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Coxeter groups, graphs and Ricci curvature

Viola Siconolfi*!

! Dipartimento di Matematica, Universita di Roma Tor Vergata, Rome, Italy

Abstract. ~ We consider a notion of curvature for graphs introduced in 1998 by
Schmuckenschldger which is an analogue of Ricci curvature. First of all we see some
general results on the discrete Ricci curvature of any locally finite graph. We then
focus on graphs associated with Coxeter groups: Bruhat graphs, weak order graphs
and Hasse diagrams of the Bruhat order. In particular we see that the discrete Ricci
curvature for the Bruhat order is always 2 and that the discrete Ricci curvature of the
weak order graph of a strictly linear Coxeter system (W, S) is —2cos(7t/|S|).
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1 Introduction

In the last decades there have been various attempts of defining an analogue of Ricci
curvature for graphs, see for example [10] and [3]. The one we will consider here was
given in 1998 by Schmuckenschlédger [11] and was inspired by a previous definition given
in [2] of curvature for probability spaces. Both these notions of curvature are based on
the following fact in Riemannian geometry. Given a Riemannian manifold (M, g) and L
the Laplacian operator we define the following two functions on C®(M) x C®(M):

e I'(f,8) = 5[L(f8) —L(f)g — L(g)fl; (1)
e To(f,g) = LL(T(£,8) ~T(L(f),8) ~T(LEDF) @

Then we define

R(L) := sup{r|Ta(f, f)(x) Z 1T (f, f)(x),¥f € C* (M), x € M}.

This value turns out to be the maximum lower bound for the Ricci curvature of M.

In 1985 Backry and Emery defined a Ricci curvature for probability spaces using this
fact. They considered a probability space ((), 1) and L an operator on L?(Q) such that
L(fg) is defined for any f,¢ € L?(Q). Through L they defined the two operators I' and
I, on L2(Q) x L?(Q) — R using formulas (1) and (2). The Ricci curvature of L at x € Q)
is defined as:

R(L)(x) := sup{r|Ta(f, f)(x) = 1T(f, f)(x),Vf}.
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The same idea of Bakry and Emery is used by Schmuckenschlédger for the definition of
the discrete Ricci curvature which is presented in Section 3.

In 2015 Klartag et al. [8] studied some inequalities that hold for this discrete Ricci
curvature and computed it for various graphs such as the hypercube, the complete graph
K, and some finite Cayley graphs. The computations here were carried in a direct fashion
working on the explicit formulas for I and I'; (see (2.4)).

In this extended abstract we present some general results about Ricci curvature of
locally finite graphs. We then focus on the curvature of graphs associated to Coxeter
groups. The main motivation for this is the lack of examples of these kind of computa-
tion, the hope is in the long term to develop an intuition on what kind of graphs have
small or big values for such a curvature.

The main results we obtain are the value of the Ricci curvature of any finite Bruhat
graph with a general proof, and the Ricci curvature of weak orders with a case-by-case
proof. Furthermore, to study the curvature of Hasse diagrams of the Bruhat order of
case B, we see an analogue of a result from [1].

This work is divided in five sections. in Section 2 we introduce Coxeter groups and
discrete Ricci curvature. First we recall some basic facts in Coxeter theory, in particular
given a Coxeter group W we describe its Bruhat graph (B(W)), its weak order graph
(V(W)) and its Hasse diagram associated to the Bruhat order (H(W)). We end with the
definition of discrete Ricci curvature

In Section 3 we state some results about the computation of discrete Ricci curvature,
the main one is Theorem 3.2). We end with some corollaries of Theorem 3.2 and together
with some application.

In Section 4 we compute the Ricci curvature of Bruhat graphs of finite Coxeter groups
and see that it is always 2.

In Section 5 we study the curvature of weak order graphs of finite and affine Coxeter
groups.

In Section 6 we study the Ricci curvature of some Hasse diagrams associated to the
Bruhat order.

2 Preliminaries

2.1 Orders on Coxeter groups

We recall Coxeter systems as pairs (W, S) where W is a group generated by the elements
in S and S = {s}¢; is a finite set with the following relations:

(sisj)™i = e.

with m;; = 1 for all i € I and m;; > 2 (including m;; = o) for all (i,j) € I x I. The
values m;; are usually seen as the entries of a symmetric matrix called Coxeter matrix.



The group W so defined is called a Coxeter group, S is a minimal set of generators
whose elements are called Coxeter generators. We define strictly linear Coxeter groups
following [9]:

Definition 2.1. Given a Coxeter system (W, {s,...,s,}), this is called strictly linear if:
° mi]'23if|i—j| =1;
[ ml]:21f1 < |Z—]| Sn—l.

Notice that these groups are the ones whose Coxeter graph is a path. We go on
with some classical definitions in Coxeter theory. Given an element w in W, this can be
written as a product of elements in S

W =851...5.

If k is the minimal length of all the possible expressions for w, we say that k is the length
of w and we write [(w) = k. We define in W the set of reflections as the union of all the
conjugates of S,

T := UweWwafl.

The definitions of length and reflections allow us to define two partial orders on the set
W:

Definition 2.2. Given w € W and t € T, if w' = tw and I(w’) > I(w) we write w’ < w.
Given two elements v,w € W we say that v > w according to the Bruhat order if there
are wy ... w, € W such that

U=wW) < W1...Wk_1 < Wy =w.

This defines a partial order on W called the Bruhat order. Through this order two
different graphs can be associated to a given Coxeter group. The first one is called the
Bruhat graph (denoted B(W)): its set of vertices is W, two vertices v, w are connected by
an edge if w < v holds. The second graph is the Hasse diagram associated to the Bruhat
order on W, we denote it as H(W). Again the set of vertices of H(W) is W; two vertices
are connected if one covers the other according to the Bruhat order. Saying that "x covers
Yy’ we mean that x > y and there are no elements z such that x >z > y.

The second order we define is the weak order on W:

Definition 2.3. Given u,v € W, we say that: u <g w if w = us;...si, for somes; € S
such that I(usy...s;) = I(u) +i for any 0 < i < k. This is the right weak order on W,
analogously one defines the left weak order, multiplying the sy, ..., s; on the left. These
two orders are isomorphic.
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Figure 1: B(Ix(3)), H(Iz(n)), V(Ix(n)).

Given a Coxeter group (W, S) we denote by V(W) the Hasse diagram associated to
the weak right order. This has set of vertices W, two elements in the graph are connected
by an (undirected) edge if one covers the other according to the weak order.

Example 2.4. Dihedral groups are among the easiest examples of Coxeter groups. The
dihedral groups I(n) is the one generated by two elements S = {s1,s,} with the follow-
ing relations:

(s1)2=(s2)* =e (s515)" =e.

Figure 1 shows a picture of the Bruhat graph of I(3), the Hasse diagram associated to
the Bruhat order of I;(1n) and the weak order graph of I;(n).

We end this section recalling two results about Coxeter groups that will be useful in
Sections 4 and 6. The first one is Theorem 3.1 from [1] which describes the maximal
degree in H(A,):

Theorem 2.5. For n > 2, the maximal degree of a vertex in the Hasse diagram of the strong

Bruhat order on A,,_1 is
2

L”ZJ +n—2.
The second one is a result from [5] about dihedral subgroups of Coxeter groups:

Lemma 2.6. Suppose ty,to,t3,ty are reflections in W and t1ty = taty # 1. Then W =<
t1,to, ta, ta > is a dihedral reflection subgroup of (W, R).



2.2 Discrete Ricci curvature

Let G be a graph, we denote by V(G) the set of vertices of G and by (x,y) the function
J:V(G) x V(G) — N that gives the distance between two vertices. For x € V(G) and
i € IN we define the set:

B(i,x) :={u € V(G)|d(x,u) =i},

we denote by d(x) the cardinality of B(1, x) and call it the degree of x. We will only deal
with locally finite graphs meaning that d(x) < oo for all x € V(G).

Given f,g real functions on V(G) and x € V(G) define the operator L(f)(x) =
YoeB(1,x) (f(v) — f(x)). Following formulas (1) and (2), I' and I'; one defines:

o I(f,8)(x) == 3 Loe (f(x) — f(0)(g(x) — (0));

o To(f, f)(x) = 3[L(T(f, f))(x) = T(f, L(f)) (x)].

Instead of T'(f, f)(x) (resp.T2(f, f)(x)) we write I'(f)(x) (resp. I'2(f)(x)). Notice that all
the sums are finite because we assume G to be locally finite.

We define the Ricci curvature of a graph following [11]:

Definition 2.7. The discrete Ricci curvature of a graph G, denoted Ric(G), is the max-
imum value K € RU {—o0} such that for any function f on V(G) and any vertex x,
I2(f)(x) > KT'(f)(x) holds.

Notice that L(f),T'(f) and I';(f) are unchanged by the addition of a constant to f, for
this reason we always assume f(x) = 0 when computing L(f)(x),I'(f)(x) and I'>(f)(x).
Furthermore, whenever G has more than one vertex an easy computation shows that we
can assume I'(f)(x) # 0. This brings us to the following expressions for Ric(G),I'(f)(x)
and I'>(f)(x) see also [8, Section 1.1]:

Ric(G) = ;n; %; (2.1)
M) = 5 L s 22)
veB(1,x
2
=72 ¥ ¥ (f(u)—2f(v))2+( Y f(v)) ¥ 23)
u€B(2,x) veB(1,u)NB(1,x) veB(1,x)
£ T (200 - @) jUer e )+ xS
Hx,0,0") veB(1,x)

(2.4)

Where t(x,v,7") denotes the triplets in V(G) that are vertices of a triangle in G. If a
graph is triangle-free we have this corollary of [8, Theorem 1.2]:
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Corollary 2.8. If G is a triangle-free graph then Ric(G) < 2.

Sometimes we need to consider the curvature on a single vertex x € V(G) this is

Ric(G), = ir}f%; ()

and is called local Ricci curvature at x.

Remark 2.9. Looking at the expressions for I' and I'; we notice that the local Ricci curva-
ture only depends on the distance-two neighbourhoods of x. By distance-two neighbour-
hood we mean the induced subgraph of G whose vertices are the ones with d(x,y) < 2.
This implies that if two vertices have isomorphic distance-two neighbourhoods then they
have the same local Ricci curvature.

3 Ricci curvature of locally finite graphs

In this section we see some general result about the Ricci curvature of any locally finite
graph. First we notice that graph automorphisms respect the Ricci curvature:

Lemma 3.1. If G is any locally finite graph and x is a graph automorphism then the following
holds:
Ric(G)x = Ric(G) y(x)-
Now we introduce our main result about the computation of discrete Ricci curvature:
Theorem 3.2. Given G a locally finite graph, it is possible to associate to any of its vertices x a

matrix M, such that:
Ric(G)yx = min{eigenvalues of M.};
Therefore
Ric(G) = inf{A|A is eigenvalue of some My, x € V(G)}.

Idea of the proof. First we describe the entries of the matrix associated to x. We denote the
d elements of B(1,x) as vy,...,0,.

Yueu 2(ny—1) +1+ 4*‘1(9‘)2*!1(01‘) + %tv- ifi=j
M;i(x) = o L
ij Zuvimuvj —% +1+2T(v;, vj) ifi #j
Where Uy, := By N Byy,; ty, is the number of triangles containing vertices v; and x .

For any u € B(2,x) we denote by n, the cardinality of B(1,u) N B(1,x). The function
T:B(1,x) x B(1,x) = {0,1} is defined as follows:

/

1 if there is a triangle with vertices x,v;, v j

T(v;,0;) =
(o / ) {0 otherwise

The proof is based on the following main points:



e Formula (*) for Ric(G) can be rewritten obtaining a formulation that depends only
on the elements in B(1, x) (and not on the elements in B(2, x));

e such a formula expresses a quadratic form on a sphere in the real space of dimen-
sion d(x) = |B(1,x)|. The minimum of a quadric form on a sphere is equal to the
minimum eigenvalue of a matrix.

]

We end this subsection with some corollaries and consequences of Theorem 3.2, this
allows us to compute the discrete curvature of some Hasse diagrams (see Section 6).

First we consider the following Theorem which holds for triangle free graphs and
gives an inequality for the discrete curvature:

Theorem 3.3. Let G be a triangle free graph then the following inequality holds:
~ 3d(x) +d(y)
—

where (x,y) is a pair of connected vertices that maximizes 3d(x) 4+ d(y) . If furthermore G has
no length four cycles the following upper bound holds:

2 +d(x) —dly),
2

with d(x") d(y') are connected vertices that minimize d(x'") — d(y’).

Ric(G) > 4 (3.1)

Ric(G) < min(2,

Idea of the proof. Theorem 3.2 associates to any vertex of G a matrix. To give a bound
on the curvature of G it is sufficient to bound the eigenvalues of the generic matrix
associated to one of its vertices. We use some classical results of numerical analysis
to obtain the statement. The restriction to graphs with no triangles nor quadrilaterals
simplifies the description of the matrices. O

This result can be used to bound the Ricci curvature of any tree.
A corollary follows, this one gives the exact Ricci curvature on a subfamily of graphs
with no triangles nor quadrilaterals.

Corollary 3.4. Let G be a graph with no triangles and quadrilaterals and with the property that
all the distance-two neighbourhoods are isomorphic. Then

Ric(G) =2—d
where d is the degree of any vertex in G.

Though the hypothesis is quite strong, this corollary shows that any integer number
smaller than 2 is the curvature of a graph. In particular, any negative integer z is the
curvature of the Cayley graph of the free group generated by 2 — z elements.
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4 Discrete curvature of Bruhat graphs

In this section we study the Ricci curvature of the Bruhat graphs associated to Coxeter
groups. Discrete Ricci curvature is defined only for locally finite graphs, therefore we
will consider only finite Coxeter groups.

Theorem 4.1. Given a finite Coxeter system, the discrete Ricci curvature of its Bruhat graph is
2.

Idea of the proof. The proof relies on four main facts:

e By Lemma 3.1 it is sufficient to study the local Ricci curvature at one vertex, say
the one associated to the trivial element.

e By Remark 2.9 we have to study the structure of the distance-two neighbourhood
of e in B(W).

e One can prove that such a distance-two neighbourhood can be written as union
of Bruhat graphs of dihedral groups. This was achieved defining an equivalence
relation on B(2,¢) and using Lemma 2.6.

e One can see that Ricci curvature of B(I(m)) is 2 for any m > 3.
[l

The Ricci curvature for the Bruhat graph in type A, have already been studied in [8,
Section 2.6].

5 Discrete curvature of Weak orders

In this section we compute the Ricci curvature of weak orders associated to Coxeter
groups. Unlike the case of Bruhat graphs the values of the curvatures are different,
giving quite a different statement:

Theorem 5.1. Given (W, S) an irreducible finite Coxeter system and V(W) the weak order
graph associated to it, the following holds:

e Ric(V(W)) = —2cos(‘—7§|) if W is a strictly linear Coxeter group;
e —4 <Ric(V(W)) < —1if W=Dy,
e Ric(V(Eg)) ~ —2.30, Ric(V(Ey)) ~ —2.33 and Ric(V(Eg)) ~ —2.34.

Idea of proof. The proof relies on the following facts:



We can apply Lemma 3.1 so we can consider again the local Ricci curvature of a
single vertex in V(W);

We apply Theorem 3.2 to compute the local Ricci curvature at a given point. For all
the exceptional groups we conclude by computing the smallest eigenvalue of the
matrices so obtained,;

For A, and B, we have to study the eigenvalues of two families of matrices, namely
{My,}n>2 and {Mp, },>3. Both the families of matrices are tridiagonal with of
dimension n. In [12] the eigenvalues of these matrices are described as functions
of the dimension of the matrices. .

For case D, we obtained a family of matrices {Mp, },>3 but we did not find a
formula in 7 for the eigenvalues. We obtained therefore an inequality using Ger-
shgorin’s Theorem (see [6]) which is a classical result to bound eigenvalues in
numerical linear algebra .

O

For any finite Coxeter group the Ricci curvature for the weak order graph can be
computed through this result:

Theorem 5.2. Let (W,S) be any finite Coxeter group with W = Wy X ... x Wy and S =

51U

... U Sk where (W, S;) is an irreducible Coxeter group for all i = 1,...,k. Let V(W) be

the weak order graph associated to (W, S), then:

Ric(V(W)) = min<j<x Ric(V (W;)).

In the last part of this subsection we apply the same procedure used to compute the
Ricci curvature of weak orders to affine Weyl groups. As already noticed the generators
of an affine Weyl group are finite, therefore the Hasse diagram associated to the weak
order is a locally finite graph.

Theorem 5.3. Let (W, S) be an affine Weyl group, V(W) the Hasse graph of the weak order.
Then we have

Ric(V(A,)
Ric( V(Cy

= 2cos(2[47);
=2c0s(2) if W = Cy;
—4 <Ric(V(W)) < —=1if W = B,,, Dy;

Ric(V(Eg)) ~ —2.414 ,Ric(V(E7)) ~ —2.36, Ric(V(Eg)) ~ —2.34;
Ric(V(Fy)) = —2cos(%);
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Figure 2: Possible distance-two neighbourhoods in the Hasse diagram of a dihedral
group.

6 Discrete curvature of Hasse diagrams of the Bruhat or-
der

We end this article with some results about the Hasse diagram of the Bruhat order of
some Coxeter groups. We begin with dihedral groups.

Proposition 6.1. The following values hold for the Ricci curvature of the Hasse diagram of the

dihedral groups:
e Ric(H(L(3))) = 23¥%,
e Ric(H(L(4)) = 1,
o Ric(H(L(5))) = 7,

e Ric(H(I(n))) =0 for any n > 5.

Idea of the proof. This proposition is an application of Theorem 3.2. It is sufficient to
notice that in H(Ip(m)) only six distance-two neighbourhoods appear up to isomorphism
(see Figure 2). ]

For the Hasse diagrams of A, and B,, we have the following inequalities:

Proposition 6.2. If G = H(A,_1) then the following holds:

7’12
Ric(G) > —| -] —2n+8.
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Proof. This is a consequence of the following corollary of Theorem 3.3:

Ric(G) > 4 — 2dpax
where d;,4x is the maximal degree of the vertices in G. We applied this Theorem 2.5. [J
Proposition 6.3. If G = H(B,,) then the following holds:

Ric(G) > 4(—-2n+1) forx <5;

2
Ric(G) > —2L%j —2n+2.

To obtain this we followed the reasoning of Proposition 6.2. This used the following
analogue of Theorem 2.5 that we proved for case B,.

Theorem 6.4. Let G = H(By,), then dyax = 4(n — 1) for n < 5 and dyyar = [%ZJ +n—1 for
n > 5. Where dy,y is the maximal degree of the vertices in G.

Acknowledgements

The author would like to thank Francesco Brenti for suggesting her this problem and for
many useful discussions.

References

[1] R. Adin and Y. Roichman. “On degrees in the Hasse diagram of the strong Bruhat order”.
Sém. Lothar. Combin 53 (2004/06), 14pp.

[2] D. Bakry and M. Emery. “Diffusions hypercontractives”. Seminaire de probabilites de Stras-
bourg 19 (1985), pp. 177-206.

[3] F Bauer, P. Horn, Y. Lin, G. Lippner, D. Mangoubi, and S.-T. Yau. “Li-Yau inequality on
graphs”. J. Differential Geom. 99 (2013), 359-aAS405. Link.

[4] A Bjorner and F. Brenti. Combinatorics of Coxeter Groups. New York: Graduate Text in Math-
ematics, Springer-Verlag, 2005.

[5] M. Dyer. “On the "Bruhat graph" of a Coxeter system”. Compos. Math. 78.2 (1991), pp. 185-
191.

[6] G. Golub and C. Van Loan. Matrix Computations. Baltimore: The Johns Hopkins University
Press, 1983.

[7]1 J. E. Humphreys. Reflection groups and Coxeter groups. Cambridge: Cambridge University
Press, 1992. Link.


http://dx.doi.org/10.4310/jdg/1424880980
http://dx.doi.org/10.1017/CBO9780511623646

12

8]

[10]

[11]

[12]

Viola Siconolfi

B. Klartang, G. Kozma, P. Ralli, and P. Tetali. “Discrete Curvature and abelian groups”.
Canad. ]. Math. 68 (2016), pp. 655-674. Link.

M. Marietti. “Boolean elements in KazhdanaASLusztig theory”. Journ. of Alg 295.1 (2006),
pp- 1-26. Link.

Y. Ollivier. “Ricci curvature of Markov chains on metric spaces”. J. Funct. Anal. 256 (2009),
810-aAS864. Link.

M. Schmuckenschldger. “Curvature of non local Markov generators”. Convex Geometric
Analysis MSRI Publications 34 (1998), pp. 189-197.

W.-C. Yueh. “Eigenvalues of several tridiagonal matrices”. Appl. Math. E-Notes 10.5 (2005),
pp. 65-74. Link.


http://dx.doi.org/10.4153/CJM-2015-046-8
http://dx.doi.org/10.1016/j.jalgebra.2005.09.031
http://dx.doi.org/10.1016/j.jfa.2008.11.001
http://dx.doi.org/10.1016/j.cam.2005.08.047

	Introduction
	Preliminaries
	Orders on Coxeter groups
	Discrete Ricci curvature

	Ricci curvature of locally finite graphs
	Discrete curvature of Bruhat graphs
	Discrete curvature of Weak orders
	Discrete curvature of Hasse diagrams of the Bruhat order

