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A characteristic map for the symmetric space of
symplectic forms over a finite field

Jimmy He*!
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Abstract. The characteristic map for the symmetric group is an isomorphism relating
the representation theory of the symmetric group to symmetric functions. An anal-
ogous isomorphism is constructed for the symmetric space of symplectic forms over
a finite field, with the spherical functions being sent to Macdonald polynomials with
parameters (g,42). An analogue of parabolic induction is interpreted as a certain mul-
tiplication of symmetric functions. Applications are given to Schur-positivity of skew
Macdonald polynomials with parameters (g, %).
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There is a well-known isomorphism, the characteristic map, between the class functions
on the symmetric groups and the ring of symmetric functions. This has been extended
to GL,,(F;) and the Gelfand pair S,/ B, (B, denotes the hyperoctahedral group).

We develop an analogous theory for GLy, (F;)/ Sp,, (F;) and use it to study the Schur
expansion of Macdonald polynomials. The symmetric space GLy,(F;)/ Sp,, (F;) is a
natural g-analogue of the Gelfand pair Sy, / B,;; the former can be seen as the Weyl group
version of the latter.

This extended abstract summarizes the results in [8] and outlines some of the ideas
in the proofs. See [8] for details and full proofs, as well as another application to combi-
natorial formulas for spherical function values and a connection to work of Henderson
[9], Grojnowski [7], and Shoji and Sorlin [11, 12, 13] on character sheaves on symmetric
spaces.

The main result is to construct a characteristic map

ch : @ C[Sp,, (F4)\ GL2u(Fy)/ Sp,, (Fy)] = Q) A

from the space of bi-invariant functions to a ring of symmetric functions and establish
some basic properties. In particular, the spherical functions are shown to map to Mac-
donald polynomials with parameters (g,4%). A“mixed product” can be defined using
parabolic induction which takes a bi-invariant function on GL,,(F;) and a class function
on GL;;(Fy) and produces a bi-invariant function on GLy(;,1,,)(F4) and this corresponds
to the product of symmetric functions under the characteristic map, up to a twist.
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The characteristic map is then applied to Schur-positivity of certain Macdonald poly-
nomials. If P/, (x;q,t) denotes the skew Macdonald polynomials, define

Chyu(a,t) == (Pasu(q, 1), 5v).

These are the coefficients of the expansion of P,/ in terms of Schur functions. They can
be considered a deformed Littlewood-Richardson coefficient.
The following theorem is proven using the characteristic map.

Theorem 0.1. Let g = p° denote an odd prime power. Then for any partitions u, v, and A,

Ch/u(q, %) > 0.

This theorem is related to a conjecture of Haglund [15], which states that

(Jr(9,9%).5p)
(1-qW

Taking y = 0 in Theorem 0.1 shows

(Jr(q,9%),5y)
(e

when g is an odd prime power and gives further evidence for the conjecture.

In addition to the examples of characterstic maps already mentioned for S, GLn(Fq)
and Sy, /B, (all of which are explained in detail in [10], there are further examples of
characteristic maps appearing in the literature. In particular, Thiem and Vinroot con-
structed such a map for Un(qu) [14] and in [1] a map is constructed between the super-
characters of the unipotent upper triangular matrices over a finite field and symmetric
functions in non-commuting variables.

The Schur expansion of integral Macdonald polynomials has been previously studied
by Yoo who gave combinatorial formulas for the expansion coefficients in some special
cases showing that they were polynomials in g with positive integer coefficients [15, 16].
Some related coefficients in the Jack case when g — 1 were studied in [2].

The g — 1 case was previously studied by Bergeron and Garsia [4] (see also [10]),
where the Gelfand pair S,,/B, played a similar role. In this case the multiplication on
symmetric functions has a representation-theoretic interpretation giving results on the
structure coefficients of Jack polynomials for & = 2.

The paper is organized as follows. In Section 1, notation and preliminary background
is reviewed. Section 2 develops the theory of parabolic induction for bi-invariant func-
tions in an elementary way. In Section 3, the characteristic map for GLy,(F;)/ Sp,,, (F;)
is constructed. Section 4 gives an application to positivity and vanishing of the Schur
expansion of skew Macdonald polynomials with parameters (g, 4°).

€ Nlg.



A characteristic map for the symmetric space of symplectic forms over a finite field 3

1 Preliminaries

If f(q) is a rational function in g, define f(q), 2 == f (g%). For a symmetric function
f with rational coefficients in ¢ when written in terms of p,,, write f,_,» to denote the
symmetric function obtained by replacing g with g2 in each coefficient.

Let G be a finite group. If S C G is some subset, Is will denote the indicator function
for that set. If H C G is a subgroup, let C[G]® denote the set of class functions on G and
let C[H\ G/ H| denote the set of H bi-invariant functions on G. If S, H are subgroups of
any group G, let Hs = HNS.

Given an element x of some finite field extension of F,, let f, denote its minimal
polynomial. As a matter of convention, algebraic groups G will be defined over F; while
G(F,) or G' (F being the Frobenius endomorphism) will denote the points over F,.

1.1 Macdonald polynomials

For details on Macdonald polynomials including a construction and proofs, see [10]. Let
A denote the ring of symmetric functions. Consider the inner product
gl —1
(PAs Pu)at = Oruza H 1
where z, = [Tm;(A)!i"}) and m;(A) denotes the number of parts of size i in A. When
the context is clear, the dependence on (g, t) may be dropped.

The Macdonald polynomials P, (x;q,t) are defined by the fact that they are orthogonal
with respect to this inner product, and the change of basis to the monomial basis is
upper triangular with 1 along the diagonal. When g = 0, the Macdonald polynomials
are known as Hall-Littlewood polynomials, and are written Py (x;t) = Py (x;0,t).

Define
C,\(q,t) — H(l . qa(s)tl(s)Jrl)’
sEA
where a(s) and I(s) denote the arm and leg lengths respectively (so a(s) +1(s) +1 =

h(s)). Similarly define
(g, ) = [T(1 — g 1H0),
SEA

The dual basis to the Py (x; g, t) under {, ), are denoted Q,(x;g,t). The Macdonald poly-
nomials have an integral form J) (x;4,t) = cx(q,t)Py(x;q,t) and (J, Ja) = ca(g,t)c\ (g, t).

If A/ is a skew shape, the skew Macdonald polynomial Py,,(x;q,t) is defined by
requiring (P /,(q,t), f) = (PA(q,t), Qu(g,t)f) for all symmetric functions f.

Let w : A — A denote the involution taking p, to (—1)"~!p, (and extending to make
it an algebra homomorphism). Let wy; : A — A denote the involution defined by
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The involution w satisfies ws, = s,/ while the involution wy; satisfies

wq,tp)\(x; q, t) = Q)\’ (X} £, ‘7)
wa, QA (x;9,t) = Py(x;t,q).

1.2 Representation theory of GL,(F,)

To fix notation, the representation theory of GL, (F,) is briefly reviewed. The representa-
tion theory of GL,,(F;) was originally developed by Green in [6] but this section follows
the conventions in [10]. Let M denote the group of units of F; and let M, denote the
fixed points of F" with F the Frobenius endomorphism F(x) = x7. Note that M,, may be
identified with F,. Let L be the character group of the inverse limit of the M, with norm
maps between them. The Frobenius endomorphism F acts on L in a natural manner so
let L,, denote the F" fixed points in L, and note there is a pairing of L, with M,,.
Denote by O(M) and O(L) the F-orbits in M and L respectively, with f € O(M)
identified with irreducible polynomials. Use P to denote the set of partitions. Then the
conjugacy classes of GL,(F;), denoted C,, are indexed by functions y : O(M) — P with

Il = ) d n,

feO(M

where d(f) denotes the degree of f. Use g to denote q*f). The irreducible characters of
GL,,(F;), denoted x,, are indexed by functions A : O(L) — P with

A=) dlg n,

9€O0(L)

where d(¢) denotes the size of the orbit ¢. The dimension of the irreducible representa-
tion corresponding to A is given by

dy=1vu(q) T1 q(p H qsv(x) -1,

@eO(L XEA

where ¢,(q) =TT/, (9" — 1), g9 = qd(‘P), n(A) = Y.(i — 1)A;, and h denotes hook length.

As a matter of convention, p will always be used to denote partition-valued functions
O(M) — P while A will be used to denote partition-valued functions O(L) — P. In
general, if there is some expression involving a partition y, F(u), with F(0) = 1, then the
same expression with p : O(M) — P will be defined as the product [Trcom) F(1(f))-
Thus, write z;, = [Irco(m) Zu(f)- If the expression contains g, in each factor it should be
replaced by q;. A similar convention is used for A : O(L) — P.

The Deligne-Lusztig characters give another basis for the space of class functions on
GL,(F;). For a more detailed overview of Deligne-Lusztig characters, including their
construction and properties, see the book of Carter [5].
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Given any rational maximal torus T C GL,, a (virtual) character C(T;L” (-16) of GL,,(Ey)
associated to some irreducible character 6 of T can be constructed. The character con-
structed depends only on the GL, (F,)-conjugacy class of the pair (T, 6).

Deligne-Lusztig characters are rational functions in g in the following sense. Given an
element ¢ € GL,,(F;) with Jordan decomposition g = su, the Deligne-Lusztig characters
can be computed as

Clugley = Y 6(xsx QYL (w),
x€(GL, /Z(s))F
xsx leTE

where Q ,1T (u) is a rational function of g, known as the Green function. The Green

functions can be computed as Qfﬁi)T (u) = ITreom QV (q f), where Qf(q) denotes the
Green polynomials, y is a partition valued function 1ndex1ng the conjugacy class of g and
v(f) is the partition given by taking s € x~!TFx = [TM, and including as parts the
ki/d(f) for which f kills s restricted to Mj..

The Green polynomials give the Change of ba51s from power sum to Hall-Littlewood
polynomials and so satisty p,(x) = ¥, Qp( )i Py(x t=1h.

There is a correspondence between G orbits of pairs (T,6) and functions A : O(L) —
P with ||A|| = n. Call the function A the combinatorial data associated to (T, 6).

The correspondence is as follows. Given a torus T with rational points isomorphic
to [ My, and a character 6 of TF, consider the partition-valued function sending ¢ to
the partition with parts k;/d(¢) for all i such that 0 restricted to My, lies in the orbit
@. Conversely, given A, T can be constructed as a torus with rational points isomorphic

to Iy, M) (g).d(p) and 0 is given by picking for each factor M, (,).4(,) an element of the

orbit ¢ (which determines T and 6 up to conjugacy by GF).

1.3 The symmetric space GL,,(F;)/ Sp,,(F,)

Let ] be a matrix defining a symplectic form on F%” and define the involution

(X) = —J(xX")71]

of GL,,,. For convenience, take | such that the subgroups of diagonal matrices and upper
triangular matrices are stable under .

Now for any i-stable subgroup S, let S* denote the subgroup of : fixed points and S™*
denote the set of i-split elements, which are elements s € S such that i(s) = s~!. Then
Sp,, = GL3, and GL,, / Sp,,, = GL,,,.

The space GL,(F;)/ Sp,,(F;) is a Gelfand pair, and the spherical functions, denoted
¢, are indexed by partition-valued function A : O(L) — P with ||A|| = n (see [3],
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although note a different convention is used in this paper so all partitions labeling rep-
resentations are transposed). Then ¢, is the spherical function corresponding to the
representation with character x ) of GLy, (Fy).

Let M, € GL,(E;) denote a conjugacy class representative of C,. Let g, € GLy,(Fy)
denote the matrix acting only on the first n coordinates by M,. The Sp,,(F;)-double
cosets of are indexed by u : O(M) — P, with ||u|| = n, with the g, being double coset
representatives.

A key result from [3] gives a formula for the values of spherical functions in terms of
Deligne-Lusztig characters on GL;,(F;).

The function Q(T;L”(-|0) (or any other class function on GL,(F,;)) may be turned into
an HF-bi-invariant function on GL,,(F;) by defining CT "(gul0) = @GL”(MP[\G) and ex-
tending to the double-coset. It turns out that the correct analogue for Deligne-Lusztig
characters are given by the basic functions

g/ M(-18) = 071 (1) g

The following theorem relates the spherical functions to the basic functions.

Theorem 1.1 ([3, Theorem 6.6.1]). Let A : O(L) — P with ||A|| = n. Then

G/H( |9w)

_(=h w L
=T Y ( IT 9" Mgy ( )(qqo)) sgn(w )|Tw|€G/H(1|9w)’

weW(A) \ ¢€O(L)

where d)(w)(q) denotes the change of basis from power sum to J)(q?,q) and sgn denotes the
sign character of W(A).

2 Induction and restriction

This section develops parabolic induction on symmetric spaces in an elementary way.
It was originally defined by Grojnowski in [7] for character sheaves and most results in
this section follow easily from more general results proved in [7] or [9].

Fix a rational -stable pair (T, B) of a maximal torus T and Borel subgroup B con-
taining T. For convenience take T to be the diagonal matrices and B to be the upper
triangular matrices in GL,,. Then the standard parabolic subgroups are the block upper-
triangular ones, while the i-stable ones are those for which the block structure is sym-
metric about the main anti-diagonal. All pairs of rational /-stable (T, B) with T C B are
conjugate under Hf (see [11] for example).

Let P be a rational t-stable parabolic subgroup with rational i-stable Levi factor L and
unipotent radical U. Then define a function

ndZ/4 : CHE\LF /Hf] — C[HA\GF /)
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with the formula

Indfgp(f)(x) = |H nPF|72 Y f(hxH).
h cHF
hxh' epPF

The next two results show that induction is unchanged under conjugation by H' and
that it is transitive, like for regular parabolic induction.

Lemma 2.1. For any hy € HF and f € C[HE\LY /HE],

G/H h G/H
Indho/LhalghoPhal( °f) = Indp L5 (f)

where " f is the function "o f (x) = f(hyxhy).
Proposition 2.2. If M C L are rational i1-stable Levi subgroups with Q C P rational i-stable
parabolics with Levi factors M, L respectively, then

G/H __ G/H L/H
IndMgQ = IndLgP OIndMgéﬂL'

Similar to the definition of induction, define a function
Resy/} : C[H'\G' /H'] — C[Hf\L" /H{]

with the formula
Res?/D(f)(x):= Y f(p).

pePE,p=x

Note that this definition coincides with the usual definition of parabolic restriction.

Proposition 2.3. If f is HF bi-invariant on Gt and g is HE bi-invariant on LF, then
G/H - G
(F,IndELp &) = [HE P IHE 0 PP ~2(Res( LY £,9).

Let Ly denote a rational Levi subgroup of the form GL, x GL, in GLy, such that
LoNnH = GL, and Lo/ (Lo N H) = GL,. Let Py denote a rational (-stable parabolic for L.

Then bi-invariant functions on Ly can be identified with class functions on GL,, -
stable Levi and parabolic subgroups can be identified with Levi and parabolic subgroups
of GL,, and bi-invariant parabolic induction corresponds to usual parabolic induction.

For any t-stable rational Levi subgroup L C G, with -stable rational parabolic, LF =
GLoy, (Fg) x TTGLy, (Fg) X GLy, (Fg) where Yn; = nand L/Hy = GLay, / Sp,,,, X I[TGLy,.
Let T = J]T; be a rational maximal torus of [[GL,,. Then if § = []6; is an irreducible
character of T*, let {%(-|0) be the function on L’ defined by

GLay, / Spy, GLj,.
0y = g, 70" T (1o180) g2 [T 27 (1116)



8 Jimmy He

where I = (lp,I1,---) and C?Lni(-wi) is viewed as a function on GLy,(F;) x GLy,(F;)
under the correspondence described above. These are called basic functions and form a
basis for the bi-invariant functions on LF.

The next proposition extends [3, Theorem 5.3.2] from Ly C Py to any maximal i-stable
Levi and parabolic subgroup. It follows from the special case of Ly C Py and transitivity
of induction given by Proposition 2.2.

Proposition 2.4. Let L be a rational i-stable Levi subgroup of the form GLy, < GL,, x GL,, with
Hj, = Sp,,, x GLy, and P a rational 1-stable parabolic with L as its Levi factor. Let T = Ty X T
be a rational maximal torus of GL, ., with Ty and T maximal tori in GL,, and GL,, respectively,
and 6 an irreducible character of TF. Then

e
Ind {1 (10)) = el

3 The Characteristic Map

In this section, a characteristic map

ch : C[Sp,, (Fs)\ GL2,(E;)/ Sp,, (Fq)] — ® A
feoMm)

is constructed from the Sp,, (F,;) bi-invariant functions on GL;,(F;). The notational
convention will be to drop the tensor and if p € A corresponds to the factor indexed by
f, then write p(f) = p(xy,f,...). See [10] for details on the GL;(F;) theory and notation
and definitions.

Define

Pu/d(fe fx if d(fx)|n
else

Pn(x) =

(e}

0 else

pn(E) = {( )" Erem, §(x)pu(x) if& €Ly, ’

pu(@) =P,

where { € ¢ for ¢ € O(L). Since they are algebraically independent, the p,(¢) may
be viewed as power sum symmetric functions in “dual variables x;,” and an arbitrary
symmetric function in x; , is defined in terms of them.

As a matter of convention, y will denote functions O(M) — P and A will denote
functions O(L) — P, and symmetric functions indexed by y will always be in variables
x; ¢ for f € O(M) and symmetric functions indexed by A will always be in the variables
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Xi,p- Symmetric functions labeled by a partition valued function are interpreted as a

product. Thus, pi = [Treom) Pu(s) (f)-
Define the inner product

fer= Y fxsl)

XGGLG(Fq)
on C[Sp,, (F;)\ GL2,(F;)/ Sp,,(F;)] and the inner product on ®A by
(pwppy =20 [] H
fGO i qf

Define the characteristic map ch by

Ch(IHFgﬂHF>: ]_—_[ q;zn(y(f))Pﬂ(f)(f/qEZ)

feom)
and extending linearly.

Proposition 3.1. Let T be a rational maximal torus of GL, with TF = My, X - -+ X My, and 6
a character of TF. Then

ch(gy /%P (.]9)) = "I pacen (9) = (<1 1)"1WNp,,

where @; is the F-orbit of O|m, € L and A is the combinatorial data associated to (T, 6).

Now ch(¢, ) may be computed using Theorem 1.1.
Proposition 3.2. Let A : O(L) — P with ||A|| = n. Then

ch(¢y) = (lp(—)2> H ( ]/\ (q({)'q(p)
n(@) o)

The map ch is an isometry up to some constant depending only on n.

Lemma 3.3. The map ch satisfies
(@, 9) = q "|HF|*(ch(¢), ch(p)).

The inner product on symmetric functions in the dual variables is given by (, ), .».The
inner product on symmetric functions in the dual variables is given by the following.

Proposition 3.4. For A : O(L) — P,

(Pr,PA) = 22 H H

(peow% i1

>—1
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Let G = GLy(,4y) and let H = SPo(nm)- Let L be an i-stable Levi subgroup with

LY = GLy,(Fy) x GLi(F;) x GLy(Fy), such that LF N HE = Sp,, (F;) x GLy(F,). Let P

be a rational (-stable parabolic with L as its Levi factor. Then the function IndféH may be

viewed as taking f a Sp,, (F,) bi-invariant function on GL,,(F;) and g a class function
on GLm(Fq) (since there is an isomorphism GL,, x GL,;, / GL;; = GL;;) and producing a
SPy(n4-m)(Fq) bi-invariant function on GLy (1) (Fy), denoted by f + g. This can be done
for any n, m and so defines a graded bilinear map.

If f1, f» are functions on G; and G; respectively, let f; X f, denote the function on

G1 X Gz given by (fl X fz)(xl,xz) = fl(xl)fz(xz). Then

frg:=Mnd7/F(f xg).

Theorem 3.5. Let f be an Sp,,,(F;) bi-invariant function on GLy,, (F,) and let g be a GL;,(Fy)
bi-invariant function on GLy,(Fy) x GLy,(Fy) (or equivalently a class function on GLy,(Fy)).
Then

ch(f xg) = ch(f)wwp , char, (8)-

Proof. It suffices to check the equation holds for basic functions, where it follows from
Proposition 2.4 and transitivity of induction given by Proposition 2.2. O

4 Schur expansion of skew Macdonald polynomials

This section outlines a proof of Theorem 0.1. The strategy will be to use the characteristic
map and the mixed product to reinterpret C} , V(q, %) in terms of bi-invariant functions
on GLy,(F;) and then utilize general facts about Gelfand pairs and the formula for
parabolic induction to establish the result.

For any finite group G, a positive-definite function on G is a function f : G — C such
that the matrix indexed by G whose x,y entry is f(x~'y) is a positive-definite matrix.

Proposition 4.1 ([10, VII, Section 1]). Let G/ H be a Gelfand pair. Any spherical function is
positive-definite, and moreover if f is an H bi-invariant function on G that is positive-definite,
then for any spherical function ¢ on G, (f,¢) > 0.

If « : G = H is a group homomorphism, then given functions f : G — C and
g+ H = C, define the functions a*g : G — C, or the pullback, and a.f : H — C,
or the pushforward, by a*g(x) = g(a(x)) and a.f(x) = L,)—xf(y). It's clear that

(af,g) = (f,a"g).

Lemma 4.2. If f : G — C is positive-definite, and « : G — H and B : H — G are group
homomorphisms, then a f and B* f are also positive-definite.
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Now Res®cp(f) = pr.i*(f) where i is the inclusion of PF into GF and pr is the
projection PF — LF, so it follows that the parabolic restriction of a positive-definite
function is positive-definite. Then as induction and restriction are adjoint, the following
lemma holds.

Lemma 4.3. If f is positive-definite bi-invariant on LF, then Indfg p(f) is a positive-definite
function.

Theorem 0.1 follows from the lemma and Proposition 4.1, as C}, V(q, g%) is a positive

scalar multiple of (¢,, ¢, * xv) by Proposition 3.2 (here partitions are viewed as functions
O(L) — P by sending the trivial character to the partition).

Remark 4.4. Let [, (q,4*) denote the adjoint of multiplication by J,(q,4*) with respect
to the (, ), 2 inner product. Some computations for small partitions in Sage suggest that

a9
(i (@,4%) 2 (9, 9%), )
(1— q)IMHMI

€ Nq]

extending the conjecture of Haglund. If this conjecture holds, it would be interesting to
see what combinatorial interpretation the coefficients might have.

The characteristic map also gives a condition for vanishing of C} /y(q, 7).

Theorem 4.5. If (sy0, Suupsvsy) = 0, then Cx/y(q, q%) vanishes as a function of q.
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