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Figure 3: The mapping from M to M̃ in the simple case. We define the path p, slit it
and sew back after slightly sliding. Only the marked corner of f1 is represented.

rightmost geodesics, we must have {
+i , . . . , 
+
[
]
} ∩ {
′+i , . . . , 
′+

[
′]
} = ∅. The path

p

:= rev(
) • rev(~e) •~e • 
′

is thus composed of the self-avoiding path rev(
i→[
]) • 

′
i→[
′] together with the self-

avoiding path ~e • 
1→i−1 (visited twice, first backwards then forward), grafted either to
its left or to its right. We say that the path p and the quadruple (m; e, c, c′) are left-pinched
or right-pinched accordingly.

As above, we slit m along p from c to c′, circumventing the pinched part. This still
splits m into two submaps with a copy of p on the boundary of each but, this time, one
copy is a self-avoiding path while the other copy goes back and forth along a “dangling”
chain of i edges at some point. We still denote the left and right copies of p by l and r and
sew back l1→[p]−1 onto r2→[p]. We denote by m̃ the resulting map and let the outcome
of the construction be the quadruple (m̃; l+

[
]
, r1, rev(l)1) in the left-pinched case and

(m̃; (rev(r))+
[
′ ]

, r1, rev(l)1) in the right-pinched case (so that the distinguished vertex is
always the tip of the dangling chain). See Figure 4 for a similar operation.

Decreasing the size. The inverse mapping takes a quadruple (m̃; v, h, h′) ∈ M̃ and
goes as follows. We consider the corner h0 delimited by h and its predecessor in the
contour of the first face of m̃, and denote by h the leftmost geodesic from this corner
to v. As h is directed toward v, we have that [h] ≥ 1 and h1 = h. We define h′0 and h

′

in a similar fashion with h′ instead of h. Depending on whether h and h

′ meet before
reaching v or not, the path p

′ := h • rev(h′) is either self-avoiding or pinched in the
sense of the previous paragraph. The quadruple (m̃; v, h, h′) is called simple, left-pinched
or right-pinched accordingly. We slit m̃ along p

′ from h0 to h′0, denote by l

′ and r

′ the
left and right copies of p′ in the resulting maps and sew l

′
2→[p′]

onto r

′
1→[p′]−1. In the

resulting map, l′1 and (rev(r′))1 are dangling edges. We suppress them and denote
respectively by c and c′ the corners they define. We denote by m the map we finally
obtain and let the outcome of the construction be the quadruple (m; e, c, c′), where e is
the edge corresponding to l

′
[h]+1.


