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Find a simple expression for Y " (—=1)"7*(}) f(i). (See equation (1.13).)
8. (a) [2-] Show that
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(b) 2] Find 32,5 ()"

9. Let f(m,n) be the number of paths from (0,0) to (m,n) € N x N, where each
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to find elegant bijective proofs of such identities.

1/2
8. (a) We have 1/V1 —4z = Z( /) )"a™. Now
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(b) Note that (2”” )= 5(2,"‘) n > 0 (see Exercise 1.3(e)).

. (b) While powerful methods exist for solving this type of problem (see Example 6.3.8),
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1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1
1 11 55 165 330 462 462 330 165 55 11 1
1 12 66 220 495 792 924 792 495 220 66 12 1

Q) D)+ )+G) G)+6) BO)+() (5)=1x70+2x20+6x6+20x 2+70 x 1=256=4*
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Let [n] = {1,2,..., n} for a positive integer n (we also write [0] = &) and
suppose 0 < j,j < nwithi+j=n, i,j € Z. Let A=[2i] and B = [2]].
We count the pairs of form (X, Y), where

X CAand |[X| =LAl =i
YCBand|Y|=1Bl =

and / and j take all possible values.
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Example:
Take n =11 and i = 5. Hence, A={1,2,...,10} and
B=1{1,2,...,12}.

Let X = {2,3,4,8,9} and Y = {2,3,5,7,8,11}
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Back to an old identity: ‘_‘,Jrj:n i /
00000 :

Sivica (475) (¥

Generalization (Combinatorial proof)

Claim: } (2’ - k) (211,“ k) = 4" (k €R)

i+j=n

2i—k\ (2j+k
<:>f(k):_z<ll_ )(er >isconstant

n

But £(k) =— > (-1’ <”> fi(k — 2i)

i=0

where fi(k) = (k+i—1), (k+2n) .

_ l)nA”ﬂg(k 20),



Back to an old identity: E,-Jrj:n )T
0O@000
_ 4n
Piti=n ; =4

2.

Generalization (Combinatorial proof)

Claim: )~ <2i ,_ k) (2jjf k) = 4" (k€ R)

i+j=n

= A"fy(k —20) s is constant

where fi(k) = (k+i—1) (k+2n) .

i



Back to an old identity: E,-Jrj:n )T
0O@000
_ 4n
Yivi=n i) = 4

2.

Generalization (Combinatorial proof)

Claim: 3" <2i - k) (2jjf k) — 4" (keR)

i+j=n

= A"fy(k —20) s is constant

where fi(k) = (k+i—1) (k+2n) .

i

AT (k) = (1) (1) (- m) (ki =1), (k+2n)



Back to an old identity: ‘_‘,Jrj:n i /
0O@000 :

Sivica (475) (¥

Generalization (Combinatorial proof)

Claim: 3" <2i - k) (2jjf k) — 4" (keR)

i+j=n
= A"fy(k —20) s is constant

where fi(k) = (k+i—1), (k+2n)__.

A" fy(Kk)j, = (=1)™(n+1)---(n+ m)(k+i—1). (k+2n)
f(k)—pn(€)+p 1(6) k+ -+ po(€) k" (deg(pi) <)

n—i—m



Yiti=n

Generalization (Combinatorial proof)

Claim: )" <2il,_k> (ijk> = 4" (k€ R)

i+j=n J

= A"fy(k —20) s is constant
where fi(k) = (k+i—1), (k+2n)__.

A"Tf(K),, = (=1)"(n+1)---(n+ m)(k+i—1), (k+2n)
fo(k) = pn(€) + pn—1(€) k + -+ + po(€) k" (deg(pi) < i)

fo(k —20) = pp(£) + pn—1(€)(k — 20) + -+ + po(£) (k — 20)"
fo(k —20) = qn(£) + gn_1(£) k + -+ - + qo(f) k" (deg(qi) < i)

n—i—m

vvvvvvvvvvvvvvvvvv



Let gi(x) = >0 (2nn+k)xn' Then

1
X)) = —F/————
gO( ) m
Let also
2
C(x) = ——F—
= T
(C(x) is the generating function of the Catalan numbers)
Then

gk(x) = go(x) Ck(X)~
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Theorem. Let ki, ..., k: be any integers such that k; +--- + k; = 0.
Then

Z 2ih + ky 2ir + ko 20 + k¢ .
in 2 it B

i ti=n

> E)-G)

i+ tie=n
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