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Figure 1: A quasibipartite map of type (20, 4, 8, 4, 4, 3, 4, 4, 4, 6, 4, 7, 4, 2).

number of plane maps with r numbered faces f1, . . . , fr of respective degrees a1, . . . ,
ar, where each face has a marked corner. The r-tuple a will be called the type of such
maps (see Figure 1). By elementary considerations and Euler’s characteristic formula,
the integers

E(a) :=
1
2

r

∑
i=1

ai and V(a) := E(a) − r + 2 (1.1)

are respectively the numbers of edges and vertices of maps of type a. Solving a techni-
cally involved recurrence, Tutte [9] showed that, when at most two ai’s are odd, that is,
for bipartite or quasibipartite maps,

M(a) =

(

E(a) − 1
)

!
V(a) !

r

∏
i=1

α(ai), where α(x) :=
x!

⌊

x/2
⌋

!
⌊

(x − 1)/2
⌋

!
. (1.2)

Formula (1.2), commonly referred to as Tutte’s formula of slicings, was later recovered
by Cori [6, 5] thanks to a so-called transfer bijection, roughly consisting in iteratively
transferring one degree from a face to a neighboring face, until the map has a very
simple structure. Using a bijective encoding by so-called blossoming trees, Schaeffer [8]
then recovered it in the bipartite case. Finally, we may also obtain it by using the so-
called Bouttier–Di Francesco–Guitter bijection [3], which encodes plane maps by tree-like
structures called mobiles: see [4] for the computation of related generating functions
using this approach.

In the present work, we give a bijective interpretation for the following combinatorial
identities, which somehow allows to “grow” maps by adding to a bipartite map two new
corners either to the same face or to two different faces.

Proposition 1 (Adding two corners to the same face). Let a = (a1, . . . , ar) be an r-tuple
of positive even integers and let ã = (ã1, . . . , ãr) := (a1 + 2, a2, . . . , ar). Then the following
identity holds:

(a1 + 1) (a1 + 2) E(a) M(a) =
⌊

ã1/2
⌋⌊

(ã1 − 1)/2
⌋

V(ã) M(ã). (1.3)


