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Abstract. Let G = GLy and V be its N-dimensional defining representation. Given
a module M for the algebra of quantum differential operators on G, and a positive
integer 1, we may equip the space F,(M) of invariant tensors in V" @ M, with an
action of the double affine Hecke algebra of type GL,.

In this paper we take M to be the basic module, i.e. the quantized coordinate algebra
M = Oq4(G). We describe a weight basis for F,(O4(G)) combinatorially in terms of
walks in the type A weight lattice; these are equivalent to standard periodic tableaux,
and subsequently we identify F,(Oq4(G)) with the irreducible “rectangular representa-
tion” of height N of the double affine Hecke algebra.
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1 Introduction

Classic Schur-Weyl duality involves commuting actions of GLy and the symmetric
group G, on V" where V = CV is the defining representation of GLy. Under this du-
ality, the GLy-invariants yield the N X k rectangular representation of &, when n = kN.
In this paper &, is replaced by the double affine Hecke algebra (DAHA) and GLy is
replaced by the algebra of quantum differential operators Dyq(GLy ). These two algebras
have commuting actions on the invariants in V" @ M, where M is a Dq(GLy)-module.
We show that in the case M is the “basic” Dq(GLy)-module that this yields the rectangu-
lar representation of the DAHA. This duality is very useful, as the representation theory
of the DAHA is well-understood in terms of type A algebraic combinatorics, while the
representation theory of Dy(GLy) is much less well-understood.

Throughout the paper, G = GLy, g = gly, n = kN. Associated to the quantum group
Uq(g) is the quantized coordinate algebra O4(G) and the algebra of quantum differential
operators Dq(G). Dq(G) is a g-deformation of the algebra D(G) of differential operators
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2 D. Jordan and M. Vazirani

on G. M = Oq4(G) is naturally Dy(G)-module, which we call the basic Dq(G)-module.
We show F,(M) := (V®" @ M)™V is the rectangular representation of the DAHA. See
[7] for more details. We do so by restricting F,(M) to the commutative subalgebra ) of
the DAHA and analyzing its )-weights, which has a lovely combinatorial description
naturally encoded by standard periodic tableaux. The theory of V-semisimple DAHA
representations then determines the isomorphism type of F,(M).

2 Combinatorics in type A: lattice walks & skew tableaux

We fix positive integers N,k and n = kN throughout the paper (except for in specific
examples), and G = GLy,g = gly. V is the N-dimensional defining representation
V =V, of g (or more precisely of Uq(g)).

2.1 The GLy weight lattice

Consider RN, with standard basis, £ = {¢;|i=1,...,N} and symmetric form (, ) with
respect to which £ is an orthonormal basis. The weight lattice of g is

N
A= Ze; =2z".
i=1

Elements of A are called integral weights. The dominant integral weights are
A*z{m1€1+---+mN€N | m; € Z,my > --- > my}.

We remark that £ are the weights of V. Let us denote d :=¢€; +- €2+ - - - +€n.
We introduce a special weight p given by
1

p = E((N—l)él—l-(N—3)€2+(N—5)€3+"'+(1—N)€N).

Observe 2p € AT, although p might not be depending on the parity of N.

Definition 2.1. Given a dominant integral weight A = }"; m;e; € A we denote by YD(A)
the diagram (or integer partition) with fewer than N parts,

YD(A) = (my — my, mp —my, ..., my_1 —mn,0).

We will call the diagonal through the upper left box of YD(A) the principal diagonal,
and we decree that this diagonal is labelled with my. The other diagonals are labelled
consecutively, so that the next diagonal to the right is labelled my + 1, etc. Equivalently,
we can say that the upper left box is in row 1 and column my + 1, and then the diagonal
is the column number minus the row number.
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Note the diagram YD(A +rd) is that of YD(A) shifted r units right, and so its diagonal
labels are incremented +r. Hence, although we draw the same diagram for A as well as
A +rd, they are distinguished by their diagonal labels.

Given A = ) ; mje;, its dual weight is A* := ) ; —m;en,1_;. Observe therefore that if
one takes YD(A*) and rotates it 180 degrees, then it is the complement to YD(A) in a
N x (mj — my) rectangle. See Figure 1.

Let us describe the diagonal labels in terms of the inner product on A. Consider A as
compared to A + €;. The diagram has one extra box and we claim the diagonal of that
box is labeled (A, €;) +1—i = (A +¢€;,€;) —i. The new box in the ith row. Note that
m; = (A, €;). The ith row of YD(A) has length m; — my, which is to say it ends m; — my
units to the right of the leftmost column, so the new box is in column m; 4+ 1, and thus
the m; +1 — i diagonal. The diagonal label of the new box is thus

mi+1—1i=(A€)+ (o) — (o €r) (2.1)

2.2 Walks on the weight lattice

Definition 2.2. A walk in A™ of length n, from weight A to weight y is a finite sequence,

u= (A:u()/ul/”-/un :,u)/

where each u; € A", and each difference u; — u; 1 lies in £&. We denote by 6;(u) the
index of u; —u;—1 € &, so that u; —u;_1 = €5,

Definition 2.3. A walk in A" of length n which begins at A and ends at A + kd is called
a looped walk at A. We denote by W}Z\V * the set of all looped walks at A of length n = kN.

Note that the multiset {€5,) | 1 < i < n} of steps taken on any looped walk u
consists of £ with multiplicity k = n/N. See Figure 2 for an example of a looped walk.

2.3 Skew tableaux

We shall now recall an alternative combinatorial description of W)]L\] * in terms of skew
tableaux. We first associate to a weight A € A™* a skew diagram

DYF = (YD(A) + (kN))/ YD(A).

Equivalently we may obtain Di\] * by removing YD(A) from the upper left, and YD(A*),
rotated 180 degrees, from the lower right, of the N x (k4 m; — my) rectangular diagram.
See Figure 1. The skew diagram Df * inherits diagonal labels from YD(A) as well as
choice of principal diagonal.

Recall that a standard tableau on a (skew) diagram with n boxes is a filling of its
boxes with {1,2,...,n} such that entries increase across rows and down columns.
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Figure 1: The skew diagram DZ\’Z inthecase N =7,k=2,n=14.

Definition 2.4. Given a weight A € AT, we denote by SICQJ * the set of all standard
tableaux on the diagonal-labeled skew shape Di\] x,

A+2d 1213

€1

Figure 2: A looped walk u at A = €; of length 4 and the skew tableau 7ab(u) with the
dashed line indicating the principal diagonal, which here is labeled 0.

Definition 2.5. Define the map 7ab : W}Z\\[ ks Ki\]’k from length n = kN looped walks
at A € AT to standard skew tableaux of shape Dy Kk as follows: for each i = 1,...,nfill
the leftmost vacant box in the J;(u)-th row of Di\] K with the symbol i.

Proposition 2.6 ([9]). The map Tab : Wi\] kS IC)I:I'k is a bijection.

Example 2.7. The looped walk in Figure 2 is u = (A, A+ e, A +ex+€1,A + e+ €1 +
€1, A+e€x+€1+€1+¢ = A), and so the sequence (61(u), d2(u),03(u),04(n)) = (2,1,1,2).
Compare this to the skew tableau 7 = Tab(u) which places 2 and 3 in the first row, 1
and 4 in the second row.

2.4 Periodic tableaux

For the rectangular shape u = (kV), we extend it to a “periodic diagram” U, czu[r] which
coincides with the N x oo strip as in Figure 3. In terms of coordinates u[r] = u + r(0, k).

We always consider the fundamental domain u[0] to be anchored on the 0-diagonal,
and so extend our diagonal labeling.
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u[—1] u[0] p[1] p2]

Figure 3: The diagram p = (23) is made periodic by shifting horizontally.

Definition 2.8. Let n = kN. An n-periodic standard tableaux of shape u = (kV) is a
bijection R : Z — {boxes of N x oo strip} such that:

o fillings increase across rows and down columns,

e the fillings of u[0] are distinct mod #,

e the fillings of p[r] are those of u[0] +nr.
We will denote the set of all such tableaux P,SYT(kV).

An R € P,SYT(kN) is completely determined by the fillings of u[0], see Figure 4.
(However it may happen that the filling of u[0] is row- and column-increasing, but its
periodization is not standard.) Observe that Dy * is also a fundamental domain of the pe-

riodization of u = (k). Similarly, “periodizing” a standard skew tableau in 7 € S ICZA\] «
(i.e., filling in the rest of the entries according to the periodicity constraint) yields a well-
defined standard periodic tableau in P,SYT(kV), as soon as we specify the compatibility
with the diagonal labelling. In other words, since the filling of 7 is {1,...,n} it is easy
to see its periodization is standard. This shows the map Per below is well-defined.

Definition 2.9. The periodization map,
| | SKN* — P,SYT(KN) (2.2)
AEAT

sends 7 to the unique periodic tableau in P,SYT(kN) agreeing with 7 in the fundamen-
tal domain of shape Di\] *Jocated along the N x oo strip so that diagonal labels coincide.

See Figure 4. In that example, note the skew tableaux are only differentiated by their
diagonal labels and likewise for the periodic tableaux.

Proposition 2.10. The map Per is a bijection.

Definition 2.11. Given R € P,SYT(kV), let diagy, : Z — Z be the map such that diagp ()
is the label of the diagonal on which | ; |lies.

Note diagg (i +n) = diagg (i + kN) = diagg (i) + k.
Definition 2.12. The weight wt(R) € (K*)" of R € SYT(kN) or of R € P,SYT(kN), is the
tuple,

Wt(R) _ <t2diagR(1)/ t2diagR(2)/ o tZdiagR(n)> —. t(2diagR(1),2diagR(2),...,2diagR(n)).



6 D. Jordan and M. Vazirani

A T e SKNK 0 Per(T) wt(Per(T))
0 ! h
1 NEE 120516 0w .2 w0
(0) 34 lo[Bla]7 s EEESE)
O\
1
0 T1[2 A TI2]50619 0.
(—1) 34 0 3[al7s 1 ST
0\
1 3
2 ]2 7 d&dF1]2]5
( 1 ) 34 i foja s )

Figure 4: Here N = 2,k = 2. The principal diagonal is marked red. The fundamental
rectangle of Per(T) is chosen so that the Oth diagonal matches that of 7 € SKCY.

3 The rectangular representation of the DAHA

The key result of this section is Theorem 3.7.
Let KC denote a field of characteristic zero, and let q,t € K£*, and assume neither g
nor ¢ is a root of unity. Typical instances are K = C, C(t), or C(g, ).

Definition 3.1. The extended affine symmetric group is'

SiSi4+1S; = Si4+15iSi+1 forie Z/nZ,

~ ‘ $:5: = $:5: forj #Zi+1modn

_ 5 7 /nZ ‘ 0] 701 : ’
S, <n si, i€Z/n 7S; = 8i17T fori € Z/nZ,
$2=1 forie Z/nZ

We recall that &, acts on Z by n-periodic permutations, i.e. bijections o : Z — Z
such that o(i + n) = (i) 4+ n. It also acts on the set (K*)" via:

si-(ay,...,a;,0i01,...ay) = (ay,...,4,41,4;,...,0,)
50 - (allaZI cee 0n—1, ﬂn) - (qﬂn/ az,...,p—-1, qilal) (31)
e (ay,...,an) = (qan, a1,az,...,0,-1).

The @n action on Z descends to an action on periodic tableaux, as follows. We set ¢ - R

to be the tableau where | i |is replaced with |o(i)|

!We drop the first relation when n = 2.
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The function diagy, is compatible with the S, action: diag, r(c(i)) = diagg(i) for
any o € S,. Furthermore the action intertwines the action (3.1) of &, on ()™ we
have wt(c - R) = 0 - wt(R). (We observe that ¢ - R need not be standard, even if R is.)
Any domain for the n-periodicity in Definition 2.8 is also a domain for the 7"*-action.
Note that 71" shifts the N x oo strip k steps horizontally.

Definition 3.2. The GL,, double affine Hecke algebra H,; = H,;(GL;,) is the K-algebra
presented by generators:
To, Tv, ... Ty, 0, Y50, 0 Y,

subject to relations’:

(T, —t)(T;+t ) =0 (i=0,...,n—1),

T,T;T; = T;T;T; (j=i+1modn), T;T; = T;T; (otherwise),
nTimr ! = i1 (i=0,...,n—=2), nT, 1t ' =T,

TY,T, =Y (i=1,...,n—1), ToY,To = g~ 1Y;

T,Y; =Y;T; (j#i,i+1modn),

nYim =Y, (i=1,...,n—1), Y, =gy,

We often refer to the double affine Hecke algebra as the DAHA.
We set ) to be the commutative subalgebra of H,: generated by the Yl.il, 1<i<n
and H()Y) to be the subalgebra generated by ) and the T;, 1 <i < n.

3.1 The rectangular representations

In his hallmark paper [3], Cherednik gave a complete classification of irreducible Y-
semisimple representations, i.e. those IH,;-modules for which the )-action can be di-
agonalized. His classification builds on the parallel story for the affine Hecke algebra
[5, 4, 2], [10]. Subsequently, the paper [11] built on Cherednik’s classification via peri-
odic skew diagrams combinatorially, connecting standard tableaux on the diagrams to
Y-weights. In this section we detail a very special case of Cherednik’s construction,
when the Young diagram indexing the irreducible module is an N x k rectangle and the
periodicity is purely horizontal, so that the shape is not actually skew but an N x co
strip.

3.1.1 Y-semisimple representations

A tuple z = (z1,...,2z4) € (K*)" is called a Y-weight. Let M be an H,;-module. We
define its support to be

supp(M) = {z | M[z] #0} where Mz]={veM |Yv=2zv, 1<i<n}

2As with @n, we drop the relations on the second line when n = 2.
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is its z-weight space. A non-zero v € M|z] is called a weight vector, or z-weight vector.

Definition 3.3. We call M Y-semisimple if we have an isomorphism M = @, M[z], as
Y-modules.

Such M are called calibrated in [10]. Note that M is Y-semisimple if and only if it

has a weight basis: a basis consisting of J-weight vectors. Further, in this case ResH;q’t (M)
is semisimple as a Y-module.

The structure of )-semisimple modules is extremely rigid. Given a )-semisimple
module, one can read its composition factors directly from its support. If M is both
simple and Y-semisimple, its nonzero weight spaces are all one-dimensional. Further
one need only determine a single z € supp(M) in order to determine all of supp(M),
and hence the isomorphism type of M.

The support of a simple YV-semisimple modules has a lovely combinatorial structure.
It is easy to show that if M is simple, then its support is contained in a single &,-orbit. If
additionally M is J-semisimple, we can say exactly what subset of the &,-orbit we get,
i.e. we can completely determine supp(M). More precisely, given z € supp(M), one can
determine the set S C &, such that supp(M) = {w -z | w € S}. The following theorem
uniquely characterizes the set S, which depends on choice of z:

Theorem 3.4 ([5, 4, 2, 3], [10]). Let M be a simple and Y-semisimple H, ;-module. Let z €
supp(M). We have:

1. For 1 <i < n, wehave M[s; - z] = 0 if and only if -~ € {t*,t>}. Further
TiM[z] C M[z] ® Ms; - z].

2. M]sp - z] = 0 if and only zf% € {t?,t72}. Further TyM[z] C M[z] ® M[so - z].
3. We have M|t -z] # 0, and tM|z] = M| - z].

Note that Theorem 3.4 allows us to precisely describe the action of the IH, ;-generators
on a weight basis, once we have chosen a sensible normalization or scaling. The proof of
this theorem uses the theory of “intertwiners” [3], for which the reader may also consult
[11].

3.1.2 Induction of the rectangular representation to the DAHA

Associated to the partition # = (k) is a finite dimensional irreducible representation of
the finite Hecke algebra (T;, 1 < i < n). A basis for this representation is indexed by
the set of standard Young tableaux of shape (k™). We denote by Rect(N, k) the H())-
module obtained by inflating this module via the homomorphism sending T; +— T;,
Y; — t¥ = 1. It is well-known for generic ¢ (i.e. away from small roots of unity) that
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Rect(N, k) is V-semisimple. Identifying the N x k rectangular diagram (k) with Dé\”k,
we assign diagonal labels as in Section 2. Below we denote standard tableaux of shape
(kN) by SYT(kVN).

Proposition 3.5. The irreducible H())-module Rect(N, k) has a Y-weight basis,
{or | R e SYT(KN)}  with  Yog = 2328rl)y,
when t is generic. In particular each v has weight wt(R).
Let

Hy ¢
M(KN) = Inngiy)

denote the induced module Hg ¢ ®(y) Rect(N, k). This module has basis

Rect(N, k)

(T, ®vg |0 €6,/6, R cSYT(kV)}

which can be ordered so that, with respect to this basis, ) acts triangularly. M(kN) thus
has support supp (M(kN)) = {o-wt(R) | 0 € &,,/&,,R € SYT(kN)}.

Theorem 3.6. Let g = t =K. Then M(kN) has unique simple quotient.

It is not hard to show that for any R € SYT(kN) the wt(R) weight space of M (k") is
one-dimensional, and thus it follows that it has unique simple quotient.

Using the next theorem one may explicitly construct this unique simple quotient and
thereby show it is J-semisimple.

Theorem 3.7 ([3], [11]). When g = t=2 there exists a unique irreducible representation L(kN )
of Hy that is Y-semisimple with support {wt(R) | R € P,SYT(kN)}. In particular we may
realize L(kN) as the linear span over K of

{vr | R € P,SYT(KN)},
such that each vy is a Y-weight vector of weight wt(R), i.e., Yior = tZdiagR(i)vR, 1<i<n.
Corollary 3.8. When q = 2, the unique simple quotient of M(kN) is L(kN); in particular it

is YV-semisimple and its support is given in Theorem 3.7.

4 The functor and the isomorphism

4.1 Quantum algebras: Uy(g), O4(G) and D,(G)
Recall G = GLy;, g = gly-
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We refer to [8] and [7] for detailed definitions, in particular the Serre presentation of
the quantum group Uq(g), the formulas for R-matrices, and the Peter-Weyl theorem.

The algebra of quantum differential operators on G, which we denote by Dq(G), was
studied in many different settings. The presentation as a twisted tensor product

Dq(G) = 0q(G)204(G), (4.1)

is adapted from the paper [12] (see also [1]).

We denote by ¢ and d the inclusions into the first and second tensor factor of (4.1),
so that { ® d4q : Ogq(G) ® Oy(G) — Dq(G) is the tautological isomorphism of Uq(g)-
modules (however it is not an algebra homomorphism). This is a gq-deformation of the

I

tensor decomposition D(G) = O(G) ® U(g) into functions on G, and the vector fields of
left-translation, hence the notation.
For the purposes of this paper, all we need is

Theorem 4.1 (Peter-Weyl decomposition). As a module for Uq(g) we have an isomorphism:

Oq(G) = Ppren+ Va® V5.

4.2 The functor F,

Recall V = V, is the N-dimensional defining representation of Uy(g). We denote by detq
the 1-dimensional representation of Uq(g) that has weight d. Let M be a Dq(G)-module.
Given n € IN, we define the functor F, via setting F,(M) to be the following space of
detg-variants:

P Uq(ﬂ)
Fn(M):(detq (V)®‘n/®-~®11/®M) :

In [6], an action of the double affine Hecke algebra was constructed on the space
Fns LN Let us summarize its GL-modification.

Theorem 4.2. Let M be a module for Dq(G), k be a positive integer, and n = kN. When
g =q *and t = q, we have an exact functor, F, : Dq(G)-mod — Hg+(GLy)-mod such that
the generators of Hg :(GL;) act on F,(M) as follows.

1. T; (i=1,...,n— 1) acts by the braiding oy vy on the .Vl ® V factors.
1+ 1

2. The double braiding on dety K(V)® V acts as the scalar g~ 2.
n

3. Yj acts only in the rightmost two tensor factors 11/ ® M via

Y1 = om_,v 0 0v M, (the double-braiding of V and M, using d4).
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4. X acts only in the rightmost two tensor factors 11/ ® M via

Ay®@Idy

X1 =VeM22WM ve0,(6) oM L,

VoM,
where in the second arrow, Oq(G) acts on M via the homomorphism £ : Oq(G) — Dq(G).

In the special case M = Oq4(G), the above action is compatible with Peter-Weyl de-
composition, in the following sense. Let

_ Uq(g)

gln

Then as vector spaces

F.(Oq(G)) = P Wy.
AeAT
The Pieri rule applied to (4.2) gives W}f i LeWNA L,, a decomposition into one-
= A

dimensional subspaces. Relating the double braiding to the action of the Casimir opera-
tor then yields the following theorem.

Theorem 4.3. Let g = g% and t = q. For any v € L, we have

Yv = puit20,u;) = (ui1+20,ui 1) — (€1 +2P,€1>v. (4.3)

4.3 The isomorphism type of F,(O4(G))
We are finally ready to prove our main theorem:

Theorem 4.4. Let A € A™, u be a looped walk in WN*, and R = Per(Tab(u)).
1. Each subspace L, is a Y-weight space of weight wt(R); for any v € Ly, we have

Yo = tZdiagR(i)v.

2. We have isomorphisms of Hy ;(GLy)-modules F,(Og(GLy)) = L(kN).

Proof. All that remains is to simplify the exponent of ¢t appearing in Theorem 4.3.

(i +2p,u;) — (ui—1+2p,ui1) — (€1 +2p,€1)
=2 (i1, €5,00) + (€50 — 0r€1))
= 2(the label of the diagonal on which | i |lies in Tab(u)), by (2.1)

=2 diagPer(Tab(g)) (1)

Hence we may re-write the scalar (4.3) by which Y; acts as *4128z(), Having matched
their support, the isomorphism F,(Oq(G)) = L(kY) then follows from Theorem 3.7.
O
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