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Skew hook formula for d-complete posets via
equivariant K-theory
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Abstract. Peterson and Proctor obtained a product formula for the multivariate gen-
erating function of P-partitions on a d-complete poset P in terms of hooks in P. In
this article, we give a skew generalization of Peterson-Proctor’s hook formula, i.e.,
a subtraction-free formula for the generating function of (P \ F)-partitions for a d-
complete poset P and its order filter F. Our proof uses the equivariant K-theory of
Kac-Moody partial flag varieties, and this generalization provides an alternate proof
of Peterson—Proctor’s hook formula.
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1 Introduction

The origin of hook formulas is the Frame-Robinson-Thrall hook formula [1], which
asserts that, for a partition A, the number f* of standard tableaux of shape A is given by

_ !
[Toenr) fpa)(0)

i (1.1)
where hip(,)(v) denotes the hook length of the cell v in the Young diagram D(A). Later
Stanley [13] obtained a hook formula for the univariate generating function of reverse
plane partitions of shape A with respect to |o| = }pep() () :

7 (1'2)

and Gansner [2] gave a multivariate generalization of (1.2). Similar formulas hold for
shifted Young diagrams and rooted trees.

Standard tableaux and reverse plane partitions of shape A can be regarded as linear
extensions and P-partitions of the poset P = D(A) respectively. Given an n-element poset
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P, a linear extension of P is an order-preserving bijection from P to {1,2,...,n}, and a
P-partition is an order-reversing map ¢ from P to IN, the set of nonnegative integers. We
denote by A(P) the set of all P-partitions. Using Stanley’s theory of P-partitions, we can
derive (1.1) from (1.2).

Proctor [10, 11] introduced a wide class of posets, called d-complete posets, enjoying
“hook-length property”, as a generalization of Young diagrams, shifted Young diagrams
and rooted trees. Peterson and Proctor obtained the following theorem, which is a far-
reaching generalization of the hook formulas (1.1) and (1.2).

Theorem 1.1. (Peterson—-Proctor, see [12]) Let P be a d-complete poset. The multivariate
generating function of P-partitions is given by

1
Ue§(:)z [Toep(1 — z[Hp(0)])"

(Refer to Section 2 for undefined notations.)

(1.3)

However the original proof, based on representation theory, of this theorem is not
yet published, though an outline of their proof is given in [12]. Different proofs are
sketched by Ishikawa—-Tagawa [3] (using Schur function identities) and Nakada [7] (using
combinatorics of root systems). Our skew generalization (Theorem 1.2 below) provides
an alternate proof of Theorem 1.1, which is based on equivariant Schubert calculus.

Another direction of generalizing the Frame—-Robinson-Thrall hook formula (1.1) is
to consider skew shapes. However one cannot expect a nice product formula for the
number fA/# of standard tableaux of skew shape A/u in general. Naruse [8] presented
and sketched a proof of a subtraction-free formula for fA/#:

f/\/M:‘/\/MI Z 1
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where and D runs over all excited diagrams of D(u) in D(A). Morales-Pak-Panova [6]
gave a g-analogue of Naruse’s skew hook formula for the univariate generating functions
for P-partitions on P = D(A) \ D(u).

The main result of this article is the following skew generalization of Peterson-
Proctor’s hook formula (Theorem 1.1). A subset F of a poset P is called an order filter of
Pif x <yinPand x € Fimplyy € F.

Theorem 1.2. Let P be a connected d-complete poset and F an order filter of P. Then
the multivariate generating function of (P \ F)-partitions, where P \ F is viewed as an
induced subposet of P, is given by

v _ [Toen(p) z[Hp ()]
UGAZU;\HZ _Deg HveP\D(l—Z[Hp( 0)])’ (1.5)

where D runs over all excited diagrams of F in P. (See Section 2 for undefined notations.)
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If F = @, then our main theorem (Theorem 1.2) gives Theorem 1.1. If P = D(A) and
F = D(u) are the Young diagrams of partitions A O p, then (1.5) reduces to Morales—
Pak-Panova’s g-hook formula [6, Corollary 6.17] after specializing all variables z; to g,
and then to Naruse’s hook formula (1.4) by the theory of P-partitions.

This article is an extended abstract of [9] and is organized as follows. In Section 2, we
give basic definitions and notations for d-complete posets and excited diagrams/peaks.
In Section 3, we provide Lie theoretical interpretations of the combinatorial notions for
d-complete posets. In Section 4, we give a sketch of the proof of Theorem 1.2 by using
the Billey-type formula and the Chevalley-type formula for the equivariant K-theory of
the Kac-Moody partial flag variety.

2 Basic definitions and notations
We give several definitions concerning d-complete posets and introduce the notion of

excited diagrams and excited peaks.

2.1 Definition of d-complete posets

For an integer k > 3, we denote by di(1) the poset consisting of 2k — 2 elements
Ui, -+ ,Ug_2,%,Y,0k_p,- - - ,01 with covering relations

U >uUp>-+->Up_p, Up2>X>Vp_p, U 2>Y>0Vp_p, UVf_p>--:>0p>01.

Note that x and y are incomparable. The poset di(1) is called the double-tailed diamond.
The Hasse diagram of d(1) is shown in Figure 1 (a).

Ml
<>k 2
01 z "
(a) di(1) (b) D(5,4,2,1) 5(5,4,2,1) (d) es(1)

Figure 1: Double-tailed diamond, shape, shifted shape and swivel

Let P be a poset. An interval [v,u] = {x € P: v < x < u} is called a dy-interval if it
is isomorphic to di(1). Then v and u are called the bottom and top of [v,u] respectively,
and the two incomparable elements of [v, u] are called the sides. A subset I of P is called
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convexif x <y <zinPand x,z € [ imply y € I. A convex subset [ is called a d -convex
set if it is isomorphic to the poset obtained by removing the top element from d(1).

Definition 2.1. A poset P is d-complete if it satisfies the following three conditions for
every k > 3:

(D1) If I'is a d,_-convex set, then there exists an element u such that u covers the maximal
elements of [ and I U {u} is a di-interval.

(D2) If I = [v,u] is a dy-interval and the top u covers ' in P, then u’ € I.
(D3) There are no d, -convex sets which differ only in the minimal elements.

It is clear that rooted trees, viewed as posets with their roots being the maximum
elements, are d-complete posets.

Example 2.2. We regard Z? as a poset by defining (i,j) < (i',j") if and only if i > i’ and
j > j'. The following induced subposets of Z? are d-complete:

DA ={(i,j)eZ*:i>1,1<j< N},

S(w)={G,j)ezZ*:i>1,i<j<p+i-1},

) = (1,1),(1,2),(1,3),(1,4),(1,5),(2,3),(2,4),(2,5),
(3,4),(3,5),(3,6),(4,4),(4,5),(4,6),(4,7),(48) |’

where A is a partition and y is a strict partition. These posets are called a shape, a shifted

shape and a swivel respectively. Figure 1 (b), (c), (d) illustrate the Hasse diagrams of

D(5,4,2,1),5(5,4,2,1) and e¢(1). Sometimes we represent subposets of Z? as collections
of unit cells like Young diagrams.

66(1

A poset P is called connected if the Hasse diagram of P is a connected graph. It is easy
to see that, if P is a d-complete poset, then each connected component of P is d-complete.
Hence, when considering the generating functions of P-partitions, we may assume that
a d-complete poset is connected.

Proposition 2.3. ([10, §3]) If a d-complete poset P is connected, then P has a unique
maximal element.

2.2 Top tree and d-complete coloring

Let P be a poset with a unique maximal element. The top tree I' of P is an induced
subgraph of the Hasse diagram of P, whose vertex set consists of all elements x € P
such that the order filter generated by x is a chain. We will regard the top tree as a
simply-laced Dynkin diagram. For example, the top trees of Figure 1 (a), (b), (c) and (d)
are of type Dy, Ag, D¢ and E¢ respectively.
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Proposition 2.4. ([11, Proposition 8.6]) Let P be a connected d-complete poset and T’ its
top tree. Let I be a set of colors whose cardinality is the same as I'' Then a bijective
labeling ¢ : I' — I can be uniquely extended to a map, called a d-complete coloring,
c : P — I satisfying the following three conditions:

(C1) If x and y are incomparable, then c(x) # c(y).
(C2) If an interval [v, u] is a chain, then the colors c(x) (x € [v, u]) are distinct.
(C3) If [v,u] is a dy-interval then c(v) = c(u).

Example 2.5. The assignments given in Figure 2 are d-complete colorings. In general,
for a shape D(A) and a shifted shape S(u) with [(y) > 2, the maps cp(y) : D(A) —
{-(A{-1),...,-1,0,1,...,A; —1} and Cs(y) S(u) — {0,0/,1,2,..., 41 — 1} given by

j—i ifi<j,
coy (@) =j—1i, cgu(i,j) =10 ifi =jandiisodd,
0’ ifi=jandiiseven.
are d-complete colorings.
0[1]2]3]4] [0]1]2]3]4 [1]2]3]4]5
—1[o[1]2 o]1]2]3 6/3]4
21 E 236
-3 0] 1]2[3]4]5]
@) D(5,4,2,1)  (b) S(5,4,2,1) (©) es(1)

Figure 2: d-complete colorings

2.3 Hook monomials

In the rest of this paper, we assume that P is a connected d-complete poset with top tree
I', and fix a d-complete coloring c : P — I, where I is identified with vertex set of I'. Take
a set of indeterminates z = (z;);c; indexed by I.

Given an order filter F of P, we regard P \ F as the induced subposet. For a (P \ F)-
partition ¢ € A(P \ F), we put

and we are interested in the multivariate generating function Y;c 4(p\ry 2z’ of (P \ F)-
partitions.

Definition 2.6. For each element u € P, we define the monomial z[Hp(u)], called the
hook monomial of u, inductively as follows:
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(i) If u is not the top of any dy-interval, then we define z[Hp(u)] = [Toy<y Ze(w)-
(ii) If u is the top of a di-interval [v, u], then we define

z[Hp(x)] - z[Hp(y)]
z[Hp(v)] '

z[Hp(u)] =

where x and y are the sides of [v, u].

Example 2.7. If P is a shape D(A) or a shifted shape S(u), then there is the classical
notion of hooks Hpy(#) C D(A) and Hg,y(u) C S(u) given by

Hp(i,j) = {(i,1) € D(A) : 1 = j}U{(k,j) € D(A) : k > i},
Hg(y (i, j) = {(,1) € S(u) : 1 = jy U{(k,j) € S(u) : k > jU{(+1,1) € S() : 1 > j}.

Then the hook monomial z[Hp(u#)] in Definition 2.6 coincides with the product
Hver(u) Ze(v)-

2.4 Excited diagrams and excited peaks

In order to formulate a skew hook formula for d-complete posets, we need to gener-
alize the notion of excited diagrams and excited peaks used in [8] and [6] to general
d-complete posets.

For i € I, let N; be the subset of P consisting of elements x € P whose color c(x) is
adjacent to i in the Dynkin diagram I'. Note that, if [v, u] is a di-interval, then [v, u] N N,
consists of elements x € [v, u] such that x is covered by u or covers v.

Definition 2.8. Let P be a connected d-complete poset and let F be an order filter of P.

(a) Let D be a subset of P and u € D. We say that u is D-active if there exists an
element v € P\ D such that v < u, [0, u] is a di-interval and [0, u] N D N N,y = @.

(b) Let D be a subset of P and u € D. If u is D-active, then we define a, (D) to be the
subset of P obtained from D by replacing u € D by the bottom element v of the
di-interval [v, u]. We call this replacement an elementary excitation.

(c) An excited diagram of F in P is a subset of P obtained from F after a sequence
of elementary excitations on active elements. Let Ep(F) be the set of all excited
diagrams of F in P.

(d) To an excited diagram D € Ep(F) we associate a subset B(D) C P as follows: If
D = F, then B(F) = @. If D is an excited diagram with an active element u, then
we define

B(au(D)) = (B(D)\ ([o,1] N Neguy) ) U {1},
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where [0, u] is the di-interval with top element u. We call B(D) the set of excited
peaks of D. (It can be shown that B(D) is a well-defined subset of P \ D.)

Example 2.9. (1) If P = D(5,3,2) and F = D(2,1), then there are five excited diagrams

of Fin P.
[ ] %2 NEEN
—
X(2,1) l &(2,1) l
> [ ] ®a2 ><>< [ “ay, [X []

Here the shaded cells form an exited diagram and a cell with X is an excited peak.

(2) If P = 5(5,3,2) and F = S(2), then there are four excited diagrams of F in P.

| %) X | “e3) X | oy, X l
- T < -

(3) If P = e4(1) and F is the order filter consisting of two elements, then there are four
excited diagrams of F in P.

L1 a1 [CIX aisq)  [CIX a1y X

3 d-Complete posets, Weyl groups and root systems

In this section, we provide connections of combinatorics of d-complete posets with Lie
theory involving Weyl groups and root systems.

3.1 Lie theoretical interpretations

Let P be a connected d-complete poset with top tree I', and regard I' as a (simply-
laced) Dynkin diagram with node set I. We fix an associated root datum (A, A*, 11, 1)
consisting of a free Z-module A (the weight lattice), its dual lattice A* (the coweight
lattice), a subset IT = {a; : i € I} C A (the set of simple roots), and a subset ITY =
{aY :i eI} C A* (the set of simple coroots) subject to certain conditions. Let W be the
corresponding Weyl group generated by the simple reflections {s; : i € I}, 1 : W — N
the length function and < the Bruhat order on W. Let ® = WII and ®¥ = WII" be
the sets of real roots and real coroots respectively. The simple system IT (resp. IIY)
determines the decomposition of ® (resp. ®V) into the positive system &, (resp. PY)
and the negative system ®_ (resp. ®Y). Then the standard partial ordering > on @
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(resp. ®Y) is defined by setting & > f if « — f is a sum of simple roots (resp. simple
coroots).

By using the d-complete coloring ¢ : P — I, we write a(p) = a(), aV(p) = a

c(p)
and s(p) = s, for each p € P. Take a linear extension and label the elements of

P with py,---,pn (N = #P) so that p; < p; in P implies i < j. Then, for a subset
D= {Pilz---,Pir} (i1 < --- < i) of P, we define

wp =s(piy)---s(pi,) € W.
If p = px € P, then we define

B(pe) =s(p1) - -s(pr—p)a(pr) € @, 7" (p) = s(pn) -~ - s(prsa)a’ (pi) € D

It turns out that these elements wp, B(p) and v"(p) are independent of the choices of
linear extensions of P.

Let ip be the color of the unique maximal element of P, and Ap € A the correspond-
ing fundamental weight. Let W,, be the stabilizer of Ap in W, which is the maximal
parabolic subgroup corresponding to I\ {ip}. Let W*? be the set of minimum length
coset representatives of W/W, ,, viewed as an induced subposet of W with respect to
the Bruhat order.

Then we summarize connections of combinatorics of d-complete posets with Weyl
groups and root systems. Proofs can be found in [10], [12] and [14].

Proposition 3.1. (a) The element wp € W is Ap-minuscule, i.e., (7" (p), Ap) = 1 for all
p € P, where (, ) : A* x A — Z is the canonical pairing.

(b) wp is fully commutative, i.e., any reduced expression of w can be obtained from
any other by using only the Coxeter relations of the form st = ts.

(c) The poset P is isomorphic to the order dual of ®Y Nwp'®Y via the correspondence
p=7(p).
(d) Under the identification z; = % (i € I), we have z[Hp(p)] = ePP) for any p € P.

(e) The map F — wr gives a poset isomorphism from the set of all order filters of P
ordered by inclusion to the Bruhat interval [e, wp] in WP,

(f) If F is an order filter, then wr is Ap-minuscule and wrAp = Ap — ZpeF a(p).

3.2 Excited diagrams and Weyl groups

Let * : W x W — W be the associative product, called the Demazure product, defined
by
Sk w = sw  if I(s;w) = 1(w) + 1,
w if l(s;w) = 1(w) — 1.
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For a fixed linear extension of P and a subset D = {pil, e pi} (i < -+ <iy) of P, we
define an element w}, € W by putting

wp = s(pi,) *s(pi,) * - *s(pi,).

It follows from Proposition 3.1(b) that the element w7, is independent of the choices of
linear extensions of P The following proposition is one of the key ingredients of the
proof of Theorem 1.2. See [9, Section 3] for the proof.

Proposition 3.2. Let F be an order filter of a connected d-complete poset P and E C P.

(a) E is an excited diagram of F in P, i.e,, E € £p(F), if and only if #£ = #F and
WE = WE.

(b) E is of the form E = D US for some D € Ep(F) and S C B(D) if and only if
WE = WF.

4 Equivariant K-theory and proof of Theorem 1.2

In this section, we use the equivariant K-theory of a thick partial flag variety (see [4] for
example) to give a sketch of the proof of our main theorem (Theorem 1.2).

4.1 Equivariant K-theory of Kac-Moody partial flag varieties

Let P be a d-complete poset with top tree I. From a fixed root datum (A, A*, I, IIV)
associated to the Dynkin diagram I', we can construct the Kac-Moody group G over C,
its Borel subgroup B_ (corresponding to ®_) and maximal torus 7 C B_. Let ip € I be
the color of the maximum element of P and Ap the corresponding fundamental weight.
Let P_ D B_ be the parabolic subgroup of G corresponding to | = I\ {ip}. Then we
consider the Kashiwara thick partial flag variety X = G/P_.

Let K7 (X') be the T-equivariant K-theory of X. Then Ky (X') has a commutative
associative K7 (pt)-algebra structure. Here the T -equivalent K-theory K (pt) of a point
is isomorphic to the group algebra Z[A] with basis {e* : A € A}. In the following, we
identify e* with the indeterminates z; corresponding to the color i € I. Any elements
of K7(X) is a (possibly infinite) K7(pt)-linear combination of the equivariant Schubert
classes {[O,] : v € WP}, where [O,] is the class of the structure sheaf O, of the Schubert
subvariety X, and W7 is the set of minimum length coset representatives in W/W,,,.

Each w € WA» gives a T-fixed point e, = wP_/P_ € X, and the inclusion map 1 :
{ew} — A& induces the pull-back ring homomorphism £, : K (X) — Ky(ew) = Z[A],
called the localization map at w. For two elements v, w € WP we define

¢l = 1 ([00]) € Z[A].
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Then, by using Proposition 3.1 (d), we can derive the following explicit expression from
the Billey-type formula [4, Proposition 2.10].

Proposition 4.1. For a connected d-complete poset P and its order filter F, we have

lop = Y, DT TT - z[Hp(p))), (4.1)

E:wp=wg pEE

where the summation is taken over all subsets E C P satistying wy = wr.

4.2 Equivariant K-theoretical Littlewood-Richardson coefficients

We consider the structure constants for the multiplication in K7 (X') with respect to the
equivariant Schubert classes. For u, v, w € W/, we denote by iy € K7 (pt) the structure
constant determined by
[0u][Oy] = 2 CZ",U[Ow]- (4.2)
weWAP
Then we have cﬁ’/v = 0 unless u < w and v < w. It is not difficult to prove the following
proposition.

Proposition 4.2. (a) For v, w € W*?, we have Cow = &% w
(b) Let u, v, w € W*? and put s = Sip € WA, Tf Comw 7 Csy, then we have

_CM

1
= T I (4.3)
s,w S, U y<x<w

By using Proposition 3.1 (c), (e) and (f), we can prove the following explicit formula
from the Chevalley-type formula [5, Theorem 4.8]. (See [9, Section 4] for the proof.)

Proposition 4.3. Let P be a connected d-complete poset and put s = s;,. For two order
filters F and F’ of P, we have

1— z[F] if ' =F,
CZ,}%F = (=D*E\EO-12[F] if F' D F and F’\ F is an antichain, (4.4)
0 otherwise,

where z[F| = [Tper ze(p).-
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4.3 Qutline of the Proof of the Main Theorem

Now we are ready to prove our Main Theorem 1.2. Theorem 1.2 follows from the fol-
lowing two identities:

Z c_ % lwp  C [wp _ quB(D) z[Hp(q)]
s A(P\F) CWPlwp” CP|awp peenp) Hper\n(1 = z[Hp(p)])

(4.5)

We use Proposition 4.3 to prove the first identity of (4.5). We proceed by induction
on #(P \ F). For an order filter F of P, we put

o ‘:wp|wp
Gpye(z) = Y, 2% Zps(z) = T
ce A(P\F) P wp

Since Zp,p(z) = Gp,p(z) = 1, it is enough to show that Zp,r(z) and Gp,p(z) satisfy the
same recurrence of the form

1 /
X S ——— A 4.6
where F’ runs over all order filters such that F C F/ C P and F’\ F is an antichain.
First we show that Gp,r satisfies (4.6). Let M be the set of all maximal elements of
P\ F. For a subset I C M, let

A(P\F);={c€ A(P\F):0(x)=0forall x € [},
A'(P\F)={oc € A(P\F):0(x) =0 for some x € M}.
Then Gp,pun(2) = Lecap\r), 2° and by using the Inclusion-Exclusion Principle we
have
Z(_l)#(P’\F)flGP/P(z) _ Z (_1)#171 Z 0 — Z s
F! IcM, 1£0 o€ A(P\F); oe A'(P\F)

Also it is not difficult to show
1
o= Ly
se A(P\F) 1—z[P\ F] ce A'(P\F)

Hence Gp,r(z) satisfies (4.6). On the other hand, by using Proposition 3.1 (e), Proposi-
tion 4.2 (a) and Proposition 4.3, we can rewrite (4.3) to show that Zp,p(z) satisfies the
recurrence (4.6). Hence we obtain the first identity of (4.5).

The second identity of (4.5) is derived by using Proposition 4.1 and Proposition 3.2
as follows:

G luwp

Y. T1a-zHe(p)]) ), (-1~ z[Hp(p))

De&p(F) peD ScB(D) peS

= Y T1Q-zH®)]) [T zHep)]

Deé&p(F) peD peB(D)
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By dividing the both sides by ¢“?|w, = [T,ep(1 — z[Hp(p)]), we obtain the second iden-
tity in (4.5). This completes the proof of Theorem 1.2.
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