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Abstract. The Heisenberg product is an associative product defined on symmetric
functions which interpolates between the usual product and the Kronecker product.
In 1938, Murnaghan discovered that the Kronecker product of two Schur functions
stabilizes. We prove an analogous result for the Heisenberg product of Schur func-
tions. We also show a rectangular symmetry for the Schur structural constants of this
product.
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1 Introduction

Aguiar, Ferrer Santos, and Moreira introduced a new product, the Heisenberg product,
on symmetric functions (also on representations of symmetric group) in [1] and [7]. Un-
like the outer product and the Kronecker product, the terms appearing in the Heisenberg
product of two Schur functions have different degrees. The highest degree component
is the usual product. When the Schur functions have the same degree, the lowest degree
component of the Heisenberg product is their Kronecker product.

In 1938, Murnaghan [8] found that the Kronecker product of two Schur functions
stabilizes in the following sense. Given a partition A of I and a sufficiently large integer
n, let A[n] be the partition of n obtained by prepending a part of size n — I to A. Given two
partitions A and y, the coefficients appearing in the Schur expansion of the Kronecker
product s, ) *s,[,] do not depend upon 1 when 7 is large enough. The aim of this paper
is to show that each degree component of the Heisenberg product also has this property.

This extended abstract is organized as follows. In the second section, we give the
definitions of the induction product, the Kronecker product, and the Heisenberg prod-
uct, and recall some important results. In the third section, we define the Heisenberg
coefficients and prove that each degree component of the Heisenberg product has a sim-
ilar stabilization property as the Kronecker product. In Section 4, we define the stable
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Heisenberg coefficients, and show how to recover the usual Heisenberg coefficients from
the stable ones. In the last section, we show a rectangular symmetry for the Heisenberg
coefficient, which is analogous to the results in [2].

2 Preliminaries

We begin by defining the induction product on representations of symmetric groups.
For an introduction to representations of symmetric groups, see [9]. For any partition
«, let V,, denote the irreducible representation of S la| indexed by a. Let A, y, and v be
partitions of n, m, and n 4+ m respectively (written as A = n, y = m, and v = m + n).
Note that the tensor product V) ® V), is a representation of S, X S;;, and S, X Sy can
be naturally embedded into S, 1. The induction product of V) and V), is the induced
representation of V) ® V), from S, x S;; to Syym, written as IndéZ*X”;m(VA ® Vy). The
Littlewood-Richardson coefficient c‘)’w is the multiplicity of V, in the decomposition of

Indg’:l;”gm (VA ® V) into irreducibles. That is,
Indg"s (Vi@ V)= @ i,V 2.1)
vn+m

Let (-, - ) denote the natural inner product on the representations of the finite groups
in which the irreducible representations form an orthonormal basis. Applying the Frobe-
nius reciprocity theorem to (2.1), we have

cs, = (Ind2" (Vi@ V), W )s,,,
= (VA @V, Resg™™% V, Vg, s,
So
R V= @ 4,048V, @2)

Abn, ubm

There is a one-to-one correspondence between the irreducible representations and
the Schur functions by the Frobenius map, which sends V) to the Schur function s,. So
we could also express the induction product in terms of symmetric functions. Under
this bijection, the induction product corresponds to the usual product (denoted by -) on
symmetric functions. i.e.

SA Sy = Z CK,VSV.
vkEn4-m

The Littlewood—Richardson coefficient has been well-studied and it has a nice combi-
natorial interpretation, the Littlewood-Richardson rule, which describes this coefficient
in terms of counting certain skew tableaux, see [5] (Page 143) for details about this.
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We define the Kronecker coefficient in terms of representations of symmetric groups.
Let A, u, and v be partitions of n. While the tensor product V) ® V), is a representation of
Su X Sy, it can also be considered as a representation of S;, (by viewing S, as a subgroup
of S, x S, through the diagonal map). Write it as ResSZXS"(VA ® V). The Kronecker

coefficient gX,y is the multiplicity of V}, in the decomposition of Resgzxsn (Vi ® V) into
irreducibles. That is,
Resg"™ > (V) @ V) = P S (2.3)
vkn
We could also express the Kronecker product (denoted by *) in terms of symmetric
functions:

Sy kS =) 84 -

vkn

We will switch between the languages of representation theory and symmetric functions.

Given a partition A = (A1, Ay,...) and a positive integer n, let A[n] be the sequence
(n—|A|, A1, Ag,...). When n > |A| + Ay, Aln] is a partition of n. The stability of the
Kronecker coefficients says that for any partitions A, p, and v, the Kronecker coefficient

gx[[n]} ] does not depend on n when 7 is large enough. This property is best shown on an

example Let A = (2) and u = (1,1), we compute the Kronecker product s, * 5,211
forn > 4:

S22 *821,1 = S3,1 + $21,1
832 *531,1 = S4,11+532+25311 + S221+521,11
S42 *S41,1 = S5,11+S42+28411 +S33+28321 + 53,1,1,1 +520211

S50 %8511 = S6,1+552+28511 +543+2S421 +841,1,1+5331 + 532,11
S6,2 * S6,1,1 = S7,1+562+286,1,1 + S53+28521 + S5,1,1,1+54,3,1 + S42,1,1-

Observe that the last two equations are only different in the first part of the indexing
partitions. Indeed, for n > 7, we have

$n—22*8y-211 = Sp—11 +Sn—22+28,-211+841-33+28,-321

+Sn-31111 Sn—-431+ Sn—4211-

One can also observe that the sequence of Kronecker coefficients in each column in
the above example is weakly increasing from top to bottom. This was shown by Brion
[4] and Manivel [6]:

Proposition 2.1. Let A, y, and v be partitions. The sequence g A[[ ]} i) is weakly increasing.

The sequence in the above proposition is eventually constant due to the stability of
the Kronecker coefficients. Write g3 , for the stable value of this sequence and call it a
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reduced Kronecker coefficient. In our example, we see that §g)1() L) = 2 and gg’)l’(ll)l) =1

When all the Kronecker coefficients in s, * s,,(,) reach the reduced ones, we say that the
Kronecker product stabilizes. In our example, the stabilization of the Kronecker product
Sn—22 *Sy—211 begins at n = 7. Moreover, Murnaghan [8] also claimed that §X’y vanishes
unless

A<l Tl ul < A+ vl vl < A+ [k,

which are triangle inequalities. When |v| = |A| + |u], 8 is equal to the Littlewood-
Richardson coefficient CK, [8].

Briand et al. [3] determined when the Kronecker product stabilizes and provide an-
other condition for the reduced Kronecker coefficient being nonzero.

Proposition 2.2 ([3, Theorem 1.2]). Let A and p be partitions. The expansion of the Kronecker
product s,(,) * s, stabilizes at n = |A| + [pu| + A+ pa.

Proposition 2.3 ([3, Theorem 3.2]). Let A and u be partitions, then
max{|v| +v1|v partition, gy , > 0} = [A| + [u| + A1 + p1.

Both the induction product and the Kronecker product are graded. Aguiar et al. [1]
and Moreira [7] introduced a new (nongraded commutative) product which interpolates
between these two products.

Definition 2.4 (Heisenberg product). Let V and W be representations of S, and S, respec-
tively. Fix an integer | € [max{m,n},m+n],andleta =1—m,b=n+m—1,andc=1—n.
Observe that Sy x Sy can be viewed as a subgroup of Sxiy: Sx X Sy < Sy, for any nonneg-
ative integers x and y. Also, we can consider Sy, as a subgroup of Sy x Sy through the diagonal
embedding As,: S, — Sy, X Sp,. We have the diagram of inclusions:

Sa X Sp X Sp X §¢~—= 8414 X Spyc = Su X Sy

ids, x Mg, xids, | K (2.4)
ya —_ — —Ind_ — —

Sa X Sy xS

Satbic = SI
The Heisenberg product (denoted by #) of V and W is

n+m
VN = P (VEW), (2.5)

I=max(n,m)

where, following the dashed arrows in diagram (2.4),
(VHW), = Indgl o o Resg' 3" o (VO W) (2.6)

is the degree | component.
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When | = m+n, (V#W), = Indgz*;"ém(‘/ ® W), which is the induction product of
SlXSl

representations; when I = n = m, (V#W), = Res/ (V ® W), which is the Kronecker
product of representations. The Heisenberg product connects the induction product
and the Kronecker product. Remarkably, this product is associative ([1] Theorem 2.3,
Theorem 2.4, Theorem 2.6). By the definition of the Heisenberg product (look at diagram
(2.4)), when b is much greater than 4 and c, the corresponding degree component behaves
like the Kronecker product.

A natural question is whether we can develop a stability result for this component.
We look at an example of this.

Let us take A = (1,1), » = (1). We use Sage [10] to compute the lowest degree
components of Sy 1)[,#5(1)[n—1]:

(s111#s11)3 = s3+s21,
(sp11#s21)a = sa+3s31+2520+35211+51111-
(s3,1,1%#s31)5 = s5-+ 3541+ 4532 +45311 + 45221+ 352111 +51,1,1,1,1,

S411%841)6 = S+ 3851 + 4540+ 48411+ 2833 +53321 +38311,1 + 8222 +282211
+52,1,1,1,1
(s5,1,1#s51)7 = s7+ 3561+ 4550+ 45511 + 2543+ 55401+ 354111+ 5331 + 5322

+283211+831,1,1,1/
(s61,1%#561)s = sg+3s71+4s62 + 45611+ 2553 + 55521 + 355111 + 5431 + 5422
+258421,1 + 841,111,

We create a table for this:

" v n n—1n-2\n—-2n-3n—-3n—-3\n—4n—4n—4\n—4
1 2 1 3 2 1 3 2 2 1
1 1 1 1 2 1 1
1 1 1
1
3 1% 1

4 1 3 2 3 1
5 1 3 4% 4% 2 5 3x 1
6 1 3 4 4 2% 5x% 3 1% 2% 1%
7 1 3 4 4 2 5 3 1% 1 2 1
8 1 3 4 4 2 5 3 1 1 2 1

Table 1: (5(1,1)[11]#5(1)[1171])” for 3 S n § 8.
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The first column gives the values of n. The first row lists all the terms which may
appear in the component, and we use the indexing partitions (written in columns) to
denote the corresponding Schur functions. We can see that the last two rows have the
same Heisenberg coefficients in the Schur expansion, and the only difference is the first
part of the indexing partitions. The stabilization of the lowest degree component begins
atn = 7. When n > 7, we have

(Sn—211#5n—21)n = Sn +35y-11 +45p—22 + 45,211+ 25,-33
+55,-321+38,-31,1,1 + Sn—431 + Sn—422 + 25,4211 (2.7)
+ Sn—41,1,1,1-

The main result of this paper is the following:

Theorem 2.5. Given nonnegative integers r and t and two partitions A and u, the expansion of
(VA #Vun—r] Jn-+t stabilizes when n > |A| + [u| + Ay + py + 3t + 2r. Moreover, this is where
the stabilization begins.

From Table 1, we can also see that different columns stabilize at different steps. In
Section 4, we give an upper bound for when each column stabilizes in (Corollary 4.2),
and we add #’s to the cells in Table 1 corresponding to the upper bounds.

3 Proof of Theorem 2.5

Let A be a partition. Define A" to be the partition obtained from A by adding 1 to the
first part AT = (A + 1,42, A3,...); similarly, set A~ = (A —1,A3,A3,...). Let A=
(A2, A3, ... ) be the partition obtained from A by removing the first part. For partitions A
and u, weset A +pu = (A +py, Ap+pp,...),and A — u = (A — py, Ay — pa, ... ) (when
p is contained in A). Using the Littlewood-Richardson rule, we can show the following
lemma:

Lemma 3.1. Let A, u and v be partitions with |v| = |A| + |u|

(1) If vi — vp > |A|, then = c)fw

(2) If u1 — ua > |A|, then C/\,y = CMl*'

Remark 3 2. When A, y, and v do not satisfy the conditions in Lemma 3.1, we can show that
ch o S c At . In other words, the sequence c A[yfr‘] I

is large.

is weakly increasing and is constant when n

The Heisenberg coefficient hK,y is the multiplicity of V}, in V,#V,, i.e.

n+m

Vi#V, = @ D,

I=max(n,m) vi-l
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and we set hgw = 01if A, u, or v is not a partition. The first part of Theorem 2.5 states
that when n > |A| + || + Ay + p1 + 3t + 2r,

hK[”],}l[W*r} - hX[n+1],y[nfr+1} (3.1)

foralvkFn+t+1.

To prove (3.1), we first express the Heisenberg coefficient in terms of the Littlewood-
Richardson coefficients and the Kronecker coefficients. Using (2.1), (2.2), (2.3), and (2.6)
we get the following lemma:

Lemma 3.3. Foreach v |,

[ — A H ) T v
Aup Z CIX,,B Cryp gﬁ,ﬁ ) C’(,p (32)
akFapkcThn
B.y,dFb

where max(n,m) <l <n+ma=1—-mb=m+n—1andc=1—n.

We set CX, = 0when A, y, or v is not a partition. Then (3.2) holds for all compositions
v of I. Combining (3.1) and (3.2), shows that to prove the first part of Theorem 2.5, it is
enough to show that, when n > |A| + |u| + Ay + g + 3t + 2r,

Al pln=r] 5 © v _
( Z) Cop 1 8By Cas Crp =
a,Bn,00,T)ET
(3.3)
Z L B U B e
DC*,‘B* U*/p* gﬁ*rﬂ* a*,(s* T*/P*
(OL*, *,ﬂ*,p*,(S*,T*)GT*

forall vtk n+t+1, where

T = {(«,B,1,0,6,7) |aFr+tport,tEnpBydéFn—r—t};
T* — {(“*/,3*17]*/‘0*,5*/1—*) ‘ “* |—T+t,p* |—t,T* |—7’l—{—1,
B*,n*, 6" Fn—r—t+1}

Define f : T —— Z>pand f* : T* —— Z>¢ as follows:

A —
fla B0,6,7) = con chp " 8%, <yt

Kok pk ok k ok _ky _ A+l plndl-r] ¢ T* v
f (‘X /,8 NP0 ,0°,T ) = C“*,[g* c g:B*/W* CDC*,(S* Crx,

n*,p* p*:

Then equation (3.3) becomes:

Y, f@Bmnpdr) = D Fra, B, 0%, 0%, 7). (34)

(,B,1,0,0,7T)€T (a*,B* % ,p%,0%,T¢)€T*
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Some terms in the sums of (3.4) vanish. Let us consider only the nonvanishing terms.
Let Ty = T~ f~1(0) and T; = T* ~ f*(0), so that Ty and T; index the nonzero
terms. Then (3.4) becomes

Y. fla,B,1m,0,6,T) = ) f (a*, B, ", p*, 0%, T"). (3.5)

(,B,1,0,0,T)ETy (%, B* % 0%, 0%, %) €T

Lemma 3.4. The natural embedding ¢ from T to T*:

q)(“’ ﬁ’ 17’ p/ 5’ T) - (061 ,B+I ;7+/ ,01 5+/ T+)

induces a map |1, from Ty to T;. Moreover, f|1, = f* o ¢|1,.

¢l
Jﬂ0%4‘(P(JTo)

Proof. For all («,B,1,0,6,7) € Ty, we show that B, 1, 6, and T have large enough first
parts so that we can apply Proposition 2.2 and Lemma 3.1 to the Kronecker coefficients
and the Littlewood—Richardson coefficients appearing in the definition of f.

Since n > |A| + |u| + A1 + p1 + 3t 4 2r, we can easily see

Alnly = Alnla > |a|  and  pln —rly —pn =7l > |p|.
Using Lemma 3.1 (1), we get

Ci,[g] = ci[gf U and c%l,[; —1 cZ [f/;rl*r].

As B C Aln], |B| < |A| < n—r—tand (B); < Ay. Similarly, we have |77 < |u| <
n—r—tand (7)1 < p1. Since B and 7 are both partitions of n —r — t, they can be written
as p = Bln —r —t] and y = 7j[n — r — t] respectively. They both have large first parts.
More specifically, we have

n—r—t > A+ [+ A 2t > (B (7] 4 (B)1+ (T
By Proposition 2.2, we have
5 _ o _ 50
8 = 8ttt = Spy
From Proposition 2.3, o _ _
(0] +(0)1 < [BI+ 1771+ (B)r + (D1,

otherwise gg p =0 and so is f. Hence,

18] = 01 4+ 82 < A+ || + A1+
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which gives us
—b>n—r—t—|A—|ul—A1—pu >2t+r > |af

Applying Lemma 3.1 (2), we get

+
T
0((5_C0é(5+

Since CE, 5 # 0, by the Little-Richardson rule, we have
T <d+|a] and T > ;.

Soti —1 > — (0 +|a]) >2t+r—(r+t) =t =|p|
Hence, by Lemma 3.1 (2), we get

CZ;) = C¥+,p-
So
fa,B,1,0,6,7) = f*(@(a, B,1,0,6,7))(# 0), (3.6)
which means ¢(Ty) C Tj and f|1, = f* o ¢|7,. O

Proof of Theorem 2.5. The map of Lemma 3.4 is reversible as the map (&, 8,7,p,0,T) —
(a,87,m17,0,0~,7") gives a well-defined injection from T to Tp. So ¢|r, is a bijection
from Ty to Ty. With this and (3.6), we prove (3.5), and hence the first part of Theorem
2.5.

To prove that the lower bound is where the stabilization begins, we just need show
that there is some v = n 4t with v; = v, such that hA[n] ] # 0 when n = |A| + |u| +
A1+ pq + 3t + 2r. We use the formula (3.2) for hY A, 7é 0 (replace A and v by A[n]

and u[n — r] respectively, and set I = n + t), and take

W= (@) = (r+0), p= () = (1), B=All —a, 1 = pln—r] —p,
=B+ n—r—t], T= (01,0 +]|a|,d...), v=(, 2+ o], 3...).

Aln] _ pln—d] _

By the Pieri rule, 1 = ¢, B = c,7 0 = Chs = as « and p have only one part each.

T p 4
= g%ﬁ = Cﬁﬁ (note that 6 = B + 7) which is also
nonzero due to the Littlewood—Richardson rule.

So hX[n]/mnfr] # 0 and v1 = vy = Ay + Ay + 2t + 1, this proves that n = |A| + |u| +

A1 + uq + 3t + 2r is where the stabilization begins. O

Since [0| = |B| + [77], we have g

When n < |A| + |pu| + A1 + p1 + 3t + 2r, Lemma 3.4 is not true for some v. However,
using Remark 3.2 and Proposition 2.1, we know that the map ¢ in Lemma 3.4 induces
an injection from Ty to Tj with f|7, < f* o ¢|r,. This gives us the following corollary:

Corollary 3.5. Given three partitions A, v, and yu and two nonnegative integers r and t, the

vn+i]

sequence h', Al pln—r] is weakly increasing.
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4 Stable Heisenberg Coefficients

By the Jacobi-Trudi determinant formula:
sy = det(hy+i—j)i,

where &y is the complete homogeneous symmetric function, and we set hy = 0 when k
is negative and hy = 1. We no longer require A to be a partition; A can be any finite
integer sequence. Then the Jacobi-Trudi determinant will give us 0 or £1 times some
Schur function.

Murnaghan [8] pointed out that the reduced Kronecker coefficients determine the
Kronecker product, and Briand et al. gave an exact formula for this in [3]. We show an
analogous result for the Heisenberg product.

Given partitions A, i, and v, Theorem 2.5 says that the sequence {hi[[’;iw} S }

is eventually constant. We write E;# for that constant value, and call it a stable Helsen-
berg coefficient. By the way we define the stable Heisenberg coefficient, we have

v[n+[v|]

T = B Al )

for all nonnegative integers .

The reason we restrict n to nonnegative integers is that A[n + |A|], #[n + |u|], and v[n +

[v|] need to be partitions. But we can remove this restriction if we extend the definition

of F)}w to the case where A, y, and v, starting from the second position, are finite weakly

decreasing sequences of positive integers, i.e. Ag > A3 > Ay > -+ >0, pp > pz > pg >
->0,and 1p > v3 > vy > --- > 0. Then we have

7v[n+[v|]

T = Bt Al )

for all integers n.

The stable Heisenberg coefficients determine the Heisenberg product, even for small
values of n. Let us look at an example to see how this works. Consider the lowest degree
component of s 1 1#s2 1. Let n = 4, then (2.7) gives us

(521,1#521)a =S4 +3s31 + 4500 + 45211+ 2513+ 55121

4.1)
+381,1,1,1 + 80,31 + 50,22 + 250,2,1,1 + 50,1,1,1,1-

Using Jacobi-Trudi determinant, we have
$13 = —S22, S031 = —S2,1,1, S0211 = —S1,1,1,1, and

$1,2,1 = S02,2 = So0,1,1,1,1 = 0.
So (4.1) gives us

(s211#521)a =S4 +3s31 + 2520 + 35211+ 511,11,

which coincides with the result we had in Section 2. Using the process in the above
example, we can recover the Heisenberg coefficients from the stable ones.
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Theorem 4.1. Let A, y, and v be partitions with |v| > |A| > |u|, then

A=A

Bu= L (=17 (4.2)

where v = (vi—i+1Lvi+1Luv+1,...,vi 0+ 1L, viq,Vigo, ... ).

vn+t]

Al ln—r] stabilizes for

Using Theorem 2.5 and Theorem 4.1, we can estimate when h
given partitions A, y, and v and nonnegative integers r and ¢.

v[n-+t]

Corollary 4.2. The Heisenberg coefficient h Al ln—r]

)Ll—f—]/ll—f—l/l—l)—l—i’—l—t.

stabilizes when n > J(|A| + |u| + |v] +

5 Rectangular Symmetry for Heisenberg Coefficients

Briand et al. [2] showed that four families of coefficients (Kronecker coefficients, plethysm
coefficients, Littlewood—Richardson coefficients, and the Kostka—Foulkes polynomials)
share symmetries related to the operations of taking complements with respect to rect-
angles. We follow the notations that are used in [2], and prove an analogous result for
the Heisenberg coefficients.

In this section, we use “bialternants” to define Schur functions. Let X = {x1,xp,...}
be a countable set of independent variables. For n > 0, we set X, = {xq,x2,...,Xn},
and X,V = {xy 1,x2_ 1. ., X1} be the set of the inverses of variables in X,,. The Schur
function s, [X,] is

det(x:.\"ﬂ -

51 [Xn] = )1<i, j<n

7

det(xg_l)lgl"jgn
where the number of nonzero parts of A, £(A) < n. If £(A) > n, we set s,[X,,| = 0.

Let (k) denote the partitions with n parts all equal to k. Given a partition A, and
integersk > Ay, n > £(A),let Ty ,(A) = (k— Ay, k—Ay_1, ..., k— A1) be the complement
of A in the n x k rectangle (k™).

From [1] (Theorem 12.1), we have

sy (XY +X+Y) =) Ky sa(X)su(Y). (5.1)
Ay

Restricting variables to X, and Y}, and taking the inverses of variables, get

Su (XYY + XV + YY) = ZhX,VsA(XmV)sV(YnV).
AV

Multiplying both sides by (I] xiyj)k(f[ xi)k(nyj)k = (I1 xi)k”+k(Hyj)km+k, for k suffi-
i i j 1 J

ciently large, and using (5.1), we get a rectangle symmetry for the Heisenberg coefficient:
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Theorem 5.1. Let m, n, and k be nonnegative integers and A, u, and v be three partitions such
that A C ((kn+k)™), u C ((km +k)"), and v C ((k)™™M+"), then

O (v)
v — h k, mn+m+n 2
A’V Dkn+k,m()\)/ ka+k,n(ﬂ) (5 )
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