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(ii) In a quasibipartite map, a cycle has odd length if and only if it separates the two odd-degree
faces1. Moreover, for any given vertex v, among the a half-edges incident to an odd-degree
face, exactly one is parallel to v, (a− 1)/2 are directed toward v and (a− 1)/2 are directed
away from v.

3 Adding two corners to a face in a bipartite map

Throughout this section, we fix an r-tuple a = (a1, . . . , ar) of positive even integers and
define ã := (a1 + 2, a2, . . . , ar) as in the statement of Proposition 1. We consider the set M
of plane maps of type a carrying one distinguished edge and two distinguished corners
in the first face. On the other hand, we consider the set M̃ of plane maps of type ã

carrying one distinguished vertex and two different distinguished half-edges incident to
the first face, and that are both directed toward the distinguished vertex.
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By Proposition 5.(i), the cardinalities of M and M̃ are the sides of (1.3). We present
an explicit bijection between these two sets; this provides a combinatorial interpretation
of Proposition 1. Our bijection is a straightforward generalization of [1, Section 4].

Increasing the size. Let (m; e, c, c′) ∈ M. As m is bipartite, e cannot be parallel to c:
we denote by ~e the corresponding half-edge that is directed toward c, and by 
 the
rightmost geodesic from ~e to c. Let us first suppose that rev(~e) is directed toward c′:
in this case, the quadruple (m; e, c, c′) is called simple. We denote by 


′ the rightmost
geodesic from rev(~e) to c′ and define the self-avoiding path p

:= rev(
) • rev(~e) • 
′. We
slit m along p from c to c′, and we denote by l and r the left and right copies of p in the
resulting maps. We then sew back l1→[p]−1 onto r2→[p], in the sense that we identify lk
with rk+1 for 1 ≤ k ≤ [p]− 1. We denote by m̃ the resulting map and let the outcome of
the construction be the quadruple (m̃; l+

[
]
, r1, rev(l)1). See Figure 3.

Let us now treat the case where~e is directed toward c′. We denote by 


′ the rightmost
geodesic from ~e to c′ and by i ≥ 1 the smallest integer such that 
i 6= 


′
i. As 
 and 


′ are

1Recall that, by the Jordan Curve Theorem, a cycle in a plane map always separates the map into exactly
two connected components.


