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Abstract. We show that functions over perfect matchings of complete graphs admit
unique presentations as harmonic polynomials annihilated by certain differential op-
erators. Moreover, we give a concrete description of these harmonic polynomials by
computing the unique harmonic presentation of the standard basis of Specht polynomi-
als. At the core of these results is a class of incidence matrices that we call the matching
inclusion matrices. The algebraic combinatorics of these matrices are related to Jack
polynomials, which leads us to some elegant formulas for particular weighted sums of
Jack characters for arbitrary a. Along the way, we prove a perhaps new combinatorial
identity related to Jack characters that equates the product of the top row of a-upper
hook lengths of a shape A to a weighted sum of so-called tableau transversals of A.
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1 Introduction

The Boolean hypercube {0,1}" is the archetypal setting for discrete analysis. It has
many desirable properties, such as the fact that every function on the hypercube admits
a unique presentation as a multilinear polynomial of R[xy,...,x,| with nice spectral
properties, e.g., it adheres to the representation theory of the binary Hamming scheme
(see [4], for example). According to the latter, the space R{0,1}" decomposes into n + 1
irreducible subspaces VO @ V! @ - - - @ V"". We can decompose each function f € R{0,1}"
according to this decomposition as f = f=0+ f=! + ... + f=", where f= is the part be-
longing to V4. It turns out that f=% is just the dth homogeneous part of the unique
multilinear presentation of f. Furthermore, we know a simple basis for V%, namely the
degree-d monomials. Fundamental duality principles such as these between the polyno-
mial presentation and spectral representation (i.e., Fourier basis) have been invaluable in
the analysis of Boolean functions and theoretical computer science (see [8]).

For other combinatorial domains it is not so clear that such duality principles hold,
and a natural question is to what extent these principles extend to other domains. In this
work we address these questions for perfect matchings of graphs (pairwise-disjoint sets of
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edges that cover all of the vertices), in particular, those of the complete bipartite graph
Ky = ([n], [n], E) and the complete graph Ky, = ([2n], E), which we denote as M, , and
My, Let us single out the former, which can be identified with the symmetric group S.
Letx := {x;;}! i—1 be the set of indeterminants indicating whether the input permutation
sends i to j or not, so that any function on S, can be presented as a polynomial of R[x].

Does every function f € RS, admit a unique presentation as a multilinear poly-
nomial of R[x]? Equivalently, does 0 € RS, admit only 0 € R[x] as its multilinear
polynomial presentation? While this is true for the hypercube, it is easily seen to be
false for S, and indeed many other combinatorial domains. For example, any mono-
mial that is a multiple of x;x;; or x;ix;x for any i,j,k € [n] must vanish on S,. To
avoid degeneracies such as this, we consider polynomial presentations modulo the ideal
T = {xiz,]- = Xjj, XijXix, XixX;j foralli,jk € [n]} to ensure multilinearity and that no
monomial vanishes over all permutations. We call polynomials of R[x]/(Z) succinct.
It is clear that the degree-d monomials of a succinct polynomial can be identified with
d-matchings of K, ,, and moreover, that any f € RS, admits a succinct presentation of
degree at most (n — 1). Indeed, for any ¢ € S;, the degree-n monomial corresponding
to the n-matching o has a degree-(n — 1) presentation, as each (n — 1)-matching extends
to a unique perfect matching. However, we can still present the zero function 0 € RS, as
a succinct linear polynomial z(¥) of the following form: z(X) = ¥4 Yi"; ¢;x;; where
¢ij = l;+rjsuch that )i, [; + Z};l rj = 0. Indeed, we have z(¢) = 0 for all ¢ € Sy, since
o is a bijection, ie., Y,;x;; = 1 foralli € [n], and };x;; = 1 for all j € [n]. This shows
there is not a unique succinct presentation of any f € RS,; therefore, we must further
constrain the presentation if we are to obtain a uniqueness result. We show that if we
also require the presentation to be harmonic (see Section 3), then this presentation is in
fact unique, and moreover, that it adheres to the natural “degree decomposition” of RS,
and R My,

n—1
RS, = PVvi, vi=P Vv
d=0 AFn:Ay=n—d
and
n—1
RMy, 2P Ve, vi= P vH,
d=0 AFnidy=n—d
where 2A I 2n is the shape obtained by doubling each part of A (see [2] for more details).
Theorem 1.1. Any real-valued function f on perfect matchings of {Kun, Kon } can be presented

uniquely as a succinct harmonic polynomial p. Moreover, the unique succinct harmonic presen-
tation of the L-projection f=% of f onto V¥ equals the dth homogeneous part p=* of p.

We call p the canonical presentation of f. The Specht polynomials {fs;}s:, where s, t
range over all standard A-tableaux, form a well-known basis of degree-n polynomials



Harmonic Polynomials on Perfect Matchings 3

for the A-isotypic component V*. We show the canonical presentation of this basis can
be obtained by applying an appropriately defined differential operator D), defined in
Section 4.

Theorem 1.2. For all standard A-tableaux s,t, and standard 2)-tableaux u, the canonical pre-
sentations of fs and f, are psy(X) = dy (1) D, fsr and py (%) = d,(2) 71Dy, fu respectively,
where d ) () is the product of the a-upper hook lengths that compose the top row of A.

The paper is organized as follows. We first show in Section 2 that succinct harmonic
presentations of functions exist. Next, we prove in Section 3 that such presentations are
unique, proving Theorem 1.1. Central to this result is a class of incidence matrices, inter-
esting in their own right, that we call the matching inclusion matrices, which are analogues
of the well-studied and remarkable set incidence matrices (see [5]). In Section 4 we prove
Theorem 1.2 using the representation theory of S, and the algebraic combinatorics of
Jack polynomials. Along the way, we prove a perhaps new combinatorial identity re-
lated to Jack characters that equates the product of the top row of upper hook lengths to
a weighted sum of so-called tableau transversals defined in Section 4.

Finally, in places where the proofs for the domains M, , and My, are identical
mutatis mutandis, we prove only the M, , case.

2 Existence

Let M,,, = S, and My, be the collections of perfect matchings of K, , and Ky, respec-
tively. For any 0 < k < n, let Mﬁ,n and Mén be the collections of k-matchings (sets of k
pairwise-disjoint edges) of K, , and K3, respectively. For any set X, let RX be the space
of real-valued functions on X. Let nk := n!/(n —k)!.

Recall that ¥ = {xi,]-}l’.szl where each x;; is an indeterminant for the edge (i, /) of
Kyn. Let X = {xji}ijce be the set of indeterminants for the edges of Ko, = (V,E). We
say p € C[X] is a presentation of f € CM,, if p(M) = f(M) for all M € M,,,,, and
p € C[X] is a presentation of f € CMy, if p(M) = f(M) for all M € My,. If p,q are
presentations of f, we write p = g. Let Z = {xl2 = Xije XijXijk, XikXjk foralli,j, k € [n]}.
We say p € C[x] is succinct if p € C[x]/(I). Let J = {x2 = x¢, xcxs foralle,f €
E(Kp,) : len f| = 1}. We say p € C[X] is succinct if p € C[X]/(J). As mentioned in
the introduction, we often identify degree-d monomials of succinct polynomials by their
corresponding d-matchings. We say that a succinct polynomial p € C[X] is harmonic if
Ajwp = 1j 10p/0x;; = 0foralli € [n] and A, jp :=} i, 9p/0x;; = 0 forall j € [n]. A
succinct polynomial p € C[¥] is harmonic if Ayp := Y, 4, 0p/0xyy = 0 for all v € V(Ky,).

First, we show for any f € RS, that there exists a succinct harmonic presentation of
f. For any p € R[%], let p=@ € R[¥] be the homogeneous degree-d polynomial that is the

degree d part of p. Let ®,;(p) be the sum of squares of coefficients of p=.
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Theorem 2.1. Every f € RS, has a succinct harmonic presentation of degree at most n — 1.

Proof. Let p be a succinct presentation of f of degree at most n — 1. Suppose p is not
harmonic, thus we may assume, without loss of generality, that A; ,p # 0, containing say
the term cm where ¢ > 0 and m is a degree-d monomial. Let ] be the set of all j € [n]
such that m is not a multiple of x; ; for some k € [n]. For any j € ], let ¢; be the coefficient
of x;jm. Thus ¢ = Y ic;c;. Let g := p—cm(Lieyx;j —1)/|]|. if m =1 then Yjcjx;; = 1.
Thus p = q. Moreover, we have

2 2

2 c\? 2c c c
DPyi1(p) — Para(q) =) (Cj - (Cj - m) ) = chj T = 7l > 0.

j€]

Using the expression above, we now prove by induction on degp that for any suc-
cinct polynomial p there is a harmonic succinct polynomial g of degree at most deg p
that is also a presentation of f. The base case degp = 0 holds vacuously, so sup-
pose that degp = d + 1. Since the space of succinct polynomials that are a presen-
tation of f is compact, there exists a succinct presentation g of f of degree at most
deg p that minimizes ®;,1. By induction, there is a harmonic polynomial r such that
r = g —q~%"1. We also have that 4=%*1 is harmonic; otherwise, there exists a ' = ¢
such that ®(q)441 — ®(q')41 > 0, a contradiction. This proves g=#*1 4 r is a succinct
harmonic presentation of f of degree at most deg p, as desired. O

The same proof mutatis mutandis shows the following.
Theorem 2.2. Any f € RMy,, admits a succinct harmonic presentation of degree at most n — 1.

Having showed that succinct harmonic presentations of functions over perfect match-
ings exist, it remains to show that such presentations are unigue, thus giving a canonical
way of presenting a function over perfect matchings as a polynomial.

3 Uniqueness

In this section we prove Theorem 1.1, that if p is a succinct harmonic presentation of a
nonzero function f on perfect matchings, then p is the unique succinct harmonic presen-
tation of f, and that p= is the unique succinct harmonic presentation of f=.

Let Wy be the binary Mﬁ,n X ./\/lﬁn bipartite matching inclusion matrix defined such
that Wy [M, m] = 1if m C M, 0 otherwise. Let A, ; be the M,, ,, x M, , matrix defined
such that A, x[M,M'] = |[{m € MK :m C Mandm C M'}| for all M, M’ € M, . It is
clear that A, | = Wn,kWnT/ o thus A, = 0.

Let W, , be the binary M 50 X ME  non-bipartite matching inclusion matrix defined such
that Wé’k[M,m] = 1if m C M, 0 otherwise. Let B, be the My, x My, matrix defined
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such that B, x[M,M'] = |{m € M5, :m C Mand m C M'}| for all M, M’ € Mp,. It is
clear that B,y = W;lq,k(w;lq,k)T' thus B, x >~ 0.

Proposition 3.1. We have Y ), a Ay, = 0and Y ;' BxByux = 0 if ag, B > 0 for all k.

Theorem 3.2. If p is a succinct harmonic polynomial that vanishes on My ,, then p = 0.
Moreover, the unique succinct harmonic presentation of any f € V% is homogeneous of degree d.

Proof. Let p =Y, c(m)m, where m ranges over all matchings of K, , and m is identified
as the monomial [](; jje xi,j- We prove by induction on [m| that ¢(m) = 0 for all m.

Let m be a matching of size d, and consider the average p,, of p over the set M,, ,,(m)
of perfect matchings M € M, ,, that contain m. If m’" C M and m C M for some perfect
matching M, then we say m’ is compatible with m. The probability of drawing from
M, n(m) a perfect matching M such that m’ € M is 1/ (n — d) | Since p(M) = 0 for
all M € M, ,,(m), we have p,, = 0, thus

1

O = ? = Z —/C(ml).
" m’ compatible with m (n - d)M

Let A, B be the two subsets of the same size such that m is a perfect matching between
A and B. Let M be the set of matchings between A and B. Then we can rewrite p, as

n—d
1
0=p, =Y —— c(ww'),
P E;O (n—d)e wgm w’ezM
|w'|=e

where the notation ww’ denotes the matching w LI w'. Let (s;, t;) denote an edge of Ky, ;.
Fix w C m and e > 0. Then the innermost summation on the RHS can be written as

1
2 C(wwl) = o Z 2 Sl/ tl (561 te))
w'eM e S1,.e,Se€A t1,...,t.EB
|w’\:e Si#S]‘ tﬁéi’j

Fix distinct s1,...,s, € A. Then the innermost summation on the RHS equals

Yo c(w(si,t) - (sete)) =Y, Y - ) c(w(sy, t1) -+ - (Se,te))-

t1,...,te€B t1€B t1#t,€B t1,-ete_1F#te€EB
tit
Let Ay, By be the two subsets such that w is a perfect matching between Ay and By,
Since p is harmonic, we have Y, ;. 4.ep, c(w(s1,t1) - (e, te)) = O, since the LHS is
the coefficient of w(sq,t1) - - - (Se—1, fe—1) in A, «p. Thus

Y. c(w(s, ) (Sete) =— ). clw(si,t) - (Seste)).

H,.-te_17t.EB te€By\B
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Exchanging summations and applying the same argument to s, € A as well gives us

1
Z c(ww') = i Z Z Z Z c(w(sy, t1) - (Se te))-
w'eM P 51,080 1€At,...,t._1€EB SeeAw\A tEEBw\B
|w'|=e Si7S; tiFt

Repeating this argument successively for t,_1,5,_1,...,t1,51 gives

1
Y, clww') = ol ). Yoo c(w(sytr) - (serte)).
w'eM " 81,0,5€AW\A t1,...,te€EBy\B
|w'|=e Si7Sj tiFt

The double sum on the RHS vanishes unless |A;, \ A| > e. Note that |A, \ A| =d — |w|,
so the coefficients vanish by induction unless |w| + e > d, that is, unless d — |w| < e. It
follows that the double sum vanishes unless e = d — |w|, in which case after division by
el it is equal to Yye pf(m\w) C(ww'), where M (m \ w) is the set of all perfect matchings

on the same vertices as m \ w. Let a; := 1/ (n — d)?=L. We arrive at the following system:
Yoap Y. clww)=0 forallme Mj,.
wCm w' e M (m\w)

Our goal is to show c(m) = 0 for all m € M%/n is the only solution. Let A and B
be d-sets of vertices on the left and right of V(Kj, ), and consider all perfect matchings
m € M(A,B) between A and B. Each choice of A, B, induces a subsystem of the above
system of equations, and it suffices to show it has full rank. To this end, we show that
the matrix associated to this subsystem of equations is positive definite.

In the equation corresponding to m € M (A, B), the coefficient corresponding to the
perfect matching m’ € M(A, B) is Yo (mam') ¥|w|- Identifying M (A, B) with M 4, for
each m € M4 we get an equation of the form }_,rc v, , Y g aiAgi[m,m’lc(m’) = 0. The
matrix of this system is Z?:o «; A4, which by Proposition 3.1 is positive definite.

By induction, we have c(m) = 0 for all matchings m, i.e., p = 0, as desired.

Finally, the second part of the theorem can be shown by a routine induction. O

Theorem 3.3. If p is a succinct harmonic polynomial that vanishes on Mp,, then p = 0.
Moreover, the unique succinct harmonic presentation of any f € V@ is homogeneous of degree d.

Proof of Theorem 1.1. For any f € RS,, there is a e such that f € V=¢:= V0@ ... ® V¢, s0
that f = f~0+ ... 4 f=¢ (similarly for f € RM,,). Applying Theorems 2.1 and 3.2 for
M, » and Theorems 2.2 and 3.3 for M, gives the desired result. O

4 The Structure of Canonical Presentations

In this section we give explicit descriptions of canonical presentations by determining the
canonical presentations of the Specht bases {fs; € R[X] : s,t standard A-tableaux, A - n}
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and {f, € R[X] : u standard 2A-tableau, A - n} of RS, and RM,,. Here, we define

for(@) =Y Y sgn(o)x(ts,ot) and f,(¥):= 0 21)\ T Y. ) sgn(o)x(tou)
TER; 0eCy 1 I* teR, 0eCy
where C; (Ry) is the column (row) stabilizer of t, x(s,t) := (i jjen Xs;jt;;0 X(4) = Tap Xap
such that ab ranges over all pairs of aligned adjacent elements in the 2A-tableau u (i.e.,
a is in an odd column, and b is the following entry on the same row). Computing the
canonical presentation p;; of fs; will require us to introduce a few differential operators
and compute the eigenvalues of A, ; and B, ;, which we have already shown to be PSD.
These eigenvalues are intimately related to a class of symmetric functions known as Jack
polynomials, which we overview in the next section.
From the definition above, one can show that Specht polynomials can be expressed as
a sum of Aj-many products of determinants corresponding to the pairs of columns of s, t
(adjacent columns of u). Let Dy := (L3 d/0x;;)*/k! and Dj, := (CijeE(Kan) 9/0xij)k /K.
Let D := Dy, D' := Dj. LetI = iy,...,iy € [n] be distinct and | = ji,...,j; € [n] be
distinct. Let X be the d x d matrix with X, , = x;, ; . Define the quasi-determinant to be

ALNE = Y sSdetx= ¥ % Y sga(n) ] i

icLjey 9%ij ieljey 9%ij nes,

We define g(I, J) (%) similarly, replacing the ordered pair i, j with the 2-set ij.
Proposition 4.1. g(I,]) is harmonic.

Proof. Without loss of generality, let i, = a and j, = b for any 4,b € [d]. We have
q([d], [d]) = Lres, s8n(70) Liefa) [Tse(a):st Xs,n(s)- Now suppose that we sum the partial
derivatives with respect to x; 1,xZ 2,...,Xiy forany i € [n]. If i ¢ [d] then this is clearly
0; otherwise, Y cs, SgN(7T) Lje[a]:4i Hse d):s4t,i X5, n(s)- Each monomial appears exactly
twice with different signs, as sgn( ) = —sgn((z t) ); therefore, the sum vanishes. [

A similar proof shows g(I, ]J)(¥) is harmonic.

Let f; (%) and f;,(¥) be the quasi-Specht polynomials defined by replacing determinants
with q(-,-), i.e., fi (%) == Lrer, H?zll q((ts)i, ti) and fi(¥) := Lrer, I—L-A:H q((tu)ai—1, ;)
where t; is the ith column of t. It is clear that quasi-Specht polynomials are harmonic.

The quasi-Specht and Specht polynomials are related by the formula f;, = D,, fs:.
Indeed, by the product rule, applying D to a product of quasideterminants is the same as
summing over all ways to apply it to each factor. By Proposition 4.1, if we apply D twice
to the same factor then we get zero, and so when applying D1, we must apply each D
to a different factor, and there are A1! ways to do this. Similarly, we have f,, = D;\l fu-

Although f; , is harmonic, it is not a presentation of fs, i.e., f;; # fs (similarly, f;, #
fu)- In the next section, we use Jack polynomials to compute two constants d)(1),d,(2)
such that d,(1)~'f!,, d)(2) ' f), are in fact the canonical presentations of fs, fu.
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4.1 Jack Polynomials

We refer the reader to [7, 9] for more details on symmetric functions and Jack polyno-
mials. Let x := xq,x2,... and y := y1,¥>, ... be disjoint sets of indeterminants. For any
a € R, let (-, -), be the inner product on the ring A = ®,A, of symmetric functions
(graded by degree) defined such that (py, pu)a = 5Aya€(A)z)\ where /() denotes the
number of parts of an integer partition A - n and z, is the order of the centralizer of a
permutation of cycle-type A = n. Recall that < denotes the dominance ordering on A = n
(see [7]). For a given a € R, the Jack polynomials {J)} -, are the unique vector space
basis of A, such that (Jy, Ju)a = 0if A # p, A = ¥ an capmmy, and [mia]]) = n!. A skew
tableau on r cells is a horizontal strip (r-strip for short) if no two of its cells lie in the same
column. We write p +r = A if [A| > [u| and they differ by an r-strip. Let J; := ]

Let a)(i,j) and I,(i,]) be the arm length and leg length of a cell O = (i,j) € A, ie,
the number of cells in row i to the right of (i,j), and the number of cells in column
j below (i,). Let h%(0) := ax(O)a + ) (0) + « and h}(O) := ax(O)a + [, (0) + 1 be
the a-lower hook length and a-upper hook length of 00 € A. Let H} := []gey b3 (0) and
H} := [1ne, B2 (O). The coefficients 9;}(0() of the J)’s written in the power sum basis,
e, Jx = Yurn GQ(a)pP,, are sometimes called the Jack characters (see [9]).

Forall A - n, k < n,letn}(a) := Yn QQ(w)fp(y)k where fp(p) is the number of parts
of yt equal to 1. We show 7} («) is the a-Kostka number [7, p. 327] u,, =: K (n—kary(2) of
shape A and content (1 — k, 1¥) scaled by the upper hook product of A.

Theorem 4.2. 7} (a) = Hi‘KA (n—k1k) (&)

Proof. We have ¥ ], (x)Ja(y)/ H{, H ) = IT;;(1 — xiy) "V = [y=1 exp pr(x)pr(y) /ar
by the Cauchy identity [9]. Recall that p1 = J1 and h, = ], for all r. Differentiating k
times with respect to p1(y) and then setting p,(y) = 1 for all r gives

Z Mg (“za) Ta(x) = “—kpk HeXp Pr( )

A éx) A V>1 ar
_kzjllr —k'Z Zy}—kL’]}t .
arr! T arrl Y Y

By Pieri’s rule [9], we have [J]];]u = TToey Aru(D) IToea By (D)a'r!/HIH; if A/p is
an r-strip, 0 otherwise, where

A)\y(D) { Eg
ﬂ

(

(

b (O
B/\V(D) {hﬁ 0

if A/u does not contain a square in the same column as LJ;

otherwise,
if A/u does not contain a square in the same column as LJ;

)
)
)
)

otherwise.
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Equating coefficients of J,(x) gives n(x) = k! Y Toen Aru(8) Toea BM,(EI)/HfH}}k
where y ranges over all shapes such that A/ is a (n — k)-strip. Let Cy, (Ry,,) be the cells
of A that belong to a column (row) that intersects A /. We have

k! ()i (m) k! ()] (m)
A A A A A
@) =H'Y, — Tl Ao =2 Y o Il ey
bk fﬁﬁmchlhé([Dhy(ED ukk PﬁfDeRAACM,hQ([DhV(ED
p+(n—k)=A pt(n—k)=A

where we have identified y as a subshape of A. The product over [J € R),\Cy,, is lpy‘/)y

as defined in [7, VI (10.11)]. Since [m|P, = k!/ HL where the Py’s are the normalized
Jack polynomials [7, VI Section 10], the summation equals K, ,, _ 1) («), as desired. [

Let dy(a) = TT)2, h}(1, /). Stanley [9] showed [x7']]y(x) = da (@) ]r,,.. 1) (X2, %3, ),
so Theorem 4.2 can be seen as a straightforward generalization of this result.

Let 2, , and 2y, be the commutative Bose-Mesner algebras generated by binary matri-
ces { A} ary that are indexed by perfect matchings M (of K,,, and Ky, respectively) and
defined such that A)[M, M'] = 1 if the multi-union M U M’ is isomorphic to a disjoint
union of cycles Cop, LI -+ LI Cyy, X where C;,, denotes the cycle on 2A; edges (see [4] for
more details on the Bose-Mesner algebras of association schemes).

Corollary 4.3. The eigenvalues of A,,  are {1;*(1) } \-n. The eigenvalues of By,  are {1;(2) } ar-n.
In particular, for any A = n, we have 77:;—)»1 (1) =dx(1) and ’72%1 (2) =d,(2).

Proof. The Jack character 6{)(&) for « = 1,2 is the A-eigenvalue of the basis element A,
of 2, , and Ay, respectively (see [7, VII Section 2 Example 5]). We may write A, ; and
B, x as

1 1
Ay = a Z fp(],t)kAy (Ay€ Ayy) and By = 7l Z fp(y)kAV (Ay € Adp),

" ukn T ubn
which completes the first part of the proof. Finally, if k = n — A4, then there is a single
p=(Az,..., Ayn)) such that A/ p is a Ay-strip, thus K}, (,,_; 1x) (@) is easily computed. [
Proof of Theorem 1.2. Note that W, (Wr/l,k)T are the functional analogues of D,,_x, D/, _,,
as fi; = Dy, fst is (n — Ay)-homogeneous and [m]f;, = Y pom[M]fs+ (similarly for f;).
Let Ey € Ay, Ex € Apy, be the |-projections onto VA, V2A. For all f,; € VA, f, € VA
and p # A, we have E, fs; = 0, E; f,, = 0, thus

An,n—/\lfs,t = Z ﬂz_AlEyfs,t = dA(l)fs,t/ Bn,n—/\lfu = Z UZ—AlEHfM = d/\(z)fu
ukn pkn
The foregoing shows that fs’,t((f) = Dy foil(0) = (Wi n_p, W,Inf/\lfs,t)g = (Apn—rfsit)o
for all ¢ € Sy, and similarly, that f;,(M) = (B,,—a,fu)m for all M € My,. By Corol-
lary 4.3, we have ps; := d)(1)"'f], = fir and py, := dp\(2)"'f;, = fu. Since f,, f;, are
harmonic, we deduce that p;;, p, are canonical presentations, as desired. O
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4.2 A Combinatorial Identity for d,(«)

The main result of this section is Theorem 4.6 which gives a combinatorial formula for
d)(a) in terms of tableau transversals. The formula was inspired by the fact that f; ¢ and f,
are eigenfunctions of A, ; and B, s, and that our combinatorial arguments in these cases
readily generalized to arbitrary a. Indeed, for & = 1,2 it is well-known that there are
combinatorial expressions for 0]))(1), 02(2) in terms of perfect matchings by appealing to
their representation theory (see [1, Ch. 11], for example); however, such combinatorial
expressions for general a are elusive (see [6], for example). Here, we are only considering
particular weighted sums of Jack characters, nevertheless, this expression for 4, («) might
shed some light on the combinatorics of 92(0().

A transversal T of a tableau A is a set of cells which forms a transversal of the columns
of A. For example, S = {(2,1),(1,2),(2,3),(1,4)} is a transversal of (4,3,2,1) - 10. We
define the a-weight of a transversal T to be w,(T) = H]. For example, w,(S) = (a + 1)
Let T be the collection of transversals of A. Define wy () := Yre7, wa(T).

For any n € R and k € Z, recall that the binomial coefficient generalizes as a real-
valued function (}) := ITf_;(n — i+ 1)/k!. The following can be shown via negative
binomial coefficient identities and Vandermonde’s identity for real-valued arguments.

Theorem 4.4. For a,b € R and ¢ € IN, we have (’HngC_l) =Y90 (“+E:g_1)(b+g_1).

Let N!y := N- (N —«)!, where N!;, = 1if N < a. For any k < N, let Nk« be the
product of the first k factors of N!,. The following consequence of Theorem 4.4 will be
useful.

Proposition 4.5. Let « € R and i,k € Z such that 0 < i < k. For all N > k, we have
k ko rk .. ; N
N¥% = Z (]) (a(j+1i) —1)a (N—1—a(j+1i)) L.
j=0
Proof. Let N = an + r such that 0 < r < a. It suffices to show that

NE i (“(j+i)f(oc—1))1a (N—l—.{x(]uri))ﬁa
akk! =0 alj! (xk_J(k—]'))!

(n +kr/¢x) _ i (j+i— (o.c—l)/oc) <n— (j+ik)irj(r—1)/oc).

j=0 J
Theorem 44 witha=n—k—i+ (r—1)/a,b=i+1/a,c =k, d = j gives the result. [

, equivalently,

An inner corner of a shape A is a cell J € A such that 1y ((0) = 1. The following relates
a-weighted sums of tableau transversals to upper hook products along the top row.
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Theorem 4.6. d) (a) = wy(A)

Proof. We proceed by induction on n = |A|. The claim is vacuously true for |A| = 1. Let
(r,¢) € A be the inner corner of A such that 7 is maximum. Let A~ = (n — 1) be the shape
obtained from A by removing (r,c). By induction, we have

Y w Hh)‘ (1,7) = (h}(1,¢) — Hh/\lj

TeT, - j#c

Let 7' := T, \ T,- be the transversals of A that contain (r,¢). It suffices to show that

M
Y, wa(T) =T TH(1)).

TeT' j#c

By our choice of (r,c), the shape induced by the columns of A with index less than ¢
is (r°"1) F r(c —1). Let u be the shape obtained from A by deleting its cth column.
There are (“; j 1) ways a transversal T € 7" can choose j columns from y,. For every such

choice, the a-weight along the rth row is (j+1)l, = (j+ 1). Let h := h}(1,1) and
X = Hl 41 h}(1,1). By induction, the remaining a-weight on the rows (p1,..., 4, 1)

is (h—1—(j+1))“17uX. Summing over all j with N = i, k = c—1,and i = 1 in
Proposition 4.5 gives

Y, wa(T) = [15H)X =
TeT!

c—1 c— ) )
(7)o - 1= G x

j=0

This gives us Yre7 wy(T) = h&=k X = ]_[;\;AC W) (1,7) as desired. O

In the full version of this work we also give bijective combinatorial proofs of d,(1),
d(2).

5 Conclusion and Open Questions

We determined the canonical presentation of the Specht basis; however, there are other
bases that one might argue are better suited for discrete analysis. For example, the well-
known Gelfand—Tsetlin (GZ) basis is orthogonal whereas the Specht basis is not. The issue
here is that the GZ basis is defined inductively, and it is not clear if a “nice” combinatorial
expression (e.g., [3]) for these vectors exists, which we leave as an open question.

We believe that the matching inclusion matrices are interesting in their own right and
may share some of the same desirable properties as the set incidence matrices (see [10]).
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For example, computational results show for all k < n = 6 that the nonzero elemen-
tary divisors of W, ; and Wflq,k are all equal to 1. Set incidence matrices have played a
distinguished role in extremal combinatorics, and it would be interesting to see if the
matching inclusion matrices can be leveraged to this avail.

Finally, we note that this work is part of a larger programme to broaden the horizons
of discrete analysis to other domains beyond the hypercube and its variants [2]. In
the full version of this work we present our results in more generality to include other
domains. Many open questions remain, and we hope these results smooth the way for
doing discrete analysis over the space of perfect matchings and other related domains.
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