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Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:
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Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];
if A,B C X and A C B, then rk(A) < rk(B);
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];
if A,B C X and A C B, then rk(A) < rk(B);
if A,B C X, then rk(AU B) + rk(AN B) < rk(A) + rk(B).
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];

if A,B C X and A C B, then rk(A) < rk(B);

if A,B C X, then rk(AU B) + rk(AN B) < rk(A) + rk(B).
In particular rk(()) = 0.
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];

if A,B C X and A C B, then rk(A) < rk(B);

if A, B C X, then rk(AU B) + rk(An B) < rk(A) + rk(B).
In particular rk(()) = 0.
We say that a sublist A is independent < rk(A) = |A|.
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).

A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];
if A,B C X and A C B, then rk(A) < rk(B);
if A,B C X, then rk(AU B) + rk(AN B) < rk(A) + rk(B).

In particular rk(()) = 0.
We say that a sublist A is independent < rk(A) = |A|.
An independent sublist of maximal rank rk(X) is called a basis.
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).
A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];

if A,B C X and A C B, then rk(A) < rk(B);

if A,B C X, then rk(AU B) + rk(AN B) < rk(A) + rk(B).
In particular rk(()) = 0.
We say that a sublist A is independent < rk(A) = |A|.

An independent sublist of maximal rank rk(X) is called a basis.
rk(X) is called the rank of the matroid.
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).
A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];

if A,B C X and A C B, then rk(A) < rk(B);

if A,B C X, then rk(AU B) + rk(AN B) < rk(A) + rk(B).
In particular rk(()) = 0.
We say that a sublist A is independent < rk(A) = |A|.
An independent sublist of maximal rank rk(X) is called a basis.

rk(X) is called the rank of the matroid.
The independent sublists determine the matroid structure:
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Matroid

Definition of Matroid

We use the word /ist for multiset (repetitions allowed).
A matroid M = Mx = (X, rk) is a list of vectors X with a rank
function rk : P(X) — NU {0} such that:

if AC X, then rk(A) < |A];

if A,B C X and A C B, then rk(A) < rk(B);

if A,B C X, then rk(AU B) + rk(AN B) < rk(A) + rk(B).
In particular rk(()) = 0.
We say that a sublist A is independent < rk(A) = |A|.
An independent sublist of maximal rank rk(X) is called a basis.
rk(X) is called the rank of the matroid.

The independent sublists determine the matroid structure:
rk(A) = |maximal independent sublist of A|.
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Examples

X is a finite list of vectors of a vector space (e.g. R");
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Examples

X is a finite list of vectors of a vector space (e.g. R");
rk(A) = dim(span(A));
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Matroid

Examples

X is a finite list of vectors of a vector space (e.g. R");
rk(A) = dim(span(A));
independent = linearly independent;
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Matroid

Examples

X is a finite list of vectors of a vector space (e.g. R");
rk(A) = dim(span(A));
independent = linearly independent;

X a finite list of edges of a graph G;
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Matroid

Examples

X is a finite list of vectors of a vector space (e.g. R");
rk(A) = dim(span(A));
independent = linearly independent;

X a finite list of edges of a graph G;
rk(A) = |maximal subforest of Al;
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Matroid

Examples

X is a finite list of vectors of a vector space (e.g. R");
rk(A) = dim(span(A));
independent = linearly independent;
X a finite list of edges of a graph G;
rk(A) = |maximal subforest of Al;
independent = cycle-free (forests).
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Dual Matroid

The dual of the matroid 9 = (X, rk) is defined as the matroid
with the same set X of vectors, and with bases the complements
of the bases of 1.
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Matroid

Dual Matroid

The dual of the matroid 9 = (X, rk) is defined as the matroid
with the same set X of vectors, and with bases the complements
of the bases of 1.

We will denote it by 2t*.
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Matroid

Dual Matroid

The dual of the matroid 9 = (X, rk) is defined as the matroid
with the same set X of vectors, and with bases the complements
of the bases of 1.

We will denote it by 9t*. The rank function of 91* is given by

rk*(A) == |A| — rk(X) + rk(X \ A).
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Matroid

Dual Matroid

The dual of the matroid 9 = (X, rk) is defined as the matroid
with the same set X of vectors, and with bases the complements
of the bases of 1.

We will denote it by 9t*. The rank function of 91* is given by

rk*(A) == |A| — rk(X) + rk(X \ A).

In particular the rank of 9" is | X| — rk(X).
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Matroid

Tutte Polynomial

The Tutte polynomial of the matroid 9t = (X, rk) is defined as

Tx(x,y) = Z (x — 1) KX)=rk(A) (), _ 1)lAI=rk(A)
ACX
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Matroid

Tutte Polynomial

The Tutte polynomial of the matroid 9t = (X, rk) is defined as

Tx(x,y) = Z (x — 1) KX)=rk(A) (), _ 1)lAI=rk(A)
ACX

From the definition it is clear that Tx(1,1) is equal to the number
of bases of the matroid.
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Matroid

Tutte Polynomial

The Tutte polynomial of the matroid 9t = (X, rk) is defined as

Tx(x,y) = Z (x — 1) KX)=rk(A) (), _ 1)lAI=rk(A)
ACX

From the definition it is clear that Tx(1,1) is equal to the number
of bases of the matroid.

The coefficients of the Tutte polynomial are positive, and they
have a nice combinatorial interpretation in terms of internal and
external activity.
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Matroid

Tutte Polynomial

The Tutte polynomial of the matroid 9t = (X, rk) is defined as

Tx(x,y) = Z (x — 1) KX)=rk(A) (), _ 1)lAI=rk(A)
ACX

From the definition it is clear that Tx(1,1) is equal to the number
of bases of the matroid.

The coefficients of the Tutte polynomial are positive, and they
have a nice combinatorial interpretation in terms of internal and

external activity.
A vector v € X is dependent on A C X if rk(AU {v}) = rk(A).
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Matroid

Tutte Polynomial

The Tutte polynomial of the matroid 9t = (X, rk) is defined as

Tx(x,y) = Z (x — 1) KX)=rk(A) (), _ 1)lAI=rk(A)
ACX

From the definition it is clear that Tx(1,1) is equal to the number
of bases of the matroid.

The coefficients of the Tutte polynomial are positive, and they
have a nice combinatorial interpretation in terms of internal and
external activity.

A vector v € X is dependent on A C X if rk(AU {v}) = rk(A).

A vector v € X is independent on A if rk(AU{v}) = rk(A) + 1.
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Matroid

Crapo’s Theorem

We fix a total order on X,
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Crapo’s Theorem

We fix a total order on X, and let B be a basis extracted from X.

Michele D'Adderio Universitat Gottingen/MPIM

Arithmetic matroids and Tutte pol



Matroid

Crapo’s Theorem

We fix a total order on X, and let B be a basis extracted from X.
We say that v € X \ B is externally active on B if v is dependent
on the list of elements of B following it.
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Matroid

Crapo’s Theorem

We fix a total order on X, and let B be a basis extracted from X.
We say that v € X \ B is externally active on B if v is dependent
on the list of elements of B following it.

We say that v € B is internally active on B if v is externally active
on the complement B€ := X \ B in the dual matroid.
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Matroid

Crapo’s Theorem

We fix a total order on X, and let B be a basis extracted from X.
We say that v € X \ B is externally active on B if v is dependent
on the list of elements of B following it.

We say that v € B is internally active on B if v is externally active
on the complement B€ := X \ B in the dual matroid.

The number e(B) of externally active vectors is called the external
activity of B,
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Matroid

Crapo’s Theorem

We fix a total order on X, and let B be a basis extracted from X.

We say that v € X \ B is externally active on B if v is dependent

on the list of elements of B following it.

We say that v € B is internally active on B if v is externally active
on the complement B€ := X \ B in the dual matroid.

The number e(B) of externally active vectors is called the external
activity of B, while the number i(B) = e*(B€) of internally active

vectors is called the internal activity of B.
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Matroid

Crapo’s Theorem

We fix a total order on X, and let B be a basis extracted from X.

We say that v € X \ B is externally active on B if v is dependent

on the list of elements of B following it.

We say that v € B is internally active on B if v is externally active
on the complement B€ := X \ B in the dual matroid.

The number e(B) of externally active vectors is called the external
activity of B, while the number i(B) = e*(B€) of internally active

vectors is called the internal activity of B.

Theorem (Crapo)

Tx(x,y) = > x¥(BVyeB),

BCX
Bbasis
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Definition of Arithmetic Matroid
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Arithmetic Matroid

Definition of Arithmetic Matroid

An arithmetic matroid is a pair (Mx, m), where M x is a matroid
on a list of vectors X, and m is a multiplicity function, i.e.
m : P(X) — N\ {0} has the following properties:
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Arithmetic Matroid

Definition of Arithmetic Matroid

An arithmetic matroid is a pair (Mx, m), where M x is a matroid
on a list of vectors X, and m is a multiplicity function, i.e.
m : P(X) — N\ {0} has the following properties:
if AC X and v € X is dependent on A, then m(AU {v})
divides m(A);
if AC X and v € X is independent on A, then m(A) divides
m(AU{v});
if AC B C X and B is a disjoint union B= AU F U T such
that for all AC C C B we have rk(C) = rk(A) + |C N F|,
then m(A) - m(B) = m(AUF)-m(AUT).
if AC B C X and rk(A) = rk(B), then
pB(A) =Y acrcp(—=1)T"AIm(T) > 0;
if AC B C X and rk*(A) = rk*(B), then
1g(A) ==Y acrep(=DIT"AIm(X\ T) > 0.
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Definition of Arithmetic Matroid

Michele D'Adderio

Arithmetic matroids and Tutte pol



Arithmetic Matroid

Definition of Arithmetic Matroid

If AC B = X, then we denote px(A) simply by (A). Similarly for
w*(A).
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Arithmetic Matroid

Definition of Arithmetic Matroid

If AC B = X, then we denote px(A) simply by (A). Similarly for
w*(A).

Setting m(A) =1 for all A C X we get a trivial multiplicity
function, which essentially does not add anything to the matroid
structure.
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Arithmetic Matroid

Definition of Arithmetic Matroid

If AC B = X, then we denote px(A) simply by (A). Similarly for
w*(A).

Setting m(A) =1 for all A C X we get a trivial multiplicity
function, which essentially does not add anything to the matroid

structure.
So any matroid is trivially an arithmetic matroid.
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Arithmetic Matroid

Definition of Arithmetic Matroid

If AC B = X, then we denote px(A) simply by (A). Similarly for
w*(A).

Setting m(A) =1 for all A C X we get a trivial multiplicity
function, which essentially does not add anything to the matroid
structure.

So any matroid is trivially an arithmetic matroid.

In this sense the notion of an arithmetic matroid is a generalization
of the one of a matroid.
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Arithmetic Matroid

Definition of Arithmetic Matroid

If AC B = X, then we denote px(A) simply by (A). Similarly for
w*(A).

Setting m(A) =1 for all A C X we get a trivial multiplicity
function, which essentially does not add anything to the matroid
structure.

So any matroid is trivially an arithmetic matroid.

In this sense the notion of an arithmetic matroid is a generalization
of the one of a matroid.

But of course there are more interesting examples.

Michele D'Adderio Universitat Gottingen/MPIM

Arithmetic matroids and Tutte polynomial



Arithmetic Matroid

The main example




Arithmetic Matroid

The main example

Let X be a finite list of elements of a finitely generated abelian
group G =Z"SL/ALSL|/HhL & --- D L/ds.
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Arithmetic Matroid

The main example

Let X be a finite list of elements of a finitely generated abelian
group G =Z"SL/ALSL|/HhL & --- D L/ds.
For A C X we set

rk(A) := maximal rank of a free abelian subgroup of (A);
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Arithmetic Matroid

The main example

Let X be a finite list of elements of a finitely generated abelian
group G =Z"SL/ALSL|/HhL & --- D L/ds.
For A C X we set

rk(A) := maximal rank of a free abelian subgroup of (A);

m(A) :=|Ga : (A)|, where Gp is the maximal subgroup of G such
that (A) < Ga and |Ga : (A)| < 0.
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Arithmetic Matroid

The main example

Let X be a finite list of elements of a finitely generated abelian
group G =Z"SL/ALSL|/HhL & --- D L/ds.
For A C X we set

rk(A) := maximal rank of a free abelian subgroup of (A);

m(A) :=|Ga : (A)|, where G4 is the maximal subgroup of G such
that (A) < Ga and |Ga : (A)| < 0.

Theorem (D.-Moci)
If we set Mx := (X, rk), then (Mx, m) is an arithmetic matroid.
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Arithmetic Matroid

The main example

Let X be a finite list of elements of a finitely generated abelian
group G =Z"SL/ALSL|/HhL & --- D L/ds.
For A C X we set

rk(A) := maximal rank of a free abelian subgroup of (A);

m(A) :=|Ga : (A)|, where G4 is the maximal subgroup of G such
that (A) < Ga and |Ga : (A)| < 0.

Theorem (D.-Moci)
If we set Mx := (X, rk), then (Mx, m) is an arithmetic matroid.

Arithmetic matroids of this form are called representable.
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Arithmetic Matroid

A concrete example

Let X = {v1 :=(3,0),v2 :=(2,-2),v3 := (-3,3)} C G :=Z2.

Michele D'Adderio Universitat Gottingen/MPIM

Arithmetic matroids and Tutte polynomial



Arithmetic Matroid

A concrete example

Let X = {v; :=(3,0),vp :=(2,-2),v3 := (~3,3)} C G := Z2.

Consider the matrix < 3.2 3

whose columns are vy, vo, v3.
0 -2 3 ) 1
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Arithmetic Matroid

A concrete example

Let X = {v1 :=(3,0),v2 :=(2,-2),v3 := (-3,3)} C G :=Z2.

Consider the matrix < 302 3

whose columns are vy, v, v3.
0 -2 3 ) 1, V2,V3

RENEILS

The multiplicity of A C X is the GCD of the minors of maximal
rank in the submatrix corresponding to A.
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Arithmetic Matroid

A concrete example

Let X = {v1 :=(3,0),v2 :=(2,-2),v3 := (-3,3)} C G :=Z2.

Consider the matrix < 302 3

whose columns are vy, v, v3.
0 -2 3 ) 1, V2,V3

RENEILS

The multiplicity of A C X is the GCD of the minors of maximal
rank in the submatrix corresponding to A.

So m(0) =1,
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Arithmetic Matroid

A concrete example

Let X = {v1 :=(3,0),v2 :=(2,-2),v3 := (-3,3)} C G :=Z2.

Consider the matrix < 302 3

whose columns are vy, v, v3.
0 -2 3 ) 1, V2,V3

RENEILS

The multiplicity of A C X is the GCD of the minors of maximal
rank in the submatrix corresponding to A.

So m(0) =1, m({w}) =2,
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Arithmetic Matroid

A concrete example

Let X = {v1 :=(3,0),v2 :=(2,-2),v3 := (-3,3)} C G :=Z2.

Consider the matrix < 302 3

whose columns are vy, v, v3.
0 -2 3 ) 1, V2,V3

RENEILS

The multiplicity of A C X is the GCD of the minors of maximal
rank in the submatrix corresponding to A.

So m(0) =1, m({wva}) =2, m({vi, va,3}) =3,
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Arithmetic Matroid

A concrete example

Let X = {Vl = (3a O)a V2 = (2a _2)7 V3 = (*33)} - G = Zz.

Consider the matrix < 302 3

whose columns are vy, v, v3.
0 -2 3 ) 1, V2,V3

Remark
The multiplicity of A C X is the GCD of the minors of maximal
rank in the submatrix corresponding to A.

So m(0) =1, m({w}) =2, m({v1,va,v3}) =3, m({va,v3}) =1,
m({v1,v2}) =6, m({v1}) = m({vs}) =3, m({v1, vs}) = 9.
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Arithmetic Tutte Polynomial
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Arithmetic Tutte

Arithmetic Tutte Polynomial

The arithmetic Tutte polynomial of the arithmetic matroid
(Mx, m) is defined as

Mx(x,y) == Z m(A)(x — 1) X)=rk(A) (), _ q)lAl=rk(A4)
ACX
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Arithmetic Tutte

Arithmetic Tutte Polynomial

The arithmetic Tutte polynomial of the arithmetic matroid
(Mx, m) is defined as

Mx(x,y) == Z m(A)(x — 1) X)=rk(A) (), _ q)lAl=rk(A4)
ACX

From the definition it is clear that Mx(1,1) is equal to the sum of
the multiplicities of the bases of the matroid.
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Arithmetic Tutte

Arithmetic Tutte Polynomial

The arithmetic Tutte polynomial of the arithmetic matroid
(Mx, m) is defined as

Mx(x,y) == Z m(A)(x — 1) X)=rk(A) (), _ q)lAl=rk(A4)
ACX

From the definition it is clear that Mx(1,1) is equal to the sum of
the multiplicities of the bases of the matroid.

For the trivial multiplicity function m(A) = 1 for all A C X we get
the Tutte polynomial Tx(x,y) of Mx.
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Arithmetic Tutte

An example
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Arithmetic Tutte

An example

Let X = {v; :=(3,0),v2 :=(2,-2),v3 == (-3,3)} C G := Z2.
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Arithmetic Tutte

An example

Let X = {v1 := (3,0),v2 := (2, -2),v3 := (-3,3)} C G := Z2.

. ) 3 2 -3
Consider the matrix 0 _o 3 whose columns are vy, v, v3.
Then m(0) = m({va, v3}) =1, m({vi, w}) =6, m({w}) =2,
m({vi}) = m({vs}) = m({v1, vz, v3}) = 3, m({v1, 3}) = 9.
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Arithmetic Tutte

An example

Let X = {v1 := (3,0),v2 := (2, -2),v3 := (-3,3)} C G := Z2.

. ) 3 2 -3
Consider the matrix 0 _o 3 whose columns are vy, v, v3.
Then m(0) = m({va, v3}) =1, m({vi, w}) =6, m({w}) =2,
m({vi}) = m({vs}) = m({v1, vz, v3}) = 3, m({v1, 3}) = 9.

MX(Xay) - ZAQX m(A)(x — l)rk(X)—rk(A)(y — 1)|A|—rk(A) —
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Arithmetic Tutte

An example

Let X = {v1 := (3,0),v2 := (2, -2),v3 := (-3,3)} C G := Z2.

. ) 3 2 -3
Consider the matrix 0 _o 3 whose columns are vy, v, v3.
Then m(0) = m({va, v3}) =1, m({vi, w}) =6, m({w}) =2,
m({vi}) = m({vs}) = m({v1, vz, v3}) = 3, m({v1, 3}) = 9.
Mx(x,y) =2 acx m(A)(x — 1)) =k (y — 1)lAI=rHA) =
=(x— 1)2
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Arithmetic Tutte

An example

Let X = {v1 := (3,0),v2 := (2, -2),v3 := (-3,3)} C G := Z2.
Consider the matrix g _22 _33 whose columns are vy, v, v3.
Then m(0) = m({va, v3}) =1, m({vi, w}) =6, m({w}) =2,
m({vi}) = m({vs}) = m({v1, v2,vs}) = 3, m({v1, vs}) = 9.
Mx(x,y) =2 acx m(A)(x — 1)) =k (y — 1)lAI=rHA) =

= (x—1)+(3+2+3)(x—1)
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Arithmetic Tutte

An example

Let X = {v; :=(3,0),v2 :=(2,-2),v3 == (-3,3)} C G := Z2.

. . 3 2 -3
Consider the matrix 0 _o 3 whose columns are vy, vp, v3.
Then m(0) = m({va, v3}) =1, m({vi, w}) =6, m({w}) =2,

m({v1}) = m({vs}) = m({v1, va, v3}) = 3, m({v1,3}) = 9.
Mx (%, ) = 3 acx m(A)(x — 1)*X)=rk(A)(yy — 1)lAI=rk(4) =

= (x—1)24(3+2+3)(x — )+(x— 1)(y — 1)+(6+9)+3(y — 1)=
x? + 5x 4+ 6 + xy + 2y.

Michele D'Adderio Universitat Gottingen/MPIM

Arithmetic matroids and Tutte polynomial



Arithmetic Tutte

An example

Let X = {Vl = (3? O)a V2 = (27 _2)7 V3 1= (_373)} C G = Zz-
Consider the matrix 302 3 ) whose columns are vy, vp, v3.
0 -2 3 Ve
Then m(0) = m({v2, v3}) =1, m({vi, w}) =6, m({w}) =2,
m({vi}) = m({vs}) = m({v1, v2, v3}) = 3, m({v1, 3}) = 9.

Mx (x,y) = 3" acx m(A)(x — 1)kCI=rk(A)(y — 1)lAI=rk(4) =
= (x =1+ + 24 3)(x = D+(x = (y = D+(6+9)+3(y — 1)=
x? +5x 4+ 6 + xy + 2y.

Positive coefficients!
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Dual and repr.

Dual arithmetic matroid

Given an arithmetic matroid (Mx, m), its dual is (M, m*), where
x 1s the dual matroid of M, and for all A C X we set
m*(A) := m(X \ A).
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Dual and repr.

Dual arithmetic matroid

Given an arithmetic matroid (Mx, m), its dual is (M, m*), where
x 1s the dual matroid of M, and for all A C X we set

m*(A) := m(X \ A).

Lemma (D.-Moci)

The dual of an arithmetic matroid is an arithmetic matroid.
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Dual and repr.

Dual arithmetic matroid

Given an arithmetic matroid (Mx, m), its dual is (M, m*), where

*

x 1s the dual matroid of M, and for all A C X we set
m*(A) := m(X \ A).

Lemma (D.-Moci)

The dual of an arithmetic matroid is an arithmetic matroid.

Theorem (D.-Moci)

The dual of a representable arithmetic matroid is representable.
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Dual and repr.

Dual arithmetic matroid

Given an arithmetic matroid (Mx, m), its dual is (M, m*), where

*

x 1s the dual matroid of M, and for all A C X we set
m*(A) := m(X \ A).

Lemma (D.-Moci)

The dual of an arithmetic matroid is an arithmetic matroid.

Theorem (D.-Moci)

The dual of a representable arithmetic matroid is representable.

In fact we give an explicit construction.
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The combinatorial problem




Combinatorial problem

The combinatorial problem

Let (Mx, m) be an arithmetic matroid, and Mx(x,y) its
arithmetic Tutte polynomial.
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Combinatorial problem

The combinatorial problem

Let (Mx, m) be an arithmetic matroid, and Mx(x,y) its
arithmetic Tutte polynomial.

Question

Does Mx(x,y) have positive coefficients for any arithmetic
matroid?
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Combinatorial problem

The combinatorial problem

Let (Mx, m) be an arithmetic matroid, and Mx(x,y) its
arithmetic Tutte polynomial.

Question

Does Mx(x,y) have positive coefficients for any arithmetic
matroid?

Is there a combinatorial interpretation of Mx(x,y)?
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Combinatorial problem

The combinatorial problem

Let (Mx, m) be an arithmetic matroid, and Mx(x,y) its
arithmetic Tutte polynomial.

Question

Does Mx(x,y) have positive coefficients for any arithmetic
matroid? YES!

Is there a combinatorial interpretation of Mx(x,y)? YES!
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Combinatorial problem

What is the problem?

Remember that Mx (1, 1) is the sum of the multiplicities of the
bases extracted from X.
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Combinatorial problem

What is the problem?

Remember that Mx (1, 1) is the sum of the multiplicities of the
bases extracted from X.
Xi:={v1 :=(3,0),v2 :=(2,-2)} C G :=Z2.
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Combinatorial problem

What is the problem?

Remember that Mx (1, 1) is the sum of the multiplicities of the
bases extracted from X.

Xi:={v1 :=(3,0),v2 :=(2,-2)} C G :=Z2.

m({vi,va}) =6, m({wn1}) =3, m({w}) =2, m(0) =1.
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Combinatorial problem

What is the problem?

Remember that Mx (1, 1) is the sum of the multiplicities of the
bases extracted from X.

Xi:={v1 :=(3,0),v2 :=(2,-2)} C G :=Z2.

m({v1,2}) = 6, m({n}) = 3, m({v2}) =2, m(0) = 1.

My, (x,y) = x? + 3x + 2
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Combinatorial problem

What is the problem?

Remember that Mx (1, 1) is the sum of the multiplicities of the
bases extracted from X.

Xi:={v1 :=(3,0),v2 :=(2,-2)} C G :=Z2.

m({v1,v2}) = 6, m({n}) = 3, m({v2}) =2, m(0) = 1.

My, (x,y) = x*> +3x +2 77
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Combinatorial problem

What is the problem?

Remember that Mx(1,1) is the sum of the multiplicities of the
bases extracted from X.

Xi:={v1 == (3,0),v2 == (2,-2)} C G := Z2.

m({vi. v2}) = 6, m({u}) = 3, m({va}) = 2, m(0) = 1.

My, (x,y) = x*> +3x +2 77

Same bases give different statistics!
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Combinatorial problem

The construction |

Consider an arithmetic matroid (Mx, m). Let S C X be of
maximal rank, i.e. rk(S) = rk(X).
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Combinatorial problem

The construction |

Consider an arithmetic matroid (Mx, m). Let S C X be of
maximal rank, i.e. rk(S) = rk(X).
Then 4(S) = Yxoros(~1)T=#Im(T) = 0.
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Combinatorial problem

The construction |

Consider an arithmetic matroid (Mx, m). Let S C X be of
maximal rank, i.e. rk(S) = rk(X).

Then 1(S) = Y x5 ros(—1)!TRIm(T) > 0.

We call Ly the list in which every maximal rank sublist S appears
1(S) many times.
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Combinatorial problem

The construction |

Consider an arithmetic matroid (Mx, m). Let S C X be of
maximal rank, i.e. rk(S) = rk(X).

Then 1(S) = Y x5 ros(—1)!TRIm(T) > 0.

We call Ly the list in which every maximal rank sublist S appears
1(S) many times.

We construct dually L} from (95, m*) using p*(S).

Michele D'Adderio Universitat Gottingen/MPIM

Arithmetic matroids and Tutte polynomial



Combinatorial problem

The construction |

Consider an arithmetic matroid (Mx, m). Let S C X be of
maximal rank, i.e. rk(S) = rk(X).

Then 1(S) = Y x5 ros(—1)!TRIm(T) > 0.

We call Ly the list in which every maximal rank sublist S appears
1(S) many times.

We construct dually L} from (95, m*) using p*(S).

We define the lists 5 := {(B, T) | B basis, BC T, T € Lx} and
its dual 5" := {(B¢, T) | B basis, BEC T, T €Ly}
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Combinatorial problem

The construction |

Consider an arithmetic matroid (Mx, m). Let S C X be of
maximal rank, i.e. rk(S) = rk(X).

Then 1(S) = Y x5 ros(—1)!TRIm(T) > 0.

We call Ly the list in which every maximal rank sublist S appears
1(S) many times.

We construct dually L} from (95, m*) using p*(S).

We define the lists 5 := {(B, T) | B basis, BC T, T € Lx} and
its dual 5" := {(B¢, T) | B basis, BEC T, T €Ly}

Each basis B appears m(B) times in 3 (by inclusion-exclusion).
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Combinatorial problem

The construction I

We fix a total order on X.
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Combinatorial problem

The construction I

We fix a total order on X. For every (B, T) € 3 we define its Jocal
external activity (B, T) to be the number of elements of T \ B
that are externally active on B.
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Combinatorial problem

The construction I

We fix a total order on X. For every (B, T) € 3 we define its Jocal
external activity (B, T) to be the number of elements of T \ B
that are externally active on B. We define e*(B, T) dually (using
the same order).
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Combinatorial problem

The construction I

We fix a total order on X. For every (B, T) € 3 we define its Jocal
external activity (B, T) to be the number of elements of T \ B
that are externally active on B. We define e*(B, T) dually (using
the same order).

Are we done?
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Combinatorial problem

The construction I

We fix a total order on X. For every (B, T) € 3 we define its Jocal
external activity (B, T) to be the number of elements of T \ B
that are externally active on B. We define e*(B, T) dually (using
the same order).

Are we done?

Not quite:
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Combinatorial problem

The construction I

We fix a total order on X. For every (B, T) € 3 we define its Jocal
external activity (B, T) to be the number of elements of T \ B
that are externally active on B. We define e*(B, T) dually (using
the same order).

Are we done?

Not quite: we need to decide how to match the pairs from 3 with
the pairs from 57,
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Combinatorial problem

The construction I

We fix a total order on X. For every (B, T) € 3 we define its Jocal
external activity (B, T) to be the number of elements of T \ B
that are externally active on B. We define e*(B, T) dually (using
the same order).

Are we done?

Not quite: we need to decide how to match the pairs from 3 with
the pairs from 57, N

Clearly (B, T) € I3 goes to some (B¢, T) € 57,
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Combinatorial problem

The construction I

We fix a total order on X. For every (B, T) € 3 we define its Jocal
external activity (B, T) to be the number of elements of T \ B
that are externally active on B. We define e*(B, T) dually (using
the same order).

Are we done?

Not quite: we need to decide how to match the pairs from 3 with
the pairs from 57, N

Clearly (B, T) € I3 goes to some (B¢, T) € 3", but how do we
choose T7
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Combinatorial problem

The construction I

We fix a total order on X. For every (B, T) € 3 we define its Jocal
external activity (B, T) to be the number of elements of T \ B
that are externally active on B. We define e*(B, T) dually (using
the same order).

Are we done?

Not quite: we need to decide how to match the pairs from 3 with
the pairs from 57, N

Clearly (B, T) € I3 goes to some (B¢, T) € 3", but how do we
choose T7

In fact it is even worst:
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Combinatorial problem

The construction I

We fix a total order on X. For every (B, T) € 3 we define its Jocal
external activity e(B, T) to be the number of elements of T \ B
that are externally active on B. We define e" (B¢, T') dually (using
the same order).

Are we done?

Not quite: we need to decide how to match the pairs from 3 with
the pairs from 57, N

Clearly (B, T) € I3 goes to some (B¢, T) € 3", but how do we
choose T7

In fact it is even worst: from the computations of Mx(x,y) we can
see that sometimes the same copy of (B, T) needs to go to
different (B¢, T)'s!
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Combinatorial problem

The construction |l




Combinatorial problem

The construction |l

We define a matching ¢ : B — 5™:
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Combinatorial problem

The construction |l

We define a matching ¢ : 5 — 3": given a basis B C X, we
identify the pairs (B, T) € 5 having the same elements in T active
on B, ignoring the non-active elements.
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Combinatorial problem

The construction |l

We define a matching v : 5 — 57: given a basis B C X, we
identify the pairs (B, T) € 5 having the same elements in T active
on B, ignoring the non-active elements.

We do the same with the pairs (B¢, T) € 5*.
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Combinatorial problem

The construction |l

We define a matching v : 5 — 57: given a basis B C X, we
identify the pairs (B, T) € 5 having the same elements in T active
on B, ignoring the non-active elements.

We do the same with the pairs (B, T) € 5*. Then we
equidistribute these pairs among each others.
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Combinatorial problem

The construction |l

We define a matching ¢ : 5 — 3": given a basis B C X, we
identify the pairs (B, T) € 5 having the same elements in T active
on B, ignoring the non-active elements.

We do the same with the pairs (B, T) € 5*. Then we
equidistribute these pairs among each others.

Theorem (D.-Moci)

(B,T)eB
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Combinatorial problem

An example
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Combinatorial problem

An example

X={v:=03,0)<w:=(2,-2)<vz:=(-3,3)}CG:=72
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Combinatorial problem

An example

X={v:=03,0)<w:=(2,-2)<vz:=(-3,3)}CG:=72
Consider the matrix g _22 _33
Then m(0) = m({v2, v3}) =1, m({v1, va}) =6, m{wv2}) =2,
m({vi}) = m({vs}) = m({v1, v2,vs}) = 3, m({v1, vs}) = 9.

whose columns are vy, vo, v3.
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Combinatorial problem

An example

X={v:=03,0)<w:=(2,-2)<vz:=(-3,3)}CG:=72

. . 3 2 -3
Consider the matrix 0 _2 3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) = 1, m({vi, va}) = 6, m({wa}) = 2,

m({vi}) = m({vs}) = m({vi, v2, v3}) = 3, m({v1, 3}) = 9.

Lx = ({Vlv V2, V3}37 {Vlv V2}3, {V17 V3}6)
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Combinatorial problem

An example

X={v:=03,0)<w:=(2,-2)<vz:=(-3,3)}CG:=72

. . 3 2 -3
Consider the matrix 0 _2 3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) = 1, m({vi, va}) = 6, m({wa}) = 2,

m({vi}) = m({vs}) = m({vi, v2, v3}) = 3, m({v1, 3}) = 9.

Lx = ({v1, v2, »3}3, {v1, v2}?, {1, »3}°)
Lj( = ({Vl? V2, V3}7 {Vl? V2}2> {Vl’ V3}a {V27 V3}2a {V2}4a {V3}2)
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Combinatorial problem

An example

X={v1:=03,0)<w:=(2,-2)<v;:=(-3,3)}CG:=7%

0 _22 ;3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,v2}) =6, m({wva}) =2,
m({v1}) = m({vs}) = m({v1, v, vs}) =3, m({v1, vs}) = 9.

LX = ({Vl) V2, V3}37 {V17 V2}37 {V17 V3}6)

L;( - ({Vly V2, V3}7 {V17 V2}27 {V17 V3}7 {V27 V3}27 {V2}47 {V3}2)
Consider the basis {vi, v2}

Consider the matrix
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Combinatorial problem

An example

X={v1:=03,0)<w:=(2,-2)<v;:=(-3,3)}CG:=7%

0 _22 ;3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,v2}) =6, m({wva}) =2,
m({v1}) = m({vs}) = m({v1, v, vs}) =3, m({v1, vs}) = 9.

LX = ({V]-? V2, V3}37 {V]_, V2}37 {V17 V3}6)

L;( - ({Vly V2, V3}7 {V17 V2}27 {V17 V3}7 {V27 V3}27 {V2}47 {V3}2)
Consider the basis {vi, v2}

Consider the matrix
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Combinatorial problem

An example

X={v1:=03,0)<w:=(2,-2)<v;:=(-3,3)}CG:=7%

0 _22 ;3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,v2}) =6, m({wva}) =2,
m({v1}) = m({vs}) = m({v1, v, vs}) =3, m({v1, vs}) = 9.

LX = ({V]-? V2, V3}37 {V]_, V2}37 {V17 V3}6)

Ly = ({vi, v, va}, {v1, v2}2, {vi, v}, {va, va}2, {vo}*, {ws}?)
Consider the basis {vi, v2}

Consider the matrix
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Combinatorial problem

An example

X={v1:=03,0)<w:=(2,-2)<v;:=(-3,3)}CG:=7%

. : 3 2 -3
Consider the matrix 0 —2 3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,v2}) =6, m({wva}) =2,

m({vi}) = m({vs}) = m({v1, vz, v3}) = 3, m({v1, vs}) = 9.
Lx = ({v1,vo, v3}3, {v1, 2 }3, {1, 15}°)

L;( = ({V17 V2, V3}7 {V17 V2}27 {V17 V3}7 {V27 V3}27 {V2}47 {V3}2)
Consider the basis {vi, v2}

x? +3x +2
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Combinatorial problem

An example

X={v1:=03,0)<w:=(2,-2)<v;:=(-3,3)}CG:=7%

. : 3 2 -3
Consider the matrix 0 —2 3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,v2}) =6, m({wva}) =2,

m({vi}) = m({vs}) = m({v1, vz, v3}) = 3, m({v1, vs}) = 9.
Lx = ({vi, vo,v3}3, {v1, v2}3, {1, 13}%)

L;( = ({V17 V2, V3}7 {V17 V2}27 {V17 V3}7 {V27 V3}27 {V2}47 {V3}2)
Consider the basis {vi, v2}

x? +3x +2
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Combinatorial problem

An example

X={v1:=03,0)<w:=(2,-2)<v;:=(-3,3)}CG:=7%

. : 3 2 -3
Consider the matrix 0 —2 3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,v2}) =6, m({wva}) =2,

m({vi}) = m({vs}) = m({v1, vz, v3}) = 3, m({v1, vs}) = 9.
Lx = ({vi, vo,v3}3, {v1, v2}3, {1, 13}%)

L;( = ({V17 V2, V3}7 {V17 V2}27 {V17 V3}7 {V27 V3}27 {V2}47 {V3}2)
Consider the basis {vi, v3}

x? +3x +2
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Combinatorial problem

An example

X={v1:=03,0)<w:=(2,-2)<v;:=(-3,3)}CG:=7%

. : 3 2 -3
Consider the matrix 0 —2 3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,v2}) =6, m({wva}) =2,

m({v1}) = m({vs}) = m({v1, v, vs}) =3, m({v1, vs}) = 9.
Lx = ({vi, vo, v3}3, {v1, v }3, {v1,3}%)

L;( = ({V17 V2, V3}7 {V17 V2}27 {V17 V3}7 {V27 V3}27 {V2}47 {V3}2)
Consider the basis {vi, v3}

x? +3x +2
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Combinatorial problem

An example

X={v1:=03,0)<w:=(2,-2)<v;:=(-3,3)}CG:=7%

. : 3 2 -3
Consider the matrix 0 —2 3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,v2}) =6, m({wva}) =2,

m({vi}) = m({vs}) = m({v1, vz, v3}) = 3, m({v1, vs}) = 9.
Lx = ({v1,v2, va}3, {v1, 1 }3, {v1, 3}°)

Ly = ({v1, va, va}, {v1, va}?, {1, v3}, {va, v3}2, {2}, {3}?)
Consider the basis {vi, v3}

x? +3x +2
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Combinatorial problem

An example

X={v1:=03,0)<w:=(2,-2)<v;:=(-3,3)}CG:=7%

. : 3 2 -3
Consider the matrix 0 —2 3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,v2}) =6, m({wva}) =2,

m({v1}) = m({vs}) = m({v1, v2, 3}) = 3, m({v1, 3}) = 9.
Lx = ({vi,v2,v3}3, {v1, v:}3,{v1, 13}°)

Ly = ({v1, va, va}, {v1, va}?, {v1, v}, {va, v3}2, {wa}*, {13}?)
Consider the basis {vi, v3}

X2 4+3x+2+xy +2y
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Combinatorial problem

An example

X={v1:=03,0)<w:=(2,-2)<v;:=(-3,3)}CG:=7%

. : 3 2 -3
Consider the matrix 0 —2 3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,v2}) =6, m({wva}) =2,

m({vi}) = m({vs}) = m({v1, vz, v3}) = 3, m({v1, vs}) = 9.
LX - ({Vl) V2, V3}37 {V17 V2}37 {V17 V3}6)

Ly = ({va, vo, va}, {va, va}2, {vi, s}, {va, v3 12, {wo}*, {15 }?)
Consider the basis {vi, v3}

X2 4+3x+2+xy +2y+2x+4
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Combinatorial problem

An example

X={v1:=03,0)<w:=(2,-2)<v;:=(-3,3)}CG:=7%

. : 3 2 -3
Consider the matrix 0 —2 3 whose columns are vy, vo, v3.
Then m(0) = m({va, v3}) =1, m({v1,v2}) =6, m({wva}) =2,

m({v1}) = m({vs}) = m({v1, v2, v3}) = 3, m({v1, v3}) = 9.

LX — ({Vl) V2, V3}37 {V17 V2}37 {V17 V3}6)

Ly = ({vi, va, va}, {v1, va}?, {vi, v}, {va, va}2 {va}*, {v3}?)
Consider the basis {vi, v3}

X2+ 3x+2+xy +2y +2x +4 =

=x>+3x+2+ (y+2)(x+2)
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Combinatorial problem

An example

X={vi:=(3,0)<va:=(2,-2)<v3:=(-3,3)} CG:=72%

. . 3 2 -3
Consider the matrix 0 _2 3 whose columns are vy, vo, v3.
Then m(@) = m({VQ, V3}) = 1, m({vl, V2}) = 6, m({VQ}) = 2,

m({vi}) = m({vs}) = m({vi, vo, v3}) = 3, m({v1, 3}) = 9.

Lx = ({v1,v2, v3}3, {vi, v }3, {v1,3}°)

Lj( = ({Vl? V2, V3}7 {Vl? V2}27 {Vl? V3}a {V2, V3}27 {V2}4, {V3}2)
Consider the basis {vi, v3}

X2+ 3x+ 24 xy+ 2y +2x+ 4 =

=x>+3x+2+(y +2)(x+2) =
=x?4+5x+6+xy +2y
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Combinatorial problem

An example

X={vi:=(3,0)<va:=(2,-2)<v3:=(-3,3)} CG:=72%

. . 3 2 -3
Consider the matrix 0 —2 3 whose columns are vy, vo, v3.
Then m((i)) = m({VQ, V3}) = 1, m({vl, VQ}) = 6, m({VQ}) = 2,

m({vi}) = m({vs}) = m({vi, vo, v3}) = 3, m({v1, 3}) = 9.

Lx = ({v1, v2, v3}3, {vi, v }3, {v1,3}°)

Lj( = ({Vl’ V2, V3}7 {Vl? V2}27 {Vl? V3}a {V2, V3}27 {V2}4, {V3}2)
Consider the basis {vi, v3}

X2+ 3x+ 24 xy+2y+2x+ 4 =

=x>+3x+2+(y +2)(x+2) =

=x%2 +5x+ 6+ xy + 2y = Mx(x, y)!
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Combinatorial problem

THE END

M. D’'Adderio, L. Moci, Arithmetic matroids, Tutte
Polynomial and toric arrangements, arXiv:1105.3220.

C. De Concini, C. Procesi, Topics in hyperplane arrangements,
polytopes and box-splines, Springer 2010.
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Combinatorial problem

THE END

THANKS!

References

M. D'Adderio, L. Moci, Arithmetic matroids, Tutte
Polynomial and toric arrangements, arXiv:1105.3220.

C. De Concini, C. Procesi, Topics in hyperplane arrangements,
polytopes and box-splines, Springer 2010.

Michele D'Adderio Universitat Gottingen/MPIM

Arithmetic matroids and Tutte polynomial



	Matroid
	Arithmetic Matroid
	Arithmetic Tutte Polynomial
	Dual and representability
	Combinatorial problem

