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shift) in the expression of FT8.

D10101101 =

FT3 K5

Inside v, the zeroes indicate which strands are connected to the full twist FTk, and the ones
indicate which are connected to K�, for k + � = n.

Then, of course, one wants to compute the Hochschild homology of the complexes Dv.
Let us be precise. Given a complex F of Soergel bimodules, let HH

i
(C) denote the complex

obtained by applying the functor HH

i to each bimodule, and let HH(C) = � HH

i
(C). Let

HHH(C) denote the cohomology of the complex HH(C).
Because Hochschild cohomology of a complex C is unchanged by conjugation C �� FCF�1

for any invertible complex F , we can move part of Dv from the bottom to the top, yielding
the complex C �

v:

C �
10101101 =

FT4 K3

Note that FTn = C �
00···0.

For purely combinatorial reasons, we work instead with a similar complex Cv, which is de-
fined by the same expression as C �

v, but with K� replaced by its reduced version ˆK�. Reduced
complexes are discussed in §4.3. The effect this has on Poincare polynomials is multiplication
by a factor of (1 � Q2

).
Let v · w denote the concatenation of two shuffles (sequences of zeroes and ones). For any

shuffle v, we can use our distinguished triangle for Kn to prove the following:

Proposition 1.3. We have HH(Cv·0) �
⇣

HH(C1·v) � Q2
HH(C0·v)

⌘
.

Next, we can use some relatively easy arguments involving the complex Kn to prove that
HH(Cv·1) is just a direct sum of shifted copies of HH(Cv). For readers familiar with knot
theory, this last statement should be thought of as analogous to the Markov move; it allows
us to reduce the number of strands by 1. Finally, a simple observation (pertaining to reduced
complexes) allows one to replace the computation of HH(C000···0) with HH(C100···0). Com-
bining these three operations, we obtain a recursive convolution description of any HH(Cv).
This is the main result of §4.5.

Let us return to the computation of the Hochschild cohomology of the Rouquier complex
for the full twist FTn on n strands.

We are interested in the cohomology HHH(Cv) of the complexes HH(Cv). However, in
general, the cohomology of a convolution of complexes is not the direct sum of the cohomol-
ogy of the individual complexes; instead, there is a spectral sequence relating the two. Our
final argument comes from observing a parity miracle! We prove inductively that HHH(Cv)

is concentrated in even homological degrees. This forces every spectral sequence in sight to
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Fig. 1: We have drawn the complex C10101101, where FT3 is the full twist braid and K5 is a certain complex defined
recursively in [EH16]. This figure is used courtesy of [EH16].

1  i  n. The result is called a closed braid. Alexander proved that every link can be represented by a
closed braid (although this representation is not unique) [Ale23]. The closure of a perfect braid is a link
that consists of n separate unknots linked together.

In [EH16], Elias and Hogancamp assign a complex Cv to every binary word v. We describe this
assignment here – see Figure 1 for an example. Say v 2 {0, 1}n with |v| = m. We begin with two braids,
the full twist braid FTn�m and a certain recursively defined complex Km [EH16], which sits to the right
of FTn�m. For i = 1 to n, we feed string i into the leftmost available position in Km if vi = 1; otherwise,
we feed string i into the leftmost available position in FTn�m. All crossings that occur are forced to be
“positive,” i.e. the right strand crosses over the left strand. This induces a braid �v 2 Brn that occurs
before the adjacent FTn�m and Km. The final complex Cv is obtained by performing !(�v), followed
by �v , followed by the adjacent FTn�m and Km. We note that C0n is the full twist braid FTn and that
the closure of this braid is the (n, n) torus link. The combinatorics of other links, in particular the (m, n)

torus link for m and n coprime, has been studied by a variety of authors in recent years [GORS14, GN15].
Haglund gives an overview of this work from a combinatorial perspective in [Hag16].

Elias and Hogancamp map each complex Cv to a graded Soergel bimodule and then consider the
Hochschild homology of this bimodule; this is sometimes called Khovanov-Rozansky homology [Kho07,
KR08]. This homology has three gradings: the bimodule degree (using the variable Q), the homological
degree (T ), and the Hochschild degree (A). After the grading shifts q = Q2, t = T 2Q�2, and a = AQ�2,
Elias and Hogancamp give a recurrence for the Poincaré series of this triply graded homology, which they
denote fv(q, a, t). They also give a combinatorial formula for the special case f0n

(q, a, t). We will give
two combinatorial formulas for fv(q, a, t) for every v 2 {0, 1}n.

In Section 2, we define a symmetric function Lv(x; q, t) which we call the link symmetric func-
tion. Its definition is reminiscent of the combinatorics of the Macdonald eigenoperator r, introduced
in [BGHT99]. We prove that fv(q, a, t) is equal to a certain inner product with Lv(x; q, t).

The main weakness of our first formula is that it is a sum over infinitely many objects, so it is not clear
how to compute using this formula. We address this issue in Section 3, obtaining a finite formula for
Lv(x; q, t) using a collection of combinatorial objects we call barred Fubini words.

We close by presenting some conjectures in Section 4. In particular, we conjecture that

L0n
(x; q, t) = (1 � q)�nrp1n . (3)

where the terminology is defined in Section 4. A proof of this conjecture would provide the first combina-
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