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The Monopole-Dimer Model for Cartesian Products of
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Abstract. The monopole-dimer model is a signed variant of the monomer-dimer model
which has determinantal structure. We extend the monopole-dimer model for planar
graphs introduced by the second author (Math. Phys. Anal. Geom., 2015) to Cartesian
products thereof and show that the partition function of this model can be expressed as a
determinant of a generalised signed adjacency matrix. We then give an explicit product
formula for three-dimensional grid graphs a la Kasteleyn and Temperley—Fischer, in
which case the partition function turns out to be fourth power of a polynomial when all
grid lengths are even. Finally, we generalise this product formula to k dimensions, again
obtaining an explicit product formula.
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1 Introduction

The dimer model originally arose as the study of the physical process of adsorption of di-
atomic molecules (like oxygen) on the surface of a solid. Abstractly it can be thought of as
enumerating perfect matchings in an edge-weighted graph. For planar graphs, Kasteleyn [8]
solved the problem completely by showing that the partition function can be written as
a Pfaffian of a certain adjacency matrix built using a special class of orientations called
Pfaffian orientations on the graph. An immediate corollary of Kasteleyn’s result is that the
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Pfaffian is independent of the orientation. For the case of two-dimensional grid graphs Qy n,
Kasteleyn [9] and Temperley—Fisher [5, 10] independently gave an explicit product formula.
For example, when m and n are even, horizontal (resp. vertical) edges have weight a (resp.
b), the partition function can be written as

m/2n/2 ; ;
2m/2TTTT ( a® cos? I peos? I (1.1)
i1 -1 m+1 n—+1

This formula is remarkable because although each factor is a degree-two polynomial in a and
b with not-necessarily rational coefficients, the product turns out to be a polynomial with
nonnegative integer coefficients. In particular, when a = b = 1, it is not obvious from this
formula that the resulting product is an integer.

There have been attempts to generalise the dimer model while preserving this nice struc-
ture. The natural physical generalisation is the monomer-dimer model, which represents
adsorption of a gas cloud consisting of both monoatomic and diatomic molecules. The ab-
stract version here is the enumeration of all matchings of a graph. This is known to be a
computationally difficult problem [7] and the partition function here does not have such a
clean formula. However, when there is a single monomer on the boundary of a plane graph,
the partition function can indeed be written as a Pfaffian [11]. A lower bound for the parti-
tion function of the monomer-dimer model for d-dimensional grid graphs has been obtained
by Hammersley-Menon [6] by generalising the method of Kasteleyn and Temperley—Fisher.

In another direction, a signed version of monomer-dimer model called the monopole-
dimer model has been introduced by the second author [2] for planar graphs. Configurations
of the monopole-dimer model can be thought of as superpositions of two monomer-dimer
configurations having monomers (called monopoles there) at the same locations. Thus, one
ends up with even loops and isolated vertices. What makes the monopole-dimer model
less physical is that configurations have a signed weight. On the other hand, the partition
function here can be expressed as a determinant. Moreover, it is a perfect square for a
2m x 2n grid graph. A combinatorial interpretation of the square root is given in [3].

In this work, we generalise the monopole-dimer model to certain non-planar graphs in a
canonical way. We formulate this for Cartesian products of planar graphs in Section 3. We
first show that the partition function is a determinant of a generalised adjacency matrix built
using Pfaffian orientations. As in the dimer model, we see immediately that the determinant
is independent of the orientation.

We then focus on the special family of grid graphs in higher dimensions. We give an
explicit product formula for the partition function of the monopole-dimer model on three-
dimensional grid graphs in Section 4 generalising (1.1). One peculiar feature of this partition
function is that it is a fourth power of a polynomial when all side lengths are even. Just as
for the partition function of the monopole-dimer model for two-dimensional grids, it would
be interesting to obtain a combinatorial interpretation of the fourth root. We then briefly
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discuss the higher dimensional case in Section 5 and give a similar explicit product formula
in the even case.

The proofs will appear in a longer version [1]. We begin with the background definitions
and previous results in Section 2.

2 Background

We begin by recalling basic terminology from graph theory. A graph is an ordered pair
G = (V(G),E(G)), where V(G) is the set of vertices of G and E(G) is a collection of
two-element subsets of V(G), known as edges. We will work with undirected graphs and we
will always assume that the graphs are finite and naturally labelled from {1,2,...,|V(G)|}.
We allow multiple edges, but no loops. Recall that a planar graph is a graph which can
be embedded in the plane, i.e. it can be drawn in such a way that no edges will cross each
other. Such an embedding of a planar graph is referred as a plane graph and it divides the
whole plane into regions, each of which is called a face. An orientation on a graph G is
the assignment of arrows to its edges. A graph with an orientation is called an oriented
graph. An orientation on a labelled graph obtained by orienting its edges from lower to
higher labelled vertex is called a canonical orientation.

Definition 1. An orientation on a plane graph G is said to be Pfaffian if it satisfies the
property that each simple loop enclosing a bounded face has an odd number of clockwise
oriented edges. A Pfaffian orientation is said to possess the clockwise-odd property.

Figure 1: An oriented graph on 4 vertices.

For example, the orientation in Figure 1 is a Pfaffian orientation. Kasteleyn has shown
that every plane graph has a Pfaffian orientation [8]. A dimer covering or perfect matching is
a collection of edges in the graph G such that each vertex is covered in exactly one edge. The
set of all dimer coverings of G will be denoted as M(G). Let G be an edge-weighted graph
on 2n vertices with edge-weight w, for e € E(G). Then the dimer model is the collection
of all dimer covers together with the weight of each dimer covering M € M(G) given by
w(M) = [Teepm We. The partition function of the dimer model on G is then defined as
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To state Kasteleyn’s celebrated result, recall that the Pfaffian of 2n X 2n skew-symmetric
matrix A is given by

1

PHA) = 2

Z sgn(0) A0y Acs,ay - - - Ay 1,000

0ESH,
and Cayley’s theorem says that for such a matrix, det(A) = Pf(A)>2.

Theorem 2 (Kasteleyn [8]). If G is a plane graph with Pfaffian orientation O, then the
partition function of the dimer model on G is given by Zg = Pf(Kg), where Kg is a signed
adjacency matriz defined by

We ifu—vinQ,
(KG)up =< —we ifv—uin O,

0 otherwise.

Let us now recall the loop-vertex model [2]. Let G be a simple weighted graph on n
vertices with an orientation O, vertex-weights x(v) for v € V(G) and edge-weights a, ,, =
Ay o for (v,v") € E(G). A loop-vertex configuration C of G is a subgraph of G consisting of

o directed loops of even length (with length > 2),
 doubled edges (which can be thought of as loops of length 2),
 isolated vertices,

with the condition that each vertex of G is either an isolated vertex or is covered in exactly
one loop. The set of all loop vertex configurations of G will be denoted as £(G). Figure 2

shows a graph and two loop-vertex configurations on it.

» @

(a) A plane graph (b) The directed cycle (1234) (c) The doubled edge (14) and
isolated vertices 2 and 3

Figure 2: A graph G in (a) and two loop-vertex configurations on it in (b) and (c).
The sign of an edge (v,v’) € E(G), is given by

1 ifv - 9o in O, 2.1)
-1 ifv = ovin O.

sgn(v,v') := {
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Let ¢ = (vg,v1, ..., V-1,V = Ug) be a directed even loop in G. The weight of the loop ¢

is given by
2k—1

w(l) ;= — [ sgn(vi, vis1) ao,0,,4- (2.2)
i=0

Then the loop-vertex model on the pair (G, Q) is the collection £(G) with the weight of a
configuration, C = (¢q, .. L v, ., Ux) consisting of loops £, .. ., ¢j and isolated vertices

v1,...,0k, given by
k

j
w(C) = [ Jw(t) Hx(vi)- (2.3)

i=1
The (signed) partition function of the loop-vertex model is defined as
ZG,(’) = Z w(C)
CeL(G)

Example 3. Let G be a weighted graph on four vertices with vertex weights x for all the

vertices and edge weights as shown in Figure 2a. Then the weights of the configuration

shown in Figures 2b and 2c are aj 2423434414 and xza%A. The partition function of the

loop-vertex model on the graph in Figure 2a with canonical orientation is
4 2 .2 2 .2 2 .2 2 .2 2 .2 2 2 2 2
ZG’O =Xx + ﬂllzx + 111'3.7( + a1’4x + azlgx + a3,4x + a1,2a3/4 + a1’4a2,3 + 2111,2512,36!3,4&11,4-

Theorem 4 ([2, Theorem 2.5]). The partition function of the loop-vertex model on (G, Q)
8

ZG,O = det (’CG),
where KCg is a generalised adjacency matriz of (G, Q) defined as:
x(v) ifv="1,
Keo(o,0) = Ay  ifv— 7 z:n O,
—ayy if V= 0in0O,
0 if (v,7") ¢ E(G).

Ezxample 5. The generalised adjacency matrix for the graph G in Figure 2a with the canonical

(2.4)

orientation is

ve ai1,2 a13 Aa14

’CG _ —01/2 X 02,3 0
—a13 —a3 X as4

—01’4 0 —ﬂ3’4 X

and
det Kg = x* + a1 yx® + a1 327 + a1 0% + 03337 + 03,07 + a1 y03 4 + af 43 5 + 201 202,303,401 4,

which is that same as Zg ¢ from Example 3.
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If G is a simple vertex- and edge-weighted plane graph and O is a Pfaffian orientation
on it, then the loop-vertex model is called the monopole-dimer model. In that case, it can
be seen [2] that the weight of a loop ¢ = (vg,v1, ..., Vxk_1,Vk = Ug) can be written as

2k—1
w(g) — (_1)number of vertices enclosed by ¢ uvj,ij ) (25)
j=0

Then Theorem 4 shows that the partition function of the monopole-dimer model on a plane
graph is given by a determinant which turns out to be independent of the Pfaffian orientation.

3 Monopole-dimer model on Cartesian products

We now extend the definition of the monopole-dimer model to Cartesian products of plane
graphs. Let us first recall some more definitions.

The degree of a vertex is the number of edges incident to it and an even graph G is one
in which all the vertices have even degree. A cycle decomposition of an even graph G is a
family D consisting of edge-disjoint cycles of G such that

U E(c) = E(G). (3.1)
ceD
Veblen’s theorem [4, Theorem 2.7] shows that a graph admits a cycle decomposition if and
only if it is even.

Definition 6. We say that the sign of a cycle decomposition D = {cy, ¢, ..., ¢k} of an even
plane graph G is given by
k

sgn(D) - H(_l)lJrnumber of vertices in V(G) enclosed by ¢ (3.2)
i=1

Example 7. For the even plane graph shown in Figure 3a, the sign of its cycle decomposition
{(1,2,3,4),(3,4,5,6),(5,7)} shown in Figure 3b is

(_1)1+0 % (_1)1—1-1 % (_1)1+0 —1.

Recall that a bipartite graph is a graph G whose vertex set can be partitioned into two
subsets X and Y such that each edge of G has one end in X and other end in Y. Bipartite
graphs only have cycles of even length.

Lemma 8. Let G be a connected, bipartite, even plane graph. Then all cycle decompositions
of G have the same sign.
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(a) A graph H (b) H split as (1234)(3456)(57)

Figure 3: (a) A plane graph on 7 vertices and (b) a cycle decomposition of it.

Proof sketch. Let D be a cycle decomposition of G. Since G is even and connected, the
boundary of the outer face of G is a closed trail. For simplicity, we suppose the boundary is
a single cycle c. Then by performing certain sign-preserving moves on D, we obtain another
cycle decomposition Dy containing ¢ which has the same sign as D. Let Gy be obtained from
G by removing all the edges of c and the resulting isolated vertices. Note that although G1 can
be disconnected, the regions enclosed by its connected components Gy 1, G12,...,G1 s of Gy
will not intersect. Now, D1 \ {c} is a cycle decomposition of Gy. By again performing similar
sign-preserving moves on Dy \ {c}, we obtain a cycle decomposition D, of G containing ¢ and
dy1,d12,...,d1, the boundary cycles of Gy 1, Gy, ..., Gy respectively, such that sgnD; =
sgn Dy. Now remove dq 1,d1,...,d1; from G; to obtain Gy and continue this process. Since
G is finite, this process must stop. In fact, it will stop at the cycle decomposition obtained
by successively including outer boundaries of Gy, Gy and so on. O

The Cartesian product of two graphs Gi and Gj is the graph G1LJG, with vertex set
V(Gy) x V(Gp) and edge set

or uy = ub, (uy,u}) € E(Gy)

{((ulf ua), (u1,13))

either u; = u&, (uz, ulz) S E(Gz)}

The above definition generalises to the Cartesian product of k graphs denoted as G - - - [JGy.
We will call edges in G100 - - OGy of the form ((uq,...,ui, ..., ug), (U1,...,u,..., ux)) as
Gj-edges. Let P, denote the path graph on n vertices. Figure 4 shows the Cartesian product
P40P;. We will use the notation [n] for the set {1,...,n}.

Definition 9. We define the oriented Cartesian product of (G1,01), ..., (G, O), denoted
L = (G1O0G,0---0OGy, O), as the graph GiOG,O- - - OGy with orientation O given as
follows. For each i € [k], if u; — u} in O;, then O gives orientation (uy,...,u;, ..., ug) —
(ul,...,ug,...,uk) ifuiﬂ —|—Ll1‘_|_2—|— st U+ (k—l) =0 (mod 2) and (ul,...,ug,...,uk)
— (u1,..., U, ..., ux) otherwise.

Definition 10. The i-projection of a subgraph S of GiLJGy] - - - LJGy, denoted as gi, is the
graph obtained by contracting all but G;-edges of S.
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Figure 4: The Cartesian product, P,[1P;, with a boustrophedon labelling; see Section 4.

Consider k plane, bipartite, simple oriented graphs Gi, Gy, ..., G, with Pfaffian orien-
tations O1, Oy, ..., O respectively, and let L be their oriented Cartesian product. Let
0= (wp, w1, ..., Woy_1, Wy = wp) be a directed even loop in L, and L; be a cycle decompo-
sition of the i-projection ¢;. Fori € [k], let G be the graph G10 - - - 1G;_10G; 10 - - - Gy
For (v1,...,0i-1,0is1,---,0c) € V(GW), let G?(le),---,vi71,vi+1,m,vk be the induced subgraph of
L given by {(v1,...,0;_1,0,0i11,...,0) € V(L) | v € V(G;)} and let e; be the number of
edges lying both in ¢ and Gz(zi),‘.-,vi_l,vﬁl,---,vk such that v;4 1+ -+ v+ (k—i) =1 (mod 2).
Then the sign of £ is defined by

k—1

k
sgn(f) := — [ J(—1)" Hsgn(ﬁi). (3.3)

i=1

Note that the sign of ¢ is well-defined by Lemma 8. Now suppose that L has been given
vertex weights x(w) for w € V(L) and edge weights a, for e € E(L). Then the weight of the

loop ¢ is defined as
w(l) :=sgn(?) [ a. (3.4)
ecE(?)

Definition 11. The (extended) monopole-dimer model on the weighted oriented Cartesian
product L is the collection £ of monopole-dimer configurations on L where the weight of
each configuration C = (41, .. Ay 0, ., Ug) 18

j
i=1 i=1

k
w(C) = [Jw(t) [x(@).
The (signed) partition function of the monopole-dimer model on the oriented Cartesian

product L is
ZL = Z ZU(C)
Ccel

Note that the definition of Z; is independent of the Pfaffian orientations 01, O, ..., O.
The following theorem is a generalisation of Theorem 4 when G is plane and O is Pfaffian.
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Theorem 12. Let Gq,Gy,...,Gy be k simple, plane, and bipartite graphs with Pfaffian
orientations O1, 0y, ..., O respectively. The (signed) partition function of the monopole-
dimer model for the weighted oriented Cartesian product L of G1, Gy, ..., Gy is given by

ZL = det ’CG/ (35)
where g is the generalised adjacency matriz defined in (2.4) for L.

The proof strategy is similar to that of Theorem 4.

4 Three-dimensional grids

Recall that P, is the path graph on n vertices. With the natural labelling on P,, denote
it with the canonical orientation as (P,, O,). Consider the two-dimensional grid graph
POP, = {(i,j) | i € [l],j € [m]} whose vertex (i,j) has label 2sl 4+ 17 if j = 25 + 1 and
2sl —i+1if j = 2s. Such a ‘snake-like’ labelling is known as a boustrophedon labelling [6].
With the canonical orientation, denote this graph as (P{0Py, O;,,). Figure 4 shows this
labelling on P4[1P;.

Theorem 13. Let G be the oriented Cartesian product of (0P, O; ) with (Py, Op). Let
vertex weights be x for all vertices of G, edge weights be a, b, ¢ for the edges along the x-, y-
and z-directions respectively. Then the partition function of the monopole-dimer model on
G is given by

\n/2] |m/2] |1/2] X .
(x2 + 4a? cos? LS + 4b? cos? 4 + 4¢? cos? L)

zo= 11 IT 11
Tl ke [+1 m+1 n+1
(1 I,n,m e 2N,
T2 ,.(b,c;x) 1 ¢ 2N, m,n € 2NN,
Til(a, c; x) I,n € 2IN,m ¢ 2N,
y T,%,m(b, c; X) Til(a, c;x) Sp(c; x) I,m¢?2N,n € 2N,
Ti/l(a, b; x) I,me2N,n ¢ 2N,
T (b, c;x) T3, (a,b;x) S (b; x) I,n & 2N, m € 2N,
T2 (a,c;x) T2 (a,b; x) S (a; x) I €2N,mn ¢ 2N,
(% T (b, ;) TE (a,¢;x) T ((a,b; %) Su(c; x) S (b; x) Sy(a;x)  1,m,n & 2N,

where
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and
\n/2] |1/2)

tk 2 2 T
T, 1(a,b;x) H H (x + 44? cos? l+1+4b cos (n+1))'

The proof of Theorem 13 follows a similar strategy to that of [9, 5] for the two-dimensional
dimer model. Here, one has to diagonalise a triple tensor product and various special cases

have to be considered carefully.

We make a few remarks about this result. First, the orientation on G is Pfaffian over all
standard planes and G is non-planar when at least two of [, m, n are greater than 2. Second,
although it is not obvious from Theorem 13, Zg is always a polynomial in x,a,b,c with
nonnegative integer coefficients. Moreover, Zg is the fourth power of a polynomial when
I,m and n are all even and the square of a polynomial when exactly two of [,m and n are
even. Third, the formula in Theorem 13 coincides with the already known partition function
2] of the two-dimensional grid graph for I =1 or m = 1 or n = 1. Finally, although it is
not obvious from the construction, the formula is symmetric in all three directions. That is
to say, it is symmetric under any permutation interchanging (a,1), (b, m) and (c,n).

The boustrophedon labelling that induces the orientation over the three-dimensional grid
graph G of Theorem 13 is as follows. The vertex (i, ], k) has label

2tlm +2s + 1 ifj=2s+1,k=2t+1,
2tlm +2sl —i+1 if j=2s,k=2t+1,
2tlm —2s —i+1 if j=2s4+1,k=2t,
2tlm — 2sl +i it j =2s,k =2t,

where i € [I],j € [m] and k € [n]. Figure 5 shows this labelling on the graph PsCIP,[1Ps.

o % To

@\;) O\® O\C@
e

Figure 5: The boustrophedon labelling on P31P,L1P;.

Proposition 14. The partition function of the monopole-dimer model on the oriented Carte-
sian product of (P;0Py,, Oy ) with (Py, Oy) is same as the partition function of the monopole-
dimer model on the oriented Cartesian product of (P;, O;) with (PyuOPy, O y).
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Proof sketch. The orientation in both the cases is that induced from the same boustrophedon
labelling. Moreover, the partition function of the monopole-dimer model is same as the
partition function of the loop-vertex model on P,L1P,[1P, with the canonical orientation
induced from boustrophedon labelling. [

5 Higher-dimensional grid graphs

We now generalise our results to higher dimensional grid graphs. For the sake of brevity, we
focus only on the case where all the side lengths are even. The general result will appear
in [1].

Theorem 15. Let G be the oriented Cartesian product of (Pom,OPam,, Oomy2my)r (Poms,
Doz )s - s (Pomy, Oka). Let vertex weights be x for all vertices of G and edge weights be a;
for the Pyy,-edges. Then the partition function of the monopole-dimer model on G is given

by
2k71

Zc = H H (x + 24(1 cos? 27:_1) : (5.1)

lkl

The proof strategy is similar to that of [6, Section 4]. Using ideas similar to the proof
of Proposition 14, it can be shown that for s € [k — 1], the formula above coincides with
the partition function of the monopole-dimer model on the oriented Cartesian product of
Poys Powys - s Pomg s (PomyOPoi 1)y Pomg s - - - o Pomy.-

As for the three-dimensional case, it is not obvious from the formula for Z5 that it is
a polynomial with nonnegative integer coefficients. The formula is also symmetric under
any permutation of (ai,my),...,(ay, my). Finally, (5.1) tells that the partition function
of monopole-dimer model is the 2(k=1)7¢p power of a polynomial. Again a combinatorial
interpretation of the underlying polynomial would be interesting.

We end with an example for a well-studied family of graphs.

Ezample 16. Consider the d-dimensional oriented hypercube, Q, built as an oriented Carte-
sian product of d copies of (P, O3) as in Theorem 15. Then the partition function of the
monopole-dimer model on Q is given by

2d71

2o, = (P +a+ - +a])
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