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ℓ4n/2) is a Dyck path that encodes all the information of the original Dyck path, and

which does not satisfy any constraints (see Figure 7).
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Figure 7: The unconstrained Dyck path that encodes a noncrossing pair partition.

As a result, a uniform noncrossing pair partition of P2n is encoded by a uniform 2n-

step Dyck path. By Kaigh’s theorem, after proper rescaling, this path converges to the

normalized Brownian excursion, and the original encoding 4n-step Dyck path clearly

converges toward the same limit, multiplied by
√

2. One then concludes exactly as in

the case of uniform noncrossing partitions (the extra multiplicative factor does not alter

the identifications).

4 Almost sure convergence

In this section, we prove Propositions 2 and 3. In fact, they are both straightforward

consequences of [10] and the encoding we use.

Proof of Proposition 2. In terms of encoding Dyck paths, inserting a vertex at position k
amounts to inserting one up-step followed by one down-step right after time k and

slicing at position k amounts to lifting up by one the part of the path between time k and

the first subsequent time the path becomes strictly lower than its height at time k (see

Figure 8).

These are exactly the moves considered in [10] (see in particular [10, Figure 1]). The

latter reference implies that, for each n, the encoding Dyck path of Pn is uniformly

distributed over the set of 2n-step Dyck paths and that the convergence (3.1) holds al-

most surely for this choice of sequence (Pn)n. As a result, there is no need to apply

Skorokhod’s representation theorem in the proof of Theorem 1, so that Pn strongly con-

verges toward the Brownian triangulation.


