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Motivation

Let n and m be positive integers. Let S, be
the symmetric group on [n] = {1,...,n}.

Let V = C™ be an m-dimensional vector space
over C with basis {e1, - - ,em}.

There is a right action of C[Sp] on ™V given
by place permutation

(Ul®...®Un>0-:fvo_(l)@...@rvo_(n)’
where o € S, and vy, --- ,up € V.

Let A be a partition of n and let X/\ be the
irreducible character of S,, corresponding to A.

For vy,--- ,up €V, set v®=v1®---®fvn.

Let ), be the linear operator of "V given by

A1
m(v®) = Xn—(l) > X/\(G)(’Ug(l) ® ® Vg(p))-



Let vy,---vp € V, and v® =v1 Q- - Qup. The
image m\(®"V) is a symmetry class of tensors
and my,(v®) is called a symmetrized tensor.

Classic problems are to determine necessary
and sufficient conditions for the annulment and
equality of symmetrized tensors [C. Gamas; J.
Dias da Silva]. For example,

Theorem 1 (Gamas, 1988) Let A be a par-
tition of n and let vq,--- ,vn be vectors in V.
T hen

TA(v1 ® - Q@ vn) # O

if and only if there is a tableau T' of shape A\
whose columns index linearly independent sub-
sets of {v1, -+ ,vn}.



Schur-Weyl Duality and Berget’s approach

Let G = GL,(C). G acts diagonally on @™V
via, for g € G and vq,--- ,vnp €V,

g1 ® - Quvp) =g(v1) @+ Q@ g(vn).

This action centralizes the right action of C[Sy,]
on "V by place permutation. We have

Theorem 2 (Schur-Weyl Duality)

and



T he Rook Monoid

Definition 1 The rook monoid R,, is the set
of all partial permutations of [n] endowed with
the usual composition of partial functions.

Equivalently, R, is the set of all n x n matri-
ces that contain at most one entry equal to 1
in each column and row and zeros elsewhere,
under matrix multiplication.

Example Let 0 € Rg be

(1 2 345
°=\l2 - 14 - |

The element o can be represented as

O 01 0O
1 00 0O
c=100 00O
O 0 010
O 0 0O 0O




Problems

(7) Is it possible to define the notion of partial

(@)

(#i4)

symmetry classes of tensors if we replace
the action of S, on ™V by a suitable ac-
tion of the rook monoid R, on some tensor
spacer’

What can we say about the annulment or
equality of partially symmetrized tensors?

What combinatorics are involved in those
problems (in particular, with relation with
Matroid Theory)?



Representation theory of C[R,]

Theorem 3 (Munn, 1957) For 1 < r < n,
let A, = MC;L) (C[Sr]) be the C-algebra of all
matrices with rows and columns indexed by
subsets I, J C [n] of size r and entries in C[Sy].
Forr =20, let A = C. Then

CLRA] = @ My (CIS).
r=0

In particular, C[Ry,] is a semisimple algebra.

For each partition A of r, let p* be the irre-
ducible representation of C[S;] corresponding
to A. The set

Theorem 4 (Munn, 1957) Let 0 < r < n.

{p)‘* : A is a partition of r,» =0,1,---n}

is a full set of inequivalent irreducible represen-
tations of R,,.



Schur-Weyl duality for R, and GL,(C)

Let V = C™ be an m-dimensional vector space
over Cand U=V &C.

Theorem 5 (Solomon, 2002) Let GL,(C) act
on ®"U by fixing C and ¢ : Ry — Endc(®"U)
defined by the right action of R, over Q*U. If
m > n, then

ClRy] = End@[GLm(C)](®nU)‘

A naive application

Let X\ be a partition of r, where 1 <r <n. The
primitive central idempotent of R,, correspon-
ding to A is given by

x*(1r) KX A
> >, > (=1 (T)(PrTPR D)X

rl K] XCK 1S,
|K‘='r |K‘:’l“

ej‘\:




Polynomial representations of GL,,(C)

Let V = C™ be an m-dimensional vector space
over C and

U:V@Ceoo

with basis {e1, - ,em,ex} Over C.

For every X C [n], set
Mx(m) ={a: X — [m]}
and F(m)z U FX(m)

XC[n]

Example Let m =7 and n = 5.

If X ={1,3,5} C [5], then

a= (a(l),a(3),a(5)) = (7,2,2) e I x(7).



Polynomial representations of GL,,(C)

For X C [n] let a € Mx(m), a: X — [m]. the
element 2 € @"U will be defined by

co = eg(1) ®  ®eg(n)

where 3 : [n] — [m] € I_[n](m) and 3(i) = a(7)
if i € X and egy = eoo if i ¢ X.

Example As in the previous example, let
m =7, n=05and X = {1,3,5} C [5]. As
before

a=(a(l),a(3),a(5)) = (7,2,2) € ' x(7).
Then, the element ¢ € ®°U is given by

el = e7 ® eoo ® 3 ® oo ® €.

The set {e2 :a € M(m)} is a C-basis of @"U.



Polynomial representations of GL,,(C)

Let G = GLn(C). U can be regarded has a

C[G]-module with, for any § = 1,---,m and
geaG,
g.ej = Zcz-,j(g)ei and g.eco = eco
1=1

where ¢; ; : G — C is given by ¢; ;(g) = gi ;.

(G acts diagonally on ®"U via

g(u1 ® - Qun) =g(u1) -+ @ g(un),
forge G and uq,--- ,un € U.

Equivalently, let X = {z1,---,z+} C [n], B €
My (m), e%) € Q"U is the corresponding basis
element and g € G, then

ges = > caplg)ed
acl x(m)

where cq, 5(9) = ¢a(21).8(21)(9) " Ca(z) B(z,) (9)-
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The Schur Algebra

A= An(m) =< cqg:a,felx(m),XCn]>
is the C-space generated be all the monomial
functions ¢, g : G — C.

The Schur algebra S is the dual C-space of A
S = A" = Hom¢(A; C).
S is a finite-dimensional associative C-algebra.

Every C[G]-module whose coefficient space lies
in A can be viewed as a S-module.

Therefore, RX™U has the structure of a left
S-module. For any £ €¢ S, X C [n] and
B el x(m), we define

6.6% — Z §(ca,5)e§

acl x(m)
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Let R, = @M( y(C[Sr]) be the C-algebra of

matrices referred to in theorem 3.

It is possible to define an appropriate right
Rnp-action on ®"U that commutes with the
above left S-action. Since R, = C[Rp] as
C-algebras, we have

Theorem 6 (Schur-Weyl Duality) Let m >
n. The representation p : § — Endc(Q"U)
afforded by the left action of S on ®"U induces
an isomorphism of C-algebras

S = End@[Rn](®nU)
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An application

Let O < r < n and let A be a partition of r.
Consider the linear operator of U associated
with A, 7} € Endgs(®"U).

Let uy,--- ,un € U and u®=u1®~°®un€ MU .

S(u®) is the S-submodule of ®"U generated
by u®,

R(u®) is the C[Rp]-submodule of @™U genera-
ted by u®.

Proposition 1 Let O < r < n and let A\ be a
partition of r. The following are equivalent

(i) The multiciplicity of X is positive in S(u®);
(i1) The multiciplicity of \ is positive in R(u®);

(i33) 75 (u®) # 0.
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Further directions

Let O < r < n and let A be a partition of r.
A A\'-tableau is a Ferrers diagram of shape
A filled with r distinct entries from the set
{1,2,--- ,n}.

In 2002, C. Grood showed that the irreduci-
ble C[R,]-modules can be realized in terms of
Ar-tableaux.

Using Schur algebras, we expect to provide a
combinatorial condition for the annulment of
a partial symmetrized tensor wf\(u@)) analog to
Gama’'s condition.

We also expect to study and solve open pro-
blems related to the linear matroid determined
by a finite collection of vectors u = {uq1, - ,un},
where u; € U.
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