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The 1/3-2/3 Conjecture for Coxeter groups
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Abstract. The 1/3-2/3 Conjecture, originally formulated in 1968, is one of the best-
known open problems in the theory of posets, stating that the balance constant of any
non-total order is at least 1/3. By reinterpreting balance constants of posets in terms
of convex subsets of the symmetric group, we extend the study of balance constants
to convex subsets C of any Coxeter group®. Remarkably, we conjecture that the lower
bound of 1/3 still applies in any finite Weyl group, with new and interesting equality
cases appearing.

We generalize several of the main results towards the 1/3-2/3 Conjecture to this new
setting: we establish our conjecture when C is a weak order interval below a fully
commutative element in any acyclic Coxeter group (a generalization of the case of
width-two posets), we give a uniform lower bound for balance constants in all finite
Weyl groups using a new generalization of order polytopes to this context, and we
introduce generalized semiorders for which we resolve the conjecture.

We hope this new perspective may shed light on the proper level of generality in which
to consider the 1/3-2/3 Conjecture, and therefore on which methods are likely to be
successful in resolving it.

Keywords: linear extension, balance constant, Coxeter group, Weyl group, fully com-
mutative, order polytope, semiorder.

1 Introduction

1.1 The 1/3-2/3 Conjecture

Given a finite poset P on n elements, a linear extension of P is an order-preserving bi-
jection A : P — [n], where [n] = {1,2,...,n}. Let x,y € P and consider the quantity

_|{linear extensions A : P — [n] such that A(x) > A(y)}|

op(x,y) = |{linear extensions A : P — [n]}| ' (L1
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The quantity ¢ is of considerable interest. If P represents random partial information
about some underlying total order on the same ground set, then dp(x,y) gives informa-
tion about the probability that x actually precedes y in the total order. Unfortunately,
neither the numerator nor denominator may be easily computed, as computing the num-
ber of linear extensions of a poset is known [4] to be NP-hard, even [7] for the important
case of two-dimensional posets which we will encounter later.

Despite these difficulties, one could hope that there exist x,y € P with

min(dp(x,y),1 —dp(x,y))

large, so that the additional information of whether x precedes y would reduce the
number of linear extensions, and thus the remaining uncertainty, as much as possible. It
thus makes sense to study the balance constant

b(P) = maxmin(dp(x,y),1 —dp(x,v)),
X,]/

to establish "information theoretic" bounds for the above problem [13]. It is in this con-
text that the following well-known conjecture has been made three times independently
by Kislicyn in 1968, Freedman in 1974, and Linial in 1984 [12, 13].

Conjecture 1.1 (The 1/3-2/3 Conjecture). For any finite poset P which is not a total order,
b(P) > 1.

This conjecture has received considerable attention, with many weaker bounds and
special cases having been established, see Brightwell’s survey [3].

1.2 Posets as convex subsets of the symmetric group

Let P be a poset on {p1,...,pn}, so any linear extension A : P — [n] may be thought of
as a permutation w, € S, with w, (i) = A(p;). Let

C(P) = {w, | A a linear extension of P}

be the set of these permutations as A ranges over all linear extensions of P; clearly the
set C(P) determines the poset P. It is a folklore fact that the sets C C S, which come in
this way from a poset are exactly the convex subsets: those C such that any element on
a minimal length path between two elements of C in the standard Cayley graph for S,
also lies in C. In the dual picture of the braid arrangement, these are exactly the C such
that the union of the closed regions corresponding to the permutations in C is a (convex)
cone.

Taking the perspective of posets as convex subsets of the symmetric group, notice

that i . |
op(pirpj) = [{w e Cl ’)Clgjgl') > W}
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The right-hand-side is the fraction of permutations in C(P) with a given inversion, and
this perspective admits a natural generalization to convex sets in any Coxeter group.

1.3 Balance constants for Coxeter groups

See Section 2 for background and definitions on Coxeter groups and Weyl groups.
For any convex set C in a Coxeter group W and any reflection t we define

dc(t) = &

Cl’
where C; = {w € C | {(wt) < £(w)} is the set of elements in C having f as an inversion;
when C is clear we often simply write §(f). In light of the discussion in Section 1.2 this
definition is exactly analogous to (1.1), recovering ép(x,y) when W = S,,, C is the convex
set associated to P, and ¢ is the transposition swapping A(x) and A(y). It thus makes
sense to define the balance constant

b(C) = mtaxmin(dc(t),l —oc(t)).

Remarkably, when W is a finite Weyl group, Conjecture 1.1 appears still to hold:

Conjecture 1.2. Let W be any finite Weyl group and C C W a convex set which is not a
singleton, then b(C) > %

In this extended abstract we show that many known partial results towards Conjec-
ture 1.1 can be generalized to the context of Conjecture 1.2 or even further.

The remainder of the abstract is organized as follows: in Section 2 we give back-
ground on Coxeter groups, Weyl groups, and convex subsets of these. Section 3 resolves
Conjecture 1.2 in the case C is an interval below a fully commutative element of W in the
increased generality of acyclic Coxeter groups; this generalizes a classical result of Linial
[13] that Conjecture 1.1 holds for width-two posets. Section 3.3 also gives examples of
convex sets achieving equality in Conjecture 1.2; this is a richer set of examples than
exists for posets, where there is (conjecturally) only one irreducible example. Section 4
resolves Conjecture 1.2 in the context of generalized semiorders, which we introduce; this
is a generalization of Brightwell’s result [5] for semiorder posets. Section 5 outlines our
type-independent proof of a uniform lower bound b(C) > ¢ > 0 for Conjecture 1.2; this
is inspired by Kahn and Linial’s proof for posets [10] and relies on a new generalization
of order polytopes.

The generalized semiorders and generalized order polytopes we introduce may be of inde-
pendent interest.
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2 Background on Coxeter groups and root systems

2.1 Coxeter groups

Let (W, S) be a Coxeter system; we follow the conventions of [2]. We write I' for the
associated Coxeter diagram, the graph with vertex set S and an edge labelled m;; between
vertices s; and s; whenever the quantity m;; giving the defining relation (s;s;)" = id of
W is at least 3. We say W is acyclic if the graph I' contains no cycles, and irreducible if T
is connected.

For w € W, the length ¢(w) is the smallest number ¢ such that w = s;---s, with
the s; € S. Such an expression of minimal length is called a reduced word or reduced
expression. The left (resp. right) weak order is the partial order on W with cover relations
u < su (resp. u <g us) whenever ¢(su) = ¢(u) + 1 (resp. {(us) = ¢(u) +1) and s € S.
We write Cay, (W) and Cayy (W) for the left and right Cayley graphs for W with respect
to the generating set S, viewing these as undirected graphs, and often identifying them
with the Hasse diagrams of the weak orders.

The set T = WSW~! of conjugates of S is called the set of reflections. For w € W
the right (resp. left) inversion set Tr(w) is {t € T | L(wt) < €(w)} (resp. {t € T | L(tw) <
l(w)}). Tt is well known that |Tr(w)| = |Tr(w)| = ¢(w), and that weak order is charac-
terized by containment of inversions sets:

u<;ov <~ TR(u) - TR(TJ)
u<gv <= Tr(u) C TL(v).

For D C A C T we write WS for the set of elements in W whose right inversion set
lies between D and A: WA = {w € W|D C Tg(w) C A}. The reader should not confuse
this notation with similar notation often used for parabolic subgroups and quotients of
W.

A subset C C W is left (resp. right) convex if it is convex with respect to the metric
on W determined by the natural graph distance in Cay; (W) (resp. Cayg(W)). That
is, if all elements of W which lie on some minimal-length path in Cay; between u and
v are in C whenever u and v are. The left (resp. right) convex hull Convy(wy,..., wy)
(resp. Convg(ws,...,wy)) of a collection of elements wy, ..., w; € W is defined to be the
intersection of all left (resp. right) convex subsets of W which contain {wj, ..., w,;}; the
convex hull is itself clearly convex.

Theorem 2.1 (Tits [17]). A set C C W is left convex if and only if it is of the form W3 for some
DCACT.

If W = W; x W5 is a reducible Coxeter group, convex sets C C W are products C; x C;
of convex sets C; C W; and C; C W,. This implies that b(C) = max(b(Cy),b(Cy)), so it
suffices to consider W irreducible in Conjecture 1.2.
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As the action of W on Cay; by right multiplication is by graph automorphisms,
it is clear that C is convex if and only if C-w = {cw|c € C} is for every w € W.
Thus, choosing any ¢ € C we may consider the translated convex set C - ¢~! which now
contains the identity and is equivalent to C for the purposes of Conjecture 1.2. Convex
sets containing id are exactly the convex order ideals, and by Theorem 2.1 these are clearly
the sets W4, for which we will often write simply W4.

Remark 1. We make the convention that when "left" and "right" are not specified it is
assumed that we are working with left weak order, left Cayley graphs and convex sets,
and so on.

2.2 Finite Weyl groups and crystallographic root systems

For some of our results we will need to take advantage of additional structure present
for finite crystallographic Coxeter groups (finite Weyl groups), some of which is outlined
here. We refer readers to Humphreys [9] for a detailed exposition on the classical theory
of root systems and Weyl groups.

Let ® C E be a finite crystallographic root system of rank r, where E is an ambient
Euclidean space of dimension r with a positive definite symmetric bilinear form (—, —),
with a chosen set of positive roots ®* C @ and the corresponding simple roots A =
{ay,..., 2} C ®F. Let the fundamental coweights wy, ..., w,’ be the dual basis of A with
respect to (—, —). For each root « € ® we have a reflection

St X > X — 2(04,x>a € GL(E).
(@, )

The Weyl group W = W(®) is a finite subgroup of GL(E) generated by the s,, for o € @,
or equivalently, generated by the simple reflections S = {sy,...,s,} where s; = Sa;- The
pair (W, S) forms a finite Coxeter system, so the material of Section 2.1 can be applied.

The root system @ is called irreducible if it cannot be partitioned into two proper
subsets @1 LI @, such that (B1,B2) = 0 for all B1 € ®; and By € P,. Irreducible root
systems are completely classified, with four infinite families, types A, (n > 1), B, (n > 2),
Cn (n > 2) and D, (n > 4) and five exceptional types, E¢, E;, Eg, F4 and Gy. The details
of these root systems may be found in [9].

Definition 2.2. The root poset is the partial order on the positive roots & such that
a < B if B — « is a non-negative linear combination of the simple roots A. We will abuse
notation by simply writing ®* for the root poset (®*, <).

The minimal elements of ®* are the simple roots A. It is a classical fact that there
exists a unique maximum ¢ in the root poset when @7 is irreducible, called the highest
root; we write ht(®) for the sum of the coefficients of ¢ when expanded in the basis A
for E.
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3 The fully commutative case

3.1 Width-two posets and 321-avoiding permutations

An antichain in a poset P is a collection of pairwise incomparable elements; the size of
the largest antichain is the width width(P) of P. The following result of Linial establishes
Conjecture 1.1 in the case width(P) = 2.

Theorem 3.1 (Linial [13]). Let P have width two, then b(P) > %

Although the width-two condition is very restrictive, all known equality cases b(P) =
% for Conjecture 1.1 lie within this class of posets. Indeed, it is conjectured [11] that for
each k > 2 there is a lower bound for b(P) on width-k posets which is strictly greater
than 1, with these bounds approaching } as k — oo, so that Theorem 3.1 covers those
posets which are (conjecturally) closest to violating Conjecture 1.1 (see the survey by
Brightwell [3] for a heuristic discussion).

The dimension dim(P) of P is the smallest number d such that

C(P) = Conv(ws, ..., wy)

for wy,...,wy; € Sy, or equivalently the smallest number of linear extensions needed to
uniquely determine the poset P. It was shown by Dilworth [6] that any finite poset P
has dim(P) < width(P). In particular, any poset of width two has order dimension two
(the only posets of dimension one are the total orders, and these have width one). Any
naturally labelled two-dimensional poset P has

C(P) = Conv(id, w) = [id, w|L

for some w € S, and it is immediate from the definition of C(P) that P is width-two
if and only if the permutation w avoids the pattern 321, meaning that there are no
1 <i<j<k<mnsuchthat w(i) > w(j) > w(k).

In this section we will generalize Theorem 3.1 to all Coxeter groups W with acyclic
Coxeter diagrams; the role of 321-avoiding permutations will be played by fully commu-
tative elements of W, introduced by Stembridge [15].

3.2 Fully commutative elements in Coxeter groups

For (W, S) any Coxeter system and w € W, we write Ry, for the set of reduced words
of w. A well-known result of Tits [16] implies that all elements of R, are connected by
relations of the form

S,’S]'Si s = S]'SiS]' cee

with m;; > 2 factors on each side. Applying such a relation to a reduced word is called a
commutation move when m;; = 2 and a braid move otherwise. Allowing only commutation
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moves determines an equivalent relation ~ on R, and the elements of R,/ ~ are called
commutation classes.

Definition 3.2 (Stembridge [15]). An element w € W is called fully commutative if R, con-
sists of a single commutation class. Equivalently, w is fully commutative if no reduced
word for w admits a braid move.

Proposition 3.3 (Stembridge [15]). For W = S, a permutation w is fully commutative if and
only if it avoids the pattern 321.

Theorem 3.4 is the main theorem of this section, establishing Conjecture 1.2 for in-
tervals below fully commutative elements in acyclic Coxeter groups. By Proposition 3.3
and the discussion in Section 3.1 it generalizes Theorem 3.1, which is the case W = §,,.

Theorem 3.4. Let W be a (not necessarily finite) Coxeter group with acyclic Coxeter diagram,
and let w € W be a nonidentity fully commutative element. For the convex set C = [id, w| we
have

1
b(C) > =.
© >3
The proof of Theorem 3.4, which we do not have space to reproduce here, uses Vi-
ennot’s elegant theory of heaps [18]. Results of Stembridge [15] allow us to translate
questions about balance constants of weak order intervals [e, w]; below fully commuta-
tive elements w into questions about order ideals in the corresponding heap poset Hy.

3.3 Equality cases

Let P; denote the unique poset on three elements with a single cover relation. It is clear
that P5 achieves equality in Conjecture 1.1. In fact, it was shown by Aigner [1] that the
only equality cases in Conjecture 1.1 among width-two posets occur when P is a direct
sum of some number of copies of P; and some number of singleton posets, and it is
generally believed (see Brightwell [3]) that these are the only equality cases among all
finite posets. The examples below show that there is a much richer collection of equality
cases in Theorem 3.4.

Example 3.5. Let W be a finite Weyl group. One striking feature of Conjecture 1.2 is
that the conjectured bound b(C) > 1 is type-independent. Since large finite Weyl groups
contain large type A parabolic subgroups, one possible explanation for this type in-
dependence would be if there were some larger type-dependent lower bound on b for
convex sets which are, say, "genuinely type B", but the type A parabolic subgroup would
ensure that the overall bound could be no larger than 3. Here we present some examples
to show that this is not the reason. Instead, all finite Weyl groups have fully commutative
elements w such that b([id, w];) = % which do not come from known type A equality
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53 54
3® 5
o— 3 —eC
51 55 3 e
S4 53 51

Figure 1: The Coxeter diagram (left) for the Weyl group of type Dy. The fully commu-
tative element w = s4575351 has heap poset Hy, shown on the right; this example is an
equality case b([id, w].) = 3.

53
52
o 3-e 4-@
51 52 53 53 51

Figure 2: The Coxeter diagram (left) for the Weyl group of type Bs. The fully commu-
tative element w = s3sys3s1 has heap poset Hy, shown on the right; this example is an
equality case b([id, w|) = %

cases (see Figures 1, 2, and 3). We think these examples make Conjecture 1.2 all the more
interesting: there are several genuinely distinct ways to match and yet not surpass the
conjectured bound.

These examples prompt the following question, in analogy with Aigner’s result.
Question 1. Let w be a fully commutative element in a finite Weyl group with

1

b([id, ==

(lid, w]) = 5

Is the heap poset Hy, isomorphic to a disjoint union of the heap poset for P; and those

appearing in Figures 1, 2, and 3?

4 Generalized semiorders

Recall that a finite poset P is a semiorder (also known as a unit interval order) if there
exists a function f : P — R such that x < y in P if and only if f(y) — f(x) > 1. Itis a
standard fact that P is a semiorder if and only if P avoids induced copies of the posets
2+ 2 and 3 + 1. This characterization says that, intuitively, semiorders are "tall and thin"
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56
S6 53
¢ 52 54
3
30363630
51 52 53 54 S5 51 S3 S5

Figure 3: The Coxeter diagram (left) for the Weyl group of type Es. The fully commu-

tative element w = s¢535254515355 has heap poset H;, shown on the right; this example

is an equality case b([id, w];) = 3.

so they are good candidates to serve as counterexamples to the 1/3-2/3 Conjecture (see
the discussion in [3]). However semiorders have been ruled out as counterexamples.

Theorem 4.1 (Brightwell [5]). For any semiorder P that is not a total order, b(P) > 1.

In Definition 4.2 we extend the definition of semiorder to all finite Weyl groups, and
in Theorem 4.4 we establish Conjecture 1.2 for these convex sets.

Definition 4.2. Let ® be a root system with Weyl group W. A convex set C C W is a
generalized semiorder if C = W# for some order ideal A C ®* of the root poset.

Example 4.3. Our definition of generalized semiorder recovers the classical definition of
semiorder in type A. Indeed, given a poset P on n elements and a function f : P — R,
let py, ..., pn be the elements of P, indexed such that f(p1) < f(p2) < --- < f(pn).

Recall that the type A, _1 root system has positive roots @+ = {e; —¢;|1 < i < j < n},
and that ey — ey < e; — ¢; in the root poset if and only if i < i’ < j' < j. By the discussion
in Section 1.2, the set of linear extensions of P can be identified with W4, where the set
of allowed inversions is

A={ej—e; €@ | f(p))— f(pi) <1}.
This subset A C & must be an order ideal in ®™: if ¢; — ej € Aand ef—ei <e e] in

the oot poset,then f(p;) < £(p;) and f(pe) > £(p2), 50 (1)~ £(7) < £ — i) <

meaning ¢; — ¢; € A.

The following theorem is our main result of the section, whose proof is significantly
more involved than that of Theorem 4.1.
Theorem 4.4. Let C C W be a generalized semiorder with |C| > 1, then b(C) > L.

The main technique of Theorem 4.4 relies on the following purely root-theoretic fact
(Lemma 4.5), for which we prove type by type.

Lemma 4.5. Let | C @ be a nonempty order ideal. Then there exists a simple root a; € ] such
that we cannot find By # By € J with s;B1,sifa € ®T\ J.
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5 A uniform bound for finite Weyl groups

In this section we provide a uniform lower bound for the balance constant of any non-
singleton convex subset in any finite Weyl group; in the case of the symmetric group
such a constant bound away from zero was first established by Kahn and Saks [11].

Theorem 5.1. There exists an absolute constant € > 0 such that for any non-singleton convex
set C in any finite Weyl group we have

b(C) > e.

In particular, we can take € = 1/ 2¢12 as a uniform bound. However, the bound for
classical types are much better: 1/2¢ for type A, (obtained by Kahn and Linial [10]),
1/2¢? for types B, and C,, and 1/2¢* for type D,,.

Our proof of Theorem 5.1 is type-independent and uses a geometric argument in-
spired by that of Kahn and Linial [10]. Below we apply the Brunn—-Minkowski Theorem
from convex geometry to obtain useful bounds for general polytopes. Applying these
bounds to generalized order polytopes, which we introduce in Section 5.1, then yields The-
orem 5.1.

For a convex body Q C R” of full dimension, and a vector v in R"”, define Qf :=
{x € Q| (v,x) > 0} and Q, = {x € Q| (v,x) < 0}, the two pieces of Q split by the
hyperplane orthogonal to v.

Proposition 5.2. Let Q C R" be a full-dimensional compact convex body with centroid cg.
Let m > 1 and v € R" such that (v,cq) > 5. Suppose that min,cg(v,x) < —1 and
maxyGQ@,y) > 1. Then

Vol(Q) _ 1

Vol(Q) — 2em’

5.1 A uniform geometric approach via root-system order polytopes

In this section, we define an analog of the order polytope of a poset (see [14]) for convex
sets in any finite Weyl group.
Let @ be a root system of rank r with highest root ¢. The fundamental alcove is

Qg =1{x€E|(x,a) >0fora € ®,(x,&) <1}
For w € W(®), define Q, = w'1Qjq.

Definition-Proposition 5.3. Let C C W(®) be a convex set. The generalized order polytope of
C is defined to be

O(C) == |J Qu,

weC
and this is indeed a convex polytope.
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We write ¢ = YI_;(w/,&)a;. We see that Qiq is an r-simplex having vertices 0
and {w//(w/,&) |1 = 1,...,r}. More explicitly, if we write & = c1a; + -+ + ¢y,
then vertices of Q;q are 0, w¥ /c1,...,w,) /c,. This means that the centroid of Q;q is
1 Yiq w) /{w), &) and the centroid o¢ of the order polytope O(C) is

1 1

T I Y w (Z (wyi,@) '

weC i=1

Lemma 5.4. Let C C W be a non-singleton convex set whose order polytope O(C) has centroid
oc. There exists B € & such that @ # Cg := Cs, & Cand |{oc, B)| < m/(r + 1) where

1 ht(®
m:L+—— ( ), m():min<wiv, >/ mlzmax<w;/’ >
my  myp Moy i€lr] ielr

Proposition 5.2 and Lemma 5.4 are the main ingredients used to establish:

Theorem 5.5. Let C C W(®) be a non-singleton convex set, then, using the notation of
Lemma 5.4,
b(C) > 1/2eM™,
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