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The remainder of the paper is organized as follows. In Section 2, we show how to

encode a noncrossing partition by a Dyck path. Section 3 is devoted to the proof of

Theorem 1 and Section 4 to the proofs of Propositions 2 and 3.

2 Encoding noncrossing partitions by Dyck paths

We encode a noncrossing partition P of Pn by assigning integer labels to ω
k
2n, 0 ≤ k ≤

2n − 1, as follows (see Figure 5). We let K be the Kreweras complement of P and we

say that two blocks of P ∪ K are neighbors if there exists an integer k such that ω
k
2n

belongs to one block and ω
k+1
2n belongs to the other block. We first label the blocks of

P ∪K by assigning label 0 to the block that contains ω
0
2n and, inductively, assigning label

ℓ+ 1 to each not yet labeled neighbor of a block labeled ℓ. We then assign to each ω
k
2n,

0 ≤ k ≤ 2n − 1, the label of the block to which it belongs.
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Figure 5: Encoding a noncrossing partition by a Dyck path.

If we denote by ℓk the label assigned to ω
k
2n, 0 ≤ k ≤ 2n, then the path (ℓ0, ℓ1, . . . , ℓ2n)

is a 2n-step Dyck path3. Moreover, this operation yields a bijection between noncrossing

partitions of Pn and 2n-step Dyck paths; the inverse operation goes as follows. Let

(ℓ0, ℓ1, . . . , ℓ2n) be a 2n-step Dyck path. Then the noncrossing partition is given by the

equivalence classes of the relation

ω
i
2n ∼ ω

j
2n ⇐⇒ ℓi = ℓj = min

min(i,j)≤k≤max(i,j)
ℓk (2.1)

3Recall that a Dyck path is a finite sequence (a0, a1, . . . , al) of nonnegative integers such that a0 = al = 0

and |ak+1 − ak| = 1 for all k ∈ {0, 1, . . . , l − 1}.


