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Motivation

By study of the combinatorial properties of the Temperley—Lieb
algebra we mean the study of two families of polynomials which
arise naturally in the context of the Temperley—Lieb algebra
associated to a Coxeter group. These polynomials are the
analogous of the well-known R—polynomials and
Kazhdan—Lusztig polynomials defined in the context of the
Hecke algebra of a Coxeter group.
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associated to a Coxeter group. These polynomials are the
analogous of the well-known R—polynomials and
Kazhdan—Lusztig polynomials defined in the context of the
Hecke algebra of a Coxeter group.

This work was motivated by the fact that, on the one hand, the
Kazhdan—-Lusztig polynomials and the R—polynomials have
been studied a lot, since they were first defined. On the other
hand, no one has ever studied their analogous in the
Temperley—Lieb algebra.
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Motivation

By study of the combinatorial properties of the Temperley—Lieb
algebra we mean the study of two families of polynomials which
arise naturally in the context of the Temperley—Lieb algebra
associated to a Coxeter group. These polynomials are the
analogous of the well-known R—polynomials and
Kazhdan—Lusztig polynomials defined in the context of the
Hecke algebra of a Coxeter group.

This work was motivated by the fact that, on the one hand, the
Kazhdan—-Lusztig polynomials and the R—polynomials have
been studied a lot, since they were first defined. On the other
hand, no one has ever studied their analogous in the
Temperley—Lieb algebra.

The main purpose of this work is to highlight the analogies
between these polynomials.
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Basic Definitions

A Coxeter Matrix of order n is a symmetric matrix
m : [n] x [n] — P U {oco} such that

m(i,j) =1 < i =], Vi,j €[n].
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Basic Definitions

A Coxeter Matrix of order n is a symmetric matrix
m : [n] x [n] — P U {oco} such that

m(i,j) =1 < i =], Vi,j €[n].

A Coxeter System associated to a Coxeter matrix m is a pair
(W, S), where W is a group with set of generators
S ={s1,...,Sn} and relations

(sis))™) = e, vi.j € [n].
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Basic Definitions

A Coxeter Matrix of order n is a symmetric matrix
m : [n] x [n] — P U {oco} such that

m(i,j) =1 < i =], Vi,j €[n].

A Coxeter System associated to a Coxeter matrix m is a pair
(W, S), where W is a group with set of generators
S ={s1,...,Sn} and relations

(sis))™) = e, vi.j € [n].

A Coxeter Graph of a Coxeter system (W, S) is the graph
whose node set is S and whose edges are the unordered pairs
{si,s;j} such that m(i,j) > 3. The edges {s;, sj} such that
m(i,j) > 4 are labelled by the number m(i, j).
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An Example

Coxeter matrix and corresponding Coxeter graph, which we will
denote by Agz:

1 3 2
3 1 3 v 2
2 31
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Example

Coxeter matrix and corresponding Coxeter graph, which we will
denote by Agz:

1 3 2
3 1 3 v 2
2 31

The previous Coxeter matrix determines a group W = W (A3)
generated by s, S,, and sz subject to the relations si2 =eand

S$1S2S1 = S2S81Sp, «— m(l, 2) =3
S3S2S3 = S$283S2, «— mM(2,3) =3
S1S3 = S35 — m(1,3) =2
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The Symmetric Group

Let (W, S) be the Coxeter system associated to the Coxeter
graph X. Then we say that (W, S) has type X.

The pair (Sp, S) is a Coxeter system of type

S1 S2 S3 Sh—2 Sn—1

denoted by A,_1, with (n > 1).
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The Symmetric Group

Let (W, S) be the Coxeter system associated to the Coxeter
graph X. Then we say that (W, S) has type X.

The pair (Sp, S) is a Coxeter system of type

S1 S2 S3 Sh—2 Sn—1

denoted by A,_1, with (n > 1).

Group isomorphism: s; — (i,i + 1). Hence, S, is generated by
S1, S, -+ ,Sn_1 Such that si2 = e and subject to

SiSjSi = S§jSi§; if |i —]| =1

SiSj = SjSj if‘i—”ZZ
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Length Function and Bruhat order

Any elementw € W (X) can be written as product of
generators. The length of w, denoted by ¢(w), is the minimal k
such that w can be written as the product of k generators. If
w =s; ---s; andk = /(w) thens; ---s; is called a reduced
expression or a reduced word of w.
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Length Function and Bruhat order

Any elementw € W (X) can be written as product of
generators. The length of w, denoted by ¢(w), is the minimal k
such that w can be written as the product of k generators. If
w =s; ---s; andk = /(w) thens; ---s; is called a reduced
expression or a reduced word of w.

We may define a partial order relation < on W (X), called the
Bruhat order relation. The following is a characterization of the
Bruhat order relation.

Theorem (Subword Property)

Letx,w € W(X) and let s;s; - - - sq be a reduced expression of
w. Then x < w if and only if x admits a reduced expression of
the forms; s;, - - - s, with 1 <i; <--- <ix <. In this case we

say that x is a subword of w.
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Fully Commutative Elements

Definition (J. R. Stembridge)

An elementw € W (X) is fully commutative if any reduced
expression for w can be obtained from any other by applying
Coxeter relations that involve only commuting generators. Let

W (X) = {w e W(X) : wis a fully commutative element}.
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Fully Commutative Elements

Definition (J. R. Stembridge)

An elementw € W (X) is fully commutative if any reduced
expression for w can be obtained from any other by applying
Coxeter relations that involve only commuting generators. Let

W (X) = {w e W(X) : wis a fully commutative element}.

Therefore W¢(A,_1) may be described as the set of elements
of W(A,_1) whose reduced expressions avoid substrings of the
form s;sj,1s;, foralli € [n —2].
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Fully Commutative Elements

Definition (J. R. Stembridge)

An elementw € W (X) is fully commutative if any reduced
expression for w can be obtained from any other by applying
Coxeter relations that involve only commuting generators. Let

W (X) = {w e W(X) : wis a fully commutative element}.

Therefore W¢(A,_1) may be described as the set of elements
of W(A,_1) whose reduced expressions avoid substrings of the
form s;sj,1s;, foralli € [n —2].

Theorem (S. C. Billey; W. Jockush; R. P. Stanley)

Sn(321) = W¢(An_1), foralln > 2.
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Definition of Hecke Algebra

Let A be the ring of Laurent polynomials Z[q%,q‘%].
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Definition of Hecke Algebra

Let A be the ring of Laurent polynomials Z[q%,q‘%].

Definition

The Hecke algebra H(X) associated to W (X) is an A-algebra
with linear basis {Ty : w € W(X)}. Forallw € W(X) and

s € S(X) the multiplication law is determined by

o Tus if £(ws) > ¢(w),
TwTs = { qTws + (g — 1)Tw if £(ws) < ¢(w),

-

We refer to {Tw : w € W(X)} as the standard basis for H(X).
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Involution and R—polynomials in 3 (X)

Define amap j : H — 3 such that j(Ty) = (T,,-1) "1, j(q) =g~
and linear extension. The map j is a ring homomorphism of
order 2 on H(X).
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Involution and R—polynomials in 3 (X)

Define amap j : H — 3 such that j(Ty) = (T,,-1) "1, j(q) =g~
and linear extension. The map j is a ring homomorphism of
order 2 on H(X).

To express j(Ty) as a linear combination of elements in the
standard basis, one defines the so—called R—polynomials.

Theorem (D. Kazhdan; G. Lusztig)

Let &, & (—1)®), for every x € W (X). There is a unique family
of polynomials {Rx,w(Q)}x,wew C Z[q] such that

Tv;}l = qu_z(w) Z Ex RX,W(q)TX7

X <w

where Ry x(q) =1 and Ry w(q) =0if x £ w.
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Canonical Basis for (X))

Theorem (D. Kazhdan; G. Lusztig)

There exists a unique basis {C}, : w € W (X)} for H(X) such
that

() j(Cy) =Cu,

(i) Chy =% T Prwl(@)Ts,
where deg(Pyxw(q)) < 3(¢(w) — £(x) — 1), Pxx(q) = 1 and
Px7w(q) =0ifx z W.
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Canonical Basis for (X))

Theorem (D. Kazhdan; G. Lusztig)

There exists a unique basis {C}, : w € W (X)} for H(X) such
that

(i) i(Cy) = Cy,
(i) Clhy = a2 e Prow (@) T,

where deg(Pyxw(q)) < 3(¢(w) — £(x) — 1), Pxx(q) = 1 and
Pxw(d) =0if x £ w.

We will refer to the latter basis as the Kazhdan—Lusztig basis
for H(X).
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Definition of Generalized Temperley—Lieb Algebra

Consider the two-sided ideal J(X) generated by all elements of
H(X) of the form 37, c s sy Tw, Where (s;, sj) runs over all pairs

in S(X)? suchthat2<m( ,J) < oo.
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Definition of Generalized Temperley—Lieb Algebra

Consider the two-sided ideal J(X) generated by all elements of
H(X) of the form 37, c s sy Tw, Where (s;, sj) runs over all pairs

in S(X)? such that 2 < m( ,J) < oo.
Definition (H. N. V. Temperley; E. H. Lieb)

Let X be a Coxeter graph of type A. The Temperley—Lieb
algebra is

TLX) E 3((X) /3 (X).

Alfonso Pesiri Combinatorial Properties of the Temperley-Lieb Algebra



Coxeter Groups
Preliminaries The Hecke Algebra
The Generalized Temperley-Lieb Algebra

Polynomials Dy w

Definition of Generalized Temperley—Lieb Algebra

Consider the two-sided ideal J(X) generated by all elements of
H(X) of the form 3°,, ¢ s, 5, Tw, Where (s;, sj) runs over all pairs

in S(X)? such that 2 < m( ,J) < oo.
Definition (H. N. V. Temperley; E. H. Lieb)

Let X be a Coxeter graph of type A. The Temperley—Lieb
algebra is

TLX) E 3((X) /3 (X).

J. J. Graham extended this definition to arbitraty Coxeter graphs
and he showed that the generalized Temperley—Lieb algebra is
finite dimensional when X is a finite irreducible Coxeter graph.
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Multiplication Law

Letty = o(Tw), where o : H — H/J is the canonical projection.
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Multiplication Law

Letty = o(Tw), where o : H — H/J is the canonical projection.

Proposition (J. J. Graham)
The generalized Temperley-Lieb algebra TL(X) admits an
A-basis of the form {ty, : w € W(X)}. It satisfies

- if 4(ws) > £(w),
v { Qtws + (A — 1)tw if £(ws) < £(w).

We call {ty : w € W¢(X)} the t—basis of TL(X)
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Involution and Polynomials ay

The map j induces an involution on TL(X ), which we still
denote by j.Therefore j(ty) = (t,—1) "t and j(q) = q1.
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Involution and Polynomials ay

The map j induces an involution on TL(X ), which we still
denote by j.Therefore j(ty) = (t,-:)"* and j(q) = q L.

We have seen that the R—polynomials express the coordinates
of j(Tw) with respect to the standard basis of H(X). The
polynomials ay w play the same role in TL(X).

Proposition (R. M. Green; J. Losonczy)

Letw € W¢(X). Then there exists a unique family of
polynomials {ay w(q)} C Z[q] such that

(tw*l)_lzq_é(w) Z ay w(a)ty,

yEWe(X)
y<w

where ayww(q) =1 and ay w(q) =0ify £ w.

>
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The IC Basis

The generalized Temperley-Lieb algebra admits a basis
{cw : W € W¢(X)}, called IC basis, which is analogous to the
Kazhdan-Lusztig basis {C}, : w € W (X)} of H(X).

Alfonso Pesiri Combinatorial Properties of the Temperley-Lieb Algebra



Coxeter Groups

Preliminaries The Hecke Algebra
The Generalized Temperley-Lieb Algebra
Polynomials Dy w

The IC Basis

The generalized Temperley-Lieb algebra admits a basis
{cw : W € W¢(X)}, called IC basis, which is analogous to the
Kazhdan-Lusztig basis {C}, : w € W (X)} of H(X).

Theorem (R. M. Green; J. Losonczy)

There exists a unique basis {cy : W € W¢(X)} for TL(X) such
that

() j(cw) = cw,

.. (x)

(i) cw = er<wc q_%l—x,w(q_%)tx’
x<w

where {Lx7w(q_%)} C q_%Z[q_%], LX,X(q‘%) =1 and
Lxﬁw(q_%) =0ifx £ w.
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Analogies

We make clear the general setting by means of the following
diagrams. The arrow -~ denotes the canonical projection.

H(X) o {Tug = W E W(X)} o {Cl = W € W(X)}

| | |

TL(X) e =Lty 1 W € We(X)} s >{cw : W € Wc(X)}
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Analogies

We make clear the general setting by means of the following
diagrams. The arrow -~ denotes the canonical projection.

H(X) o {Tug = W E W(X)} o {Cl = W € W(X)}

| | |

TL(X) e =Lty 1 W € We(X)} s >{cw : W € Wc(X)}

j—C(X) ................ - R_po|yn0mia|s ................... > K—L p0|ynomia|s
| a a
v v

TL(X) e > Polynomials {ay w } - > Polynomials {Ly w }
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Polynomials Dy ()

Recall that t,, denotes the canonical projection of the standard
basis element T, for every w € W (X).
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Polynomials Dy ()

Recall that t,, denotes the canonical projection of the standard
basis element T, for every w € W (X).

Proposition (R. M. Green; J. Losonczy)

There exists a unique family of polynomials
{Dxw (a) }xewe (x)wew (x) C Z[q] such that

tw = Z DX,W(q)tX7

XEWC(X)
xX<w

where Dy, w(q) = 1ifw € W¢(X).
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Recursive Fromula for Dy

Proposition (A. Pesiri)

Let X be an arbitrary Coxeter graph. Letw ¢ W¢(X) and
s € S(X) be such thatw > ws ¢ W¢(X). Then, for all

X € We(X), x < w, we have

DX,W(q) = 6 + Z DX,YS(q)D%WS(q)’
yEWe(X), ysgWe(X)
ys>y

. Dysws(Q) + (0 — 1)Dyxws(q) ifxs <X,
D= qus,ws(Q) if X <Xxs & WC(X)7
0 if X < xs & We(X).
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Recursive Fromula for Dy

Proposition (A. Pesiri)

Let X be an arbitrary Coxeter graph. Letw ¢ W¢(X) and
s € S(X) be such thatw > ws ¢ W¢(X). Then, for all

X € We(X), x < w, we have

DX,W(q) = 6 + Z DX,YS(q)D%WS(q)’
yEWe(X), ysgWe(X)
ys>y

. Dysws(Q) + (0 — 1)Dyxws(q) ifxs <X,
D= qus,ws(Q) if X <Xxs & WC(X)7
0 if X < xs & We(X).

Observe that this recursion is similar to the one for the
parabolic Kazhdan—Lusztig polynomials.
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Branching Coxeter Graph

Definition
We say that a Coxeter graph X is branching if X contains a
vertex connected to at least three other vertices. Otherwise X

is called a non—branching graph.
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My Results

Branching Coxeter Graph

Definition

We say that a Coxeter graph X is branching if X contains a
vertex connected to at least three other vertices. Otherwise X
is called a non—branching graph.

Type D is branching while type B is hon—branching.

Sy S3 Sy Sn—1 Sn
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Non-recursive Formula for Dy ,,

From now on, X will always denote a finite irreducible
non-branching Coxeter graph.
The following theorem is the main result of this work.
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My Results

Non-recursive Formula for Dy ,,

From now on, X will always denote a finite irreducible
non-branching Coxeter graph.
The following theorem is the main result of this work.

Theorem (A. Pesiri)
For all x € W¢(X) and w ¢ W¢(X) such that x < w, we have

k
Dyxw(q) = Z ((—1)k H Pxil,xi(Q)> )
i=1

where the sum is taken over all the chains
X =Xg < X1 <---<X¢ =W such that x; ¢ W¢(X) ifi > 0, and
1<k <£(x,w).
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Corollaries

Corollary (A. Pesiri)

Let x € W¢(X) and w ¢ W¢(X) be such that x < w. Then
® Dyxw(q) = Dx—l,w—l(q);
° DX,W(q) = DWoXWo,WoWWo(Q)'

where wgp denotes the maximum in W (X).
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Corollaries

Corollary (A. Pesiri)

Let x € W¢(X) and w ¢ W¢(X) be such that x < w. Then
® Dyxw(q) = Dx—l,w—l(q);
° DX,W(q) = DWoXWo,WoWWo (Q)'

where wgp denotes the maximum in W (X).

In [1], Green and Losonczy state that a degree bound on Dy
may be of interest. Here is the answer.

Corollary (A. Pesiri)
Letx € W¢(X) and w ¢ W¢(X) be such that x < w. Then
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Explicit formulas

We obtain some explicit formulas for the polynomials Dy ,y such
that the Bruhat interval [x, w] has a particular structure.

Recall that e, & (—1)/®), for every x € W (X).
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My Results

Explicit formulas

We obtain some explicit formulas for the polynomials Dy ,y such
that the Bruhat interval [x, w] has a particular structure.

Recall that e, & (—1)/®), for every x € W (X).

Proposition (A. Pesiri)

Let S1S5 -+ -Sn_1SnSn—1 - - - S»S1 be a reduced expression for
w € W(Aq) and let x € W (A) be a Coxeter element. Then

Dx,w(Q) = ExEw-
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My Results

Explicit formulas

We obtain some explicit formulas for the polynomials Dy ,y such
that the Bruhat interval [x, w] has a particular structure.

Recall that e, & (—1)/®), for every x € W (X).

Proposition (A. Pesiri)

Let S1S5 -+ -Sn_1SnSn—1 - - - S»S1 be a reduced expression for
w € W(Aq) and let x € W (A) be a Coxeter element. Then

Dx,w(Q) = ExEw-

The previous result can be conveniently generalized to arbitrary
finite irreducible non—branching Coxeter graphs.
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Non-recursive Formula for Ly

Theorem (A. Pesiri)
For all elements x,w € W¢(X) such that x < w we have

k+1

_1 £(x)—£(w)
Lxw (d %):q 2 Z (_1)kHPXi71,Xi(q) )
i=1

where the sum runs over all the chains
X =Xg < X1 < -+ < Xgy1 =W such that x; € W¢(X) if
1<i<k,and0 <k </{(x,w)—1.
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Corollaries

Corollary (A. Pesiri)
Letx,w € W¢(X) be such that x < w. Then
® Liw(d72) = Ly-1y-2(q72);

1 1
° LX,W(q_E) = LWoXW07WoWWo(q_§)-
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Corollaries

Corollary (A. Pesiri)

Let x,w € W¢(X) be such that x <w. Then
® Lew(072) = Lyt y1(a72);

1 1
° LX,W(q_E) = LWoXWO,WoWWo(q_E)-

.

Corollary (A. Pesiri)

Letv € W¢(X) and define

£(u)
Fv(q) « Z Euq_TLu,v(q_%)-

ueWe(X)
u<v

Then Fv(q) == Fv(q_l) == 5e7v.
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My Results

Non-recursive Formula for ay

Proposition (A. Pesiri)

Let x,w € W¢(X) be such that x < w. Then

axw(q) = exewRxw(d)+

k
+ Z eyewRy w(Q) (Z(_l)k pri_l,xi (Q)> )
i=1

yEWe(X)
X<y <w

where the second sum runs over all the chains
X =Xg < --- <X¢ =Y such that x; & W¢(X) ifi > 0.
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Corollaries

Corollary (A. Pesiri)

For all x,w € W¢(X) such that x < w we have
(i) ax,w(l) =0;
(ii) axw(0) = 3 (—1)k,
where the sum is taken over all the chains
X =Xg < X1 < -+ < Xgy1 =W such that x; € W¢(X) if
1<i<k,and0 <k </{(x,w)—1.
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Corollaries

Corollary (A. Pesiri)

For all x,w € W¢(X) such that x < w we have
() axw(1) =0;
(i) axw(0) = 32(~1)¥,

where the sum is taken over all the chains

X =Xg < X1 < -+ < Xgy1 =W such that x; € W¢(X) if
1<i<k,and0 <k </{(x,w)—1.

Corollary (A. Pesiri)

Letx,w € W¢(X). Then we have that
(i) aX,W(Q) = ax—l,w—l(q);

(i) ax,w (q) = Bwoxwo,Wowwo (a).

| A\
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More Corollaries

Corollary (A. Pesiri)
Letw € W¢(X). Then

D exewaxw(a) =M.

XEWe(X)
X<w
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More Corollaries

Corollary (A. Pesiri)
Letw € W¢(X). Then

D exewaxw(a) =M.

XEWe(X)
X<w

Lastly, we are able to compute the degree of ay .

Corollary (A. Pesiri)
Letx,w € W¢(X) and x < w. Then deg(axw(q)) = ¢(w) — £(x).
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Computing D—polynomials

Consider the symmetric group S4 = W (Agz). In TL(A3) the
following relations hold:

tsisi+15i + tsi5i+l + t5i+lsi + tsi + t5i+l + te == 0, f0r a” | S {1, 2}

By the expression untying the braid, we mean performing the
substitution

t5i5i+15i = _t5i5i+1 - t5i+15i — 15 — t5i+1 —le.
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Computing D—polynomials

Consider the symmetric group S4 = W (Agz). In TL(A3) the
following relations hold:

tsisi+15i + tsi5i+l + t5i+lsi + tsi + t5i+l + te == 0, f0r a” | S {1, 2}

By the expression untying the braid, we mean performing the

substitution
tsisias = ~lisin —lsas —Is —bs, — e

Recall that
o — tws if £(ws) > ¢(w),
I gtws + (g — Dty if £(ws) < £(w).
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Computing D—polynomials

Worked Example

Letw = s$3S,535251 = [1,2,3,2,1] € W(A3). To compute
Dx,w(qQ) we have to untie the braids.
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Computing D—polynomials

Worked Example

Letw = s$3S,535251 = [1,2,3,2,1] € W(A3). To compute
Dx,w(qQ) we have to untie the braids.

t1p2321=11-1b321
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Computing D—polynomials

Worked Example

Letw = s$3S,535251 = [1,2,3,2,1] € W(A3). To compute
Dx,w(qQ) we have to untie the braids.

t12321=1-T321
=t -(—thg—t3o—th—t3—te)
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Computing D—polynomials

Worked Example

Letw = s$3S,535251 = [1,2,3,2,1] € W(A3). To compute
Dx,w(qQ) we have to untie the braids.

t12321=1-T321
=t (s —tao—th —tg3—te) 13
=-—t231—ti3p1—tip1—t3-h -t -1y
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Computing D—polynomials

Worked Example

Letw = s$3S,535251 = [1,2,3,2,1] € W(A3). To compute
Dx,w(qQ) we have to untie the braids.
t1p2321=11-1b321
=t (g g2~ —ta3—te) g
=-—t231—ti3p1—tip1—t3-h -t -1y
= —tio13—13121—tio1—(qts + (g — 1)ty 3)+
—(gte + (a4 — 1)ty)
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Computing D—polynomials

Worked Example

Letw = s$3S,535251 = [1,2,3,2,1] € W(A3). To compute
Dx,w(qQ) we have to untie the braids.
t1p2321=11-1b321
=t (g g2~ —ta3—te) g
=-—t231—ti3p1—tip1—t3-h -t -1y
= —tio13—13121—tio1—(qts + (g — 1)ty 3)+
—(gte + (a4 — 1)ty)
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Computing D—polynomials

Worked Example

Letw = s$3S,535251 = [1,2,3,2,1] € W(A3). To compute
Dx,w(qQ) we have to untie the braids.
t1p2321=11-1b321
=t (g g2~ —ta3—te) g
=-—t231—ti3p1—tip1—t3-h -t -1y
= —tio13—13121—tio1—(qts + (g — 1)ty 3)+
—(gte + (a4 — 1)ty)

=1-gqte+2-Pt1 +t2+(2—-q)t3+ (83— )ty 3+
+ hottbhi+bhazt+tzot+tioztizos+li3o+113.
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Computing D—polynomials

Worked Example

Letw = s$3S,535251 = [1,2,3,2,1] € W(A3). To compute
Dx,w(qQ) we have to untie the braids.
t1p2321=11-1b321
=t (g g2~ —ta3—te) g
=-—t231—ti3p1—tip1—t3-h -t -1y
= —tio13—13121—tio1—(qts + (g — 1)ty 3)+
—(gte + (a4 — 1)ty)

=1-gqte+2-Pt1 +t2+(2—-q)t3+ (83— )ty 3+
+ hottbhi+bhazt+tzot+tioztizos+li3o+113.

Therefore we get Ds, w(q) = Ds,w(q) =2—0, Ds;s,w =3 —0
and Dy w(q) = 1 for the rest of the elements x < w.
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Basic Ideas for the Proof

A Key Observation

One may wonder whether the map o : H(X) — H(X)/I(X)
satisfies

oy — cw ifw e W¢(X),
“C)=V0 w2 weX).
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Basic Ideas for the Proof

A Key Observation

One may wonder whether the map o : H(X) — H(X)/I(X)
satisfies

oy — cw ifw e W¢(X),
“C)=V0 w2 weX).

Proposition

The answer is affirmative for non—branching graphs, that is for
types A, B, I;(m), F4, Hz and Hy, and negative for branching
graphs, that is for types D, Eg, E7 and Eg.
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Basic Ideas for the Proof

Sketch of the Proof. |

£(w)
o(Cy)=q 2z Pxw(d)a(Tx)
x<w
_tw)
=q 2 Px.w(d) Z Dy x(a)ty
x<w yEW(X)
y<x
_£w)
=q 2 Z Dy x(4)Pxw(a) | ty
yeWe(X) \y<x<w
y<w
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Basic Ideas for the Proof

Sketch of the Proof. |

_£w)
=q 2 (Z Dy x(4)Pxw(a) | ty
yEW(X)

y<x<w

ysw

On the other hand, whenw ¢ W,(X) we get ¢(C,,) = 0.
Therefore the expression highlighted in red is equal to O.
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Basic Ideas for the Proof

Sketch of the Proof. Il

Keep in mind that

y <x<w

and proceed by induction on ¢(x,w) = ow) — £(x).
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Basic Ideas for the Proof

Sketch of the Proof. Il

Keep in mind that

y<x<w
and proceed by induction on ¢(x,w) = ow) — £(x).

If £(x,w) =1, then we get Dy w(q) = —Pxw(q). If £(x,w) > 1,
then
Dy (d) = —Pxw(a) — Z Dy.t(d)Prw(a)
t¢We (X)

Xx<t<w
and the statement follows by applying the induction hypothesis
on Dy +(q).
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