
Moment symbolic calculus
in probability and in statistics

E. Di Nardo

University of Basilicata, Italy

Sept, 19th-21th 2011 – Bertinoro
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• α : symbolic methods in probability and in statistics; classical umbral
calculus;

• n.α : U -statistics; moments of sampling distributions; Sheppard’s
corrections;

• t.α : Lévy processes; time space harmonic polynomials; stochastic
integration;

• γ.α : cumulants; k statistics and polykays;

• γ.β.α : Sheffer sequences; Lagrange inversion formula; Riordan
arrays and connection constants; parametrization of cumulants;
solving some linear recurrences;

• γ.β.µ : multivariate r.v.’s; multivariate Faà di Bruno Formula;
multivariate Lévy processes; multivariate time space harmonic
polynomials;

• (n.β.α)σ : work in progress: random matrices.

E. Di Nardo 67 SLC & XVII IICA



• α : symbolic methods in probability and in statistics; classical umbral
calculus;

• n.α : U -statistics; moments of sampling distributions; Sheppard’s
corrections;
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• t.α : Lévy processes; time space harmonic polynomials; stochastic
integration;

• γ.α : cumulants; k statistics and polykays;

• γ.β.α : Sheffer sequences; Lagrange inversion formula; Riordan
arrays and connection constants; parametrization of cumulants;
solving some linear recurrences;

• γ.β.µ : multivariate r.v.’s; multivariate Faà di Bruno Formula;
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Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections

Lévy processes

Part I

Moment symbolic calculus in probability and
in statistics (I)
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1 Why symbolic methods in probability and in statistics?
Symbolic manipulation systems

2 The classical umbral calculus
The algebra of random variables

3 Auxiliary umbrae
Dot-operations

4 U-statistics
Symmetric polynomials
Computational issues

5 Sheppard’s corrections

6 Lévy processes
Stochastic Finance
Symbolic Lévy processes
Time-space harmonic polynomials
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Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections

Lévy processes

Beyond numbers
Symbolic manipulation systems
An example
In the literature

Man cannot live on numbers alone

“The purpose of computing is insight, not numbers ”
Hamming R.W. (1987) Numerical methods for scientists and engineers

Typically, algebraic objects admit exact computations as opposed to the
approximate character of numerical computations.

By Maple
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Lévy processes

Beyond numbers
Symbolic manipulation systems
An example
In the literature

Man cannot live on numbers alone

“The purpose of computing is insight, not numbers ”
Hamming R.W. (1987) Numerical methods for scientists and engineers

Typically, algebraic objects admit exact computations as opposed to the
approximate character of numerical computations.

By Maple

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections

Lévy processes

Beyond numbers
Symbolic manipulation systems
An example
In the literature

Computing

Symbolic methods ⇒ a set of manipulation techniques aiming to perform
algebraic calculations (possibly) through an algorithmic approach in order

to find

efficient mechanical processesefficient mechanical processes

to pass to a computer.

Systems which implement symbolic methods are called symbolic
manipulation systems: aka Symbolic computation, Computer algebra...

Examples: Reduce, Macsyma, Axiom, Derive
Maple, Mathematica, Magma, Maxima, ...

What about?
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Lévy processes

Beyond numbers
Symbolic manipulation systems
An example
In the literature

Computing

Symbolic methods ⇒ a set of manipulation techniques aiming to perform
algebraic calculations (possibly) through an algorithmic approach in order

to find efficient mechanical processes

efficient mechanical processes

to pass to a computer.

Systems which implement symbolic methods are called symbolic
manipulation systems: aka Symbolic computation, Computer algebra...

Examples: Reduce, Macsyma, Axiom, Derive
Maple, Mathematica, Magma, Maxima, ...

What about?

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Symbolic manipulation systems
An example
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Statistical manipulations

“The idea of augmented symmetric functions we believe to be ours ”
David F.N., Kendall M.G., Barton D.E. - Tables (1966) - Pearson

A fundamental expectation result

E

∑XsXt · · ·︸ ︷︷ ︸
r1

X2
qX

2
p · · ·︸ ︷︷ ︸

r2

Xm
u X

m
v · · ·︸ ︷︷ ︸

rm

 = (n)νλ a
r1
1 a

r2
2 · · · armm

• (X1, X2, . . . , Xn) i.i.d.r.s. with n sample size;

• E[Xj
i ] = aj for j = 1, 2, . . . , k and k ≤ n;

• with λ = (1r1 , 2r2 , . . . ,mrm) ` k ≤ n in νλ parts that is
r1 + 2r2 + · · ·+mrm = k and r1 + r2 + · · ·+ rm = νλ.
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Lévy processes

Beyond numbers
Symbolic manipulation systems
An example
In the literature

Statistical manipulations

“The idea of augmented symmetric functions we believe to be ours ”
David F.N., Kendall M.G., Barton D.E. - Tables (1966) - Pearson

A fundamental expectation result

E

∑XsXt · · ·︸ ︷︷ ︸
r1

X2
qX

2
p · · ·︸ ︷︷ ︸

r2

Xm
u X

m
v · · ·︸ ︷︷ ︸

rm

 = (n)νλ a
r1
1 a

r2
2 · · · armm

• (X1, X2, . . . , Xn) i.i.d.r.s. with n sample size;

• E[Xj
i ] = aj for j = 1, 2, . . . , k and k ≤ n;

• with λ = (1r1 , 2r2 , . . . ,mrm) ` k ≤ n in νλ parts that is
r1 + 2r2 + · · ·+mrm = k and r1 + r2 + · · ·+ rm = νλ.

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Is it attractive enough?

E [
∑
XsXt · · ·︸ ︷︷ ︸

r1

X2
qX

2
p · · ·︸ ︷︷ ︸

r2

Xm
u X

m
v · · ·︸ ︷︷ ︸

rm

]

assume that ⇑ could be “symbolically represented ”by ⇓

E [
∏m
j=1(χ1X

j
1 + χ2X

j
2 + · · ·+ χnX

j
n)rj ]

with a structure very similar to ar11 a
r2
2 · · · armm

How?

B E[χij ] =
{

1 i = 0, 1
0 otherwise

B E[χii1 χ
i2
2 · · ·χinn ] = E[χii1 ]E[χi22 ] · · ·E[χinn ]

Are {χi}ni=1 r.v.’s?
No⇒ E[χ2

i ] = 0 “Umbral Calculus”
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Lévy processes

Beyond numbers
Symbolic manipulation systems
An example
In the literature

Is it attractive enough?

E [

∑
XsXt · · ·︸ ︷︷ ︸

r1

X2
qX

2
p · · ·︸ ︷︷ ︸

r2

Xm
u X

m
v · · ·︸ ︷︷ ︸

rm

]

assume that ⇑ could be “symbolically represented ”by ⇓

E [

∏m
j=1(χ1X

j
1 + χ2X

j
2 + · · ·+ χnX

j
n)rj

]

with a structure very similar to ar11 a
r2
2 · · · armm

How?

B E[χij ] =
{

1 i = 0, 1
0 otherwise

B E[χii1 χ
i2
2 · · ·χinn ] = E[χii1 ]E[χi22 ] · · ·E[χinn ]

Are {χi}ni=1 r.v.’s?
No⇒ E[χ2

i ] = 0 “Umbral Calculus”

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Lévy processes

Beyond numbers
Symbolic manipulation systems
An example
In the literature

Is it attractive enough?

E [
∑
XsXt · · ·︸ ︷︷ ︸

r1

X2
qX

2
p · · ·︸ ︷︷ ︸

r2

Xm
u X

m
v · · ·︸ ︷︷ ︸

rm

]

assume that ⇑ could be “symbolically represented ”by ⇓

E [
∏m
j=1(χ1X

j
1 + χ2X

j
2 + · · ·+ χnX

j
n)rj ]

with a structure very similar to ar11 a
r2
2 · · · armm

How?
B E[χij ] =

{
1 i = 0, 1
0 otherwise

B E[χii1 χ
i2
2 · · ·χinn ] = E[χii1 ]E[χi22 ] · · ·E[χinn ]

Are {χi}ni=1 r.v.’s?

No⇒ E[χ2
i ] = 0 “Umbral Calculus”

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Is it attractive enough?

E
[(∑n

i6=j X
2
iXj

) (∑n
i=1X

2
i Yi
)2]

with (X1, Y1), . . . , (Xn, Yn)

gi,j = E[XiY j ]

separately i.i.d.r.v.’s

⇓
2(n)2[2g4,1 g3,1 + g5,2 g2,0 + g6,2 g1,0] + 2(n)3g3,1 g2,1 g2,0+

(n)3[2g4,1 g2,1 g1,0 + g4,2 g2,0 g1,0] + (n)4g
2
2,1 g2,0 g1,0

One more advantage

When symbolic methods are used properly, they can give us more insights
to problems.
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Lévy processes

Beyond numbers
Symbolic manipulation systems
An example
In the literature

Is it attractive enough?

E
[(∑n

i6=j X
2
iXj

) (∑n
i=1X

2
i Yi
)2]

with (X1, Y1), . . . , (Xn, Yn)
gi,j = E[XiY j ] separately i.i.d.r.v.’s

⇓
2(n)2[2g4,1 g3,1 + g5,2 g2,0 + g6,2 g1,0] + 2(n)3g3,1 g2,1 g2,0+

(n)3[2g4,1 g2,1 g1,0 + g4,2 g2,0 g1,0] + (n)4g
2
2,1 g2,0 g1,0

One more advantage

When symbolic methods are used properly, they can give us more insights
to problems.

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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In the literature

• (1983) Speed T. Cumulants and partition lattices. Austr. J. Stat.

• (1987) McCullagh P. Tensor methods in statistics. Chapman and
Hall

• (1993) Kendall W. S. Computer Algebra in probability and statistics,
Stat. Neerl.

• (2000) Andrews D. F. and Stafford J. E. Symbolic computation for
statistical inference. Oxford University Press.

• (2008) Rose C. MathStatica: a symbolic approach to computational
mathematical statistics. (Singapore).

• (2011) Peccati G. and Taqqu M. S. Wiener chaos: moments,
cumulants and diagrams. A survey with computer implementation.
(Bocconi & Springer Series)
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A nice trick
The algebra of random variables

The framework

An umbral calculus consists in

B A = {α, γ, . . .}, the alphabet, whose elements are named umbrae;
B a linear functional E : R[A]→ R, the evaluation, such that

• E[1] = 1;
• E[αiγj · · · ] = E[αi]E[γj ] · · · (uncorrelation)

The first device: {ai} is represented by α

that is E[αi] = ai,
for all nonnegative i.

Ex:

∑n
i=0

(
n
i

)
aign−i

represented by α+ γ
{ai} represented by α
{gi} represented by γ

(1994) Rota G.-C. and Taylor B. D. The classical umbral calculus. SIAM
J. Math. Anal.: eval instead of E
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Only their shadows persist

P.McCullagh, Tensor methods in statistics (1987)

In matters of aesthetics and mathematical notation, no one loves an
index. According to one school of thought, indices are the pawns of an
arcane and archaic notation, the front-line troops, the cannon fodder,
first to perish in the confrontation of an inner product. Only their
shadows persist.

• The term “umbral calculus”was coined by Sylvester from the
word “umbra”= shadow.

• (2001) Di Nardo E. and Senato D. Umbral nature of Poisson
random variables. Algebraic Combinatorics and Computer Science: a
tribute to G.C. Rota (Springer, ed. Crapo & Senato)
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Similar umbrae

A second device

Two umbrae α and γ are said to be similar when

E[αn] = E[γn],

for all nonnegative integers n, in symbols α ≡ γ.

Ex: ?
⇒ The same sequence 1, a1, a2, . . . (in the following {ai}) could be
represented by using distinct umbrae.

In [SIAM] two umbrae such that α ≡ γ are called exchangeable.
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Lévy processes

The framework
About the esoteric name
A nice trick
The algebra of random variables

Similar umbrae

A second device

Two umbrae α and γ are said to be similar when

E[αn] = E[γn],

for all nonnegative integers n, in symbols α ≡ γ.

Ex:
∑n
i=0

(
n
i

)
aian−i is represented by α+ α′

?

⇒ The same sequence 1, a1, a2, . . . (in the following {ai}) could be
represented by using distinct umbrae.

In [SIAM] two umbrae such that α ≡ γ are called exchangeable.

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Problem 1: the algebra of probability

“It has been argued that the notions of sample space and event are
redundant, and that all of probability should be done in terms of random
variables alone... How would one introduce probability in terms of

random variables alone?... One takes an ordered commutative

commutative

algebra
over the reals, and endows it with a positive linear functional E[X]. The
elements of the algebra will be the random variables and the linear
functional is the expectation of a random variable... ”
G.-C. Rota, Twelve problems in probability no ones like to bring up problem

one: the algebra of probability. (The Fubini Lectures, 1998) Algebraic

Combinatorics and Computer Science: a tribute to G.C. Rota (Springer, ed.

Crapo & Senato)

Moments

The sequence {ai}, such that E[αi] = ai for all nonnegative integers i, is
the sequence of moments of α.
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Lévy processes

The framework
About the esoteric name
A nice trick
The algebra of random variables

Problem 1: the algebra of probability

“

It has been argued that the notions of sample space and event are
redundant, and that all of probability should be done in terms of random
variables alone... How would one introduce probability in terms of

random variables alone?... One takes an ordered commutative

commutative

algebra
over the reals, and endows it with a positive linear functional E[X]. The
elements of the algebra will be the random variables and the linear
functional is the expectation of a random variable...

”
G.-C. Rota, Twelve problems in probability no ones like to bring up problem

one: the algebra of probability. (The Fubini Lectures, 1998) Algebraic

Combinatorics and Computer Science: a tribute to G.C. Rota (Springer, ed.

Crapo & Senato)

Moments

The sequence {ai}, such that E[αi] = ai for all nonnegative integers i, is
the sequence of moments of α.

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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An umbra is a ghost of a random variable

E[Xn+k] 6= E[Xn]E[Xk] E[αn+k] 6= E[αn]E[αk]

if X and Y are uncorrelated if α and γ are distinct
then E[XnY k] = E[Xn]E[Y k] then E[αnγk] = E[αn]E[γk]

{E[Xk]} moments {E[αk]} moments

{E[(X)k]} factorial moments {E[(α)k]} factorial moments

X,Y identically distributed (...) α, α′ similar

P (X = c) = 1 cu, with u the unity umbra
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Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections

Lévy processes

Dot-operations

Sum of i.i.d.r.v’s

By the multinomial theorem

E[(α+ γ + · · ·+ ζ︸ ︷︷ ︸
m

)n] =
∑

k1+k2+···+km=n

(
n

k1, k2, . . . , km

)
ak1 gk2 · · · zkm

with {ai}, {gi}, . . . , {zi} moments of α, γ, . . . , ζ respectively.
Therefore

E[(α+ α′ + · · ·+ α′′︸ ︷︷ ︸
m

)n] =
∑

k1+k2+···+km=n

(
n

k1, k2, . . . , km

)
ak1 ak2 · · · akm

with aλ = ar11 ar22 · · · armm and dλ = n!
(1!)r1 (2!)r2 ···(m!)rmr1!r2!···rm!
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Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections

Lévy processes

Dot-operations

Dot-product

m.α

We shall denote by the symbol m.α the sum α′ + α′′ + · · ·+ α′′′ of m
distinct umbrae α′, α′′, . . . , α′′′ each of which is similar to the umbra α.

∑
λ`n(m)νλdλaλ

= E[(m.α)n] =
∑n
i=1(m)iBn,i(a1, a2, . . . , an−i+1),

where Bn,i are the (partial) Bell exponential polynomials.

Saturated umbral calculus [SIAM]

A saturated umbral calculus, with base alphabet A, is an umbral calculus
on an alphabet A ∪ B, where the letters of the alphabet B are auxiliary
symbols.

0.α ≡ ε, (augmentation umbra) with E[εi] = δi,0.

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Lévy processes

Dot-operations

Dot-product

m.α

We shall denote by the symbol m.α the sum α′ + α′′ + · · ·+ α′′′ of m
distinct umbrae α′, α′′, . . . , α′′′ each of which is similar to the umbra α.

∑
λ`n(m)νλdλaλ = E[(m.α)n]

=
∑n
i=1(m)iBn,i(a1, a2, . . . , an−i+1),

where Bn,i are the (partial) Bell exponential polynomials.

Saturated umbral calculus [SIAM]

A saturated umbral calculus, with base alphabet A, is an umbral calculus
on an alphabet A ∪ B, where the letters of the alphabet B are auxiliary
symbols.

0.α ≡ ε, (augmentation umbra) with E[εi] = δi,0.

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections

Lévy processes

Moments and polynomials
Symmetric polynomials
The fundamental expectation result
Computational issues
Example 1
Example 2

Polynomial umbrae

⇒ Replace R with K[x1, x2, . . . , xn], where K is a field of characteristic
zero and x1, x2, . . . , xn are variables.

Updating the uncorrelation property

E[xkxl · · ·αiγj · · · ] = xkxlE[αi]E[γj ] · · ·

In K[x1, x2, . . . , xn][A], an umbra is said to be

scalar if ai ∈ K for all nonnegative integers i;
polynomial if ai ∈ K[x1, x2, . . . , xn] for all nonnegative integers i.

A sequence of polynomials p0, p1, . . . ∈ K[x1, x2, . . . , xn] is umbrally
represented by a polynomial umbra if p0 = 1 and pn is of degree n for
every nonnegative integer n.

Ex: E[εk] =
{
ek(x1, x2, . . . , xn) k ≤ n
0 k ≥ n+ 1
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Umbral equivalence

B Working with umbral polynomials p, q ∈ K[x1, x2, . . . , xn][A], then

p ' q ⇔ E[p] = E[q]. (umbral equivalence)

On the elementary symmetric polynomial umbra ε

χ1x1 + · · ·+ χnxn ≡ ūε

{χi}ni=1 uncorrelated umbrae similar to the singleton umbra χ and ū the
boolean unity such that E[ūk] = k! for all nonnegative integers k.

• m̃λ(x1, x2, . . . , xn) ' (χ1x1+· · ·+χnxn)r1(χ1x
2
1+· · ·+χnx2

n)r2 · · ·
(augmented symmetric polynomial)

• mλ(x1, x2, . . . , xn) ' (χ1x1+···+χnxn)r1

r1!
(χ1x

2
1+···+χnx2

n)r2

r2! · · ·
(monomial symmetric polynomial)

• hk(x1, x2, . . . , xn) ' (ū1x1 + · · ·+ ūnxn)k

(complete homogeneous symmetric polynomial)
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(complete homogeneous symmetric polynomial)

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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A nice shortcut

B Replace the indeterminates x1, x2, . . . , xn in χ1x1 + · · ·+ χnxn with
n uncorrelated umbrae α1, α2, . . . , αn similar to an umbra α, then

• ek(α1, . . . , αn) ' [n.(χα)]k

k!

(umbral symmetric elementary polynomial)

• m̃λ(α1, . . . , αn) ' [n.(χα)]r1 [n.(χα2)]r2 · · ·
(umbral symmetric augmented polynomial)

• mλ(α1, . . . , αn) ' [n.(χα)]r1

r1!
[n.(χα2)]r1

r2! · · ·
(umbral symmetric monomial polynomial)

• hk(α1, . . . , αn) ' [n.(ūα)]k

(umbral symmetric complete homogeneous polynomial)

• sk(α1, . . . , αn) ' n.αk

(umbral symmetric power sum polynomial)

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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A fundamental expectation result

E[
∑

XsXt · · ·︸ ︷︷ ︸
r1

X2
qX

2
r · · ·︸ ︷︷ ︸

r2

Xm
u X

m
ν · · ·︸ ︷︷ ︸

rm

] = (n)νλ a
r1
1 a

r2
2 · · · armm

• (X1, X2, . . . , Xn) i.i.d.r.s. with n sample size;

• E[Xj
i ] = aj for j = 1, 2, . . . , k and k ≤ n;

• with λ = (1r1 , 2r2 , . . . ,mrm) ` k ≤ n in νλ parts that is
r1 + 2r2 + · · ·+mrm = k and r1 + r2 + · · ·+ rm = νλ.

Dot-power

α.n is an auxiliary symbol denoting the product α′α′′ · · ·α′′′︸ ︷︷ ︸
n

.

αλ is an auxiliary symbol denoting the product (αj1).r1(α2
j2

).r2 · · · with
j1, j2, . . . ∈ [n].
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Lévy processes

Moments and polynomials
Symmetric polynomials
The fundamental expectation result
Computational issues
Example 1
Example 2

U-statistics

1
(n)νλ

E
{

[n.(χα)]r1 [n.(χα2)]r2 · · · [n.(χαm)]rm
}

= aλ

• (α1, α2, . . . , αn) uncorrelated umbrae similar to α;

• E[αji ] = aj for j = 1, 2, . . . , k and k ≤ n;
• with λ = (1r1 , 2r2 , . . . ,mrm) ` k ≤ n in νλ parts that is
r1 + 2r2 + · · ·+mrm = k and r1 + r2 + · · ·+ rm = νλ.

Dot-power

α.n is an auxiliary symbol denoting the product α′α′′ · · ·α′′′︸ ︷︷ ︸
n

.

αλ is an auxiliary symbol denoting the product (αj1).r1(α2
j2

).r2 · · · with
j1, j2, . . . ∈ [n].

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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U-statistics

If X1, X2, . . . , Xn are i.r.v.’s then

U =
1

(n)k

∑
all permutations (j1,j2,...,jk)

h(Xj1 , Xj2 , . . . , Xjk).

If X1, X2, . . . , Xn is a random sample, then

E[U ] = θ(F ) =
∫
· · ·
∫
h(t1, t2, . . . , tk)dF (t1) dF (t2) · · · dF (tn).

aλ ⇒
[n.(χα)]c1 [n.(χα2)]c2 · · ·

(n)νλ
⇒ 1

(n)νλ

m∏
j=1

(χ1α
j
1+χ2α

j
2+· · ·+χnαjn)cj

Ex : a2
1 ⇒

[n.(χα)]2

(n)2
' 1

(n)2

∑
i6=j

αiαj =
1

(n)2

[
(
n∑
i=1

αi)2 − (
n∑
i=1

α2
i )

]
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Augmented and power sums

(1995) Stembridge J. R. A Maple package for symmetric functions. J.
Symbolic Computation
(2008) Di Nardo E., Guarino G. and Senato D. Symbolic computation of
moments of sampling distributions. Comp. Stat. Data Analysis

The starting points

Set c(k) = (−1)k−1(k − 1)! for all nonnegative integers k. If {sr} are the
power symmetric polynomials and {ek} are the elementary symmetric
polynomials, then

ei = 1
i!

∑
λ`i dλ(c(1)s1)r1(c(2)s2)r2 · · ·

[n.(χα)]i '
∑
λ`i dλcλ(n.α)r1(n.α2)r2 · · ·

(n.α)i '
∑
λ`i(n)νλdλαλ

'
∑
λ`i dλ[n.(χα)]r1 [n.(χα2)]r2 · · ·
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Lévy processes

Moments and polynomials
Symmetric polynomials
The fundamental expectation result
Computational issues
Example 1
Example 2

Augmented and power sums

(1995) Stembridge J. R. A Maple package for symmetric functions. J.
Symbolic Computation
(2008) Di Nardo E., Guarino G. and Senato D. Symbolic computation of
moments of sampling distributions. Comp. Stat. Data Analysis

The starting points

Set c(k) = (−1)k−1(k − 1)! for all nonnegative integers k. If {sr} are the
power symmetric polynomials and {ek} are the elementary symmetric
polynomials, then

ei = 1
i!

∑
λ`i dλ(c(1)s1)r1(c(2)s2)r2 · · ·

[n.(χα)]i '
∑
λ`i dλcλ(n.α)r1(n.α2)r2 · · ·

(n.α)i '
∑
λ`i(n)νλdλαλ

'
∑
λ`i dλ[n.(χα)]r1 [n.(χα2)]r2 · · ·

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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A very general formula

M = {µ1, . . . , µ1︸ ︷︷ ︸
f(µ1)

, . . . , µk, . . . , µk︸ ︷︷ ︸
f(µk)

}

with {µ1, µ2, . . . , µk} umbral monomials.

If they do not have disjoint
support*, then E[µiµj ] 6= E[µi]E[µj ].

Multiset

[n.(χµ)]M '
∑
S dS cS (n.µ)S

(n.µ)M '
∑
S dS [n.(χµ)]S

with [n.µ]M =
∏
i(n.µi)

f(µi) [n.(χµ)]M =
∏
i[n.(χµi)]

f(µi)

Ex: M = {α, . . . , α︸ ︷︷ ︸
i

}, M = {α, . . . , α︸ ︷︷ ︸
r1

, α2, . . . , α2︸ ︷︷ ︸
r2

, . . .}

*The support of an umbral polynomial is the set of all umbrae occurring
in it.
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Lévy processes

Moments and polynomials
Symmetric polynomials
The fundamental expectation result
Computational issues
Example 1
Example 2

A very general formula

M = {µ1, . . . , µ1︸ ︷︷ ︸
f(µ1)

, . . . , µk, . . . , µk︸ ︷︷ ︸
f(µk)

}

with {µ1, µ2, . . . , µk} umbral monomials. If they do not have disjoint
support*, then E[µiµj ] 6= E[µi]E[µj ].

Multiset

[n.(χµ)]M '
∑
S dS cS (n.µ)S

(n.µ)M '
∑
S dS [n.(χµ)]S

with [n.µ]M =
∏
i(n.µi)

f(µi) [n.(χµ)]M =
∏
i[n.(χµi)]

f(µi)

Ex: M = {α, . . . , α︸ ︷︷ ︸
i

}, M = {α, . . . , α︸ ︷︷ ︸
r1

, α2, . . . , α2︸ ︷︷ ︸
r2

, . . .}

*The support of an umbral polynomial is the set of all umbrae occurring
in it.

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Computing multiset subdivision

• B This strategy is speedier than the iterated full partition of
Andrews and Stafford, given that it takes into account the
multiplicity of all elements of M .

• B The higher this multiplicity is, the more this procedure gives
efficient results.
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Computational results

The change of bases from augmented symmetric polynomials to power
sums.

[1i2j3k · · · ] SF MathStatica Umbral
[15 23 32] 0.78 0.18 0.13
[16 23] 0.08 0.01 0.01
[210] 2.57 0.03 0.01
[15 27 31] 6.15 1.20 0.65
[12 22 32 42] 2.75 0.11 0.09

Table 1: Comparison of computational times.

Differently from the umbral algorithm, MathStatica and SF do not work
on multiple sets of variables.
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Lévy processes

Moments and polynomials
Symmetric polynomials
The fundamental expectation result
Computational issues
Example 1
Example 2

Multivariate r.v.’s

Ex: If M = {µ1, µ1, µ2} then (n.µ)M = (n.µ1)2(n.µ2).

In statistical
terminology, moments of (n.µ)M correspond to moments of the product

of sums (
∑n
i=1Xi)

2 (
∑n
i=1 Yi) , where (X1, Y1), . . . , (Xn, Yn) are

separately i.i.d.r.v.’s.

S dS [n.(χµ)]S
{{µ1, µ1, µ2}} 1 n.(χµ2

1µ2)
{{µ1}, {µ1, µ2}} 2 [n.(χµ1)][n.(χµ1µ2)]
{{µ2}, {µ1, µ1}} 1 [n.(χµ2)][n.(χµ2

1)]
{{µ1}, {µ1}, {µ2}} 1 [n.(χµ1)]2[n.(χµ2)]

Table 2: Subdivisions of M = {µ1, µ1, µ2}.

B (n.µ1)2(n.µ2) ' n.(χµ2
1µ2) + 2[n.(χµ1)][n.(χµ1µ2)] + · · · ,

B E[(
∑n
i=1Xi)

2 (
∑n
i=1 Yi)]=n g2,1+2 (n)2 g1,0 g1,1+(n)2 g2,0 g0,1 + · · · .
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Lévy processes

Moments and polynomials
Symmetric polynomials
The fundamental expectation result
Computational issues
Example 1
Example 2

Multivariate r.v.’s

Ex: If M = {µ1, µ1, µ2} then (n.µ)M = (n.µ1)2(n.µ2). In statistical
terminology, moments of (n.µ)M correspond to moments of the product

of sums (
∑n
i=1Xi)

2 (
∑n
i=1 Yi) , where (X1, Y1), . . . , (Xn, Yn) are

separately i.i.d.r.v.’s.

S dS [n.(χµ)]S
{{µ1, µ1, µ2}} 1 n.(χµ2

1µ2)
{{µ1}, {µ1, µ2}} 2 [n.(χµ1)][n.(χµ1µ2)]
{{µ2}, {µ1, µ1}} 1 [n.(χµ2)][n.(χµ2

1)]
{{µ1}, {µ1}, {µ2}} 1 [n.(χµ1)]2[n.(χµ2)]

Table 2: Subdivisions of M = {µ1, µ1, µ2}.

B (n.µ1)2(n.µ2) ' n.(χµ2
1µ2) + 2[n.(χµ1)][n.(χµ1µ2)] + · · · ,

B E[(
∑n
i=1Xi)

2 (
∑n
i=1 Yi)]=n g2,1+2 (n)2 g1,0 g1,1+(n)2 g2,0 g0,1 + · · · .

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Lévy processes

Moments and polynomials
Symmetric polynomials
The fundamental expectation result
Computational issues
Example 1
Example 2

Moments of sampling Distributions

(2005) Vrbik J. Populations Moments of Sampling Distributions Comput.
Stat.

E
[(∑n

i6=j X
2
iXj

) (∑n
i=1X

2
i Yi
)2]

with (X1, Y1), . . . , (Xn, Yn)
gi,j = E[XiY j ] separately i.i.d.r.v.’s

• (
∑n
i 6=j X

2
iXj)

umbral⇒ [n.(χµ2
1)n.(χµ1)]

• (
∑n
i=1X

2
i Yi)

umbral⇒ [n.(χµ2
1µ2)]

E[n.(χ1µ
2
1)n.(χ1µ1)n.(χ2µ

2
1µ2)n.(χ3µ

2
1µ2)] =

?

[n.(χ1µ
2
1)n.(χ1µ1)][n.(χ2µ

2
1µ2)][n.(χ3µ

2
1µ2)] ' (n.ν)M '

∑
π∈Π[n.(χν)]π.

with M = {χ1µ
2
1, χ1µ1, χ2µ

2
1µ2, χ3µ

2
1µ2}.

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Lévy processes

Moments and polynomials
Symmetric polynomials
The fundamental expectation result
Computational issues
Example 1
Example 2

Moments of sampling Distributions

(2005) Vrbik J. Populations Moments of Sampling Distributions Comput.
Stat.

E
[(∑n

i6=j X
2
iXj

) (∑n
i=1X

2
i Yi
)2]

with (X1, Y1), . . . , (Xn, Yn)
gi,j = E[XiY j ] separately i.i.d.r.v.’s

• (
∑n
i 6=j X

2
iXj)

umbral⇒ [n.(χµ2
1)n.(χµ1)]

• (
∑n
i=1X

2
i Yi)

umbral⇒ [n.(χµ2
1µ2)]

E[n.(χ1µ
2
1)n.(χ1µ1)n.(χ2µ

2
1µ2)n.(χ3µ

2
1µ2)] =

?

[n.(χ1µ
2
1)n.(χ1µ1)][n.(χ2µ

2
1µ2)][n.(χ3µ

2
1µ2)] ' (n.ν)M '

∑
π∈Π[n.(χν)]π.

with M = {χ1µ
2
1, χ1µ1, χ2µ

2
1µ2, χ3µ

2
1µ2}.

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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For π1 = {{χ1µ
2
1, χ2µ

2
1µ2}, {χ1µ1, χ3µ

2
1µ2}}

[n.(χµ)]π1 = n.(χχ1χ2µ
4
1µ2)n.(χχ1χ3µ

3
1µ2) ' n.(χµ4

1µ2)n.(χµ3
1µ2)

For π2 =
{
{χ1µ

2
1, χ1µ1},

{
χ2µ

2
1µ2, χ3µ

2
1µ2}

}}
[n.(χµ)]π2 = n.(χχ2

1 µ
3
1)n.(χχ2χ3 µ

4
1µ

2
2) ' 0 as [n.(χµ)]π2 ' 0

[1i2j3k · · · ] SIP MAPLE
[53 8 9 10][1 2 3 4 5] 5.6 0.4
[6 7 8 9 10][1 2 3 4 5] 2.2 0.1
[6 7 8 9 10][1 2][3 4 5] 3.1 0.4
[6 7][8 9 10][1 2][3 4 5] 4.7 1.3
[5 6 7 8 9 10][1 2 3 4 5] 16.7 0.3

[5 6 7 8 9 10][1 2 3 4 5 6] 348.7 1.5
[6 7 8 9 10][6 7][3 4 5][1 2] 125.6 16.4

Table 3: Computational times.
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Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections

Lévy processes

A very old table...
Starting from the univariate formula

From univariate to multivariate ...

(2005) Vardeman S. B. Sheppard’s correction for variances and “the
quantization noise model”. IEEE Trans. Instr. Meas.

To multiply summations like

an =
n∑
j=0

(
n

j

)(
21−j − 1

)
Bj h

j ãn−j

corresponding to the n-th power of µ̃k + hk
(
ιk + 1

2

)
, and then to

replace products like µ̃s11 µ̃
s2
2 · · · µ̃

sj
j with m̃s1...sj .

(multi-index: why not?)

α ≡ α̃+ h
(
ι+ 1

2

)
ι the Bernoulli umbra

µM '
[
µ̃+ h

(
ι+

1
2

)]
M

=
j∏

k=1

[
µ̃k + hk

(
ιk +

1
2

)]tk
with E[µM ] = mt1... tj =

∫
Rj xfX(x) dx

(2010) Di Nardo E. A new approach to Sheppard’s corrections Math.Meth.Stat.
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Lévy processes

A very old table...
Starting from the univariate formula

From univariate to multivariate ...

(2005) Vardeman S. B. Sheppard’s correction for variances and “the
quantization noise model”. IEEE Trans. Instr. Meas.

To multiply summations like
n∑

sk=1

(
n

sk

)
µ̃skk h

n−sk
k

(
21−n+sk − 1

)
Bn−sk

corresponding to the n-th power of µ̃k + hk
(
ιk + 1

2

)
, and then to

replace products like µ̃s11 µ̃
s2
2 · · · µ̃

sj
j with m̃s1...sj .

(multi-index: why not?)

α ≡ α̃+ h
(
ι+ 1

2

)
ι the Bernoulli umbra

µM '
[
µ̃+ h

(
ι+

1
2

)]
M

=
j∏

k=1

[
µ̃k + hk

(
ιk +

1
2

)]tk
with E[µM ] = mt1... tj =

∫
Rj xfX(x) dx

(2010) Di Nardo E. A new approach to Sheppard’s corrections Math.Meth.Stat.
E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Infinitely divisible distribution
Stochastic Finance
Symbolic Lévy processes
Time-space harmonic polynomials
Future challenges

Infinite divisibility property

⇐ (n.α)

A r.v. X has an infinitely divisible distribution if for each n = 1, 2, . . .
there exist a sequence of i.i.d.r.v.’s X1,n, . . . , Xn,n such that

X
d= X1,n + · · ·+Xn,n where

d= means equal in distribution.

B

FX = FX·,n ? FX·,n ? · · · ? FX·,n︸ ︷︷ ︸
n

or E[eizX ] = E[eizX·,n ]n, i ∈ C

Stochastic process
with independent and
stationary increments

Xt
d= ∆Xt/n + ∆Xt/n + · · ·+ ∆Xt/n︸ ︷︷ ︸

n

E[eizXt ] = E[eiz∆Xt/n ]n ⇒ E[eizXt ] = E[eiz∆X1 ]t = E[eizX1 ]t

E. Di Nardo 67 SLC & XVII IICA
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A new auxiliary umbra

• qi(n) = E[(n.α)i] =
∑
λ`i(n)νλdλaλ;

• qi(t) =
∑
λ`i(t)νλdλaλ, with t ∈ R

t.α

We shall denote by the symbol t.α the umbra representing the sequence
{qi(t)}.

Why they are symbolic Lévy processes?

• (exponential) generating function f(α, z) =
∑
k≥0 ak

zk

k!

• f(α+ γ, z) = f(α, z)f(γ, z)
• f(n.α, z) = f(α, z)n

• f(t.α, z) = f(α, z)t

with α the umbral counterpart of X1
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Symbolic Lévy processes
Time-space harmonic polynomials
Future challenges

A new auxiliary umbra

• qi(n) = E[(n.α)i] =
∑
λ`i(n)νλdλaλ;

• qi(t) =
∑
λ`i(t)νλdλaλ, with t ∈ R

t.α

We shall denote by the symbol t.α the umbra representing the sequence
{qi(t)}.

Why they are symbolic Lévy processes?
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• (exponential) generating function f(α, z) =
∑
k≥0 ak

zk

k!

• f(α+ γ, z) = f(α, z)f(γ, z)
• f(n.α, z) = f(α, z)n

• f(t.α, z) = f(α, z)t

with α the umbral counterpart of X1

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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Symbolic Lévy processes
Time-space harmonic polynomials
Future challenges

A new auxiliary umbra

• qi(n) = E[(n.α)i] =
∑
λ`i(n)νλdλaλ;

• qi(t) =
∑
λ`i(t)νλdλaλ, with t ∈ R

t.α

We shall denote by the symbol t.α the umbra representing the sequence
{qi(t)}.

Why they are symbolic Lévy processes?
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Lévy processes

Infinitely divisible distribution
Stochastic Finance
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• (exponential) generating function f(α, z) =
∑
k≥0 ak

zk

k!

• f(α+ γ, z) = f(α, z)f(γ, z)
• f(n.α, z) = f(α, z)n

• f(t.α, z) = f(α, z)t

with α the umbral counterpart of X1

E. Di Nardo 67 SLC & XVII IICA



Outline
Why symbolic methods in probability and in statistics?

The classical umbral calculus
Auxiliary umbrae

U-statistics
Sheppard’s corrections
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{qi(t)}.

Why they are symbolic Lévy processes?

• (exponential) generating function f(α, z) =
∑
k≥0 ak

zk

k!

• f(α+ γ, z) = f(α, z)f(γ, z)
• f(n.α, z) = f(α, z)n

• f(t.α, z) = f(α, z)t

with α the umbral counterpart of X1
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Symbolic Lévy processes
Time-space harmonic polynomials
Future challenges

More issues

Binomial identity (t+ s).α ≡ t.α+ s.α

In any Lévy process with finite moments, the n-th moment µn(t) =
E(Xn

t ) is a polynomial function of t such that
µn(t+ s) =

∑n
k=0

(
n
k

)
µk(t)µn−k(s)

Additivity property

t.(α+ γ) ≡ t.α+ t.γ.

If {Wt} and {Zt} are two independent Lévy processes, then the process
{Xt} with Xt = Wt + Zt is a Lévy process.

Homogeneity property

t.(cα) ≡ c(t.α)

If {Xt} is a Lévy process and c ∈ R, then {cXt} is a Lévy process.

Nested processes

t.(s.α) ≡ s.(t.α) ≡ (st).α

If {Xt} is a Lévy process, then {(Xt)s} is a Lévy process.
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Symbolic Lévy processes
Time-space harmonic polynomials
Future challenges

More issues
Binomial identity

(t+ s).α ≡ t.α+ s.α
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{Xt} with Xt = Wt + Zt is a Lévy process.
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If {Xt} is a Lévy process and c ∈ R, then {cXt} is a Lévy process.
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Time-space harmonic polynomials
Future challenges

A drawback

A Lévy process is not necessarily a martingale.

A discrete-time martingale is a discrete-time stochastic process, i.e. a
sequence of r.v.’s {Xi}, such that E[|Xi|] <∞ for all i and

E(Xn+1 | X1, . . . , Xn) = Xn E[Xn+1 −Xn | X1, . . . , Xn] = 0

⇒ (the average winnings from the n-th game to the n+ 1-th game is 0)

.

Efficient markets are equated to the existence of a martingale!

Wald’s martingale

If Xt is a Lévy process with E[exp{zXt}] <∞ for all z ∈ R then

Mt =
exp{zXt}

E[exp{zXt}]
is a martingale.

B E[Mt] = 1 B What happens if E[exp{zXt}] <∞ is not true?
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A Lévy process is not necessarily a martingale.

A discrete-time martingale is a discrete-time stochastic process, i.e. a
sequence of r.v.’s {Xi}, such that E[|Xi|] <∞ for all i and

E(Xn+1 | X1, . . . , Xn) = Xn E[Xn+1 −Xn | X1, . . . , Xn] = 0

⇒ (the average winnings from the n-th game to the n+ 1-th game is 0)

.

Efficient markets are equated to the existence of a martingale!

Wald’s martingale
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B E[Mt] = 1 B What happens if E[exp{zXt}] <∞ is not true?
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Time-space harmonic polynomials

A family of polynomials {P (x, t)}t≥0 is said to be time-space harmonic
with respect to a stochastic process {Xt}t≥0 if {P (Xt, t)} is a
martingale.

The inverse of an umbra:

• −1.α such that −1.α+ α ≡ ε;
• −t.α ≡ t.(−1.α) such that −t.α+ t.α ≡ ε;

The main result

For all nonnegative integers k, the family of polynomials

Qk(x, t) = E[(−t.α+ x)k] ∈ R[x]

is time-space harmonic with respect to a Lévy process Xt with the
moments of X1 umbrally represented by the umbra α.

B E[Qk(Xt, t)] = 0; B The proof involves the moments of Xt up to k.
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Lévy processes

Infinitely divisible distribution
Stochastic Finance
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Symbolic Lévy processes
Time-space harmonic polynomials
Future challenges

Time-space harmonic polynomials

A family of polynomials {P (x, t)}t≥0 is said to be time-space harmonic
with respect to a stochastic process {Xt}t≥0 if {P (Xt, t)} is a
martingale.

The inverse of an umbra:

• −1.α such that −1.α+ α ≡ ε;
• −t.α ≡ t.(−1.α) such that −t.α+ t.α ≡ ε;

The main result

For all nonnegative integers k, the family of polynomials

Qk(x, t) = E[(−t.α+ x)k] ∈ R[x]

is time-space harmonic with respect to a Lévy process Xt with the
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The sequence of polynomials {Qk(x, t)} is an Appell sequence.

(2011) Di Nardo E. and Oliva I. A new family of time-space harmonic
polynomials with respect to Lévy processes Submitted

A second result

A polynomial P (x, t) =
∑k
j=0 pj(t)x

j , of degree k for all t ≥ 0, is a
time-space harmonic polynomial with respect to a Lévy process Xt if and
only if pj(t) =

∑k
i=j

(
i
j

)
pi(0)E[(−t.α)i−j ], for j = 0, . . . , k.

• Generalized Hermite polynomials (Brownian motion)
• Poisson-Charlier polynomials (Compensated Poisson process)
• Actuarial polynomials (Gamma process)
• Meixner polynomials - I kind (Pascal process)
• Generalized Bernoulli polynomials (Random walk with U(0, 1))
• Pseudo-Narumi polynomials (Random walk with

∑
U(0, 1))

• Euler polynomials (Random walk with Binomial r.v.)
• Krawtchouk polynomials (Random walk with B(p))
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Symbolic Lévy processes
Time-space harmonic polynomials
Future challenges

The sequence of polynomials {Qk(x, t)} is an Appell sequence.

(2011) Di Nardo E. and Oliva I. A new family of time-space harmonic
polynomials with respect to Lévy processes Submitted
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Umbral theory of stochastic integration

Wiener-Ito stochastic integral

⇐ Lévy processes

I(Y ) =
∫ ∞

0

Yt dWt ⇐
{

Yt a stochastic process
Wt a Wiener process

(1997) Rota G.-C., Wallstrom T. C. Stochastic integrals: a combinatorial approach
Ann. Probab.
“It is shown that some properties of such stochastic integrals, formerly known to hold
in special cases, are instances of combinatorial identities on the lattice of partitions of
a set ”.

{
F (π) =

∑
σ≥π G(σ)

G(π) =
∑
σ≥π µ(π, σ)F (σ)

⇐
{

[n.(χµ)]M '
∑
S dS cS (n.µ)S

(n.µ)M '
∑
S dS [n.(χµ)]S

(2011) Peccati G. and Taqqu M. S. Wiener chaos: moments, cumulants and
diagrams. A survey with computer implementation. (Springer)

(2009) Tocino A. Multiple stochastic integrals with Mathematica Math. Comp. in

Simulation (computing the expectation of products of multiple stochastic integrals)

.
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Lévy processes

Infinitely divisible distribution
Stochastic Finance
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Lévy processes

Infinitely divisible distribution
Stochastic Finance
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Conclusions

Terence Tao’s blog on maths-related topics

A different choice of foundations can lead to a different way of thinking
about the subject, and thus to ask a different set of questions and to
discover a different set of proofs and solutions. Thus it is often of value
to understand multiple foundational perspectives at once, to get a truly
stereoscopic view of the subject.

...to be continued...
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The umbral calculus can be systematically interpreted as a calculus of
measures of Poisson algebras, generalizing the compound Poisson process.

(1978) Rota G.-C. and Roman S.M. The Umbral Calculus Adv.Math.

The Bell umbra

Why factorial moments?

The Bell umbra β is such that E[(β)n] = 1 for all nonnegative integers n.

βn =
∑n
k=0 S(n, k) (β)k ⇒ E[βn] = Bn, the n-th Bell number

• the number of partitions of a finite nonempty set with n elements;

• the n-th coefficient in the Taylor expansion of exp(ez − 1) = f(β, z);

• the moments of a Poisson r.v. ⇒ P [N(1) = k] = e−1

k!
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(2006) Di Nardo E. and Senato D. An umbral setting for cumulants and
factorial moments. Europ. Jour. Comb.

N(1) has factorial moments and cumulants all equal to 1.

Cumulants

Given a sequence {an}, the sequence of its cumulants {cj} is such that∑
n≥0 an

zn

n! = exp
(∑

j≥1 cj
zj

j!

)
.

[Thiele] Var(X) = E[X2]− E[X]2

• invariance under translation: Var(X + c) = Var(X);
• Additivity: Var(X + Y ) = Var(X) + Var(Y ), if X and Y are i.r.v.’s;

• Var(X) is a polynomial in the moments of X.

0 =
∑n
i=1(−1)i−1(i− 1)!Bn,i(x, x2, . . . , xn−i+1),

n ≥ 2

E [ (β)n ]= 1
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⇔ log

(
1 +

∑
n≥1 an

zn

n!

)
=
∑
j≥1 cj

zj

j!

.

Generatingfunctionology...

If f(z) =
∑
n≥0 fn

zn

n! , g(z) =
∑
n≥0 gn

zn

n! and h(z) =
∑
n≥0 hn

zn

n! then

h(z) = g[f(z)− 1]⇔ hn =
n∑
i=1

giBn,i(a1, a2, . . . , an−i+1)

First step:

• qn(t) = E[(t.α)n] =
∑n
i=1(t)iBn,i(a1, a2, . . . , an−i+1);

•

(γ.α)n '

qn(γ) =
∑n
i=1(γ)iBn,i(a1, a2, . . . , an−i+1);

γ.α ⇐ Random sum

The symbol γ.α denotes the umbra representing the sequence {E[qi(γ)]}.
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Composition g.f.’s ⇔

Compositional umbra

f(ω, z) = f [γ, f(α, z)− 1]⇔

ω ≡ γ.β.α

cn =
∑n
i=1(−1)i−1(i− 1)!Bn,i(a1, a2, . . . , an−i+1) = E[(?.β.α)n]

∑
i≥1(−1)i−1(i− 1)! z

i

i! = log(1 + z) i.c. f(u, z) = exp(z)

Generatingfunctionology...

We need an umbra corresponding to the compositional inverse of a g.f.
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The compositional inverse umbra

α<−1> is an auxiliary symbol such that

α.β.α<−1> ≡ α<−1>.β.α ≡ χ.

f [α<−1>, f(α, t)− 1] = f [α, f(α<−1>, t)− 1] = 1 + t
⇑

f(α<−1>, t) = f<−1>(α, t)

f(u, z) = exp(z)⇐

f(u<−1>, z) = 1 + log(1 + z)

u.β.u<−1> ≡ u<−1>.β.u ≡ χ. u<−1> ≡ χ.χ

u<−1>.β.u

.χ

≡ χ

.χ

⇒ E[(u<−1>)n] = E[(χ.χ)n] = (−1)n−1(n− 1)!

cn = E[(u<−1>.β.α)n]

= E[(χ.χ.β.α)n] = E[(χ.α)n]
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The cumulant umbra

The α-cumulant is the umbra κα such that κα ≡ χ.α.

Additivity property

χ.(α+ γ) ≡ χ.α+̇χ.γ
⇑

cn(X + Y ) = cn(X) + cn(Y )

Homogeneity property

χ.(aα) ≡ a(χ.α)
⇑

cn(aX) = an cn(X)

A recurrence relation

αn ' κα(κα + α)n−1

⇑
an =

∑n−1
j=0

(
n−1
j

)
ajcn−j

Semi-invariance property

χ.(α+ a.u) ≡ χ.α+̇(aχ)
⇑{

c1(X + a) = c1(X) + a
cn(X + a) = cn(X), n ≥ 2

(2006) Giovanni P. and Wynn H.P. Cumulant varieties Journal of
Symbolic Computation
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Cumulants or factorial moments?

χ.β ≡ u ≡ β.χ ⇒ (α.χ)n ' (α)n

The factorial umbra

The α-factorial umbra is the umbra φα such
that φα ≡ α.χ.

Inversion theorem’s

κα ≡ χ.α⇔ α ≡ β.κα
φα ≡ α.χ⇔ α ≡ φα.β

(2002) Rota G.C. and Shen J. On the Combinatorics of Cumulants
J.Comb.Theory, A
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Let {Xn} be a sequence of r.v.’s and N(t) a Poisson r.v. of parameter t.
The r.v. SN = X1 +X2 + · · ·+XN is a compound Poisson r.v.

t.α ≡ t.β.κα ⇒ f(t.α, z) = {exp [f(κα, z)− 1]}t

A drawback

A Lévy process is not necessarily a martingale.

A Lévy process is a martingale iff c0 = 0. The singleton umbra!

(c0, σ2, ν) is called Lévy triplet and ν is the Lévy measure

Umbral version of Lévy-Khintchine formula

{t.β.[c0χ+̇σδ+̇γ]}
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A Lévy process is not necessarily a martingale.
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Lévy-Khintchine formula

If E[ezXt ] = [φ(z)]t is the moment generating function of a Lévy process
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Appell polynomial umbra

“ The classical umbral calculus can be described as a systematic study of
the class of Sheffer sequences.” Assume γ be an umbra with compositional

inverse γ<−1>, that is E[γ] = g1 6= 0.

Sheffer umbra

A polynomial umbra σx is said to be a Sheffer umbra for (α, γ) if
σx ≡ α+ x.γ∗,

where γ∗ ≡ β.γ<−1> is called the adjoint umbra.

⇒f [σ(α,γ)
x , t] = f(α, t) exp (x [f<−1>(γ, t)− 1])

(2011) E. Di Nardo, H. Niederhausen and D. Senato A symbolic handling of

Sheffer sequences Annali di Matematica Pura ed Applicata
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Generalized Sheffer identity

A polynomial umbra σx is a Sheffer umbra iff there exists an umbra γ,
provided with a compositional inverse, such that

ση+ζ ≡ ση + ζ.γ∗, for any η, ζ ∈ A.

Set sn(x+ y) = E[σnx+y ], sk(x) = E[σkx] and pn−k(y) = E[(y.γ∗)n−k], then

sn(η + ζ) '
∑n
k=0

(
n
k

)
sk(η) pn−k(ζ).

σ
(ε,γ)
x ≡ x.γ∗ (associated to γ)

(x+ y).γ∗ ≡ x.γ∗ + y.γ∗ Binomial identity
⇓

Set pk(x) = E[(x.γ∗)k] then pn(x+ y) =
∑n
k=0

(
n
k

)
pk(x) pn−k(y).

• x.χ∗ ≡ x.u ⇒ pk(x) = xk;
• x.u∗ ≡ x.χ ⇒ pk(x) = (x)k;
• x.(u<−1>)∗ ≡ x.β ⇒ pk(x) = Φk(x)
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Set sn(x+ y) = E[σnx+y ], sk(x) = E[σkx] and pn−k(y) = E[(y.γ∗)n−k], then

sn(η + ζ) '
∑n
k=0

(
n
k

)
sk(η) pn−k(ζ).

σ
(ε,γ)
x ≡ x.γ∗ (associated to γ)

(x+ y).γ∗ ≡ x.γ∗ + y.γ∗ Binomial identity
⇓

Set pk(x) = E[(x.γ∗)k] then pn(x+ y) =
∑n
k=0

(
n
k

)
pk(x) pn−k(y).

• x.χ∗ ≡ x.u ⇒ pk(x) = xk;
• x.u∗ ≡ x.χ ⇒ pk(x) = (x)k;
• x.(u<−1>)∗ ≡ x.β ⇒ pk(x) = Φk(x)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Associated polynomial umbra
Appell polynomial umbra

Generalized Sheffer identity

A polynomial umbra σx is a Sheffer umbra iff there exists an umbra γ,
provided with a compositional inverse, such that

ση+ζ ≡ ση + ζ.γ∗, for any η, ζ ∈ A.

Set sn(x+ y) = E[σnx+y ], sk(x) = E[σkx] and pn−k(y) = E[(y.γ∗)n−k], then

sn(η + ζ) '
∑n
k=0

(
n
k

)
sk(η) pn−k(ζ).

σ
(ε,γ)
x ≡ x.γ∗ (associated to γ)

(x+ y).γ∗ ≡ x.γ∗ + y.γ∗ Binomial identity
⇓

Set pk(x) = E[(x.γ∗)k] then pn(x+ y) =
∑n
k=0

(
n
k

)
pk(x) pn−k(y).

• x.χ∗ ≡ x.u ⇒ pk(x) = xk;
• x.u∗ ≡ x.χ ⇒ pk(x) = (x)k;
• x.(u<−1>)∗ ≡ x.β ⇒ pk(x) = Φk(x)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Associated polynomial umbra
Appell polynomial umbra

Generalized Sheffer identity

A polynomial umbra σx is a Sheffer umbra iff there exists an umbra γ,
provided with a compositional inverse, such that

ση+ζ ≡ ση + ζ.γ∗, for any η, ζ ∈ A.

Set sn(x+ y) = E[σnx+y ], sk(x) = E[σkx] and pn−k(y) = E[(y.γ∗)n−k], then

sn(η + ζ) '
∑n
k=0

(
n
k

)
sk(η) pn−k(ζ).

σ
(ε,γ)
x ≡ x.γ∗ (associated to γ)

(x+ y).γ∗ ≡ x.γ∗ + y.γ∗ Binomial identity
⇓

Set pk(x) = E[(x.γ∗)k] then pn(x+ y) =
∑n
k=0

(
n
k

)
pk(x) pn−k(y).

• x.χ∗ ≡ x.u ⇒ pk(x) = xk;
• x.u∗ ≡ x.χ ⇒ pk(x) = (x)k;
• x.(u<−1>)∗ ≡ x.β ⇒ pk(x) = Φk(x)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Associated polynomial umbra
Appell polynomial umbra

Corollary: Sheffer identity

A polynomial umbra σx is a Sheffer umbra iff there exists an umbra γ,
provided with a compositional inverse, such that

ση+ζ ≡ ση + ζ.γ∗, for any η, ζ ∈ A.

Set sn(x+ y) = E[σnx+y ], sk(x) = E[σkx] and pn−k(y) = E[(y.γ∗)n−k], then

sn(η + ζ) '
∑n
k=0

(
n
k

)
sk(η) pn−k(ζ).

σ
(ε,γ)
x ≡ x.γ∗ (associated to γ)

(x+ y).γ∗ ≡ x.γ∗ + y.γ∗ Binomial identity
⇓

Set pk(x) = E[(x.γ∗)k] then pn(x+ y) =
∑n
k=0

(
n
k

)
pk(x) pn−k(y).

• x.χ∗ ≡ x.u ⇒ pk(x) = xk;
• x.u∗ ≡ x.χ ⇒ pk(x) = (x)k;
• x.(u<−1>)∗ ≡ x.β ⇒ pk(x) = Φk(x)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Associated polynomial umbra
Appell polynomial umbra

Corollary: Sheffer identity

A polynomial umbra σx is a Sheffer umbra iff there exists an umbra γ,
provided with a compositional inverse, such that

σx+y ≡ ση + ζ.γ∗, for any η, ζ ∈ A.

Set sn(x+ y) = E[σnx+y ], sk(x) = E[σkx] and pn−k(y) = E[(y.γ∗)n−k], then

sn(η + ζ) '
∑n
k=0

(
n
k

)
sk(η) pn−k(ζ).

σ
(ε,γ)
x ≡ x.γ∗ (associated to γ)

(x+ y).γ∗ ≡ x.γ∗ + y.γ∗ Binomial identity
⇓

Set pk(x) = E[(x.γ∗)k] then pn(x+ y) =
∑n
k=0

(
n
k

)
pk(x) pn−k(y).

• x.χ∗ ≡ x.u ⇒ pk(x) = xk;
• x.u∗ ≡ x.χ ⇒ pk(x) = (x)k;
• x.(u<−1>)∗ ≡ x.β ⇒ pk(x) = Φk(x)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Associated polynomial umbra
Appell polynomial umbra

Corollary: Sheffer identity

A polynomial umbra σx is a Sheffer umbra iff there exists an umbra γ,
provided with a compositional inverse, such that

σx+y ≡ σx + y.γ∗, for any η, ζ ∈ A.

Set sn(x+ y) = E[σnx+y ], sk(x) = E[σkx] and pn−k(y) = E[(y.γ∗)n−k], then

sn(η + ζ) '
∑n
k=0

(
n
k

)
sk(η) pn−k(ζ).

σ
(ε,γ)
x ≡ x.γ∗ (associated to γ)

(x+ y).γ∗ ≡ x.γ∗ + y.γ∗ Binomial identity
⇓

Set pk(x) = E[(x.γ∗)k] then pn(x+ y) =
∑n
k=0

(
n
k

)
pk(x) pn−k(y).

• x.χ∗ ≡ x.u ⇒ pk(x) = xk;
• x.u∗ ≡ x.χ ⇒ pk(x) = (x)k;
• x.(u<−1>)∗ ≡ x.β ⇒ pk(x) = Φk(x)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Associated polynomial umbra
Appell polynomial umbra

Corollary: Sheffer identity

A polynomial umbra σx is a Sheffer umbra iff there exists an umbra γ,
provided with a compositional inverse, such that

σx+y ≡ σx + y.γ∗, for any η, ζ ∈ A.

Set sn(x+ y) = E[σnx+y ], sk(x) = E[σkx] and pn−k(y) = E[(y.γ∗)n−k], then

sn(η + ζ) '
∑n
k=0

(
n
k

)
sk(η) pn−k(ζ).

σ
(ε,γ)
x ≡ x.γ∗ (associated to γ)

(x+ y).γ∗ ≡ x.γ∗ + y.γ∗ Binomial identity
⇓

Set pk(x) = E[(x.γ∗)k] then pn(x+ y) =
∑n
k=0

(
n
k

)
pk(x) pn−k(y).

• x.χ∗ ≡ x.u ⇒ pk(x) = xk;
• x.u∗ ≡ x.χ ⇒ pk(x) = (x)k;
• x.(u<−1>)∗ ≡ x.β ⇒ pk(x) = Φk(x)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Associated polynomial umbra
Appell polynomial umbra

Corollary: Sheffer identity

A polynomial umbra σx is a Sheffer umbra iff there exists an umbra γ,
provided with a compositional inverse, such that

σx+y ≡ σx + y.γ∗, for any η, ζ ∈ A.

Set sn(x+ y) = E[σnx+y ], sk(x) = E[σkx] and pn−k(y) = E[(y.γ∗)n−k], then

sn(x+ y) =
∑n
k=0

(
n
k

)
sk(x) pn−k(y).

σ
(ε,γ)
x ≡ x.γ∗ (associated to γ)

(x+ y).γ∗ ≡ x.γ∗ + y.γ∗ Binomial identity
⇓

Set pk(x) = E[(x.γ∗)k] then pn(x+ y) =
∑n
k=0

(
n
k

)
pk(x) pn−k(y).

• x.χ∗ ≡ x.u ⇒ pk(x) = xk;
• x.u∗ ≡ x.χ ⇒ pk(x) = (x)k;
• x.(u<−1>)∗ ≡ x.β ⇒ pk(x) = Φk(x)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Associated polynomial umbra
Appell polynomial umbra

Generalized Sheffer identity

A polynomial umbra σx is a Sheffer umbra iff there exists an umbra γ,
provided with a compositional inverse, such that

ση+ζ ≡ ση + ζ.γ∗, for any η, ζ ∈ A.

Set sn(x+ y) = E[σnx+y ], sk(x) = E[σkx] and pn−k(y) = E[(y.γ∗)n−k], then

sn(x+ y) =
∑n
k=0

(
n
k

)
sk(x) pn−k(y).

σ
(ε,γ)
x ≡ x.γ∗ (associated to γ)

(x+ y).γ∗ ≡ x.γ∗ + y.γ∗ Binomial identity
⇓

Set pk(x) = E[(x.γ∗)k] then pn(x+ y) =
∑n
k=0

(
n
k

)
pk(x) pn−k(y).

• x.χ∗ ≡ x.u ⇒ pk(x) = xk;
• x.u∗ ≡ x.χ ⇒ pk(x) = (x)k;
• x.(u<−1>)∗ ≡ x.β ⇒ pk(x) = Φk(x)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Associated polynomial umbra
Appell polynomial umbra

Generalized Sheffer identity

A polynomial umbra σx is a Sheffer umbra iff there exists an umbra γ,
provided with a compositional inverse, such that

ση+ζ ≡ ση + ζ.γ∗, for any η, ζ ∈ A.

Set sn(x+ y) = E[σnx+y ], sk(x) = E[σkx] and pn−k(y) = E[(y.γ∗)n−k], then

sn(η + ζ) '
∑n
k=0

(
n
k

)
sk(η) pn−k(ζ).

σ
(ε,γ)
x ≡ x.γ∗ (associated to γ)

(x+ y).γ∗ ≡ x.γ∗ + y.γ∗ Binomial identity
⇓

Set pk(x) = E[(x.γ∗)k] then pn(x+ y) =
∑n
k=0

(
n
k

)
pk(x) pn−k(y).

• x.χ∗ ≡ x.u ⇒ pk(x) = xk;
• x.u∗ ≡ x.χ ⇒ pk(x) = (x)k;
• x.(u<−1>)∗ ≡ x.β ⇒ pk(x) = Φk(x)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Associated polynomial umbra
Appell polynomial umbra

σ
(α,χ)
x ≡ α+ x (Appell umbra)

σ
(α,χ)
x+y ≡ α+ (x+ y).u ≡ σ(α,χ)

x + y.u Appell identity
⇓

Set qk(x) = E[(α+ x.u)k] then qn(x+ y) =
∑n
k=0

(
n
k

)
qk(x) yn−k.

σγ+x.u ≡ χ+ σx ⇒ σnχ+x.u − σnx ' nσn−1
x

Dx [(α+ x.u)n] ' (α+ χ+ x.u)n − (α+ x.u)n

⇓
d
dxqn(x) = nqn−1(x) n = 1, 2, . . . . (Appell propriety)

• Bernoulli polynomials ⇒ qk(x) = E[(ι+ x.u)k];

• Euler polynomials ⇒ qk(x) = E
[(

1
2 [η − u] + x.u

)k] ;

• Time space harmonic polynomials ⇒ Qk(x, t) = E[(x+ t.α)k]
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(x+y)n '
∑
k≥0

(
n

k

)
(x+k.γ)n−k y(y−k.γ)k−1

(x+ β.γD)n '∑
k≥0

(
n

k

)
(x+ k.γ)n−k.

Umbral representation of Bell exponential polynomials

(x.β.γD)n '
∑
k≥0

(
n

k

)
(k.γ)n−kxk '

∑
k≥0

xkBn,k(gD,1, . . . , gD,n−k+1)

s(n, k) '
(
n
k

)
(k.ι.χ)n−k S(n, k) '

(
n
k

)
(−k.ι)n−k

Closed formulae for Stirling numbers

Umbral representation of Bell exponential polynomials

(x.β.γ)n '
∑
k≥0

(
n

k

)
γ.k(k.γ̃)n−kxk '

∑
k≥0

xkBn,k(g1, . . . , gn−k+1)
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Umbral representation of Sheffer polynomials via generalized Bell
polynomials

If {sn(x)} are moments of a Sheffer umbra for (α, γ), then for all nonnegative
integers n

sn(x) '
n∑
k=0

(
n

k

)
δ.k(α+ k.δ̃)n−kxk with δ ≡ γ<−1>.

Umbral representation of exponential Riordan arrays

The elements of the exponential Riordan array (f(α, t), f<−1>(γ, t)− 1) are
umbrally represented by

dn,k '

(
n

k

)
δ.k(α+ k.δ̃)n−k with δ ≡ γ<−1>.

An (exponential) Riordan array is a pair (g(t), f(t)) of (exponential) formal

power series, where g(t) is an invertible series and f(0) = 0.

The pair defines an infinite lower triangular array according to the rule

dn,k = n-th coefficient of g(t) [f(t)]k

k!
for 0 ≤ k ≤ n <∞
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Umbral representation of connection constants

Let {sn(x)} be the moments of a Sheffer umbra for (α, γ) and {rn(x)}
be the moments of a Sheffer umbra for (δ, ζ). The connection constants
{cn,k} are such that

cn,k '
(
n

k

)
ξ.k(ς + k.ξ̃)n−k

dn,k = sn,k '
(
n

k

)
δ.k(α+ k.δ̃)n−k and δ ≡ γ<−1>.

with ς ≡ (−1.α.β.γ + δ.β.ζ).ζ∗ and ξ ≡ ζ.γ∗.

⇑
If {sn(x)} and {rn(x)} are Sheffer sequences, the constants cn,k in the

expression rn(x) =
n∑
k=0

cn,ksk(x) are known as connection constants.
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More issues

• (2010) Barry P. Exponential Riordan arrays and permutation
enumeration Journal of Integer Sequences

• (2011) Barry P. Riordan arrays, orthogonal polynomials as moments,
and Hankel transforms Arxiv

• (2011) Agapito A., Mestre A., Petrullo P., Torres M. Riordan arrays
and applications via the classical umbral calculus Arxiv

• Connections with natural exponential families:

fX(x|θ) = h(x) exp
(
η(θ)T (x)−A(θ)

)
- multivariate

• (1987) Avram F. and Taqqu M. S. Noncentral limit theorems and
Appell polynomials. Ann. Probab.

• Expansions of a measurable function in terms of orthogonal
polynomials (Edgeworths expansion: Hermite or Charlier
polynomials)
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Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) =

x(x+m.α)n−1

m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) =

x(x− n.α)n−1

m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) =

x(x+m.α)n−1 m ∈ Z
Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Classical cumulants

Generalized Umbral Abel polynomials

a
(m)
n (x, α) = x(x+m.α)n−1 m ∈ Z

Is it possible to “invert”the
recurrence relation?

κnα ' (χ.α)n ' (u<−1>.β.α)n ' α(α− 1.α)n−1 ' a
(−1)
n (α, α)

⇑

First Abel Inversion Theorem

αn ' a
(m)
n (γ, γ) ' γ(γ +m.γ)n−1 ⇔ γn ' a

(−m)
n (α, γ) ' α(α−m.γ)n−1

⇓

A recurrence relation

an =

n−1∑
j=0

(
n− 1

j

)
ajcn−j ⇔ αn ' κα(κα + α)n−1 ' a(1)

n (κα, α)

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Boolean cumulants
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' ? α(α−m.α)n−1 Cumulants?
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∑
λ`n dλ(−1)νλ−1(νλ − 1)!αλ
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∑
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(1997) Speicher, R. and Woroudi R. Boolean convolution Fields Inst.
Commun. (D. Voiculescu, ed.)
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ᾱ ≡ ūα⇒ ᾱ(ᾱ− 2.ᾱ)n−1 '
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∑
λ`n dλ(−1)νλ−1νλ!ᾱλ
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Within stochastic differential equations, boolean cumulants are also known as

“partial cumulants ”.

By the first Abel Inversion Theorem

η̄nα ' a
(−2)
n (ᾱ, ᾱ) '

ᾱ(ᾱ− 2.ᾱ)n−1

⇔ ᾱn ' a
(2)
n (η̄α, ᾱ) ' η̄α(η̄α + 2.ᾱ)n−1

ᾱ(ᾱ− 2.ᾱ)n−1 '
∑
λ`n dλ(−1)νλ−1νλ!ᾱλ

(ū<−1>)n ' (−n.ū)n−1 ' (n.− χ)n−1 ' (−1)n−1n!
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η̄α ≡ ū<−1>.β.ᾱ compare with κα ≡ χ.α ≡ u<−1>.β.α

ᾱ ≡ ū.β.η̄α compare with α ≡ β.κα ≡ u.β.κα
• Homogeneity η̄cα ≡ cη̄α
• Additivity η̄ξ ≡ η̄α

.
+ η̄γ ⇔ −1.ξ̄ ≡ −1.ᾱ
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ᾱ ≡ ū.β.η̄α compare with α ≡ β.κα ≡ u.β.κα
• Homogeneity η̄cα ≡ cη̄α
• Additivity η̄ξ ≡ η̄α

.
+ η̄γ ⇔ −1.ξ̄ ≡ −1.ᾱ
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ᾱ(ᾱ− 2.ᾱ)n−1 '
∑
λ`n dλ(−1)νλ−1νλ!ᾱλ
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ᾱ ≡ ū.β.η̄α compare with α ≡ β.κα ≡ u.β.κα
• Homogeneity η̄cα ≡ cη̄α
• Additivity η̄ξ ≡ η̄α

.
+ η̄γ ⇔ −1.ξ̄ ≡ −1.ᾱ

.
+ −1.γ̄;

• Semi-invariance η̄cu ≡ c χ
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(ū<−1>)n ' (−n.ū)n−1 ' (n.− χ)n−1 ' (−1)n−1n!
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n (η̄α, ᾱ) ' η̄α(η̄α + 2.ᾱ)n−1
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A more general class of cumulants

Abel-type cumulant of α

An Abel-type cumulant cn,m(α) of α is such that

cn,m(α) ' a
(−m)
n (α, α) ' α(α−m.α)n−1 for all n,m ≥ 1.

Cα =



a
(−1)
1 (α, α) a

(−2)
1 (α, α) . . .

a
(−1)
1 (α, α) a

(−2)
2 (α, α) . . .

...
...

a
(−1)
1 (α, α) a

(−2)
n (α, α) . . .

...
...



(2010) Di Nardo E., Petrullo P. and
Senato D. Cumulants and convolutions
via Abel polynomials. Europ. Jour.
Combinatorics.

Classical cumulantsBoolean cumulants
Set a

(−m)
n (α, α) = a

(−m)
n (α)

• Homogeneity a
(−m)
n (cα) ' cna(−m)

n (α)

• Additivity a
(−m)
n (α(m)γ) ' a

(−m)
n (α) + a

(−m)
n (γ)

• For the semi-invariance we need a suitable normalization of cn,m(α)
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What about the others columns?

• (2000) Torney D. C. Binary cumulants Adv.Appl.Math.

• (2011) Zwiernik P. and Smith J. Tree-cumulants and the geometry
of binary tree models Bernoulli

ΠT lattice of tree partitions: let T = (V,E) be a fixed tree with n leaves labelled

by [n]. Removing a subset of edges E′ induces a forest. Restricting [n] to the

connected components of this forest, gives a tree partition induced by T.

• (2011) Zwiernik P. L-cumulants, L-cumulants embeddings and
algebraic statistics ArXiv

E[(X − a1)n] central moments are cumulants of {an}n on the C([n]) lattice of

one-cluster partitions: a partition π ∈ Πn is a one-cluster partition if at most

one block of π has size greater than one.

• (2011) Saigo H. and Hasebe T. The Monotone Cumulants Annales
de l’Institut Henri Poincaré In press.

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

What about the others columns?

• (2000) Torney D. C. Binary cumulants Adv.Appl.Math.

• (2011) Zwiernik P. and Smith J. Tree-cumulants and the geometry
of binary tree models Bernoulli

ΠT lattice of tree partitions: let T = (V,E) be a fixed tree with n leaves labelled

by [n]. Removing a subset of edges E′ induces a forest. Restricting [n] to the

connected components of this forest, gives a tree partition induced by T.

• (2011) Zwiernik P. L-cumulants, L-cumulants embeddings and
algebraic statistics ArXiv

E[(X − a1)n] central moments are cumulants of {an}n on the C([n]) lattice of

one-cluster partitions: a partition π ∈ Πn is a one-cluster partition if at most

one block of π has size greater than one.

• (2011) Saigo H. and Hasebe T. The Monotone Cumulants Annales
de l’Institut Henri Poincaré In press.
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Cyclic cumulants

Set α̂ ≡ ακū, where κū ≡ χ.ū is such that E[(κū)n] = (n− 1)!.

On the symmetric group

(γ̂.β.α̂)n '
∑
σ∈Sn [ν(σ)− 1]!γν(σ)αC(σ)

with ν(σ) = number of cycles of σ, αC(σ) is a symbol denoting the product

α
l(c1)
j1

α
l(c2)
j2
· · · with j1, j2, . . . ∈ [n] and l(c) = length of the cycle c.

(classical) κα ≡ u<−1>.β.α⇔ α ≡ u.β.κα. (boolean) η̄α ≡ ū<−1>.β.ᾱ⇔ ᾱ ≡ ū.β.η̄α.

δ̂α ≡ û<−1>.β.α̂⇔ α̂ ≡ û.β.δ̂α.

• Homogeneity δ̂cα ≡ cδ̂α
• Additivity δ̂ζ ≡ δ̂α+̇δ̂γ ⇔ −1.β.ζ̂ ≡ −1.β.α̂+̇− 1.β.γ̂
• Semi-invariance δ̂cu ≡ cχ.

Cumulants of a Wishart matrix ⇒ E[(β.α̂)n] = Cn(a1, a2, . . . , an) cycle index

polynomial of Sn
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Set α̂ ≡ ακū, where κū ≡ χ.ū is such that E[(κū)n] = (n− 1)!.

On the symmetric group

(γ̂.β.α̂)n '
∑
σ∈Sn [ν(σ)− 1]!γν(σ)αC(σ)

with ν(σ) = number of cycles of σ, αC(σ) is a symbol denoting the product

α
l(c1)
j1

α
l(c2)
j2
· · · with j1, j2, . . . ∈ [n] and l(c) = length of the cycle c.

(classical) κα ≡ u<−1>.β.α⇔ α ≡ u.β.κα. (boolean) η̄α ≡ ū<−1>.β.ᾱ⇔ ᾱ ≡ ū.β.η̄α.

δ̂α ≡ û<−1>.β.α̂⇔ α̂ ≡ û.β.δ̂α.

• Homogeneity δ̂cα ≡ cδ̂α
• Additivity δ̂ζ ≡ δ̂α+̇δ̂γ ⇔ −1.β.ζ̂ ≡ −1.β.α̂+̇− 1.β.γ̂
• Semi-invariance δ̂cu ≡ cχ.

Cumulants of a Wishart matrix ⇒ E[(β.α̂)n] = Cn(a1, a2, . . . , an) cycle index

polynomial of Sn
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Free cumulants

Cα =



a
(−1)
1 (α, α) a

(−2)
1 (α, α) . . .

a
(−1)
2 (α, α) a

(−2)
2 (α, α) . . .

...
...

a
(−1)
n (α, α) a

(−2)
n (α, α) . . .

...
...



(1994) Speicher R. Multiplicative functions

on the lattice of non-crossing partitions

and free convolution Math. Ann.

Free cumulants

If M(z) = 1 +
∑
n≥1 mnz

n is the (formal) ordinary moment generating
function of X, the noncrossing (or free) cumulants of X are the coefficients rn
of the ordinary power series R(t) = 1 +

∑
n≥1 rnz

n such that
M(z) = R[zM(z)].

⇒ ᾱ ≡ K̄α.β.ᾱD

To find φ s.t. a = φ(za) ⇔ to find f s.t. f(za) = z with f(z) = z/φ(z).
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⇒ ᾱ ≡ K̄α.β.ᾱD
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Free cumulant umbra

The umbra K̄α such that (−1.K̄α)D ≡ ᾱ<−1>
D is called the free cumulant

umbra of α.

K̄α ≡ ᾱ.β.ᾱ<−1>
D and ᾱ ≡ K̄α.β.(−1.K̄α)<−1>

D

Compare with
(classical) κα ≡ u<−1>.β.α⇔ α ≡ u.β.κα.

Abel parametrization

K̄nα ' a
(−n)
n (ᾱ, ᾱ) ' ᾱ(ᾱ− n.ᾱ)n−1

ᾱn ' a
(n)
n (K̄α, K̄α) ' K̄α(K̄α + n.K̄α)n−1

Lagrange Involution: If we define
the umbra δP such that

(δP )n ' δn+1

n+1
⇒

K̄α ≡ −1.(ᾱ<−1>
D )

P
≡ −1.Lᾱ

• Homogeneity: K̄cα ≡ cK̄α

• Additivity: K̄ξ ≡ K̄α

.
+ K̄γ ⇔ −1.Lξ̄ ≡ −1.Lᾱ

.
+ −1.Lγ̄

• Semi-invariance: K̄cu ≡ cχ
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D )

P
≡ −1.Lᾱ
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.
+ −1.Lγ̄

• Semi-invariance: K̄cu ≡ cχ

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Free cumulant umbra

The umbra K̄α such that (−1.K̄α)D ≡ ᾱ<−1>
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D is called the free cumulant

umbra of α.

K̄α ≡ ᾱ.β.ᾱ<−1>
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Catalan umbra ςn ' Cn.
The Catalan umbra is the unique umbra ς such that K̄ς ≡ u, that is
ς̄ ≡ ū.β.(−1.ū)<−1>

D .

The n-volume polynomial Vn(x),

Vn(x) = 1
n!

∑
p∈park(n)

xp,

where xp = xp1xp2 · · ·xpn and park(n) is a

parking function of length n. P.F.

(2002) Pitman J. and Stanley R.P. A

polytope related to empirical

distributions, plane trees, parking

functions and the associahedron

Discrete Comput. Geom.

When xi is replaced by αi ⇒ n!Vn(α1, α2, . . . , αn) ' α(α+ n.α)n−1

ᾱn ' K̄α(K̄α + n.K̄α)n−1 ' Vn(K̄1, K̄2, . . . , K̄n)

Compare with αn ' Yn(κ1, κ2, . . . , κn)

' κα(κα + β.κα)n−1 Next
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ᾱn ' K̄α(K̄α + n.K̄α)n−1 ' Vn(K̄1, K̄2, . . . , K̄n)

Compare with αn ' Yn(κ1, κ2, . . . , κn)

' κα(κα + β.κα)n−1 Next

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

Catalan umbra ςn ' Cn.
The Catalan umbra is the unique umbra ς such that K̄ς ≡ u, that is
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Computing cumulants and moments

(2007) Bryc W. Computing moments of free additive convolution of
measures. Appl. Math. Comp.

• (free cumulants)

−1.Lξ̄ ≡ −1.Lᾱ
.
+ −1.Lγ̄ ⇔

K̄ξ ≡ K̄α

.
+ K̄γ ;

• (boolean cumulants) −1.ξ̄ ≡ −1.ᾱ
.
+ −1.γ̄ ⇔ η̄ξ ≡ η̄α

.
+ η̄γ ;

• (classical cumulants) ξ ≡ α+ γ ⇔ κξ ≡ κα
.
+ κγ ;

• (Abel-type cumulants) α(m)γ
?⇔ a

(−m)
n (α(m)γ) ' a

(−m)
n (α) + a

(−m)
n (γ).

The proposed algorithm relied on a suitable expansion of the umbral
polynomial γ(γ + δ.γ)i−1 for i = 1, 2, . . . and δ, γ umbrae.

γ(γ + δ.γ)i−1 '
∑
λ`i(δ)νλ−1 dλ γλ

If δi are known, then use (δ)i '
∑i
k=1 s(i, k)δk, with {s(i, k)} the

Stirling numbers of I kind.

(2009) Di Nardo E. and Oliva I. On the computation of classical, boolean
and free cumulants Appl. Math. Comp.
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γ(γ + δ.γ)i−1

• moments to classical cumulants: κnα ' α(α− 1.α)n−1

Set δ = −1.u and γ = α. Here E[(−1.u)i] = (−1)i = (−1)ii!.
• moments to boolean cumulants: η̄α ' ᾱ(ᾱ− 2.ᾱ)n−1

Set δ = −2.u and and γ = ᾱ. Here E[(−2.u)i] = (−1)i(i+ 1)!.
• moments to free cumulants: κ̄α ' ᾱ(ᾱ− n.ᾱ)n−1

Set δ = −n.u and γ = ᾱ. Here E[(−n.u)i] = (−n)i.
• classical cumulants to moments: Set δ = β and γ = κα.
κα(κα + β.κα)n−1 ' κα(κα + α)n−1 ' αn

.

Here E[(β)i] = 1.
• boolean cumulants to moments: Set δ = 2.ū.β and γ = η̄α.
η̄α(η̄α + 2.ū.β.η̄α)n−1 ' η̄α(η̄α + 2.ᾱ)n−1 ' ᾱn. Here
E[(2.ū.β)i] = (i+ 1)!.

• free cumulants to moments: Set δ = n.u and γ = K̄α

K̄α(K̄α + n.K̄α)n−1 ' ᾱn. Here E[(n.u)i] = (n)i.
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Set δ = −n.u and γ = ᾱ. Here E[(−n.u)i] = (−n)i.
• classical cumulants to moments: Set δ = β and γ = κα.
κα(κα + β.κα)n−1 ' κα(κα + α)n−1 ' αn

.

Here E[(β)i] = 1.
• boolean cumulants to moments: Set δ = 2.ū.β and γ = η̄α.
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Set δ = −2.u and and γ = ᾱ. Here E[(−2.u)i] = (−1)i(i+ 1)!.
• moments to free cumulants: κ̄α ' ᾱ(ᾱ− n.ᾱ)n−1
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Set δ = 2.ū.β and γ = η̄α.
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Here
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Here E[(n.u)i] = (n)i.

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Classical cumulants
Boolean cumulants
A more general class of cumulants
Free cumulants
Computational issues

γ(γ + δ.γ)i−1

• moments to classical cumulants: κnα ' α(α− 1.α)n−1

Set δ = −1.u and γ = α. Here E[(−1.u)i] = (−1)i = (−1)ii!.
• moments to boolean cumulants: η̄α ' ᾱ(ᾱ− 2.ᾱ)n−1
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i MAPLE (umbral) MAPLE (Bryc)
15 0.015 0.016
18 0.031 0.062
21 0.078 0.141
24 0.172 0.266
27 0.375 0.703

Table 2: Free cumulants in terms of moments

ς̄.β.δ̄ ⇔ Wigner semicircle r.v.

u.β.δ ⇔ Standard Gaussian r.v.

χ.λβ.ū⇔ Marchenko-Pastur r.v.

χ.λ.β.u⇔ Poisson r.v.
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Sheffer Polynomials. In: Encyclopedia of Statistical Sciences. Niederhausen H.

Ex: We ask for the solution of the difference equation

qn(x+ 1) = qn(x) + qn−1(x) under the condition
∫ 1

0
qn(x)dx = 1

for all nonnegative integers n. Set qn(x) = sn(x)/n!. Then

sn(x+ 1) = sn(x) + nsn−1(x).

Compare with σγ+x.u ≡ χ+ σx ⇒ sn(γ + x.u) = sn(x) + nsn−1(x),
then sn(x) = E[(σ(α,u)

x )n]. Since χ ≡ u∗

qn(x) ' (x.χ+α)n

n!

for α depending on the initial condition. As
∫ 1

0
p(x)dx = E[p(−1.ι)],∫ 1

0

qn(x)dx = 1⇔ E[sn(−1.ι)] = n!⇔ −1.ι.χ+α ≡ ū⇔ α ≡ ū+ ι.χ.

(2011) Di Nardo E., Niederhausen H., Senato D. A symbolic handling of Sheffer

polynomials Annali di Matematica Pura e Applicata
E. Di Nardo 67 SLC & XVII IICA
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qn(x+ 1) = qn(x) + qn−1(x) under the condition
∫ 1

0
qn(x)dx = 1

for all nonnegative integers n. Set qn(x) = sn(x)/n!. Then

sn(x+ 1) = sn(x) + nsn−1(x).

Compare with σγ+x.u ≡ χ+ σx ⇒ sn(γ + x.u) = sn(x) + nsn−1(x),
then sn(x) = E[(σ(α,u)

x )n]. Since χ ≡ u∗

qn(x) ' (x.χ+α)n

n!

for α depending on the initial condition. As
∫ 1

0
p(x)dx = E[p(−1.ι)],∫ 1

0

qn(x)dx = 1⇔ E[sn(−1.ι)] = n!⇔ −1.ι.χ+α ≡ ū⇔ α ≡ ū+ ι.χ.
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A ballot path

A ballot path takes up steps (u) and right steps (r), starting at the origin and
staying weakly above the diagonal.

Ex: ururuur is a ballot path to (3, 4) .

D (n,m) = the number of ballot paths to (n,m) such that

• no path goes below the diagonal (Dyck paths);

• no path contains the pattern (substring) urru.

m 1 7 22 46 82 132
6 1 6 16 29 46 63
5 1 5 11 17 23 23
4 1 4 7 9 9
3 1 3 4 4
2 1 2 2
1 1 1
0 1

0 1 2 3 4 n

Table 3: The ballot path
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D(n,m) is the solution of the following recurrence relation

D(n,m)−D(n− 1,m) = D(n,m− 1)−D(n− 2,m− 1) +D(n− 3,m− 1)

under the initial condition

{
D(n, n) = D(n− 1, n)
D (0, 0) = 1

Set D(n,m) = sn(m)/n! then

sn(m)− nsn−1(m) = sn(m− 1)− (n)2 sn−2(m− 1) + (n)3 sn−3(m− 1),
with the initial condition sn(n) = nsn−1(n). Replace m with x

sn(x)− nsn−1(x) = sn(x− 1)− (n)2 sn−2(x− 1) + (n)3 sn−3(x− 1), (1)
and observe

sn(x)− nsn−1(x) ' (σx − χ)n ' (σx−1 + γ∗ − χ)n

from the Sheffer identity with y = −1. Recurrence (1) can be rewritten as

(σx−1 + γ∗ − χ)n ' σnx−1 + n

n−1∑
i=0

(
n− 1
i

)
σn−i−1
x−1

[
(γ∗)i+1

i+ 1
− (γ∗)i

]
by which a characterization of the moments of γ∗ is available.
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f(γ∗, t) = 1 + t+
∑
k≥3 t

k =
1− t2 + t3

1− t
⇒ f(x.γ∗, t) =

[
1− t2 + t3

1− t

]x
.

For the umbra α, the initial condition sn(n) = nsn−1(n), in umbral
terms gives

(α+ n.γ∗)n ' n(α+ n.γ∗)n−1.

Assume α ≡ ū+ ζ. Then

(ζ + n.γ∗)n ' εn ⇒ (n.γ∗)n '
n∑
k=1

(
n

k

)
(−ζk)(n.γ∗)n−k.

Since m

(n.γ∗)n '
n∑
k=1

(
n

k

)
k[γ<−1>]k(n.γ∗)n−k

then ζk ' −k[γ<−1>]k with γ<−1> ≡ χ.γ∗. The solution of (1) is

sn(x)
n!

' (ū+ ζ + x.γ∗)n

n!
.
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Conclusions

The following result turns out to be useful in solving the class of
recursions involving Sheffer sequences with the initial condition
sn(−c n) = δ0,n, with c ∈ R.

If γ is an umbra with E[γ] = 1, then for n ≥ 1 we have

x(χ.c.β.ηD + x.γ∗)n ' (x+ c n)(x.γ∗)n

with η an umbra such that ηn ' (γ<−1>)n+1, n ≥ 1.

• (2010) Niederhausen H. Finite Operator Calculus With Applications
to Linear Recursions www.math.fau.edu/Niederhausen

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Integral initial condition
A ballot path

Conclusions

The following result turns out to be useful in solving the class of
recursions involving Sheffer sequences with the initial condition
sn(−c n) = δ0,n, with c ∈ R.

If γ is an umbra with E[γ] = 1, then for n ≥ 1 we have

x(χ.c.β.ηD + x.γ∗)n ' (x+ c n)(x.γ∗)n

with η an umbra such that ηn ' (γ<−1>)n+1, n ≥ 1.

• (2010) Niederhausen H. Finite Operator Calculus With Applications
to Linear Recursions www.math.fau.edu/Niederhausen

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Integral initial condition
A ballot path

Conclusions

The following result turns out to be useful in solving the class of
recursions involving Sheffer sequences with the initial condition
sn(−c n) = δ0,n, with c ∈ R.

If γ is an umbra with E[γ] = 1, then for n ≥ 1 we have

x(χ.c.β.ηD + x.γ∗)n ' (x+ c n)(x.γ∗)n

with η an umbra such that ηn ' (γ<−1>)n+1, n ≥ 1.

• (2010) Niederhausen H. Finite Operator Calculus With Applications
to Linear Recursions www.math.fau.edu/Niederhausen

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Integral initial condition
A ballot path

Conclusions

The following result turns out to be useful in solving the class of
recursions involving Sheffer sequences with the initial condition
sn(−c n) = δ0,n, with c ∈ R.

If γ is an umbra with E[γ] = 1, then for n ≥ 1 we have

x(χ.c.β.ηD + x.γ∗)n ' (x+ c n)(x.γ∗)n

with η an umbra such that ηn ' (γ<−1>)n+1, n ≥ 1.

• (2010) Niederhausen H. Finite Operator Calculus With Applications
to Linear Recursions www.math.fau.edu/Niederhausen

E. Di Nardo 67 SLC & XVII IICA



Outline
Dot-product of two umbrae

Sheffer umbrae
Topics on Sheffer umbrae

Parametrizations of cumulants
Solving some linear recurrences

Integral initial condition
A ballot path

Conclusions

The following result turns out to be useful in solving the class of
recursions involving Sheffer sequences with the initial condition
sn(−c n) = δ0,n, with c ∈ R.

If γ is an umbra with E[γ] = 1, then for n ≥ 1 we have

x(χ.c.β.ηD + x.γ∗)n ' (x+ c n)(x.γ∗)n

with η an umbra such that ηn ' (γ<−1>)n+1, n ≥ 1.

• (2010) Niederhausen H. Finite Operator Calculus With Applications
to Linear Recursions www.math.fau.edu/Niederhausen

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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k-statistics
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Multivariate Faà di Bruno Formula
Work in progress

Computational results

PC
Pentium(R)4,
Intel(R)
CPU 2.08
Ghz, 512MB
Ram
Maple 10.0
Mathematica
4.2
Times in
seconds

k-statistics A&S MathStat I Umbral MathStat II*
k5 0, 06 0, 01 0, 01 0, 008
k7 0, 31 0, 02 0, 01 0, 017
k9 1, 44 0, 04 0, 01 0, 039
k11 8, 36 0, 14 0, 01 0, 084
k14 396, 39 0, 64 0, 02 0, 329
k16 57982, 4 2, 63 0, 08 0, 917
k18 – 6, 90 0, 16 2, 804
k20 – 25, 15 0, 33 9, 363
k22 – 81, 70 0, 80 32, 11
k24 – 359, 40 1, 62 . . .
k26 – 1581, 05 2, 51 . . .
k28 – 6505, 45 4, 83 . . .

* (2008) Rose C. MathStatica: a symbolic approach to computational
mathematical statistics. (Singapore)

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Multivariate Faà di Bruno Formula
Work in progress

Computational results

PC
Pentium(R)4,
Intel(R)
CPU 2.08
Ghz, 512MB
Ram
Maple 10.0
Mathematica
4.2
Times in
seconds

k-statistics A&S MathStat I Umbral MathStat II*
k5 0, 06 0, 01 0, 01 0, 008
k7 0, 31 0, 02 0, 01 0, 017
k9 1, 44 0, 04 0, 01 0, 039
k11 8, 36 0, 14 0, 01 0, 084
k14 396, 39 0, 64 0, 02 0, 329
k16 57982, 4 2, 63 0, 08 0, 917
k18 – 6, 90 0, 16 2, 804
k20 – 25, 15 0, 33 9, 363
k22 – 81, 70 0, 80 32, 11
k24 – 359, 40 1, 62 . . .
k26 – 1581, 05 2, 51 . . .
k28 – 6505, 45 4, 83 . . .

* (2008) Rose C. MathStatica: a symbolic approach to computational
mathematical statistics. (Singapore)

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Via U-statistics?
A new formula
Polykays

k-statistics

Definition

The n-th k-statistic kn is the unique symmetric unbiased estimator of the
cumulant cn of a given statistical distribution, that is E[kn] = cn.

• k1 ⇒

• k3 ⇒

• ⇐ k2

• ⇐ k4
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The algorithm

B Gardner W.A. and Spooner C.M. (1992) The cumulant theory of cyclostationary

time-series IEEE Transactions on Signal Processing

B Ferreira P.G., Magueijo J. and Silk J. (1997) Cumulants as non-Gaussian qualifiers

Phys.Rev.D

B Staude B. and Rotter S. (2010) Cubic: cumulant based inference of higher-order
correlations in massively parallel spike trains. J. Comp. Neuroscience.
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Multivariate Faà di Bruno Formula
Work in progress

In statistics
Via U-statistics?
A new formula
Polykays

The algorithm

B Gardner W.A. and Spooner C.M. (1992) The cumulant theory of cyclostationary

time-series IEEE Transactions on Signal Processing

B Ferreira P.G., Magueijo J. and Silk J. (1997) Cumulants as non-Gaussian qualifiers

Phys.Rev.D

B Staude B. and Rotter S. (2010) Cubic: cumulant based inference of higher-order
correlations in massively parallel spike trains. J. Comp. Neuroscience.

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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k-statistics

k-statistics are given in terms of the sums of the r-th powers of the data
points Sr =

∑r
i=1X

r
i . (Fisher, R.A. (1929) Moments and product moments

of sampling distributions Proc. London Math. Soc.)

Examples

k1 =
S1

n

k2 =
nS2 − S2

1

n(n− 1)

k3 =
2S3

1 − 3nS1S2 + n2S3

n(n− 1)(n− 2)

k4 =
−6S4

1 + 12nS2
1S2 − 3n(n− 1)S2

2 − 4n(n+ 1)s1S3 + n2(n+ 1)S4

n(n− 1)(n− 2)(n− 3)

(1986) Speed T.P. Cumulants and partition lattices. II. Generalised k-statistics.
J. Aust. Math. Soc. Ser. A

(1987) McCullagh P. Tensor Methods in Statistics. London: Chapman and

Hall.
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∑r
i=1X

r
i . (Fisher, R.A. (1929) Moments and product moments

of sampling distributions Proc. London Math. Soc.)

Examples

k1 =
S1

n

k2 =
nS2 − S2

1

n(n− 1)

k3 =
2S3

1 − 3nS1S2 + n2S3

n(n− 1)(n− 2)

k4 =
−6S4

1 + 12nS2
1S2 − 3n(n− 1)S2

2 − 4n(n+ 1)s1S3 + n2(n+ 1)S4

n(n− 1)(n− 2)(n− 3)

(1986) Speed T.P. Cumulants and partition lattices. II. Generalised k-statistics.
J. Aust. Math. Soc. Ser. A

(1987) McCullagh P. Tensor Methods in Statistics. London: Chapman and

Hall.
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Multivariate Faà di Bruno Formula
Work in progress

In statistics
Via U-statistics?
A new formula
Polykays

k-statistics

The nice formula: cumulants in terms of moments

If r1 + 2r2 + · · ·+mrm = i and r1 + r2 + · · ·+ rm = l, then

ci = i!
i∑

m=1

∑ (−1)l−1(l − 1)!
r1!r2! · · · rm!

ar11 a
r2
2 · · · armm

(1!)r1(2!)r2 · · · (m!)rm

∑
XsXt · · ·︸ ︷︷ ︸

r1

X2
qX

2
r · · ·︸ ︷︷ ︸

r2

Xm
u X

m
ν · · ·︸ ︷︷ ︸

rm

n (n−1)···(n−l+1)

-
-

-
-

-
-

-

in terms of Sji S
m
k · · ·

B Too heavy by a computational point of view!
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AugToPs

PC
Pentium(R)4,
Intel(R)
CPU 2.08
Ghz, 512MB
Ram
Maple 10.0
Mathematica
4.2
Times in
seconds

k-statistics A&S MathStat I Umbral AugToPs
k5 0, 06 0, 01 0, 01 0, 08
k7 0, 31 0, 02 0, 01 0, 03
k9 1, 44 0, 04 0, 01 0, 16
k11 8, 36 0, 14 0, 01 0, 23
k14 396, 39 0, 64 0, 02 1, 33
k16 57982, 4 2, 63 0, 08 4, 25
k18 – 6, 90 0, 16 13, 70
k20 – 25, 15 0, 33 42, 26
k22 – 81, 70 0, 80 172, 59
k24 – 359, 40 1, 62 647, 56
k26 – 1581, 05 2, 51 3906, 19
k28 – 6505, 45 4, 83 21314, 65
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A nice formula: cumulants in terms of moments

If r1 + 2r2 + · · ·+mrm = i and r1 + r2 + · · ·+ rm = l, then

κi = i!
i∑

m=1

∑ (−1)l−1(l − 1)!
r1!r2! · · · rm!

ar11 a
r2
2 · · · armm

(1!)r1(2!)r2 · · · (m!)rm

)))))))))))))))))))))))))))))))iiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

A speeder way of computing

= a new formula and a new insight

κi = E[(C1,Z + · · ·+ Cn,Z)i]

• {Cj,y}nj=1 are i.i.d. cumulant r.v.’s of randomized compound
Poisson r.v.’s with parameter Z;

• E[Zm] = (−1)m−1(m− 1)!/(n)m for m = 0, 1, . . . , n;
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The new formula...written in “umbral”way

Di Nardo E., Guarino G., Senato D. A unifying framework for k-statistics,
polykays and their multivariate generalizations Bernoulli

The umbral algorithm

(χ.α)i '
∑
λ`i

dλpλ

(
χ.χ

n.χ

)
(n.α)r1(n.α2)r2 · · · ,

where λ = (1r1 , 2r2 , . . .) ` i and pλ(y) = [p1(y)]r1 [p2(y)]r2 · · · and

pn(y) =
n∑
k=1

ykS(n, k)(−1)k−1(k − 1)! = E[φn(u<−1>y)]

where S(n, k) are the Stirling numbers of second kind (φn are the
exponential umbral polynomials)

How?
E. Di Nardo 67 SLC & XVII IICA
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Multivariate Faà di Bruno Formula
Work in progress

In statistics
Via U-statistics?
A new formula
Polykays

A sketch of the proof

B (χ.y.β)i ' y for i = 1, 2, . . . .

B (χ.y.β).α ≡ χ.(y.β.α) (cumulant of compound Poisson r.v.)

B E[(n.χ.(y.β.α))i] = ci(y) =
∑
λ`i

yνλ(n)νλdλaλ

B (χ.α)i ' ci
(
χ.χ

n.χ

)
, i = 1, 2, . . . . this means yk ← (−1)k−1(k − 1)!

(n)k

B Express the moments of n.χ.y.β.α in terms of power sums n.αi, as done
for n.(χα). We have n.χ.y.β.α ≡ n.[(χ.y.β)α]

B χ.(γ1x1 + · · ·+ γnxn) ≡ (χ.γ)σ, where σ is the power sum polynomial
umbra and {γi}ni=1 are uncorrelated umbrae similar to an umbra γ.

B (γ1x1 + · · ·+ γnxn)i '
∑
λ`i

dλ(χ.γ)λσλ. '
∑
λ`i

dλ(χ.γ)λs
r1
1 s

r2
2 · · · .

B[n.(γα)]i '
∑
λ`i

dλ(χ.γ)λ(n.α)r1(n.α2)r2 · · ·

*If an 6= 0 for all nonnegative integers n, then by the symbol 1/α we denote
the umbra whose moments are 1/an (inverse moments).
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Multivariate Faà di Bruno Formula
Work in progress

In statistics
Via U-statistics?
A new formula
Polykays

A sketch of the proof

B (χ.y.β)i ' y for i = 1, 2, . . . .

B (χ.y.β).α ≡ χ.(y.β.α) (cumulant of compound Poisson r.v.)

B E[(n.χ.(y.β.α))i] = ci(y) =
∑
λ`i

yνλ(n)νλdλaλ

B (χ.α)i ' ci
(
χ.χ

n.χ

)
, i = 1, 2, . . . . this means yk ← (−1)k−1(k − 1)!

(n)k

B Express the moments of n.χ.y.β.α in terms of power sums n.αi, as done
for n.(χα). We have n.χ.y.β.α ≡ n.[(χ.y.β)α]

B χ.(γ1x1 + · · ·+ γnxn) ≡ (χ.γ)σ, where σ is the power sum polynomial
umbra and {γi}ni=1 are uncorrelated umbrae similar to an umbra γ.

B (γ1x1 + · · ·+ γnxn)i '
∑
λ`i

dλ(χ.γ)λσλ. '
∑
λ`i

dλ(χ.γ)λs
r1
1 s

r2
2 · · · .

B[n.(γα)]i '
∑
λ`i

dλ(χ.γ)λ(n.α)r1(n.α2)r2 · · ·

*If an 6= 0 for all nonnegative integers n, then by the symbol 1/α we denote
the umbra whose moments are 1/an (inverse moments).

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Polykays

Polykays

Definition

A polykay kr,...,s is an unbiased estimator of a product of cumulants, that
is E[κr,...,s] = cr · · · cs.

“ This is an attempt to present as simple as possible the best tools we
know today for keeping computations simple when dealing with samples
from general populations. Such computations seem inevitably be made in
terms of two systems of multi-index quantities: moments and cumulants.
(...) Every polynomial symmetric function can also be expressed in terms
of polykays” “a natural bases”

(1956) Tukey J. Keeping moment-like sample computations simple. Ann.Math.Stat.
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Polykays

In terms of moments...

kr,...,s =
∑

(λ`r, ... ,η `s)

(χ′.χ′)νλ · · · (χ′′.χ′′)νη dλ · · · dηαλ · · ·α′η

kr,..., s AS Algorithms MathStatica Fast-algorithms Polyk-algorithm

k3,2 0.06 0.02 0.01 0.02
k4,4 0.67 0.06 0.02 0.06
k5,3 0.69 0.08 0.02 0.07
k7,5 34.23 0.79 0.11 0.70
k7,7 435.67 2.52 0.26 2.43
k9,9 - 27.41 2.26 23.32
k10,8 - 30.24 2.98 25.06
k4,4,4 34.17 0.64 0.08 0.77

(2009) Di Nardo E., Guarino G., Senato D. it A new method for fast computing

unbiased estimators of cumulants. Statistics and Computing
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Polykays

Polykays: why a “natural”bases?

Let {α1, α2, . . . , αn} be a set of n uncorrelated umbrae similar to α.

Set α.π = α
|B1|
i1

α
|B2|
i2
· · ·α|Bk|ik

, where π = {B1, B2, . . . , Bk} is a partition
of {α1, α2, . . . , αn} and i1, i2, . . . , ik are distinct integers chosen in [n].

α.π ' αλ, where λ is the type of the partition π.

Polykays to moments (and U -statistics!)

(n.χα)r1(n.χα2)r2 · · ·
(n)νλ

' αλ ' α.π '
∑
σ≤π

(χ.α).σ

Moments to polykays

(χ.α).π '
∑
σ≤π

µ(σ, π)α.σ

If π = 1n...
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Joint cumulants
Multivariate cumulants
Multivariate polykays

Replace {α1, α2, . . . , αn} with {µ̃1, µ̃2, . . . , µ̃n} umbral monomials.

Then instead of working with,

α.σ =
∏′
B∈σ α

|B| =
∏′
B∈σ[

∏
j∈B α]

use
µ̃.σ =

∏′
B∈σ[

∏
j∈B µ̃j ]

Ex: {

{µ̃1, µ̃2}︸ ︷︷ ︸

µ̃B1

,

{µ̃3, µ̃4, µ̃5, µ̃6, }︸ ︷︷ ︸

µ̃′B2

,

{

µ̃7

}︸︷︷︸

µ̃′′B3

}

and do the same for

(χ.α).σ =
∏′
B∈σ[

∏
j∈B(χ.α)]

by using
(χ.µ̃).σ =

∏′
B∈σ[

∏
j∈B(χ.µ̃j)].

Ex: {

{µ̃1, µ̃2}︸ ︷︷ ︸

(χ.µ̃1)(χ.µ̃2)

,

{µ̃3, µ̃4, µ̃5, µ̃6, }︸ ︷︷ ︸

(χ.µ̃3)···(χ.µ̃6)

,

{µ̃7}︸︷︷︸

(χ.µ̃7)

}
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Multivariate Faà di Bruno Formula
Work in progress

Joint cumulants
Multivariate cumulants
Multivariate polykays

Replace {α1, α2, . . . , αn} with {µ̃1, µ̃2, . . . , µ̃n} umbral monomials.

Then instead of working with,

α.σ =
∏′
B∈σ α

|B| =
∏′
B∈σ[

∏
j∈B α]

use
µ̃.σ =

∏′
B∈σ[

∏
j∈B µ̃j ]

Ex: {

{µ̃1, µ̃2}︸ ︷︷ ︸

µ̃B1

,

{µ̃3, µ̃4, µ̃5, µ̃6, }︸ ︷︷ ︸

µ̃′B2

,

{

µ̃7

}︸︷︷︸

µ̃′′B3

}

and do the same for

(χ.α).σ =
∏′
B∈σ[

∏
j∈B(χ.α)]

by using
(χ.µ̃).σ =

∏′
B∈σ[

∏
j∈B(χ.µ̃j)].

Ex: {

{µ̃1, µ̃2}︸ ︷︷ ︸

(χ.µ̃1)(χ.µ̃2)

,

{µ̃3, µ̃4, µ̃5, µ̃6, }︸ ︷︷ ︸

(χ.µ̃3)···(χ.µ̃6)

,

{µ̃7}︸︷︷︸

(χ.µ̃7)

}

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Then
α.π '

∑
σ≤π

(χ.α).σ (χ.α).π '
∑
σ≤π

µ(σ, π)α.σ

becomes
µ̃.π '

∑
σ≤π(χ.µ̃).σ (χ.µ̃).π '

∑
σ≤π µ(σ, π)µ̃.σ

Choosing π = 1n and taking the evaluation E (expectation) of both sides

κ(µ̃1, µ̃2, . . . , µ̃n) =
∑
σ≤π

(−1)|σ|−1(|σ| − 1)!mσ

B Speed T. (1983) Cumulants and partition lattices. Austr. J. Stat.*

(χ.µ̃)σ =
∏
B∈σ χ.[

∏
j∈B µ̃j ]. generalized cumulant (McCullagh)

Ex: {

{µ̃1, µ̃2}︸ ︷︷ ︸

[χ.(µ̃1µ̃2)]

,

{µ̃3, µ̃4, µ̃5, µ̃6, }︸ ︷︷ ︸

[χ.(µ̃3···µ̃6)]

,

{µ̃7}︸︷︷︸

(χ.µ̃7)

}

*G.C. Rota, Twelve problems in probability no ones like to bring up Problem eleven:
cumulants.
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Multivariate Faà di Bruno Formula
Work in progress

Joint cumulants
Multivariate cumulants
Multivariate polykays

Then
α.π '

∑
σ≤π

(χ.α).σ (χ.α).π '
∑
σ≤π

µ(σ, π)α.σ

becomes
µ̃.π '

∑
σ≤π(χ.µ̃).σ (χ.µ̃).π '

∑
σ≤π µ(σ, π)µ̃.σ

Choosing π = 1n and taking the evaluation E (expectation) of both sides

κ(µ̃1, µ̃2, . . . , µ̃n) =
∑
σ≤π

(−1)|σ|−1(|σ| − 1)!mσ

B Speed T. (1983) Cumulants and partition lattices. Austr. J. Stat.*

(χ.µ̃)σ =
∏
B∈σ χ.[

∏
j∈B µ̃j ]. generalized cumulant (McCullagh)

Ex: {

{µ̃1, µ̃2}︸ ︷︷ ︸

[χ.(µ̃1µ̃2)]

,

{µ̃3, µ̃4, µ̃5, µ̃6, }︸ ︷︷ ︸

[χ.(µ̃3···µ̃6)]

,

{µ̃7}︸︷︷︸

(χ.µ̃7)

}

*G.C. Rota, Twelve problems in probability no ones like to bring up Problem eleven:
cumulants.

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Multivariate Faà di Bruno Formula
Work in progress

Joint cumulants
Multivariate cumulants
Multivariate polykays

Then
α.π '

∑
σ≤π

(χ.α).σ (χ.α).π '
∑
σ≤π

µ(σ, π)α.σ

becomes
µ̃.π '

∑
σ≤π(χ.µ̃).σ (χ.µ̃).π '

∑
σ≤π µ(σ, π)µ̃.σ

Choosing π = 1n and taking the evaluation E (expectation) of both sides

κ(µ̃1, µ̃2, . . . , µ̃n) =
∑
σ≤π

(−1)|σ|−1(|σ| − 1)!mσ

B Speed T. (1983) Cumulants and partition lattices. Austr. J. Stat.*

(χ.µ̃)σ =
∏
B∈σ χ.[

∏
j∈B µ̃j ]. generalized cumulant (McCullagh)

Ex: {

{µ̃1, µ̃2}︸ ︷︷ ︸

[χ.(µ̃1µ̃2)]

,

{µ̃3, µ̃4, µ̃5, µ̃6, }︸ ︷︷ ︸

[χ.(µ̃3···µ̃6)]

,

{µ̃7}︸︷︷︸

(χ.µ̃7)

}

*G.C. Rota, Twelve problems in probability no ones like to bring up Problem eleven:
cumulants.

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Multivariate cumulants

If M = {µ̃1, . . . , µ̃1︸ ︷︷ ︸
s1

, µ̃2, . . . , µ̃2︸ ︷︷ ︸
s2

, . . . , µ̃r, . . . , µ̃r︸ ︷︷ ︸
sr

} then

Multivariate moment mt1... tr

E[µ̃M ] = ms1... sr

Multivariate cumulants κt1...tr

E[(χ.µ̃)M ] = κs1...sr

with µ̃M =
∏
µ̃∈M̄ µ̃f(µ̃) and (χ.µ̃)M =

∏
µ̃∈M̄ (χ.µ̃)f(µ̃).

Products of cumulants - Kendall and Stuart

For example if M = {µ̃(1)
1 , µ̃

(2)
2 , µ̃

(1)
3 } we have E[µ̃M ] = m121.

When the umbral monomials µ̃i have disjoint supports mt1... tr becomes
the products of moments of mt1 · · ·mtr .
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Computational times
For AS Algorithms, missed computational times means “greater than 20 hours”. For

MathStatica, missed computational times means “procedures not available”.

ks1... sr ; l1...lm AS Algorithms MathStatica Fast-algorithms
k3 2 0.25 0.03 0.01
k4 4 28.36 0.16 0.02
k5 5 259.16 0.55 0.06
k6 5 959.67 1.01 0.16
k7 7 - 8.49 1.04
k8 7 - 14.92 2.19
k3 3 3 1180.03 0.88 0.47
k4 4 3 - 4.80 0.94
k4 4 4 - 13.53 2.30
k2 1; 1 1 0.20 - 0.01
k2 2; 2 1 6.30 - 0.08
k2 2; 2 2 33.75 - 0.14

k2 2; 2 1; 1 1 126.19 - 0.28
k2 2; 2 1; 2 1 398.42 - 0.55
k2 2; 2 2; 2 1 1387.00 - 1.25
k2 2; 2 2; 2 2 3787.41 - 2.91
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A last look to AugToPs

(1990) Streitberg B. Lancaster Interactions Revisited Ann. Statist.

Interaction measure

A signed measure ∆F is a function of the joint distribution F1,2,...,n (and its

marginals) of a random vector (X1, X2, . . . , Xn) that is supposed to be

identically zero whenever the random vector is decomposable into two mutually

independent subvectors.

Cumulants? → κ(X1, X2, . . . , Xn) =
∫
x1x2 · · ·xnd∆F

(1997) Rota G.-C., Wallstrom T.C. Stochastic integrals: a combinatorial approach{
F (π) =

∑
σ≤π G(σ)

G(π) =
∑
σ≤π µ(σ, π)F (σ)

{
F (π) =

∑
σ≥π G(σ)

G(π) =
∑
σ≥π µ(π, σ)F (σ)

)))))))))iiiiiiiii

{
[n.(χµ1)] · · · [n.(χµn)] '

∑
π(χ.χ).π (n.µ)π

(n.µ1) · · · (n.µn) '
∑
π[n.(χµ)]π

⇒ E[(χ.χ).π] = µ(0n, π)
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identically zero whenever the random vector is decomposable into two mutually

independent subvectors.

Cumulants? → κ(X1, X2, . . . , Xn) =
∫
x1x2 · · ·xnd∆F

(1997) Rota G.-C., Wallstrom T.C. Stochastic integrals: a combinatorial approach{
F (π) =

∑
σ≤π G(σ)

G(π) =
∑
σ≤π µ(σ, π)F (σ)

{
F (π) =

∑
σ≥π G(σ)

G(π) =
∑
σ≥π µ(π, σ)F (σ)

)))))))))iiiiiiiii

{
[n.(χµ1)] · · · [n.(χµn)] '

∑
π(χ.χ).π (n.µ)π

(n.µ1) · · · (n.µn) '
∑
π[n.(χµ)]π

⇒ E[(χ.χ).π] = µ(0n, π)
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Multivariate Faà di Bruno Formula
Work in progress

Joint cumulants
Multivariate cumulants
Multivariate polykays

A last look to AugToPs

(1990) Streitberg B. Lancaster Interactions Revisited Ann. Statist.

Interaction measure

A signed measure ∆F is a function of the joint distribution F1,2,...,n (and its

marginals) of a random vector (X1, X2, . . . , Xn) that is supposed to be

identically zero whenever the random vector is decomposable into two mutually

independent subvectors.

Cumulants? → κ(X1, X2, . . . , Xn) =
∫
x1x2 · · ·xnd∆F

(1997) Rota G.-C., Wallstrom T.C. Stochastic integrals: a combinatorial approach{
F (π) =

∑
σ≤π G(σ)

G(π) =
∑
σ≤π µ(σ, π)F (σ)

{
F (π) =

∑
σ≥π G(σ)

G(π) =
∑
σ≥π µ(π, σ)F (σ))))))))))iiiiiiiii{

[n.(χµ1)] · · · [n.(χµn)] '
∑
π(χ.χ).π (n.µ)π

(n.µ1) · · · (n.µn) '
∑
π[n.(χµ)]π

⇒ E[(χ.χ).π] = µ(0n, π)

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Multivariate compositions
Partitions of a multi-index
Multivariate Hermite polynomials
Multivariate TSH polynomials
Multivariate Bernoulli polynomials
Multivariate Euler polynomials

Univariate Faà di Bruno Formula

If h(z) = f [g(z)− 1] with h, f and g exponential formal power series, then
hn =

∑
k≥1 fkBn,k(g1, g2, . . . , gn−k+1)

A new algorithm based on a suitable generalization of the well-known
multinomial theorem:

(x1 + x2 + · · ·+ xn)i =
∑
k1+k2+···+kn=i

(
i

k1,k2,...,kn

)
xk11 xk22 · · ·xknn

where the indeterminates are replaced by symbolic objects.

f(µ,z) = 1 +
∑∞
k=1

∑
i∈Nn0
|i|=k

gi
zi

i!

by extending the action of E coefficient wise to g.f.’s

eµz
T

= eµ1z1+µ2z2+···+µnzn = u+
∑∞
k=1

∑
i∈Nn0
|i|=k

µi
zi

i!

and setting gi1,i2,...,in = E[µi11 µ
i2
2 · · ·µinn ] = E[µi] with i ∈ Nn0 .
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Univariate Faà di Bruno Formula

If h(z) = f [g(z)− 1] with h, f and g exponential formal power series, then
hn =

∑
k≥1 fkBn,k(g1, g2, . . . , gn−k+1)

A new algorithm based on a suitable generalization of the well-known
multinomial theorem:

(x1 + x2 + · · ·+ xn)i =
∑
k1+k2+···+kn=i

(
i

k1,k2,...,kn

)
xk11 xk22 · · ·xknn

where the indeterminates are replaced by symbolic objects.

f(µ,z) = 1 +
∑∞
k=1

∑
i∈Nn0
|i|=k

gi
zi

i!

by extending the action of E coefficient wise to g.f.’s

eµz
T

= eµ1z1+µ2z2+···+µnzn = u+
∑∞
k=1

∑
i∈Nn0
|i|=k

µi
zi

i!

and setting gi1,i2,...,in = E[µi11 µ
i2
2 · · ·µinn ] = E[µi] with i ∈ Nn0 .

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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� (Univariate composite Multivariate)

f(α.β.µ, z) = f [α, f(µ, z)− 1].

� (Multivariate composite Univariate)

f [(µ1 + · · ·+ µn).β.γ, z] = f [µ, (f(γ, z)− 1, . . . , f(γ, z)− 1)].

� (Multivariate composite Multivariate)

f [(µ1 + · · ·+ µn).β.ν, z] = f [µ, (f(ν, z)− 1, . . . , f(ν, z)− 1)].

� (Multivariate composite Multivariate)

f [(µ1 + · · ·+µn).β.ν, z(m)] = f [µ, (f(ν, z(m))−1, . . . , f(ν, z(m))−1)]

� (Multivariate composite different multivariates)

f [µ1.β.ν1 + · · ·+µn.β.νn,z(m)] = f [µ, (f(ν1,z(m))−1, . . . , f(νn,z(m))−1)]. (∗)
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Multivariate Faà di Bruno Formula
Work in progress

Multivariate compositions
Partitions of a multi-index
Multivariate Hermite polynomials
Multivariate TSH polynomials
Multivariate Bernoulli polynomials
Multivariate Euler polynomials

� (Univariate composite Multivariate)

f(α.β.µ, z) = f [α, f(µ, z)− 1].

� (Multivariate composite Univariate)

f [(µ1 + · · ·+ µn).β.γ, z] = f [µ, (f(γ, z)− 1, . . . , f(γ, z)− 1)].

� (Multivariate composite Multivariate)

f [(µ1 + · · ·+ µn).β.ν, z] = f [µ, (f(ν, z)− 1, . . . , f(ν, z)− 1)].

� (Multivariate composite Multivariate)

f [(µ1 + · · ·+µn).β.ν, z(m)] = f [µ, (f(ν, z(m))−1, . . . , f(ν, z(m))−1)]

� (Multivariate composite different multivariates)

f [µ1.β.ν1 + · · ·+µn.β.νn,z(m)] = f [µ, (f(ν1,z(m))−1, . . . , f(νn,z(m))−1)]. (∗)

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Multivariate Generalized Bell polynomials

The i-th coefficient Bi(x1, . . . , xn) of exp
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}

is

such that Bi(x1, . . . , xn) ' (x1.β.ν1 + · · ·+ xn.β.νn)i. The i-th
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(2011) Di Nardo E., G. Guarino, D. Senato A new algorithm for
computing the multivariate Faá di Brunos formula Appl. Math. Comp.
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computing the multivariate Faá di Brunos formula Appl. Math. Comp.

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Subdivisions in terms of integer partitions

l(λ) the length of λ =

the number of columns

of λ

(α.β.µ)i '
∑
λ`i

i!
m(λ)!λ! α

l(λ)µλ
µλ =

(µ′λ1 ). r1 (µ′′λ2 ). r2 · · ·

The symbol λ ` i is a partition of the

multi-index i, that is a composition

λ |= i whose columns are in

lexicographic order.

A composition λ of a multi-index i, in

symbols λ |= i, is a matrix λ = (λij)

of nonnegative integers and with no

zero columns such that

λr1 + · · ·+ λrk = ir for r = 1, . . . , n.

Ex:

 3
2
3

⇒
 1 2 0

2 0 0
1 1 1

⇒
 0 1 2

0 2 0
1 1 1



λ = (λr11 ,λ
r2
2 , . . .)⇒ a matrix λ with r1 columns equal to λ1, r2

columns equal to λ2 and so on, such that λ1 < λ2 < · · · .

The integer ri is the multiplicity of λi and m(λ) = (r1, r2, . . .).
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Any subdivision of a multiset M, having i as vector of multiplicities,
corresponds to a suitable partition of the multi-index i.

Ex: M = {µ1, µ1, µ2} corresponds to the multi-index (2, 1)

{{µ1, µ1, µ2}}; {{µ1, µ1}, {µ2}};
{{µ1, µ2, }{µ1}}; {{µ1}, {µ1}, {µ2}}.

(
2
1

)
,
(

2,0
0,1

)
,
(

1,1
1,0

)
,
(

1,1,0
0,0,1

)
.

i m # terms in output Time (UMFB) Time (diff)
(6, 5) 2 14089 0.7 1.6
(7, 6) 2 60190 3.2 29.8
(7, 7) 2 123134 8.1 75.4
(5, 4) 3 20208 0.7 2.3
(6, 5) 3 122034 6.3 62.5
(5, 4) 4 86768 4.5 26.9
(5, 4) 5 288370 25.9 130.9

(4, 4, 3) 2 95138 6.3 12.3
(4, 4, 4) 2 257854 22.8 41.1
(4, 3, 3) 3 313866 22.5 54.5
(4, 2, 2) 4 106912 6.5 17.3

Comparison of computational times in seconds.
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Multivariate Euler polynomials

Any subdivision of a multiset M, having i as vector of multiplicities,
corresponds to a suitable partition of the multi-index i.

Ex: M = {µ1, µ1, µ2} corresponds to the multi-index (2, 1)
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i m # terms in output Time (UMFB) Time (diff)
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(5, 4) 3 20208 0.7 2.3
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(4, 4, 3) 2 95138 6.3 12.3
(4, 4, 4) 2 257854 22.8 41.1
(4, 3, 3) 3 313866 22.5 54.5
(4, 2, 2) 4 106912 6.5 17.3
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Multivariate Faà di Bruno Formula
Work in progress

Multivariate compositions
Partitions of a multi-index
Multivariate Hermite polynomials
Multivariate TSH polynomials
Multivariate Bernoulli polynomials
Multivariate Euler polynomials

The i-th Hermite polynomial

Hi(x,Σ) = (−1)|i|D
(i)
x φ(x;0,Σ)
φ(x;0,Σ)

where φ(x; 0,Σ) denotes the multivariate Gaussian density with 0 mean
and covariance matrix Σ of full rank n.

Hi(x,Σ) ' (−1.β.ν + xΣ−1)i

⇓
H̃i(x,Σ) = Hi(xΣ−1,Σ−1)

' (−1.β.µ+ x)i

with f(ν, z) = 1 + 1
2zΣ−1zT

and f(µ, z) = 1 + 1
2zΣzT

As special generalized Bell polynomials

If νx is such that f(νx, z) = 1 + f(ν, z + x)− f(µ, z), then
Hi(x,Σ) ' (−1)|i|(−1.β.νx)i
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k-statistics
Multivariate r.v.’s

Multivariate Faà di Bruno Formula
Work in progress

Multivariate compositions
Partitions of a multi-index
Multivariate Hermite polynomials
Multivariate TSH polynomials
Multivariate Bernoulli polynomials
Multivariate Euler polynomials

Any connection with multivariate Brownian motion?

Let {Xt}t≥0 = {(X(t)
1 , . . . , X

(t)
d )}t≥0 be a Lévy process on Rd, with

{X(t)
j }

d
j=1 univariate r.v.’s all defined on (Ω,F ,P).

Symbolic representation of multivariate Lévy processes

{t.µ}t≥0

where µ = (µ1, . . . , µd) is a d-tuple of umbral monomials

such that E[µi] = E[{X(t)
1 }i1 · · · {X

(t)
d }

id ], for all i =

(i1, . . . , id) ∈ Nd
0.

Symbolic multivariate Lévy-Khintchine formula

{t.β.(δCT +̇χ.m+̇γ)}t≥0

B δ = (δ1, . . . , δd) is a d-tuple of uncorrelated umbrae such that

f(δ,z) = 1 + zzT /2;

B the matrix C is the square root of the covariance matrix Σ;

B f(γ,z) = 1 +
∫

Rd(ezx
T

− 1− zxT )ν(dx), Lévy measure
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d )}t≥0 be a Lévy process on Rd, with

{X(t)
j }

d
j=1 univariate r.v.’s all defined on (Ω,F ,P).

Symbolic representation of multivariate Lévy processes
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{t.µ}t≥0

where µ = (µ1, . . . , µd) is a d-tuple of umbral monomials

such that E[µi] = E[{X(t)
1 }i1 · · · {X

(t)
d }

id ], for all i =

(i1, . . . , id) ∈ Nd
0.

Symbolic multivariate Lévy-Khintchine formula
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{t.µ}t≥0

where µ = (µ1, . . . , µd) is a d-tuple of umbral monomials

such that E[µi] = E[{X(t)
1 }i1 · · · {X

(t)
d }

id ], for all i =

(i1, . . . , id) ∈ Nd
0.

Symbolic multivariate Lévy-Khintchine formula
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Multivariate Faà di Bruno Formula
Work in progress

Multivariate compositions
Partitions of a multi-index
Multivariate Hermite polynomials
Multivariate TSH polynomials
Multivariate Bernoulli polynomials
Multivariate Euler polynomials

Any connection with multivariate Brownian motion?

Let {Xt}t≥0 = {(X(t)
1 , . . . , X

(t)
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d )}t≥0 be a Lévy process on Rd, with

{X(t)
j }

d
j=1 univariate r.v.’s all defined on (Ω,F ,P).

Symbolic representation of multivariate Lévy processes
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{t.β.(δCT +̇χ.m+̇γ)}t≥0

B δ = (δ1, . . . , δd) is a d-tuple of uncorrelated umbrae such that

f(δ,z) = 1 + zzT /2;

B the matrix C is the square root of the covariance matrix Σ;

B f(γ,z) = 1 +
∫

Rd(ezx
T

− 1− zxT )ν(dx), Lévy measure
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Multivariate Bernoulli polynomials

The Multivariate Bernoulli umbra

ι = (ι, . . . , ι), with ι the Bernoulli umbra (moments = Bernoulli numbers).

Therefore −t.ι ≡ t.(−1.ι) is a Lévy process.

Random variable counterpart

The inverse −1.ι of the multivariate Bernoulli umbra is the umbral counterpart

of a d-tuple identically distributed to (U, . . . , U), with U(0, 1).

Symbolic representation of multivariate

Bernoulli polynomials

B
(t)
v (x) = E[(x+ t.ι)v]
for all v ∈ Nd0, t ∈ R

B B(t)
v (−t.ι) = B(t)

v [t.(−1.ι)] = 0;
(TSH polynomials?)

B B(t)
v (x) =

∑
k≤v

(
v
k

)
xv−kB

(t)
k ;

B B(t+s)
v (x+ y) =∑

k≤v
(
v
k

)
B(t)
k (x)B(s)

v−k(y);
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The Multivariate Euler umbra

η = (η, . . . , η), with η be the Euler umbra (moments = Euler numbers).

Therefore 1
2 [t.(u− 1.η)] is a Lévy process.

Random variable counterpart

The umbra 1
2

[−1.η + u] is the umbral counterpart of a d-tuple i.d. to (Y, . . . , Y ),

where Y is a Bernoulli r.v. with parameter 1/2. (Nörlund) (−1.η corresponds to

(X, . . . ,X), where X = 2Y − 1 with Y a Bernoulli r.v. with parameter 1/2.)

Symbolic representation of

multivariate Euler polynomials

E(t)
v (x) = E

{
(x+ 1

2
[t.(η − u)])v

}
with u = (u, . . . , u) a vector of unity

umbrae, for all v ∈ Nd0 and t ∈ R.

B E(t)
v

(
1
2

[t.(u− 1.η)]
)

= 0;
(THS polynomials?)

B 2|v|B(t)
v

(
x
2

)
= E(t)

v (x+ t.ι);
B (2007) Dumitriu I., Edelman A.,
Shuman G. Multivariate orthogonal
polynomials (symbolically). J. Symb.
Comput.
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Multivariate Faà di Bruno Formula
Work in progress

Multivariate compositions
Partitions of a multi-index
Multivariate Hermite polynomials
Multivariate TSH polynomials
Multivariate Bernoulli polynomials
Multivariate Euler polynomials

Multivariate Euler polynomials

The Multivariate Euler umbra

η = (η, . . . , η), with η be the Euler umbra (moments = Euler numbers).

Therefore 1
2 [t.(u− 1.η)] is a Lévy process.
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Random variable counterpart

The umbra 1
2

[−1.η + u] is the umbral counterpart of a d-tuple i.d. to (Y, . . . , Y ),

where Y is a Bernoulli r.v. with parameter 1/2. (Nörlund) (−1.η corresponds to

(X, . . . ,X), where X = 2Y − 1 with Y a Bernoulli r.v. with parameter 1/2.)

Symbolic representation of

multivariate Euler polynomials

E(t)
v (x) = E

{
(x+ 1

2
[t.(η − u)])v

}
with u = (u, . . . , u) a vector of unity

umbrae, for all v ∈ Nd0 and t ∈ R.

B E(t)
v

(
1
2

[t.(u− 1.η)]
)

= 0;
(THS polynomials?)

B 2|v|B(t)
v

(
x
2

)
= E(t)

v (x+ t.ι);
B (2007) Dumitriu I., Edelman A.,
Shuman G. Multivariate orthogonal
polynomials (symbolically). J. Symb.
Comput.

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Spectral polykays

I lay my cards on the table...

“ It has been argued that the notions of sample space and event are
redundant, and that all of probability should be done in terms of random
variables alone... How would one introduce probability in terms of

random variables alone?... One takes an ordered commutative

commutative

algebra
over the reals, and endows it with a positive linear functional E[X]. The
elements of the algebra will be the random variables and the linear
functional is the expectation of a random variable... ”

G.C. Rota, Twelve problems in probability no ones like to

bring up problem one: the algebra of probability.
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What about non-commutative?

Algebra of non-commutative r.v.’s

• a ∈ A (non-commutative r.v.’s);

• unital linear function φ : A→ C and φ(an) is the n-th moment;

• {φ(an)}n≥1 distribution of a;
• φ(anbm) is the joint moment of a and b

φ(abab · · · ab︸ ︷︷ ︸
2n times

) 6= φ(anbn)

(2011) Hasabe T. and Saigo H. Joint cumulants for natural independence
Electronic Communications in Probability - a first draft of a non-commutative
definition of n.α.

(1985) Voiculescu D. Symmetries of some reduced free product C∗-algebras.

Operator algebras and their connections with topology and ergodic theory.
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What free probability can do for statisticians?

Random matrices are non-commutative objects whose large-dimension
asymptotic have provided the major applications of the theory of free
probability:

φ(an) = limN→∞
1
NE[Tr(An)].

The eigenvalue distribution µA = 1
N

∑N
i=1 δλi(A) of a hermitian Gaussian

N ×N random matrix converges almost sure towards Wigner’s semicircle
law (1958).
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Wireless Communications

y = H x+ n
x is a K- vector, y is a N -vector, n is a N -vector
Gaussian noise, H is a N ×K random matrix.

Tulino, A.M., Verdú, S. (2004) Random Matrix Theory

and Wireless Communications.

B The spectrum of A+B cannot be found from the spectra of A and B.

B If A and B are diagonal independent random matrices, then
log MGF(A+B) = log MGF(A) + log MGF(B);

B Free probability identifies a certain sufficient condition (called
asymptotic freeness) under which the asymptotic spectrum of the sum
can be obtained from the individual asymptotic spectra. 8 =∞
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Non-asymptotic random matrix theory

As free probability only covers the asymptotic regime in which N is sent
to infinity, there are some aspects of random matrix theory to which the
tools of free probability are not sufficient by themselves to resolve.

A nice shortcut

Many “tedious”computations in random matrix theory, particularly those
of algebraic or enumerative combinatorial nature, can be done more
quickly by using the framework of free probability, which is indeed
optimized for algebraic tasks rather than analytical ones.

If in limN→∞
1
NE[Tr(An)] = φ(An) the moment method can be

resorted by computing the moments {τ(An)}n≥1.

φ(An) = 1
NE[Tr(An)] = 1

NE[λn1 + · · ·+ λnN ]

Any help from symbolic methods?
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Multivariate Faà di Bruno Formula
Work in progress

The algebra of random variables
Free probability
Random matrices
Non-asymptotic theory of random matrices
Wishart distribution
Spectral polykays

Non-asymptotic random matrix theory

As free probability only covers the asymptotic regime in which N is sent
to infinity, there are some aspects of random matrix theory to which the
tools of free probability are not sufficient by themselves to resolve.

A nice shortcut

Many “tedious”computations in random matrix theory, particularly those
of algebraic or enumerative combinatorial nature, can be done more
quickly by using the framework of free probability, which is indeed
optimized for algebraic tasks rather than analytical ones.

If in limN→∞
1
NE[Tr(An)] = φ(An) the moment method can be

resorted by computing the moments {τ(An)}n≥1.

φ(An) = 1
NE[Tr(An)] = 1

NE[λn1 + · · ·+ λnN ]

Any help from symbolic methods?

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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B Diaconis, P., Shahshahani, M. (1994) On the Eigenvalues of Random
Matrices J. Appl. Prob.
B Hanlon P.J., Stanley R., Stembridge J. (1992) Some combinatorial
aspects of the Spectra of Normally distributed random matrices
Contemporary Mathematics.

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Wishart distribution S of parameter p

The distribution of the sample variance-covariance matrix of a
multivariate Gaussian model.

Let X = (X1, X2, · · · , Xp) ≈ N(0,Σ) with Σ of full rank p. Set

S =


X1

X2

...
Xp

(X1, X2, . . . , Xp

)
=


X2

1 X1X2 . . . X1Xp

X1X2 X2
2 . . . X2Xp

...
...

...
...

X1Xp X2Xp . . . X2
p

 .

M(z) = E[exp {zTr(S)}] = 1 +
∑∞
k=1E[Trk(S)] z

k

k! =
1

det(Ip − zΛ)
where Λ is the matrix of eigenvalues of Σ = E[S].∑

r≥1 hrt
r =

∏
i≥1

1
1− xit

= exp
(
S1t+ S2

t2

2
+ · · ·

)
with Si power sums in {xi} and hr complete homogeneous symmetric
polynomial in {xi}.
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(x1ū1 + · · ·+ xnūn)n ' [β.(σκū)]n

where ū is the boolean unity, σ is the power sum polynomial umbra and
κū ≡ χ.ū is such that E[(κū)n] = (n− 1)!.

Symbolic representation of the Wishart distribution S(n, p)

Let {E[Trk(S)]} be umbrally represented by the umbra ψ. Then
ψ ≡

n.

β.%̃
where %̃ = %κū and E[%k] = Tr(Σk) for all k ≥ 1.

• Any help from recursions? From Abel representation?

• Cyclic cumulants?

The Wishart distribution of parameters (n, p)
S = XT

(1)X(1) + · · ·+XT
(n)X(n)

where {X(i)}ni=1 are i.i.d. N(0,Σ) with Σ of full rank p.

M(z) = E[exp {zTr(S)}] = 1 +
∑∞
k=1 E[Trk(S)] z

k

k!
=

1

det(Ip − z Λ)n
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where ū is the boolean unity, σ is the power sum polynomial umbra and
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where %̃ = %κū and E[%k] = Tr(Σk) for all k ≥ 1.

• Any help from recursions? From Abel representation?

• Cyclic cumulants?

The Wishart distribution of parameters (n, p)
S = XT

(1)X(1) + · · ·+XT
(n)X(n)

where {X(i)}ni=1 are i.i.d. N(0,Σ) with Σ of full rank p.

M(z) = E[exp {zTr(S)}] = 1 +
∑∞
k=1 E[Trk(S)] z

k

k!
=

1

det(Ip − z Λ)n

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Wishart distribution
Spectral polykays

(n.β.%̃)k '
∑
τ∈Sk

nν(τ)%C(τ) with E[ρC(τ)] =
∏

c∈C(τ)

E[ρl(c)] (3)

Why permutations? Tr(XY Z) = Tr(Y ZX) = Tr(ZXY ) 6= Tr(XZY )
In a trace products can be cyclically permute.

From (3) E[Trk(S)] =
∑
τ∈Sk n

l(τ)
∏
c∈C(τ) Tr

(
Σl(c)

)
If H is a real symmetric matrix and E[Trk(SH)] is umbrally represented
by the umbra ψH , then

ψH ≡ n.β.%̃H
with S 'W (n, p) and E[%kH ] = Tr[(ΣH)k]

⇓
E[Trk(SH)] =

∑
τ∈Sk n

l(τ)
∏
c∈C(τ) Tr

(
[ΣH]l(c)

)
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E[Tr(SH1)Tr(SH2) · · ·Tr(SHk)] =?

If {Hi}ki=1 are real symmetric matrices and {ψi}ki=1 are umbral
monomials umbrally representing {E[Tr(SHi)j ]}ki=1 then

E[ψi11 ψ
i2
2 · · ·ψ

ik
k ] = E[(n.β.ρ̃)i]

with i = (i1, i2, . . . , ik) and ρ̃ = (ρ̃1, . . . , ρ̃k) a k-tuple of
umbral monomial such that ρ̃i = ρiκū and

E[ρi] = E[ρi11 ρ
i2
2 · · · ρ

ik
k ] = Tr

[
(ΣH1)i1(ΣH2)i2 · · · (ΣHk)ik

]
.

E[exp{z1ψ1 + z2ψ2 + · · ·+ zkψk}]
⇓

E
[
(n.β.µ̃)i

]
=
∑
τ∈S|i| n

l(τ)rτ (Σ)(H1, H2, . . . ,Hk)

with rτ (Σ)(H1, H2, . . . , Hk) =
∏
c∈C(τ) Tr

(∏
m∈c ΣHor(m)

)
and with

or(m) = j for m = ij−1 + 1, . . . , ij−1 + ij and j = 1, . . . , k, with i0 = 0.
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In particular for i = (1, 1, . . . , 1)

E[Tr(SH1)Tr(SH2) · · ·Tr(SHk)] =
∑
τ∈Sk

nl(τ)
∏

c∈C(τ)

Tr

∏
j∈c

ΣHj


So E

[
(n.β.µ̃)i

]
generalizes results in

(2004) Letac G. and Massam H. All invariant moments of the Wishart
distribution Scand. J. Statist.

E[rτ (S)(H1, H2, . . . ,Hk)] = E

 ∏
c∈C(τ)

Tr

∏
j∈c
SHj

 =?

Work with the group algebra R[A](Sk) and the convolution

fg(τ) =
∑
ω∈Sk f(ω)g(ω−1τ) =

∑
ω∈Sk f(τω−1)g(ω)

What about the noncentral Wishart distributions?

S = XT
(1)X(1) + · · ·+XT

(n)X(n)

where {X(i)}ni=1 are i.i.d. N(mi,Σ).
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with McCullagh and Senato

Let H be a random unitary matrix uniformly distributed with respect to the Haar
measure on the group Un of n× n unitary matrices.

Hn−m =



h1,1 h1,2 . . . h1,n

...
... . . .

...
hm,1 hm,2 . . . hm,n
hm+1,1 hm+1,2 . . . hm+1,n

...
...

...
...

hn,1 hn,2 . . . hn,n


⇒ Hn−mH

†
n−m = Im

(X1, · · · , Xn) a random sample and X = diag(X1, · · · , Xn)

Y = Hn−mXH
†
n−ma random Hermitian matrix

Spectral sample

The eigenvalues (λ1,Y , . . . , λm,Y ) of Y are real r.v.’s called a spectral sample of size
m from (X1, · · · , Xn).
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Multivariate Faà di Bruno Formula
Work in progress

The algebra of random variables
Free probability
Random matrices
Non-asymptotic theory of random matrices
Wishart distribution
Spectral polykays

with McCullagh and Senato

Let H be a random unitary matrix uniformly distributed with respect to the Haar
measure on the group Un of n× n unitary matrices.

Hn−m =



h1,1 h1,2 . . . h1,n

...
... . . .

...
hm,1 hm,2 . . . hm,n
hm+1,1 hm+1,2 . . . hm+1,n

...
...

...
...

hn,1 hn,2 . . . hn,n


⇒ Hn−mH

†
n−m = Im

(X1, · · · , Xn) a random sample and X = diag(X1, · · · , Xn)

Y = Hn−mXH
†
n−ma random Hermitian matrix

Spectral sample

The eigenvalues (λ1,Y , . . . , λm,Y ) of Y are real r.v.’s called a spectral sample of size
m from (X1, · · · , Xn).

E. Di Nardo 67 SLC & XVII IICA



Outline
An “interesting”table

k-statistics
Multivariate r.v.’s
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Inheritance on the average

A statistic T is said to be natural relative to spectral sampling if, for each
(X1, . . . , Xn) we have

E [Tm(λ1,Y , . . . , λm,Y )|(X1, . . . , Xn)] = Tn(X1, . . . , Xn)

It is this property that gives to these functions a common interpretation
independent of the sample size.

For m = n and for simple random samples, T is a symmetric polynomial.

Therefore assume m = n

B σ ≡ β.(χ.σ) with E[σi] = si in n indeterminates;

B E[σi] =
∑
λ`i

nνλdλ

νλ∏
i=1

E

[
(χ.σ)i

n

]ri
;

B si =
∑
λ`i

nνλ
i!

1r12r2 · · · r1!r2!

k∏
i=1

qrii with qi = 1
(i−1)!E

[
(χ.σ)i

n

]
;
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Multivariate Faà di Bruno Formula
Work in progress

The algebra of random variables
Free probability
Random matrices
Non-asymptotic theory of random matrices
Wishart distribution
Spectral polykays

B Replace the indeterminates with the umbrae corresponding to the eigenvalues of Y
and introduce permutations

Tr(Y i) =
∑
τ∈Si

nl(τ)
∏

c∈C(τ)

ql(c)

B By using convolutions

E

 ∏
c∈C(ω)

Tr(Y l(c))

 =
∑
τ∈Si

nl(ωτ
−1)E

 ∏
c∈C(τ)

ql(c)


B The unitary element respect to this convolution is δe(τ) = δτ,e and so under
suitable hypothesis, invert the previous equation by using n(−1)

E

 ∏
c∈C(ω)

ql(c)

 =
∑
τ∈Si

(n(−1))l(ωτ
−1)E

 ∏
c∈C(τ)

Tr(Y l(c))


Natural statistics! depending on conjugacy classes

In agreement with some computations made by hand starting from simple k-statistics
for i = 2, 3, 4. Starting from polykays, more natural statistics have been found:

lπ =
∑
π̃≥π

µ(π, π̃)κπ̃ , κπ =
∑
π̃≥π

lπ̃

(2006) Capitaine M and Casalis M Cumulants for random matrices as convolutions on
the symmetric group. Probab. Theory Relat. Fields
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Thank you for your attention!
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A parking function is a sequence of non negative integers (u1, u2, . . . , un)
such that there exists a permutation (a1, a2, . . . , an) satisfying ui < ai
for all i.

For example, 3, 0, 1, 3, 1 is parking function, use the permutation
4, 1, 3, 5, 2; but 1, 4, 2, 0, 4 is not.

We denote by park(n) the set of all parking functions of length n, its
cardinality is (n+ 1)n−1.

return P.F.
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