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The unipotent modules of GL,(IF;) via tableaux

Scott Andrews*!

'Department of Mathematics, Boise State University, Boise, ID

Abstract. We construct the irreducible unipotent modules of the finite general linear
groups from actions on tableaux. Our approach is analogous to that of James (1976) for
the symmetric groups, answering an open question as to whether such a construction
exists. We show that our modules are isomorphic to those previously constructed by
James (1984), although the two presentations are quite different. Key to our construc-
tion are the generalized Gelfand-Graev representations of Kawanaka (1983).
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1 Introduction

A standard construction of the irreducible representations of the symmetric group S,
initially due to James [7], uses the action of S, on Young tableaux to define a module for
each integer partition of n. In characteristic 0 these modules are (up to isomorphism) all
of the irreducible S;,-modules; in other characteristics the irreducible modules appear as
quotients of these modules.

There is a principle in representation theory that information about the finite general
linear group GL,(IF;) can be related to that of S, by “setting g = 1.” In particular,
there is a collection of irreducible representations of GLn(]Fq), known as “unipotent
representations,” that one would expect to behave like the irreducible representations of
Sn. In [5], James constructs the unipotent modules of GL,(IF;) over any field containing
a nontrivial p™ root of unity (where p is the characteristic of IF,). The construction is
quite different from the tableaux approach for the symmetric group, and in particular the
proofs do not translate to proofs for the symmetric group. James asks in the introduction
to [5] whether an alternative construction exists that is more along the lines of that of
the symmetric group.

Our approach is to label the boxes of Young diagrams with elements of Fj rather
than by integers. The group GL,(IF;) acts on these objects; we use this action to define
the irreducible unipotent modules. Our construction is a natural analogue to that of
the symmetric group, providing a positive answer to James’ question. A key tool in
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our approach is the use of the “generalized Gelfand—Graev representations,’
constructed by Kawanaka [8] and recently studied by Thiem and the author [1].

James shows in [4] that the irreducible module of S, corresponding to the partition
A has a basis indexed by the standard Young tableaux of shape A. It is still an open
problem to determine bases for the unipotent irreducible modules of GL,(IF;) (see, for
instance, [2]). In providing a new construction of the irreducible unipotent modules, we
hope to shed some light on this question.

In Section 2, we cover necessary background material on partitions and the finite
general linear groups. We provide motivation for our construction in Section 3, in par-
ticular explaining why the generalized Gelfand-Graev representations are the right tool
for constructing unipotent modules. Our construction is in Section 4, and in Section 5
we look at some further directions for this line of research.

initially

2 Preliminaries

2.1 Partitions and tableaux

Let n be a positive integer; a partition of n is a sequence A = (A1, Ay, ..., Ag) of positive
integers with Ay > Ay > ... > Apand A1 + Ay + ... + Ay = n. We write A - n to indicate
that A is a partition of n.

There is a partial order on the set of partitions of n with A = u if and only if

k k
YA =) i
i=1 i=1
for all k (setting A; = 0 if A has fewer than i parts). This order is called the dominance
order on partitions.

To each partition A we associate a Young diagram, which is a leftjustified array of
blocks such that the number of blocks in the ith row is A;.

Example 2.1. Let A = (4,3,1,1); then the Young diagram of shape A is

The conjugate of a partition A, denoted A’, is the partition defined by A} = |{j | A; >
i}|. Note that the Young diagram of A’ is obtained from that of A by reflection about the
diagonal.
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If A is a partition of 1, a tableau of shape A is a filling of the Young diagram of shape
A by the integers from 1 through 7, each appearing exactly once. We say that a tableau
is standard if the entries increase along rows and columns.

Example 2.2. Let A = (4,3,1,1), and let

21518
4|6

and T =

1 1
3 4
7 9
9 6

then T and T’ are both tableaux of shape A, but T’ is not standard as the pairs (7,8) and
(6,9) violate the row-increasing and column-increasing conditions.

2.2 The finite general linear groups

Let g be a power of a prime, and let IF; be the finite field with g elements. We are
interested in G = GL,(IF;), the group of invertible n x n matrices with entries in F,.
Let A be a partition of n, and let T be the row-reading tableau of shape A. We define

Py = {g € G| g;j = 0if i is strictly below j in T} and
Uy ={g€G|gi=1andg; =0unlessi=joriisstrictly above j in T}.

Example 2.3. Let A = (4,3,1,1); then

112(3]|4
51617
T= ,
8
9
and we have \
* ok k% ok ok ok ok x ok
* ok ok ok ok ok k k ok
koo ok ok ok ok ok ok ok
koo ok ok ok ok ok ok ok
Py = 0000 * x x *x x | cGLy(F,)
0 000 % % % % %
0 000 % % % % x*
000 O0O0O0O0 x x
000 O0O0OO0O0O0 =% )
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and

€ GL,(IFy)
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We also define
Py = (Py)! and U, = (Uy)
to be the transposes of Py and U,.

Remark 2.4. The groups P) and P, are parabolic subgroups of G, with unipotent radicals
Uy and U, . In particular, the group of upper triangular matrices in G given by

Bn <]Fq) - P(ln)
is a Borel subgroup of G with unipotent radical
UTn(IFq) - U(ln).

We say that an irreducible module of G (over some field) is unipotent if it is a compo-
sition factor of Indgn(ﬂqq) (1).

3 Motivation behind the construction

In this section we motivate our construction in the specific case where we are taking our
representations over the field of complex numbers. None of the results of this section
are necessary for the construction, however they provide insight as to why our approach
makes sense. First, we recall some facts about the character theory of S, and GLn(IFq)
over C and the connection to symmetric functions.

The irreducible complex characters of S, are indexed by the partitions of 1; let ¥*
denote the irreducible character of S, corresponding to A, as in [9]. Note that ¢(") is the
trivial character and (") is the sign character (denoted €). The following proposition
follows from the Pieri rules (see [9, p. 1.5]).

Proposition 3.1. Let A be a partition of n, and let W) be a Young subgroup of Sy, of shape A.
Then
S Sn
Indyy (1) = Y Kt and Indy; (e) = Y Kyt
p=A WA
where the K, are the Kostka numbers (see [9, p. 1.6.4]).
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The Kostka numbers K, satisfy that K), = 1and K;,, = O unless p = A. In particular,
if W) is a Young subgroup of shape A and W), is a Young subgroup of shape A’, we have

(Indjy (1), Indjy (€)) =1,

and the common irreducible constituent is 1pA. James [7] constructs an irreducible sub-
module V* of Indf,;A (1) in such a way that V* contains a one-dimensional subspace on
which W) acts as €. In other words,

(Indyy (1), V*) #0

and
(mdigﬂ(@, Vh = (e, Res%/(v)‘» # 0.

This forces V* to be a module affording the character y*.

In order to apply a similar approach to construct the irreducible unipotent modules
of GL;,(IF;) we need to find modules that are analogous to Ind% (1) and Ind%’}ﬂ (€). The
irreducible unipotent characters of GL,(IF;) are indexed by partitions of 7; let x* be the

irreducible unipotent character corresponding to A, as in [3, 9]. Note that x(I") is the
trivial character and x(") is the Steinberg character. As the trivial character is indexed by
the transpose of (1) (rather than by (n) as with the symmetric group), we should expect
our results to be transposed to some extent. The next proposition follows from the Pieri
rules.

Proposition 3.2. Let Py be the parabolic subgroup of G of shape A; then we have

Ind%(]l) =) Kuax".
WzA

Both James’ construction and our construction use Ind%/ (1) as the analogue of
Sn

Indy; (1).
Let Y* be the degenerate Gelfand—Graev character corresponding to the partition A, as in

[11, Section 12.1]. The character ¥ is obtained by inducing a linear character of UT, (FF;)
that is trivial on certain root subgroups determined by the partition A.

Proposition 3.3 ([11, Section 12.1]). If A and u are partitions of n, we have that
<\Ij)\/ Xy> = K‘u)\‘

It follows that <Ind1§A,(]1),‘I’A> = 1; the construction of James [5] uses ¥ as the

analogue of Ind%ﬂ (€).
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In [8], Kawanaka constructs the generalized Gelfand—Graev characters of a reductive
group over a finite field, with each character associated to a nilpotent orbit of the cor-
responding Lie algebra. In the case of GL,(IF;), the nilpotent orbits are indexed by the
partitions of 1; let T* be the generalized Gelfand—Graev character indexed by the parti-
tion A. In [1], Thiem and the author show that I'* can be obtained by inducing a linear
character from U/, and calculate the multiplicities of the unipotent characters in I'*.

Theorem 3.4 ([1]). Let A and u be partitions of n; then

(I x") = Kua(9),
where K, (q) is the Kostka polynomial (see [9, p. 111.6]).

It follows that <Ind1§A, (1),T'*) = 1. Furthermore, note that K,1(1) = Kj,3; by setting
g = 1 we see that " is another analogue of Indg\’}A/ (). We construct an irreducible

submodule S* of Ind%)\l (1) that contains a one-dimensional submodule on which U},

acts as the appropriate linear character. This forces S* to be a module affording the
irreducible unipotent character x*.

4 Construction of the modules

The construction in this section is motivated by the construction of the irreducible repre-
sentations of the symmetric group (see [7, 4, 10]). Many of the results are similar to those
found in [5], which is not surprising as our constructions produce isomorphic modules.

Let p be the characteristic of IF;, and let K be a field that contains a nontrivial pth
root of unity (in particular, the characteristic of K cannot be p). For the remainder of the
paper, fix a nontrivial homomorphism 6 : F~ — K*.

Definition 4.1. Let A be a partition of n, and let T be a filling of the Young diagram of
shape A with linearly independent elements of IF;. We call T an IF;-tableau.

Note that G acts on the set of IF-tableaux by left multiplication of the entries (con-
sidered as column vectors). If T is an IFj-tableau of shape A, we obtain an ordered basis
B(T) of Fj by numbering the entries of T from top to bottom, then left to right.

Example 4.2. Let A = (4,22,1); then the ordered basis B(T) = {vy,...,v9} corresponds to
the tableau

U1 |05 |Us | U9

U2 | Vs

U3 | 07

U4
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To each IFj-tableaux T we associate two subgroups of G, given by

U(T) ={g € G| g-vi —v; € Fg-span{v; | v} is strictly left of v; in T} for all i} and
P(T) = {g € G| g-v; € Fy-span{v; | v; is nonstrictly right of v; in T} for all i}.

If B(T) is the standard ordered basis of IF, then U(T) = Uy and P(T) = P;,.

Example 4.3. Let A = (4,22,1), and let B(T) be the standard ordered basis. Then

0U1|05|0s |09
02 | Ue
T= ,
03 | 07
U4
and we have
(/1 0 0 0 % % % % %\ )
01 00 % % % x =%
0 01 0 % x % % =%
0 001 % % % % %
u(T) = 0000100 % =
0000010 % =
0O 00 O0O0O0 1 x =
0O 0O0O0OO0O0OO0OT1 =
(\0000O0O0O0O0T1)/)
and .
* * x x 00 0 0 O
¥*x x x x 00 0 00
*x x x x 00 00O
*x x x x 00 0 0O
P(T) = ¥ % % x *x * % 0 0
¥ % ok *x x x * 0 0
* % % *x x x % 0 0
¥ % ok *x x x % x 0
* k% ok ok ok ok K x  k

\

If T is the ng-tableau corresponding to the ordered basis B(T) = {v1,v,...,0,}, let
X(T) be the set of pairs (i, j) such that v; lies in the box directly to the left of v; in T. In

Example 4.3,
X(T) = {(1,5),(2,6),(37),(58),(89)}.
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Define a linear character 1 of U(T) by

Yr(u) =16 ( Y the coefficient of v; in uv]-) ,
(i)

eX(T)

where 6 is the fixed nontrivial homomorphism from ]F,‘; to IK*.

Remark 4.4. The groups P(T) and U(T) are analogous to the row-stabilizer Rt and the
column-stabilizer Cr of the symmetric group; the linear character 7 is analogous to the
sign character (see [7, 4, 10]).

Consider the permutation G-module
K-span{T | T is an [F;-tableau of shape A};
this module is isomorphic to the left regular module of G. We define

mr = Z pT and
peP(T)

er = QDT(ufl)muT.
uel(T)

The following proposition is easy to verify directly.
Lemma 4.5. Let T be any IFy-tableau.
1. Forall ¢ € G, we have U(gT) = gU(T)g ' and P(gT) = gP(T)g .
2. Forall g € G, we have g - mr = mg.7 and g - e = egr.
3. Forallu € U(T) and g € G, we have pgr(gug ") = pr(u).
4. Forall p € P(T), we have m,r = mr.
5. Forall u € U(T), we have e,1 = ¢r(u)er.

Let
M* = K-span{mr | T is an IFg-tableau of shape A}

and
S* = K-span{er | T is an IF;-tableau of shape A };

by part (2) of Lemma 4.5, M*" and S* are both G-modules.
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Remark 4.6. The module M” is isomorphic to the permutation representation of G on the
set of A-flags. This means that our module M" is isomorphic to the module M, of James
(as in [5, p. 10.1]). Note that

M = Ind% (1)
and, in the case K = C, we have that

GLn ]Fq (

Ind,, pr) =TA

(this follows from the elementary construction of the generalized Gelfand—Graev rep-
resentations in [1]). In particular, when K = C the module S satisfies the desired
properties from Section 3.

Lemma 4.7. Let T and T' be IF-tableaux of shape A. Then U(T) N P(T") = {1} if and only if
there exist u € U(T) and p € P(T") with uT = pT'.

Lemma 4.8. Suppose that T and T’ are IF-tableaux of shape A that satisfy U(T) N P(T') # {1};
then there exists ¢ € U(T) N P(T') with r(g) # 1.

For an IFg-tableau T, define an element kr € KG by

= ), v

uel(T)
The following two lemmas describe how kr acts on myv for certain IFj-tableaux T".
Lemma 4.9. Let T and T’ be IFj-tableaux of the same shape; then krmy: € Ker.

Lemma 4.10. Let A and p be partitions of n. If T is an IFj-tableaux of shape A and T' is an
IE7-tableaux of shape y, then krmy = 0 unless p = A.

One consequence of Lemma 4.9 is the following proposition.
Proposition 4.11. The module S* is indecomposable.
There is an immediate corollary of Proposition 4.11.

Corollary 4.12. If char(K) does not divide |G|, then S* is irreducible. In particular, if K has
characteristic 0, then S is irreducible.

Given an [Fj-tableau T, let T be the IF;-tableau obtained by replacing the entry v;
with —v; if v; is in an odd column of T and fixing the entry v; if v; is in an even column
of T. For example, if

U1 | 05|08 |09 —01| 95 | —0g | V9
Uy | Ug _ —0U2 | Vs

T = , then T =
U3 | U7 —03| 07

U4 —04
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Lemma 4.13. For all Fj-tableaux T, we have that Uu(T)
pr(ut).

We define a G-invariant bilinear form on M* by

U(T), T € P(T) - T, and y7(u) =

[mT/ mT’] = 57’117‘,7}17-//

and extending by linearity. We remark that dy;,m,, is not the same as ot 1, as mr = mrp
exactly when T' € P(T) - T.

Proposition 4.14. Let V be a submodule of M?*; then either S* CVorV C (SA)L.

When constructing the irreducible representations of the symmetric groups, it is pos-
sible to have §$* C (S/\)L ; that will not be the case, however, with the finite general linear
groups.

Lemma 4.15. If T is any F}}-tableaux, then et ¢ (S*)*, hence S* Z (S*)*.

The following corollary is an immediate consequence of Proposition 4.14.
Corollary 4.16. We have the following.

1. S* N (S is the unique maximal submodule of S*.

2. The G-module S*/ (S* N (SM)1) is irreducible.

Define D* = S*/ (5 N (S*)4).
Proposition 4.17. Let A and u be partitions of n; then we have the following.

1. If D" is a composition factor of MF, then A < .

2. D" is a composition factor of M.

3. If DM = D¥, then A = .

In [5], James constructs a collection of irreducible modules of G, one for each partition
of n. James denotes these modules by D), and shows the following.

1. The modules D, are the unipotent modules of G. In other words, these modules
are exactly the composition factors of Indg(]l), up to isomorphism.

2. If Dy = Dy, then A = p.
3. The module D, is a composition factor of Ind% (1).

4. Every composition factor of Indgy (1) is isomorphic to D, for some A > p.
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Note that the modules D, are uniquely characterized (up to isomorphism) by prop-
erties (2)—(4). As M* = Indg, (1) and Indlcj, (1) = Ind%/ (1) (see [5, p. 14.7]), by Propo-
M N

sition 4.17 we have the following.

Corollary 4.18. We have that D* =2 D,,. In particular, the D* are the irreducible unipotent
modules of G.

Remark 4.19. The indexing of our modules and those of James differs by the transpose
of the partition. Our indexing is chosen to match the convention of Green [3] and Mac-
Donald [9].

5 Further directions

There are a number of questions raised by our construction; a few of particular interest
are listed below.

e Even in the case that K = C it is still an open problem to find bases for the irre-
ducible unipotent modules of GL;(IF;). James addresses this question in [5], and
a number of papers (for example [2]) contribute partial results. For the symmetric
group, the bases for the irreducible modules are indexed by the standard Young
tableaux. The number of standard Young tableaux of shape A is given by the hook
length formula (see, for example, [10, Theorem 3.10.2]). The dimension of the unipo-
tent module of GL,(IF;) of shape A is given by a g-analogue of the hook length
formula (see [9, IIL.6 Example 2]). This suggests that bases might be constructed
where each standard Young tableau corresponds to a collection of basis elements,
the number of which is given by a polynomial in 4.

e The finite orthogonal, symplectic, and unitary groups also have unipotent rep-
resentations, however explicit constructions of the modules are not known. For
these groups there are not enough degenerate Gelfand-Graev representations to
distinguish unipotent representations, however by instead using the generalized
Gelfand—Graev representations it might be possible to construct the unipotent
modules.

e Most of the irreducible representations of GL,(IF;) are not unipotent. In [6], James
uses the degenerate Gelfand—Graev representations to construct all of the irre-
ducible modules of GL,(IF;). By modifying our construction, we might be able
to obtain more elementary constructions of these modules using the generalized
Gelfand—Graev representations.
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