via quantum post-
selection [43]. Nevertheless, identifying the precise phys-
ical mechanisms that realize the full class of logically
consistent classical loops—be it non-trivial spacetime
topologies or dynamical feedback architectures—remains
a compelling direction for future research.
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Proof of Theorem 3

For n = 1, the statement follows directly from Theo-
rem 1: a unipartite process function is necessarily con-
stant. Let n > 1. If w is a process function, then every
reduction of w by a local operation is again a process
function (Theorem 2). This holds, in particular, for every
non-erasing operation, proving the forward implication.



For the converse we show the contrapositive: if the
quasi-process w is not a process function, some non-
erasing fi has a reduction w’* that is not well defined or
not a valid (n — 1)—partite process function, i.e. violates
(it).

Assume first that the non-valid quasi-process w is self-
signaling, i.e. there exists k such that xj depends on ay,
i.e. 3 a\y,ar # aj, such that xp == wg(ag, a\p) # ), 1=
wy(ay, a\r). Take a function f such that fi(z}) := ax
and fi(xp) := aj, for x # ). Then fj is non-erasing
(its image is {ag, a},}, on which wy, is non-constant), yet
the one-party loop b = fx(wg(b,a\;)) has no solution: it
takes values in {ay,a}, and ay — aj, aj, — a,. Hence
wf* is not well defined and (i) fails.

Assume now that the non-valid quasi-process w is
non-self-signaling, i.e. every w'* is well-defined. By
Theorem 1, there exists a collection of local operations
= )ken fx: X — Ag, such that fow has no fixed
point or several. Let us find a non-erasing operation fx
such that f\; o w’* has also no fixed point or several.

Let By := Im f; (a proper subset of Ay in general,
as fr need not be surjective) and B := [[, Bi. Since
f o w takes values in B, all its fixed points lie in B, and
(f ow)|p has the same fixed points; in particular it still
fails to have exactly one.

Let us assume that among the considered collection of
f, no fi is non-erasing for w. Intuitively, each fj then
severs party k’s outgoing dependences, so that no sig-
naling loop, and hence no paradox, can be detected by
reducing with it. The precise definition follows from the
negation of Definition 3: for every j, every k # j, every
ayy, and all zg, z), wi (fr(zr), avk, ;) = w;(fr(2]), @k ),
where we have used wj;(a) = wj(a\;) from non-self-
signaling. Since fj(z)) ranges over By, this means that
ap — wj(ag, a\x ;) is constant on By for every ay;; €
By ;. Because B = [], Bi, w is constant on B. There-
fore (f o w)|p is constant and always has a unique fixed
point, contradicting our assumption on f. We conclude
that some f; is non-erasing for w.

Finally, let us show that the map a — a\; is a bi-
jection from the fixed points of f o w onto those of
fix owl*. A tuple a is a fixed point of f o w if and
only if ar = fi(wi(a\k)) and a\, = fi(w\k(ak, ary)).
The first equation determines a; from ay;, alone, so the
map is injective; substituting it into the second gives ex-
actly a\, = fik (wfk (a\k)), so the image is contained in
the fixed-point set of fi; o wf*. Conversely, given such
a fixed point @\, setting ay := fr(wx(a\x)) recovers a
fixed point of f o w.

Hence, f\,ow'* has the same number of fixed points as
fow, which is not unique by assumption. By Theorem 1,
wf* is not a valid (n — 1)-partite process function, and
(i1) fails. O

Process-matrix constraints and output-reducibility
(Theorem 4)

The process-matrix constraint indexed by X C N
traces out the complementary systems A§O and hence
averages over the outputs aj;, j ¢ K. By contrast,
output-reducibility (Proposition 1), requires validity for
every fized assignment of these outputs. Indeed, for any
ko ¢ K, the sum over ag, in Eq. (26) can be split into
separate contributions, one for each value of ar,. Each
contribution is precisely the output-reducibility con-
straint evaluated on the reduced function w®*o. Conse-
quently, output-reducibility implies every process-matrix
constraint indexed by a proper subset K C N.

The converse does not hold constraint by constraint,
because defects arising at different fixed outputs may
cancel under averaging. For example, the K = N
process-matrix constraint Eq. (8) may hold despite the
presence of a global loop, in quasi-process also containing
internal or local loops. For example, x1 = a3 ® a3, xo =
a1 ® az, x3 = a1 D as contains a global signaling loop,
although Eq. (8) is satisfied. However, it also contains in-
ternal loops: e.g. fixing az = 0 yields 1 = ag, 2 = a;.
Output-reducibility detects the defect because it tests
this reduced function separately.

Thus, the whole set of process-matrix constraints and
output-reducibility completed with Eq. (8) encode the
same validity requirement when imposed as complete
families, but their individual conditions do not corre-
spond term by term. A process-matrix constraint in-
dexed by K averages over the outputs of the comple-
mentary parties N'\/C, whereas output-reducibility fixes
those outputs and tests each resulting reduced function
separately.
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Supplemental Material

Process functions as process matrices

Process functions are the deterministic classical counterpart of process matrices [8], which are the Choi representa-
tions [44] of quantum supermaps that yield valid probabilities under arbitrary quantum operations.

Each party k performs a single local quantum operation

M, : LOHA) x Ty = L(HAT) x Oy, (15)
where the classical spaces AX) and Ay are replaced by spaces of linear operators [,('HAi) and ﬁ('HAkO). Con-
I 4O
cretely, M);, is the Choi operator [44] of a quantum instrument My, = (Mi"‘;:’“ Jowlins Where each element
Al 4O 1,0 I o . . AT A0 AL AQ 1
M, 5" € L(HAAR) := L(HA @ HAR) for any iy, € T;, satisfies M, 5" = 0and Tryo P Mo S = 14k,

With the notations A = Ay...A,, Ay = ALAQ 0= (01,...,0,) and i = (i1,...,i,), within the process matrix
framework, the correlations established by the parties are given by the probabilities

n n
. T
P(oli) = Tr | (Q M%) -WA] = QM+ WA, (16)

k=1 k=1

where W € L(H?) is the “process matrix”, and * denotes the “link product” [15, 46]. For two operators M € L(HXY)
and N € L(HY?), the latter is defined as M * N = Try [(M*Y @ 1%)(1* ® N)] where Ty denotes partial transposition
on Y. This product is both commutative (up to reordering of tensor products) and associative (as long as each space
involved in the product appears at most twice); a tensor product M* @ NV is a special case with trivial link.

For Eq. (16) to define valid probabilities under any arbitrary operations Ml‘?:, the process matrix W4 must be
positive semidefinite W4 > 0 and belong to a nontrivial subspace £V of L(HA) [20-31]:

WE,CN<:>V’C QN,V/C;EQ), erK[l_AkQ]Af\P\}cWZO’ (17)
with the trace-and-replace notation

n-xjW = W—xW,

]1X
xW = — Trx W. (18)
dx
By [15, Theorem 4], any process function w : A — X admits a unique encoding as a process matrix:
A9 Al
Wa =" Q) lar)ar " @ [wr(ak)Xws (@) . (19)
a k
Setting |Z,| = |Ok| = 1, arbitrary local operations fy : Xy — A and gz, : X; — A; are encoded as quantum
channels
Al A9
M = 37wl @ | frle) ) i ()| (20)
T Xy
Aj Al A9
M = 3" |a Xl @ [g;())g; ()| (21)
T;EX;

From the no global loop to phase erasure constraints (Theorem 5)

Let us show that the process matrix constraint Eq. (8) under the matrix encoding Eq. (19) translates into the phase
erasure conditions Eq. (9).
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Proof. Denote Wy, = 3, c 4 Pa ® Qu(a), Where Py := @), nr |ak><ak|A’“O , Qz = Qe |xk)<xk\A£ . For each party k,
define the average of @ — Qq(q) OVer ag, and the centering Cy by

dr—1
1k

(Eka)( = Z Qw(ak,a\k)a Cr :=id — Eg. (22)

ak—O

Using the trace-and-replace map (Eq. (18)) on A9 and

]]-AO dk 1
T —1 0 )
rlax)ak| =1, A dr a;o laxag|* (23)
we obtain
AOW B d Z Z P(a‘kaa\k) ®Q‘w(ak,a\k
a\ g ak,ak
= Z P"' ® Eka)(a’) (24)
a
Consequently,
=401 W = Y Pa @ (CQu)(@). (25)
a

The averaging operators commute, and hence so do the centering operators. It follows that

I, 11-42)Ww ZP ® (H Ck) Qu(a). (26)

keN

Since the operators P, are linearly independent, Eq. (8) is equivalent to

(H ck> Quw(a@)=0 Vac A (27)

keN

Moreover, Qu(a) = D pecx Ow(a),e @z, and the operators @ are linearly independent. Thus the matrix constraint
separates into the scalar conditions

<Hck> Fp=0 VzeX, (28)

keN

where F(a) := y(a),2

It remains to express Eq. (28) in the complex Fourier basis. Let us remark that the latter has no intrinsic physical
significance here; it is merely a convenient simultaneous eigenbasis for the averaging operators E;. The essential fact
is that C; = id — E; projects onto the subspace of functions that are non-constant in ax. Thus Hk C;, selects the
component that depends jointly on all outputs.

Label each output alphabet as Ay ~ Z4, and define the characters

_ HeQﬂ'iuk(lk/dk’ Vk c {0,7dk _1} (29)
k=1

The Fourier coefficients of F,, are

Fp(v) := |A|ZF (30)

acA

Orthogonality, - d‘,l 2mivkar/de — §, o shows that Ej, retains precisely the Fourier modes with v, = 0. Conse-
dy 0 k>

quently, C, = id — Ek retains precisely those modes with v # 0. The product [], Ci therefore retains exactly the
Fourier modes for which every frequency is nonzero.
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Equation (28) is thus equivalent to
F,(v)=0 Vo € X, Vv such that v # 0 Vk. (31)

Substituting Fi (@) = 0u(a),. and omitting the irrelevant normalization factor [A|~! gives

2mivkay/d
Z 5w(a),m H € won/de — 0, (32)
a k=1

for every @ and every v € [[,{1,...,dr — 1}.
This is precisely Eq. (9). O

For binary outputs, the result immediately reduces to the parity condition, since the only nonzero frequency is
v, = 1 and e?™/2 = (—1)® . Hence Eq. (9) becomes

> bw@e(-1)=r%* =0 Va. (33)

Proof of Theorem 6

We show that, for a classical process matrix W,,, the complete family of process-matrix constraints
Hkg)c[lfAko]A/I\/O\;Cszo VOAKCN (34)
is equivalent to the phase-erasure conditions
> duniaya, 75/ 4 =0 (35)
acAkeK
for every nonempty K C N, every xx € Xk, and every collection of nonzero frequencies vx € [, cc{1,...,dp—1}.

Proof. The argument is the same as for the full-set constraint = N. Fix a nonempty subset X C N. Apply-
ing a8 K() traces and replaces the systems of the complementary parties. Ignoring nonzero normalization factors

and identity operators, the resulting diagonal matrix has coefficients Fy, (ax) := Z‘IN\K [lrcx Own(a),zp - Thus, the
process-matrix constraint indexed by K becomes

(H ck> Fpe =0 Vax, (36)

ke

where C;, = id — E; removes the part that is constant in ay.
As shown for K = N, the product J], . Cx selects precisely the Fourier terms whose frequencies are nonzero for
every k € KC. The above condition is therefore equivalent to

3" Fap(ar) exp <2m‘ 3 ”’;“’“) = (37)

ax kek Ok

for every xx and every v € {1,...,d, — 1}, k € K.
Substituting the definition of Fy, and combining the sums over ax and a\x gives

0= Z (H 5wk(a),g;k> exp (27Ti Z l/kak>
keK di

acA \keEK
= H 6wk(a)7mk ek di (38)
ke

Since this holds for every nonempty K C A, the complete family of process-matrix constraints is equivalent to a
complete family of phase-erasure conditions. O
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