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Abstract. Dominant maximal weights are significant objects in the representation
theory of affine Kac–Moody algebras. We construct a (bi)cyclic sieving phenomenon
on the union of dominant maximal weights for highest weight modules over affine
Kac–Moody algebras in a way not depending on types, ranks and levels. Exploiting
this phenomenon, we derive closed and recursive formulae for the number of domi-
nant maximal weights for every highest weight module and observe level-rank duality
on the cardinalities. We also observe interesting interrelations among the recursive
formulae of classical affine Kac–Moody algebras.
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1 Introduction

Let g be an affine Kac–Moody algebra and VpΛq be the irreducible highest weight mod-
ule with highest weight Λ P P`, where P` denotes the set of dominant integral weights.
Due to Kac [6], all weights of VpΛq are given by the disjoint union of δ-strings attached to
maximal weights and every maximal weight is conjugate to a unique dominant maximal
weight under Weyl group action.

In [6], Kac established lots of fundamental properties concerned with wtpΛq, the set
of weights of VpΛq, using the orthogonal projection ¯ : h˚ Ñ h˚0 . In particular, he showed
that max`pΛq, the set of dominant maximal weights, is in bijection with `Caf X pΛ`Qq
under this projection, thus it is finite. Here ` denotes the level of Λ and Q denotes the
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root lattice of g. Based on this result, there have been a number of studies on max`pΛq
(see [5, 13]). However, in the best knowledge of the authors, approachable combinatorial
models and cardinality formulae of max`pΛq have not been available up to now except
for limited cases, which motivates our study.

The cyclic sieving phenomenon was introduced by Reiner–Stanton–White in [8]. It was
generalized and developed in various aspects including combinatorics and representa-
tion theory (see [1, 10] for examples).

The main purpose of this extended abstract is to investigate max`pΛq by constructing
a combinatorial model for max`pΛq and a (bi)cyclic sieving phenomenon on this model
in a way not depending on types, ranks and levels. As applications, we derive closed and
recursive formulae of |max`pΛq| for all affine types, and observe interesting symmetries
by considering max`pΛq for all ranks and levels. We find out intriguing interrelations
among the recursive formulae of various affine Kac–Moody algebras. We also realize
that our symmetry for Ap1qn type gets along with the level-rank duality introduced by
Frenkel [3].

For details and more results, we refer the reader to [7].

2 Preliminaries

Let I “ t0, 1, ..., nu be an index set. An affine Cartan datum pA, P, Π, P_, Π_q consists of (a)
an affine Cartan matrix A “ paijqi,jPI of corank 1, (b) the weight lattice P “

Àn
i“0 ZΛi ‘Zδ,

(c) the set of simple roots Π “ tαi | i P Iu Ă P, (d) the coweight lattice P_ “ HompP, Zq, (e)
the set of simple coroots Π_ “ thi | i P Iu Ă P_ subject to the condition

@

hi, αj
D

“ aij and
xhj, Λiy “ δij for all i, j P I. Here δ “

řn
i“0 aiαi is the null root. Let

c “ a_0 h0 ` a_1 h1 ` ¨ ¨ ¨ ` a_n hn

be the canonical central element. We say that a weight Λ P P is of level ` if xc, Λy “ `. We
call the free abelian group Q :“

À

iPI Zαi the root lattice. The elements of P` :“ tΛ P P |
xhi, Λy P Zě0, i P Iu are called dominant integral weights. For a nonnegative integer `, we
set

P`` :“ tΛ P P` | xc, Λy “ `u and P`cl,` :“ P`` {Zδ.

The affine Kac–Moody algebra g associated with the affine Cartan datum pA, P, Π, P_,
Π_q is the Lie algebra over C generated by ei, fi pi P Iq and h P P_ with defining relations.
Let C be the Cartan matrix associated to a finite simple Lie subalgebra g0 of g.

It is well known that the category Oint, consisting of integrable weight g-modules,
is a semisimple tensor category such that every irreducible object is isomorphic to the
highest weight module VpΛq (Λ P P`).
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Let wtpVpΛqq be the set of weights of VpΛq. The elements of maxgpΛq :“ tµ P

wtpVpΛqq | µ` δ R wtpVpΛqqu is called maximal weights. We set

max`g pΛq :“ maxgpΛq X P`.

We sometimes omit the subscript g for simplicity. It is well known that maxpΛq “
W ¨max`pΛq, where W is the Weyl group of g.

Let h0 be the vector space spanned by thi | i P I0 :“ Izt0uu. The orthogonal projection
¯ : h˚ Ñ h˚0 and the set Caf are introduced in [6].

Proposition 2.1 ([6, Proposition 12.6]). The map µ ÞÝÑ µ defines a bijection from max`pΛq
onto `Caf X pΛ`Qq where Λ is of level `.

Throughout this paper, we denote by ‚ the dot product on Qn. In addition, for k P Zą0
and m, m1 P Z, we write m ”k m1 if k | m´m1, and m ık m1 otherwise.

3 Embedding max`pΛq into P`cl,`

In this section, we will assume that Λ is of the form
ř

0ďiďn piΛi because `CafXpΛ`Qq “
`Caf X pΛ` kδ`Qq for all k P Z.

An equivalence relation „ on P, defined by Λ „ Λ1 if and only if Λ´Λ1 P Q, was
introduced in [2, Definition 3.1]. We note that it induces an equivalence relation, called
the sieving equivalence relation, on P`cl,` defined as follows: For Λ, Λ1 P P`cl,` ,

Λ „ Λ1 if and only if `Caf X pΛ`Qq “ `Caf X pΛ1 `Qq. (3.1)

Let Π0 :“ tαi | i P I0u be the set of simple roots of g0 and $ :“ tvi | i P I0u the set
of fundamental dominant weights of g0. Let P0 :“ Z$ be the weight lattice of g0 and
Q0 :“ ZΠ0 the root lattice of g0. Then P0{Q0 is known to be a finite group, called the
fundamental group of Φ0 pthe set of roots of g0q. Its structure is well known in the literature.
For instance, see [4].

We note that there are at most |P0{Q0| equivalence classes on P`cl,`. For each type, we
define a set DRpP`cl,`q, called the set of distinguished representatives. Indeed it is designed
so that every Λ P DRpP`cl,`q is of the form p`´ 1qΛ0 `Λi. For instance,

DRpP`cl,`q “

#

tp`´ 1qΛ0 `Λi | i “ 0, 1, . . . , nu if g “ Ap1qn ,

tp`´ 1qΛ0 `Λi | i “ 0, 1, n´ 1, nu if g “ Dp1qn .

For other types, see [7, Table 2.2].

Lemma 3.1. DRpP`cl,`q is a complete set of pairwise inequivalent representatives of P`cl,`{„, the set
of equivalence classes of P`cl,` under the sieving equivalence relation. In particular, the number of
equivalence classes is given by |P0{Q0|.
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For Λ P DRpP`cl,`q, set P`cl,`pΛq :“ tΛ1 P P`cl,` | Λ „ Λ1u and consider the map ιΛ :
`Caf X pΛ`Qq Ñ P`cl,`pΛq defined by

ÿ

1ďiďn

mivi ÞÑ m0Λ0 `
ÿ

1ďiďn

miΛi pm0 :“ `´
ÿ

1ďiďn

a_i miq.

Proposition 3.2. For Λ P DRpP`cl,`q, the map ιΛ is a bijection.

Note that
`

`Caf X pΛ`Qq
˘

X
`

`Caf X pΛ1 `Qq
˘

“ H if Λ  Λ1, which yields a bijection
ğ

ΛPDRpP`cl,`q

`Caf X pΛ`Qq 1´1
ÐÑ

ğ

ΛPDRpP`cl,`q

P`cl,`pΛq “ P`cl,` . (3.2)

Now, we introduce a simple description of P`cl,`pΛq for each Λ P DRpP`cl,`q. To do that,
we need preparations: Let N :“ |P0{Q0| and N̂ :“ maxt|g| | g P P0{Q0u. For a subset
S Ă Zn, set redNpSq :“ ts Ă pZNq

n | s P Su, where s “ s` pNZqn.

Definition 3.3. Let g be an affine Kac–Moody algebra. We call a subset S Ă Zn a root-
sieving set if, for all x P P0, (1) x P Q0 if and only if s ‚ rxs$ ”N 0 for all s P S, (2) the
set redNpSq Ă pZNq

n is ZN̂-linearly independent, and (3) |redNpSq| “ |S|. In this case, the
elements of S are called root-sieving vectors of S.

Convention 3.4. (1) We choose a special root sieving set, denoted by S, as follows:

S “

$

’

’

&

’

’

%

ts “ p1, 2, . . . , nqu if g “ Ap1qn ,

ts “ p2, 0, 2, 0, . . . , 0, 2, 1, 3qu if g “ Dp1qn pn ”2 1q,

tsp1q “ p0, 0, . . . , 0, 2, 2q, sp2q “ p2, 0, 2, 0, . . . , 2, 0, 2, 0qu if g “ Dp1qn pn ”2 0q.

For other types, see [7, Table 2.4].
(2) For a root sieving vector s “ ps1, s2, . . . , snq, we denote p0, s1, s2, . . . , snq by rs.

With the root sieving sets S given in Convention 3.4, we define a new statistics evS ,
called the S-evaluation, by

evS : P`cl,` Ñ Zk
ě0,

ÿ

0ďiďn

miΛi ÞÑ
´

rspkq ‚m
¯

k“1 or 1,2
(3.3)

where m “ pm0, m1, . . . , mnq.

Theorem 3.5. Let S be the set given in Convention 3.4. For any Λ P DRpP`cl,`q, we have

P`cl,`pΛq “
!

Λ1 P P`cl,`

ˇ

ˇ

ˇ
evSpΛ

1
q ”N evSpΛq

)

. (3.4)

Note that Theorem 3.5 does not depend on the choice of a root-sieving set.
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4 Sagan’s action and generalization

From this section, we will investigate the structure and enumeration of P`cl,`pΛq for all
Λ P DRpP`cl,`q in a viewpoint of (bi)cyclic sieving phenomena ([8]). In order to do this, we
give a suitable (bi)cyclic group action on P`cl,` by generalizing Sagan’s action in [9]. For
details of Sagan’s action and our generalization, see [7, Section 3].

Throughout this section, we assume that d, k are positive integers and ` is a non-
negative integer. Given a kd-tuple m “ pm0, m1, . . . , mkd´1q P Zkd

ě0, we set mrj; ds :“
ř

0ďtďd´1 mjd`t for 0 ď j ď k´ 1. Also, given a k-tuple ν “ pν0, ν1, . . . , νk´1q P Zk
ą0, we set

M`pd; νq :“

$

&

%

m “ pm0, m1, . . . , mkd´1q P Zkd
ě0

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

0ďjďk´1

νjmrj; ds “ `

,

.

-

.

To each m “ pm0, m1, . . . , mkd´1q P M`pd; νq we associate a word wpm; d; νq with
entries in t0, ν0, ν1, . . . , νk´1u produced by the following algorithm:

Algorithm 4.1. Assume we have a kd-tuple m “ pm0, m1, . . . , mkd´1q P M`pd; νq.
(A1) Set w to be the empty word and j “ 0, t “ 0. Go to pA2).
(A2) Set w to be the word obtained by concatenating mjd`t νj’s at the right of w. If
j “ k´ 1 and t “ d´ 1, return w and terminate the algorithm. Otherwise, go to pA3).
(A3) Set w to be the word obtained by concatenating 0 at the right. Go to pA4).
(A4) If t ‰ d´ 1 then set t “ t` 1 and go to pA2). If t “ d´ 1 set j “ j` 1 and t “ 0, and
go to pA2).

Set W`pd; νq :“ twpm; d; νq | m P M`pd; νqu. Let Ψ : M`pd; νq Ñ W`pd; νq be a map
defined by Ψpmq “ wpm; d; νq.

Lemma 4.2. The map Ψ is a bijection.

Now we define a Cd “ xσdy-action on W`pd; νq. First, we break w “ w1w2 . . . wu into
subwords of length d as many as possible as follows:

w “ w1
| w2

| ¨ ¨ ¨ | wt
| wtd`1 ¨ ¨ ¨wu,

where t “ tu{du and wj “ wpj´1qd`1wpj´1qd`2 ¨ ¨ ¨wjd for 1 ď j ď t. Note that σd acts on
each subword wj by cyclic shift, i.e., σd ¨ wj :“ wjdwpj´1qd`1wpj´1qd`2 ¨ ¨ ¨wjd´1. Assume

that j0 is the smallest integer such that σd ¨w
j
0 ‰ wj

0. Then we set

σd ‚ w :“ w1
| w2

| ¨ ¨ ¨ | wj0´1
| σd ¨wj0 | wj0`1

| ¨ ¨ ¨ | wt
| wtd`1 ¨ ¨ ¨wu. (4.1)

If there is no such j0, we set σd ‚ w :“ w.
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Theorem 4.3. For any ν “ pν0, ν1, . . . , νk´1q P Zk
ą0, the action defined as above is indeed a

Cd-action onW`pd; νq.

Now we define a Cd-action on M`pd; νq by transporting the Cd-action ‚ on W`pd; νq

via the bijection Ψ, that is,

σd ‚ m :“ Ψ´1
pσd ‚Ψpmqq for all m P M`pd; νq. (4.2)

Remark 4.4. Suppose that Cd acts on M`pd; νq as in (4.2). Then, for any r P Zą0, M`pd; νq

is also equipped with a Crd-action ‚d given by

σrd ‚d m :“ σd ‚ m. (4.3)

Let us generalize the above setting a little further. Let d, k, k1, r P Z ą 0 and ` P Zě0.
For ν “ pν0, ν1, . . . , νk´1q P Zk

ą0 and ν1 “ pν10, ν11, . . . , ν1k1´1q P Zk1
ą0, set

M`prd, d; ν, ν1q :“

$

&

%

m P Zkrd`k1d
ě0

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

0ďjďk´1

νjmrj; rds `
ÿ

0ďjďk1´1

ν1jmrkr` j; ds “ `

,

.

-

. (4.4)

Using the actions given in (4.2) and (4.3), we define a new Crd-action, denoted by ‚rd,d,
on M`prd, d; ν, ν1q as follows: Given m P M`prd, d; ν, ν1q, we break it into mďkrd´1 :“
pm0, m1, . . . , mkrd´1q P Mlprd; νq and měkrd :“ pmkd, mkd`1, . . . , mkrd`k1d´1q P Ml1pd; ν1q,
where ` “ l ` l1. Now, we define

σrd ‚rd,d m :“

#

pσrd ‚ mďkrd´1q ˚měkrd if σrd ‚ mďkrd´1 ‰ mďkrd´1,
mďkrd´1 ˚ pσrd ‚d měkrdq otherwise,

(4.5)

where m ˚m1 is the tuple obtained by concatenating m and m1.

5 (Bi)cyclic sieving phenomena on P`cl,`

The cyclic sieving phenomenon was introduced by Reiner–Stanton–White in [8]. Let X be a
finite set, with an action of a cyclic group C of order m. Elements within a C-orbit share
the same stabilizer subgroup, whose cardinality is called the stabilizer-order for the orbit.
Let Xpqq be a polynomial in q with nonnegative integer coefficients. For d P Zą0, let ωd
be a dth primitive root of the unity. We say that pX, C, Xpqqq exhibits the cyclic sieving
phenomenon if, for all c P C, we have

|Xc
| “ Xpωopcqq,
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where opcq is the order of c and Xc is the fixed point set under the action of c. Note that
this condition is equivalent to the following congruence:

Xpqq ”
ÿ

0ďiďm´1

biqi
pmod qm

´ 1q,

where bi counts the number of C-orbits on X for which the stabilizer-order divides i.
A generalization of the cyclic sieving phenomenon, called the bicyclic sieving phe-

nomenon, was introduced in [1, Section 3]. Let X be a finite set with a permutation
action of a finite bicyclic group, that is, a product Cm ˆ Cm1 for some m, m1 P Zą0. Fix
embeddings ω : Cm Ñ Cˆ and ω1 : Cm1 Ñ Cˆ into the complex roots of unity. Let
Xpq1, q2q P Zě0rq1, q2s. We say that the triple pX, Cm ˆ Cm1 , Xpq1, q2qq exhibits the bicyclic
sieving phenomenon if for all pc, c1q P Cm ˆ Cm1 , we have

Xpωpcq, ω1pc1qq “
ˇ

ˇ

 

x P X
ˇ

ˇ pc, c1q x “ x
(
ˇ

ˇ .

This condition is equivalent to the following congruence:

Xpq1, q2q ”
ÿ

0ďj1ăm, 0ďj2ăm1
bpj1, j2qq

j1
1 qj2

2 pmod qm
1 ´ 1, qm1

2 ´ 1q

where bpj1, j2q is the number of orbits of Cm ˆ Cm1 on X satisfying certain conditions
(see [1, Proposition 3.1]).

Now, let us introduce the triple for the (bi)cyclic sieving phenomenon on P`cl,`. First,
we let X :“ P`cl,` “

Ů

ΛPDRpP`cl,`q
P`cl,`pΛq.

To define a (bi)cyclic group action, we note that the symmetric group Sr0,ns over the
set t0, 1, . . . , nu acts on P`cl,` by permuting indices of coefficients, that is,

σ ¨
ÿ

0ďiďn

miΛi “
ÿ

0ďiďn

mσpiqΛi for σ P Sr0,ns.

We also note that if g ‰ Dp1qn pn ”2 0q then P0{Q0 » CN, where CN is a cyclic group of
order N. For g ‰ Dp1qn pn ”2 0q, we take an appropriate σ P Sr0,ns of order N. For instance,
we let

σ “

#

p0, 1, . . . , nq if g “ Ap1qn ,

p0, n, 1, n´ 1qp2, 3qp4, 5q ¨ ¨ ¨ pn´ 3, n´ 2q if g “ Dp1qn pn ”2 1q.

Indeed N “ n` 1 if g “ Ap1qn and N “ 4 if g “ Dp1qn pn ”2 1q. For other types, see [7, Table
4.1]. Now, we define a CN “ xσNy-action on P`cl,` by

σN ¨
ÿ

0ďiďn

miΛi :“
ÿ

0ďiďn

mσpiqΛi for any
ÿ

0ďiďn

miΛi P P`cl,`. (5.1)
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For g “ Dp1qn pn ”2 0q, we let

σp1q “ p0, nqp1, n´ 1q P Sr0,ns and σp2q “ p0, 1qp2, 3q ¨ ¨ ¨ pn´ 4, n´ 3qpn´ 1, nq P Sr0,ns.

Note that σp1q and σp2q commute to each other in Sr0,ns, so xσp1q,σp2qy » C2 ˆ C2. We
define a C2 ˆ C2 “ xσ2y ˆ xσ2y-action on P`cl,` by (e denotes the identity of C2)

pσ2, eq ¨
ÿ

0ďiďn

miΛi :“
ÿ

0ďiďn

mσp1qpiqΛi and pe, σ2q ¨
ÿ

0ďiďn

miΛi :“
ÿ

0ďiďn

mσp2qpiqΛi. (5.2)

Finally, to define Xpqq or Xpq1, q2q, let us consider its generating function as follows:
For g ‰ Dp1qn pn ”2 0q, let rs “ ps0, s1, s2, . . . , snq. For ` P Zě0, we define Xpqq :“ P`cl,`pqq by

ÿ

`ě0

P`cl,`pqqt
` :“

ź

0ďiďn

1
1´ qsi ta_i

. (5.3)

where s is the root-sieving vector given in Convention 3.4. Then we have

P`cl,`pqq “
ÿ

iě0

ˇ

ˇ

ˇ

!

Λ P P`cl,`

ˇ

ˇ

ˇ
evSpΛq “ i

)
ˇ

ˇ

ˇ
qi
”

ÿ

ΛPDRpP`cl,`q

ˇ

ˇ

ˇ
P`cl,`pΛq

ˇ

ˇ

ˇ
qevSpΛq pmod qN ´ 1q.

For g “ Dp1qn pn ”2 0q, we let sp1q :“ 1
2rs
p1q and sp2q :“ 1

2rs
p2q and define Xpq1, q2q :“

P`cl,`pq1, q2q for ` P Zě0 by

ÿ

`ě0

P`cl,`pq1, q2qt` :“
ź

0ďiďn

1

1´ q
s
p1q
i

1 q
s
p2q
i

2 ta_i

.

For t “ 1, 2, let evsptq : P`cl,` Ñ Zě0 be a map defined by evsptq
`
ř

0ďiďn miΛi
˘

“ sptq ‚m.
Then we have

P`cl,`pq1, q2q ”
ÿ

ΛPDRpP`cl,`q

ˇ

ˇ

ˇ
P`cl,`pΛq

ˇ

ˇ

ˇ
q
ev

sp1q
pΛq

1 q
ev

sp2q
pΛq

2 pmod q2
1 ´ 1, q2

2 ´ 1q. (5.4)

Theorem 5.1. For g ‰ Dp1qn pn ”2 0q, the triple
´

P`cl,`, CN, P`cl,`pqq
¯

exhibits the cyclic sieving
phenomenon under the CN-action given in (5.1).

For g “ Ap1qn , Theorem 5.1 follows from the classical result [8, Theorem 1.1 (a)] of
cyclic sieving phenomena. For other types, it can be proved by using the action defined
in (4.5). We here only deal with Dp1qn pn ”2 1q type since the method of proof for each
type is essentially same.

For m P Zě0 and k P Zą0, we denote by mk the sequence m, m, . . . , m consisting of k
m’s. Moreover, we let η :“ n´3

2 and

P`cl,`pqq ”
ÿ

0ďiď3

biqi
pmod q4

´ 1q.
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Lemma 5.2. Under the C4-action on P`cl,` given in (5.1) and the C4-action on M`p4, 2; p1q, p2ηqq

given in (4.5), we have

P`cl,`pqq|q“i “
ˇ

ˇ

`

P`cl,`

˘C4
ˇ

ˇ “
ˇ

ˇM`p4, 2; p1q, p2η
qq

C4
ˇ

ˇ “ b0 ´ b2 and b1 “ b3.

Lemma 5.3. Under the C4-action on P`cl,` given in (5.1) and the C2-action on M`p2, 1; p12q, p22ηqq

given in (4.5), we have

P`cl,`pqq|q“´1 “
ˇ

ˇ

`

P`cl,`

˘σ2
4
ˇ

ˇ “
ˇ

ˇM`p2, 1; p12
q, p22η

qq
C2
ˇ

ˇ “ b0 ´ b1 ` b2 ´ b3.

Proof of Theorem 5.1 for g “ Dp1qn pn ”2 1q. Let ζ4 be a 4th primitive root of unity. We will
see that

ˇ

ˇ

`

P`cl,`

˘σ
j
4
ˇ

ˇ “ P`cl,`pζ
j
4q for j “ 0, 1, 2, 3.

When j “ 0, since
ˇ

ˇ

`

P`cl,`

˘ˇ

ˇ “ P`cl,`p1q, it is trivial. For the case j P t1, 3u, note that
´

P`cl,`

¯C4
“

´

P`cl,`

¯σ
j
4 and P`cl,`pζ

j
4q “ b0 ` b1ζ

j
4 ´ b2 ´ b3ζ

j
4. Thus, by Lemma 5.2, we have

ˇ

ˇ

`

P`cl,`

˘C4
ˇ

ˇ “
ˇ

ˇM`p4, 2; p1q, p2η
qq

C4
ˇ

ˇ “ b0 ´ b2 “ P`cl,`pζ
j
4q.

For the case j “ 2, note that P`cl,`p´1q “ b0 ´ b1 ` b2 ´ b3. Thus, by Lemma 5.3, we have

ˇ

ˇ

`

P`cl,`

˘σ2
4
ˇ

ˇ “
ˇ

ˇM`p2, 1; p12
q, p22η

qq
C2
ˇ

ˇ “ b0 ´ b1 ` b2 ´ b3 “ P`cl,`p´1q.

For g “ Dp1qn pn ”2 0q, we obtain the bicyclic sieving phenomenon in a similar way as
above.

Theorem 5.4. For g “ Dp1qn pn ”2 0q, the triple
´

P`cl,` , C2 ˆ C2 , P`cl,`pq1, q2q
¯

exhibits the
bicyclic sieving phenomenon, under the C2 ˆ C2-action given in (5.2).

6 Formulae on the number of maximal dominant weights

Using the (bi)cyclic sieving phenomenon, we derive closed formulae for |max`pΛq| in
terms of binomial coefficients. In particular, for affine Kac–Moody algebras of classi-
cal type, we show that our closed formulae for |max`pΛq| can be written as a sum of
binomial coefficients. For instance, when Λ P DRpP`cl,`q, we have

ˇ

ˇmax`
Ap1qn
pΛq

ˇ

ˇ “
ÿ

d|pn`1,`,iq

d
pn` 1q ` `

ÿ

d1|p n`1
d , `d q

µpd1q
ˆ

ppn` 1q ` `q{dd1

`{dd1

˙

, (6.1)

ˇ

ˇmax`
Bp1qn
pΛq

ˇ

ˇ “
1
2

´

P`cl,`p1q ` p´1qδin P`cl,`p´1q
¯

“

˜

n`
Y

`´δin
2

]

n

¸

`

˜

n`
Y

`´1´δin
2

]

n

¸

.
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Here µ denotes the classical Möbius function (see [7, Table 2.2, Table 6.2] for more de-
tails).

From our closed formulae, we find recursive formulae for |max`pΛq| which can be
described as triangular arrays. For instance, let us consider the case g “ Ap2q2n . Define

TAp2qeven
0 : Zě0 ˆZě0 Ñ Zě0 by TAp2qeven

0 pn, iq “ 1 pn ě 0, i “ 0, 1q, TAp2qeven
0 p0, `q “ 1 p` ě 2q and

TAp2qeven
0 pn, `q “ TAp2qeven

0 pn, `´ 2q ` TAp2qeven
0 pn´ 1, `q. (6.2)

Then for all n P Zě2, ` P Zě0, we have TAp2qeven
0 pn, `q “ |max`

Ap2q2n

p`Λ0q| “
`n`t `2u

n
˘

. In

particular, as a triangular array, TAp2qeven
0 can be described as follows:

n“0 `“0
n“1 1 `“1

n“2 1 1 `“2

n“3 1 1 1 `“3

n“4 1 1 2 1 `“4

n“5 1 1 33 2 1 `“5
n“6 1 1 4 3 3 1 `“6

n“7 1 1 5 4 6 3 1 `“7

1 1 6 5 10 6 4 1
...

...
...

...
...

. . .
. . .

. . .
. . . .

It is interesting to note that this array coincides with Pascal’s triangle with duplicated

diagonals, i.e., TAp2qeven
0 pn, 2`q “ TAp2qeven

0 pn, 2`` 1q “
`n``

`

˘

for n, ` ě 0, which appears in [11,
A065941] in a totally different context from ours. The recursive condition (6.2) says if we
add the 1 and the 2 then we get 33 .

For another example, let us consider the case g “ Bp1qn . Define TBp1q
0 : Zě0 ˆZě0 Ñ

Zě0 by TBp1q
0 pn, 0q “ 1 pn ě 1q, TBp1q

0 pn, 1q “ 2 pn ě 1q, TBp1q
0 p0, `q “ 2 p` ě 0q and

TBp1q
0 pn, `q “ TBp1q

0 pn, `´ 2q ` TBp1q
0 pn´ 1, `q pn ě 1, ` ě 2q.

Then for all n P Zě3, ` P Zě0, we have TBp1q
0 pn, `q “ |max`

Bp1qn
p`Λ0q|. In particular, as a

triangular array, TBp1q
0 can be described as follows:

n“0 `“0
n“1 2 `“1

n“2 1 2 `“2
n“3 1 2 2 `“3

n“4 1 2 3 2 `“4
n“5 1 2 4 4 2 `“5

n“6 1 2 5 6 5 2 `“6
n“7 1 2 6 8 9 6 2 `“7

1 2 7 10 1414 12 7 2
...

...
...

...
...

. . .
. . .

. . .
. . . .
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This array is the triangular array obtained by removing the left boundary from the
triangular array in [11, A129714] whose row sums are the Fibonacci numbers.

We note that TBp1q
0 pn, `q can be obtained from TAp2qeven

0 as follows:

TBp1q
0 pn, `q “ TAp2qeven

0 pn, `q ` TAp2qeven
0 pn, `´ 1q for n, ` ě 1.

For instance, if we add 4 , 10 in TAp2qeven
0 then we get 1414 in TBp1q

0 pn, `q.

Remark 6.1. Interestingly, all triangular arrays for classical affine type except for un-
twisted affine C-type can be constructed by boundary conditions and the triangular array
of twisted affine even A-type. The triangular arrays for affine C-type ([11, A034851]) can
be constructed by boundary conditions and Pascal triangle [7, Appendix A].

On the other hand, we obtain an interesting duality between level and rank from
our closed and recursive formulae. For instance, in case where g “ Ap1qn , the closed
formula in (6.1) implies that for n ě 1 and ` ą 1, if pn ` 1, `, iq “ p`, n ` 1, jq for some
0 ď i, j ď minpn, `q, then

ˇ

ˇmax`
Ap1qn
pp`´ 1qΛ0 `Λiq

ˇ

ˇ “
ˇ

ˇmax`
Ap1q`´1

pnΛ0 `Λjq
ˇ

ˇ, (6.3)

i.e., exchanging n` 1 with ` preserves the number of dominant maximal weights.
Let us deal with the relation between our duality and Frenkel’s duality in [3]. For

a residue i modulo n, let Λpnqi denote the ith fundamental weight of Ap1qn . For Λ “
řn

i“0 miΛ
pnq
i P P`cl,`, let Λ1 be the dominant integral weight of Ap1q`´1 defined by

Λ1 “
n
ÿ

i“0

Λp`´1q
mi`mi`1`¨¨¨`mn

P P`cl,n`1.

With this setting, Frenkel found the following beautiful duality between the q-specialized
characters of VpΛq and VpΛ1q:

dimqpVpΛqq
8
ź

k“0

1
1´ qpn`1qk “ dimqpVpΛ1qq

8
ź

k“0

1
1´ q`k .

Here dimqpVq denotes the q-specialized character of V (see [3, Theorem 2.3] or [12,
Section 4.4]). Based on (6.3), we have

ˇ

ˇmax`
Ap1qn
pΛq

ˇ

ˇ “
ˇ

ˇmax`
Ap1q`´1

pΛ1q
ˇ

ˇ.

In case where g “ Bp1qn , the closed formula in (6.1) implies the following symmetries:

(1) For n ě 3, ` ě 7 and ` ”2 1, we have
ˇ

ˇmax`
Bp1qn
p`Λ0q

ˇ

ˇ “
ˇ

ˇmax`
Bp1q
p`´1q{2

pp2n` 1qΛ0q
ˇ

ˇ,

i.e., exchanging n with p`´1q{2 preserves the number of dominant maximal weights.
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(2) For n ě 3, ` ě 8 and ` ”2 0, we have
ˇ

ˇmax`
Bp1qn
pp`´ 1qΛ0 `Λnq

ˇ

ˇ “
ˇ

ˇmax`
Bp1q
`{2´1

pp2n` 1qΛ0 `Λ`{2´1q
ˇ

ˇ,

i.e., exchanging n with `{2´ 1 preserves the number of dominant maximal weights.
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