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J. E. Pin (Paris)

Vari^t^s de langages et combinatoire

Abstract: Let A be a finite alphabet.

The well-known Kleene's theorem states that a language L of A'

is rational iff its syntactic monoid is finite. Schiitzenberger' s

theorem states that a language L is star-free if f its syntactic

monoid is group-free. It turns out that many subfamilies of the

rational languages can be characterized in this way by properties

of their syntactic monoids or semi groups. This lecture gives a

survey of the various hierarchies of star-free languages, their

descriptions in terms of semigroups, and the related decidability

results and problems.
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Let S, T denote semigroups

Definition: S div^du T , S<T , ifSisa quotient of a subsemigroup

of T .

Fact: The divisibility relation <is transitive ; moreover <is an order

on finite semi groups.

DefinitiQn:A va/t<. fctyof finite semigroups (monoids) is a class of

finite semi groups (monoids) closed under taking subsemi-

groups, quotients and finite direct products,

or equivalently: closed under division and finite direct

products.

Let A denote a (finite) alphabet, then:

A' := the free semigroup over A ,

A" := the free monoid over A .

A LcmgucLge. (over A) is a subset L^.A+

Definition: A language L^ A is A.ec.ogiu.zed by a semigroup S if there

exists a semi group morphism n : A' -»S and a subset

PCS such that L = P^ .

Example: Let OLbe an automaton recognizing L (in the automata-theore-

tie sense). Then the transition semi group of (X. recognizes L .

Definition: A language is ne. c.ogyU. zcLbie. if it is recognized by some

finite semigroup.

Fact: Recognizable languages are closed under boolean operation

(n, U,^) and under inverse morphisms.
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Definitioji: The At/nAlc. fccc Aemcg^. ou.p S(L) (syntactic monoid M(L) resp.)

of a language L^A (^ resp. ) is the quotient of A

(A" resp. ) by the congruence -^ ^

+ . _ *
for u, v  A' (A" resp.)

u ~~r v <==> (Vx, y A" : xuy e L <=> xvy 6 L)

Fact 1) S(L) recognizes L .

2) S recognizes L iff S(L) <S

Construction: S(L) is the transition semigroup of the minimal

automaton recognizing L .
»

+ ... 2 ... 3
Example: A = {a,b} , L = (ab) ' = {ab, (ab)*', (ab)",...}

a

b

a2
ab

ba

1 2 0

200

0 1 0

000

1 0 0

020

2 2
in S(L): a" = b*", aba = a , bab = b , (ab)" = ab , (ba)" = ba,

General Idea: CKjai&&^y w.cogyiiza. bJLe. tanguagu L by pfiOpVitiu o^

S(L) (M(L) A.e4p.)

Fact: Let V denote a variety of semigroups (monoids resp. ).

The set of all languages of A' (A~ resp. ) such that

S(L) £V (M(L) EV resp. ) is a boolean algebra

A+(/ (A*V resp. ) . (/ := {At/ I A any finite alphabet}

(V := {A*(/ I! A any finite alphabet} resp.)

V is the variety of languages associated to V
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EILENBERG'S THEOREM: Varieties of languages and varieties of

semigroups (monoids resp. ) are in 1-1 correspondence.

Rational languages of A :

1) 0 , {A} , {a} where a eA are rational.

2)

3)

If L^L^ are rational, L^ UL^, L. L^ are rational.

If L is rational, L" is rational.

KEENE'S THEOREM (1954): L .is rational iff L is recognizable.

Star-free languages of A" :

1) {a} is star-free for alla A .

2) If L,, L-, are star-free, L, L^ and each boolean combination

of L,, L>, (including A"^L, ) are star-free.

Example: Let A = {a, b} .

L = (a A b)^(b b* a) is star-free.

In fact: 0 = {a}--{a} is star-free

A" = A"-~- 0 is star-free

^ . _4(' -^^ _'#
b" = A" *^ (A"a A") is star-free

=> L is star-free .

SCHUTZENBERGER'S THEOREM (1965): L is star-free iff M(L) is aperiodic,

that is 3nVx M(L) xn = xn+ or equivalently:

If a group G divides M(L), then G is trivial.

Example: (ab)" == aA" n A b-». (A~aaA' UA'bbA ) ,

where A = {a, b} .

Theorem: (Restivo 1973)

Let X be a finite code . X" is star-free

iff X* is pure (i. e. u  x* => u x*) .
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Theorem (1&79): For each aperiodic Monoid M there exists a finite

pure code X such that M<M(X*)

Fact: The set A of all finite aperiodic monoids is a variety.

Corollary: A is generated by the set

{M(X*) I X is a finite pure code} .

Definition: Let u, VGA" . u is a subword of v

if v = ^^^^2v2'-"fVn

u = u^,..., u for some n S 1 .

Example: aac and abcb are subwords of abaaacab .

Definition: u, v6A" . u ~ v if f u and v
have the same set of subwords of length g n .

Example: anders -^ andreas

ababab ~g bababa

SIMON'S THEOREM (1972-1975): The following conditions are equivalent:

1) L is a union of -" -classes for some n So (i. e. piecewise

testable)

2) L is in the boolean algebra generated by languages of the

form A a^ A a^ ..... A a^i A , a^,... , a^ 6 A
3) M = M(L) is J-trivial, that is, one of the following equivalent

statements is true:

(a) Va, b M MaM = MbM => a = b

(b) 3nSO Vx, y M (xy)n = (yx)n and xn = xn .



Corollary (Straubing 1980): A monoid is J-trivial iff it divides the

monoid T of all boolean n x n matrices of the foi-m

1 C, ., ..... £,
i^- i »n

1

\. 0
-'.£n-1,n

'-1 }

for some n > o .

Definition: -u, v A" . u s_ v if

u and v have the same prefix of length < n

and u and v have the same suffix of length < n

Example: ^COMICS =^ ^ffiINATOR^^

+
Theorem (Perrin 19 71): Let L&A

The following conditions are equivalent:

1) L is a union of ^ - classes for some n>o (i. e. endwise
testab Ie)

2) L = XA*Y U Z for some finite sets X, Y, Z A .

3) S(L) is locally trivial (i. e. for all e = e2 es eSe = {e})

Definition: For u A , n>o let

I^(n) = {segments of u of length n}

u s_ v iff u =_ v and I_ (u) = I_ (v)
n n n' ' n

-I , r- -i r;-
Example: u = ab' aabaa ba =-> ab aa 'ba = v

I^(u) = {aba, baa, aab} = I3(v) .

Theorem: (Brozowski-Simon 1973, McNaughton 1974)

The following conditions on L£A are equivalent;
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1) L is a union of =_-classes for some n>o (i. e. locally

testable).

2) L is in the boolean algebra generated by languages of the

form iiA' , A"v , A"wA" (u, v, w A') .
2

3) S(L) is locally a semilattice (that is: for all e = e~  S

eSe is an idempotent and coinmutative monoid. ).

Theorem (Restivo 1974): Let X be a finite code.

Then X is circular iff X+ is locally testable.

Fact: The set of all semigroups, which are locally a semilattice,

are a variety L^ J^^

Theorem (1979): For each S6L J^ there exists a finite circular
code X such that S<S(X') .

Corollary: L J^ is generated by the set

{S(X ) I X is a finite circular code} .

Concatenation Hierarchies.

F_ := "basic" boolean algebra

n+1 . = boolean algebra generated by languages

of the form L a^ L^ a^ a^ L^ where

k S o , L ,..., L^   F^ » 3-, , . . .y ak 6A .

Two main cases:

1) Straubing's hierarchy (1981): F^ = {A , 0}
2) Brzozowski-Cohen hierarchy or "dot-depth hierarchy" (1971)

modified by Therien (1982)

F_ = {XA*Y uZ I X, Y, Z finite £ A+} .
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Theorem (Straubing, Pin 1981): The following conditions are equivalent:

1) L   t/^ (= second level of Straubing's hierarchy).

2) L is in the boolean algebra generated by languages of the

form

Ao a1 A1 ... akAk ' k s °
A, SA , a, £A .

3) M(L) 6 PJ , the variety of monoids generated by all power

monoids of the form

P(M), M J := {M I M is J-trivial} .

Corollary: M 6PJ iff M divides the monoid K_ of all Hxn boolean

upper-triangular matrices for some n > o .

OPEN QUESTION: Is PJ decicable?

That is, does there exist an algorithm

to test membership in PJ ?

Knast condition (k):

For all idempotents e^, e^, eS , for all x, y, u, v S

n n n

(e^xe^y)" e^xe^ve^(ue ve^)" = (e^xe^y)"e^(ue^ve^)

Theorem (Knast, to appear):

L   B (L has dot-depth $ 1) iff
S(L) satisfies (K) .

Fact: P(S, x ... xS^) is a semiring.
n

(Si/..., S^ are semigroups) .

n
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Definition: The Schutzenberger product

0^(S^,..., S^.) of semi groups S^,..., S^ is the
set of upper-triangular matrices (M, ^) with entries

1»3

D

2)

in P(S^x,..., xS^) , such that :

M, ^ ={ (A,..., A, s.. , A,..., A)}
'tiy

i-th-component

for some s^   S,

M^j C. {(s^,..., s^) ES^x ... xS^ j s, = . =si-1=1=sj+1 . -sn>

WARNING !

°2<>2(S1, S2)'S3) ;f= 03 (S^S^^S^)
-H- ^

^>2(ST°2(S2'S3))

Fact (Straiibing 1981): If L^,..., L are recognized by S ,...,S

respectively and if a^,..., a are letters, then La L, ... a^ L"n '0 "1 -"1 n ~n

is recognized by 0^^ (S^,..., S^) .

Theorem (Reutenauer n=1 1979, Pin 1981).

If L^. A is recognized by

0^4. 1 (so'... rsn^ ' then L is in the boolean algebra
generated by languages of the form L^ a^ L^ ,..., a_ L_.

lo x X1' ' r -ir '

°^io <:L1 < '" <:Lr $n ' ak letters and Li recognized by

S, (k = 1,..., r) .
Lk

Definition: Let V be a variety . <>(V) is the variety generated by all

semigroups 0^(S^, .. . , S^) for n>o , S^ ey .

Theorem (Brzozowski-Knast 1978. Straubing 1981):

Brzozowski's hierarchy is infinite.
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The facts on Straubing's and Brzozowski's hierarchies are sununarized

in the following tables.

STRAUBING'S HIERARCHY

Level Languages V
n

0, A4

Boolean algebra generated

by languages of the form

A* a^ A a_ A*
n

Varieties of monoids V_
-n

vo 1 (={{1}})

trivial variety.

YI = i
(J-trivial)

t̂
2
<u

<u
+1

<<-!
c

Boolean algebra generated

by languages of the form

A; a, A-; a,.... a^A^
A^ ̂  A , a^ 6 A

V2 = N
(Power monoids of

monoids in J)

3

+ ^1 - °<vn>
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BRZOZOWSKI'S HIERARCHY

Level Languages B
n

Varieties of semigroups B^

I
<0
M
d)

0)
4-1
-H
c
.^
y-i
c

XA'Y U Z ,

X, Y, Z finite subsets of A B^ = 1^ (= locally trivial
semigroups. (eSe = e)).

Boolean algebra generated

by language of the form

wo A" W1 A';-:--wnA wn+1

w^ eA+
B, = semigroups

satisfying (K)

2

+
Bn+1 - O'Sn'
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Definition: Let T be a semigroup (written multiplicatively) and S

be a semigroup (written additively, without being

commutative in general) and T x s -»'S

(t, s) ^-»t . s

satisfying

1) t . (s^+s^) = t . s^+t. s^

2) (t^»t^) s = t^(t^s) .

The semidirect product S * T is defined on Sx T by

(s, t) (s', f) = (s+t s, tt') .

For two varieties V , W :

V * W = variety generated by all semidirect products

S*T , sev, TGW .

Theorem (Straubing 1982):

Bn=vn*^
for all h £ o .

Theorem (Margolis-Straubing, 1982):

B_ is decidable iff V_ is decidable.
-n -n
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