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R-polynomials

Def

∃ ! {Ruw(q) | u,w ∈W } ⊂ Z[q] s.t.

Ruw = 0 if u 6≤ w ,

Ruw = 1 if u = w ,

If ws < w , then

Ruw =

{
Rus,ws if us < u,

qRus,ws + (q − 1)Ru,ws if u < us.

Ruw(q) = q
deg Ruw

2 R̃uw(q
1
2 − q−

1
2),

∃ R̃ ∈ N[q], only odd (even) powers

“R”
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Conj (Kobayashi)

R(α) = 0 for α ∈ C =⇒ |α| = 1.

Reason 1: deg R ≤ 7: OK (type A)
deg R ≤ 5: OK (B&D)

Reason 2:

α ∈ R≥0 \ {1} =⇒ R(α) 6= 0.

Reason 3: signed symmetric

(−q)deg(R)R(q−1) = R(q)

R(α−1) = 0⇐⇒ R(α) = 0

Guess:
for all roots α,

α−1 = α ???
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•α = 0 : R(0) = ±1 6= 0 (known).



Prop (Kobayashi)

u < w , α ∈ R≥0 \ {1} =⇒ Ruw(α) 6= 0.

Proof.

•α > 1 : Then α
1
2 − α−

1
2 > 0.

Ruw(α) = α
deg(R)

2 R̃uw(α
1
2 − α−

1
2) > 0.

•0 < α < 1 :

α←→ α−1 symmetry, ok

•α = 0 : R(0) = ±1 6= 0 (known).



Prop (Kobayashi)

u < w , α ∈ R≥0 \ {1} =⇒ Ruw(α) 6= 0.

Proof.

•α > 1 : Then α
1
2 − α−

1
2 > 0.

Ruw(α) = α
deg(R)

2 R̃uw(α
1
2 − α−

1
2) > 0.

•0 < α < 1 :

α←→ α−1 symmetry, ok

•α = 0 : R(0) = ±1 6= 0 (known).



Prop (Kobayashi)

u < w , α ∈ R≥0 \ {1} =⇒ Ruw(α) 6= 0.

Proof.

•α > 1 : Then α
1
2 − α−

1
2 > 0.

Ruw(α) = α
deg(R)

2 R̃uw(α
1
2 − α−

1
2) > 0.

•0 < α < 1 :

α←→ α−1 symmetry, ok

•α = 0 : R(0) = ±1 6= 0 (known).



Prop (Kobayashi)

u < w , α ∈ R≥0 \ {1} =⇒ Ruw(α) 6= 0.

Proof.

•α > 1 : Then α
1
2 − α−

1
2 > 0.

Ruw(α) = α
deg(R)

2 R̃uw(α
1
2 − α−

1
2) > 0.

•0 < α < 1 :

α←→ α−1 symmetry, ok

•α = 0 : R(0) = ±1 6= 0 (known).



Prop (Kobayashi)

u < w , α ∈ R≥0 \ {1} =⇒ Ruw(α) 6= 0.

Proof.

•α > 1 : Then α
1
2 − α−

1
2 > 0.

Ruw(α) = α
deg(R)

2 R̃uw(α
1
2 − α−

1
2) > 0.

•0 < α < 1 :

α←→ α−1 symmetry, ok

•α = 0 : R(0) = ±1 6= 0 (known).



Prop (Kobayashi)

u < w , α ∈ R≥0 \ {1} =⇒ Ruw(α) 6= 0.

Proof.

•α > 1 : Then α
1
2 − α−

1
2 > 0.

Ruw(α) = α
deg(R)

2 R̃uw(α
1
2 − α−

1
2) > 0.

•0 < α < 1 :

α←→ α−1 symmetry, ok

•α = 0 : R(0) = ±1 6= 0 (known).



Thm (Kobayashi)

My conj =⇒ Brenti conj.

Conj. (Brenti)

|[qn]R | ≤
(

deg R
n

)
.

My idea: Differentiate!



Thm (Kobayashi)

My conj =⇒ Brenti conj.

Conj. (Brenti)

|[qn]R | ≤
(

deg R
n

)
.

My idea: Differentiate!



Thm (Kobayashi)

My conj =⇒ Brenti conj.

Conj. (Brenti)

|[qn]R | ≤
(

deg R
n

)
.

My idea: Differentiate!



Proof

d := deg R .

R(q) = (q − α1) · · · (q − αd).

n! [qn](R) = |R (n)(0)|

=

∣∣∣∣∑(
n

m1, . . . ,md

)
(q − α1)(m1) · · · (q − αd)(md )

∣∣∣
q=0

∣∣∣∣
≤
∑(

n

m1, . . . ,md

)
︸ ︷︷ ︸

n!

∣∣∣∣(q − α1)(m1) · · · (q − αd)(md )
∣∣∣
q=0

∣∣∣∣︸ ︷︷ ︸
1

≤
∑

n!

≤ n!

(
d

n

)
�



Proof

d := deg R .

R(q) = (q − α1) · · · (q − αd).

n! [qn](R) = |R (n)(0)|

=

∣∣∣∣∑(
n

m1, . . . ,md

)
(q − α1)(m1) · · · (q − αd)(md )

∣∣∣
q=0

∣∣∣∣
≤
∑(

n

m1, . . . ,md

)
︸ ︷︷ ︸

n!

∣∣∣∣(q − α1)(m1) · · · (q − αd)(md )
∣∣∣
q=0

∣∣∣∣︸ ︷︷ ︸
1

≤
∑

n!

≤ n!

(
d

n

)
�



Proof

d := deg R .

R(q) = (q − α1) · · · (q − αd).

n! [qn](R) = |R (n)(0)|

=

∣∣∣∣∑(
n

m1, . . . ,md

)
(q − α1)(m1) · · · (q − αd)(md )

∣∣∣
q=0

∣∣∣∣
≤
∑(

n

m1, . . . ,md

)
︸ ︷︷ ︸

n!

∣∣∣∣(q − α1)(m1) · · · (q − αd)(md )
∣∣∣
q=0

∣∣∣∣︸ ︷︷ ︸
1

≤
∑

n!

≤ n!

(
d

n

)
�



Proof

d := deg R .

R(q) = (q − α1) · · · (q − αd).

n! [qn](R) = |R (n)(0)|

=

∣∣∣∣∑(
n

m1, . . . ,md

)
(q − α1)(m1) · · · (q − αd)(md )

∣∣∣
q=0

∣∣∣∣

≤
∑(

n

m1, . . . ,md

)
︸ ︷︷ ︸

n!

∣∣∣∣(q − α1)(m1) · · · (q − αd)(md )
∣∣∣
q=0

∣∣∣∣︸ ︷︷ ︸
1

≤
∑

n!

≤ n!

(
d

n

)
�



Proof

d := deg R .

R(q) = (q − α1) · · · (q − αd).

n! [qn](R) = |R (n)(0)|

=

∣∣∣∣∑(
n

m1, . . . ,md

)
(q − α1)(m1) · · · (q − αd)(md )

∣∣∣
q=0

∣∣∣∣
≤
∑(

n

m1, . . . ,md

)
︸ ︷︷ ︸

n!

∣∣∣∣(q − α1)(m1) · · · (q − αd)(md )
∣∣∣
q=0

∣∣∣∣︸ ︷︷ ︸
1

≤
∑

n!

≤ n!

(
d

n

)
�



Proof

d := deg R .

R(q) = (q − α1) · · · (q − αd).

n! [qn](R) = |R (n)(0)|

=

∣∣∣∣∑(
n

m1, . . . ,md

)
(q − α1)(m1) · · · (q − αd)(md )

∣∣∣
q=0

∣∣∣∣
≤
∑(

n

m1, . . . ,md

)
︸ ︷︷ ︸

n!

∣∣∣∣(q − α1)(m1) · · · (q − αd)(md )
∣∣∣
q=0

∣∣∣∣︸ ︷︷ ︸
1

≤
∑

n!

≤ n!

(
d

n

)
�



Proof

d := deg R .

R(q) = (q − α1) · · · (q − αd).

n! [qn](R) = |R (n)(0)|

=

∣∣∣∣∑(
n

m1, . . . ,md

)
(q − α1)(m1) · · · (q − αd)(md )

∣∣∣
q=0

∣∣∣∣
≤
∑(

n

m1, . . . ,md

)
︸ ︷︷ ︸

n!

∣∣∣∣(q − α1)(m1) · · · (q − αd)(md )
∣∣∣
q=0

∣∣∣∣︸ ︷︷ ︸
1

≤
∑

n!

≤ n!

(
d

n

)
�



Thank you!


